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The wave-passage e®ect of earthquake loadings on long-span structures is studied through use of

a multiply-supported single-degree-of-freedom (SDOF) system excited by traveling seismic

ground motions. The absolute acceleration response of the SDOF system is represented in the
analytical form in the time domain. The frequency-domain analysis results indicate that the

wave-passage e®ect may reduce the absolute acceleration response and the earthquake loading

acting on the multiply-supported SDOF system. Further, for di®erent velocities of wave-pas-

sage, the response spectra are calculated to represent the reduction of the maximum earthquake
loading on the long-span system caused by the wave-passage e®ect. The computation results of

the response spectra indicate that the reduction of the maximum earthquake loading is °uc-

tuant, but has a general tendency to decrease with the increase in the apparent wave velocity

and the structural natural period.

Keywords: Long structure; wave-passage e®ect; seismic ground motion; response spectrum;
earthquake loading.

1. Introduction

For long structures, such as pipelines, suspension and cable-stayed bridges, dams,

tunnels and long buildings, the e®ect of spatial variation of seismic ground motions is

important and should be considered in the dynamic analysis and design of the

structure.1,2 Studies on the realistic ground motions recorded by the dense seismo-

graph arrays show that three phenomena are responsible for the spatial variation of
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seismic ground motions, namely, the wave-passage e®ect, the incoherence e®ect and

the local e®ect.3 The wave-passage e®ect, caused by wave propagation, causes dif-

ferences in the arrival times of the earthquake waves at di®erent supports of a long

structure. The incoherence e®ect re°ects the loss of coherency of the seismic ground

motions. A number of parametric coherency models have been proposed to describe

the incoherence e®ect.4–9 The local e®ect is caused by variations in the local soil

condition, which in°uences the amplitude and frequency content of the bedrock

ground motions. Physical causes underlying these variations can be summarized as

the seismic wave traveling e®ect, extended source e®ect, scattering e®ect and at-

tenuation e®ect.10

The ¯rst recognized cause for the spatial variations of earthquake ground motions

was the apparent wave propagation on the ground. Up to the present, a variety of

studies have been focused on the wave-passage e®ect on long structures, such as

dams,11,12 long-span bridges,1 and highway bridges.13 The results of these studies

show that the e®ect of seismic wave propagation on the response of long structures is

signi¯cant and complex. For instance, the linear ¯nite element analysis of the Sariyar

concrete gravity dam, Turkey, subject to the wave-passage ground motions, pre-

sented by Bayraktar et al.,11 shows that the vertical and shear stresses in the

foundation increase with decreasing propagation velocity, but, at a cross section close

to the base, the vertical and shear stresses do not exhibit a consistent pattern. At

present, the general rules of the wave-passage e®ects on the structural responses are

still poorly understood.

Commonly, the structural response excited by the spatially variable seismic

ground motion can be separated into the pseudo-static component and the dynamic

component. The pseudo-static response, which is caused by deformation of the

ground, only exists when the excitations are nonuniform, and depends, to a great

extent, on the displacement time histories of the seismic ground motion. Studies

show that, in some case, the pseudo-static response may signi¯cantly increase the

internal forces of the structural members.14 The dynamic response excited by the

spatially variable seismic ground motion is caused by the inertia of the structure,

which is similar to that in the uniform-excitation situation. From Newton's second

law of motion, the action of the earthquake can be treated as the dynamic loading

inducing the structural absolute acceleration response. At present, the acceleration

response spectrum, de¯ned by the maximum absolute acceleration response of the

single-degree-of freedom (SDOF) systems with di®erent natural periods, is widely

used to determine the maximum dynamic earthquake loading of a speci¯c ground

motion for the design of structures and thus may be sensitive to the wave-passage

e®ect.15,17

In this paper, we focus on the wave-passage e®ect of the dynamic earthquake

loading imposed on long structures. The absolute acceleration response of a SDOF-

system on the multiple supports is derived in the time and frequency domains. Based

on the results of the theoretical derivation of the structural response, the acceleration
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response spectrum of the propagating seismic ground motion is calculated to re°ect

the wave-passage e®ect on the maximum dynamic earthquake loading.

The purposes of this paper are: (1) To analyze the dynamic response of the SDOF,

multiply-supported system subjected to the seismic wave-passage excitation and (2)

to show how the wave-passage e®ect in°uences the dynamic earthquake loading on

spatially extended structures.

2. The Model

As shown in Fig. 1, the model considered herein is a SDOF structure of rigid massm,

supported byN same mass-less elastic columns. The columns are parallely connected

to the ground and have the same properties, whose sti®ness and viscous damping

coe±cient are ki and ci, i ¼ 1; 2; . . . ;N. The total sti®ness, k, and viscous damping

coe±cient, c, satisfy

k ¼
XN
i¼1

ki; c ¼
XN
i¼1

ci: ð1Þ

Let xi denote the distance from the left support to the ith support. The distance from

the left support to the geometric center of the supports can be calculated as:

D ¼
PN

i¼1 xi

N
: ð2Þ

The distance from the geometric center to the ith support is:

Xi ¼ xi �D: ð3Þ
It is obvious that the distances satisfy �Xi ¼ 0. In this paper, we use a coordinate

system with its origin located at the geometric center of the supports, to describe the

positions of the supports and the distance Xi is the coordinate of the ith support.

Considering the spatial variation of the ground motion, the absolute displace-

ments of the support bases are di®erent, as a result of the wave-passage. In this

Fig. 1. Multiply-supported SDOF system.
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paper, for simplicity, we just consider the horizontal component of the seismic wave

and assume that the seismic wave propagates from left to right. Figure 2 shows the

deformations of the supports, in which vtðtÞ is the absolute displacement response of

the system, vi
gðtÞ is the spatial variable ground motion displacement at the ith

support base and viðtÞ is the horizontal deformation of the ith support. It is obvious

that vtðtÞ, vi
gðtÞ and viðtÞ satisfy

viðtÞ ¼ vtðtÞ � vi
gðtÞ i ¼ 1; 2; . . . ;N: ð4Þ

The equation of motion of the SDOF system is

m � v::tðtÞ þ
XN
i¼1

ci � v:iðtÞ þ
XN
i¼1

ki � viðtÞ ¼ 0: ð5Þ

Substituting Eq. (4) into Eq. (5), the motion equation can be represented by the

absolute displacement of the system vtðtÞ as:

m � v::tðtÞ þ
XN
i¼1

ci

 !
� v: tðtÞ þ

XN
i¼1

ki

 !
� vtðtÞ ¼

XN
i¼1

½ci � v: igðtÞ� þ
XN
i¼1

½ki � vi
gðtÞ�: ð6Þ

Considering the wave-passage e®ect, we assume that the site is uniform and the

apparent wave velocity cg is invariable. As a result, the spatial variable ground

motions at the support bases have the same shape function vgðtÞ but with di®erent

arriving delaysXi=cg. Consequently, the spatial variable seismic ground motion vi
gðtÞ

can be represented as:

vi
gðtÞ ¼ vg t� Xi

cg

� �
: ð7Þ

(a) (b) (c)

Fig. 2. Deformations of: (a) Left, (b) middle and (c) right, supports under the nonuniform seismic

excitation.
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3. Acceleration Response of the System in Time
and Frequency Domains

Equation (6) describes the motion of the multiply-supported SDOF system excited

by the spatial variable seismic ground motion vi
gðtÞ, i ¼ 1; 2; . . . ;N. In this section, a

series solution of Eq. (6) will be presented, which indicates that the absolute dis-

placement and acceleration responses excited by the traveling seismic wave can be

expressed by the absolute displacement and acceleration responses excited by

the corresponding uniform seismic wave. The frequency-domain analysis is also

presented.

The apparent wave velocity is a key factor of the wave-passage e®ect. O'Rourke

et al. estimated the apparent wave velocities of the 1971 San Fernando and the 1979

Imperial Valley earthquakes.18 For the San Fernando earthquake, the apparent wave

velocity is in the range of 1.29–9.33 km/s. For the Imperial Valley earthquake, the

apparent wave velocity is in the range of 1.34–20.9 km/s. Boissières and Vanmarcke

estimated the lags of the spatial variable ground motions recorded by the SMART-1

array in Taiwan for 12 earthquake events, and indicated that the apparent passage

velocity is in the range of 2.801–6.784 km/s.19 Hence, to most extended structures,

the assumption is reasonable that Xi=cg is small enough in calculating the Taylor's

expansion of Eq. (7). Mathematically, the Taylor's expansion for a general function

fðyÞ is

fðyÞ ¼
Xþ1

l¼0

f ðlÞðy0Þ
l!

ðy� y0Þ l: ð8Þ

Taking y ¼ t�Xi=cg and y0 ¼ t for Eq. (8), the Taylor's expansion of Eq. (7) can be

expressed as:

vi
gðtÞ ¼ vg t� Xi

cg

� �
¼
Xþ1

l¼0

v
ðlÞ
g ðtÞ
l!

� � Xi

cg

� �
l

¼
Xþ1

l¼0

ð�1Þ l � 1
l!
� Xi

cg

� �
l

� v ðlÞ
g ðtÞ: ð9Þ

Substitute Eq. (9) into Eq. (6) yields

m � v::tðtÞ þ
XN
i¼1

ci

 !
� v: tðtÞ þ

XN
i¼1

ki

 !
� vtðtÞ

¼
Xþ1

l¼0

ð�1Þ l � 1
l!

XN
i¼1

ci �
Xi

cg

� �
l

� �
� v ðlþ1Þ

g ðtÞ þ
XN
i¼1

ki �
Xi

cg

� �
l

� �
� v ðlÞ

g ðtÞ
( )

ð10Þ
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As mentioned above, the column supports of the structural model have the same

properties, namely,

ci ¼
c

N
; ki ¼

k

N
i ¼ 1; 2; . . . ;N ð11Þ

Substituting Eq. (11) into Eq. (10), the equation of motion of the system can be

simpli¯ed as:

m � v::tðtÞ þ c � v: tðtÞ þ k � vtðtÞ

¼
Xþ1

l¼0

ð�1Þ l � 1
l!
� 1
N

XN
i¼1

Xi

cg

� �
l

� fc � v:gðtÞ þ k � vgðtÞgðlÞ: ð12Þ

Equation (12) is a linear ordinary di®erential equation. Hence, the absolute dis-

placement response vtðtÞ can be represented as:

vtðtÞ ¼
Xþ1

l¼0

vt
lðtÞ ð13Þ

in which vt
lðtÞ is the solution of the linear ordinary di®erential equation

m � v::tlðtÞ þ c � v: tlðtÞ þ k � vt
lðtÞ

¼ ð�1Þ l � 1
l!
� 1
N

XN
i¼1

Xi

cg

� �
l

� fc � v:gðtÞ þ k � vgðtÞgðlÞ l ¼ 0; 1; 2; . . . : ð14Þ

Particularly, for l equal to 0, Eq. (14) becomes

m � v::t0ðtÞ þ c � v: t0ðtÞ þ k � vt
0ðtÞ ¼ c � v:gðtÞ þ k � vgðtÞ: ð15Þ

It should be noted that Eq. (15) has the same form as the equation of motion of the

SDOF system excited by the uniform seismic ground motion vgðtÞ. That means the

solution of Eq. (15) is the absolute displacement response of the multiply-supported

SDOF system under the uniform seismic excitation vt
sðtÞ, i.e.

vt
0ðtÞ ¼ vt

sðtÞ: ð16Þ
Equation (14) is a homogenous linear ordinary di®erential equation and the solution

vt
lðtÞ can be represented by vt

sðtÞ as:

vt
lðtÞ ¼ ð�1Þ l � 1

l!
�
XN
i¼1

Xi

cg

� �
l

� d
l

dtl
� vt

sðtÞ ð17Þ

From Eqs. (13) and (17), the absolute displacement response of the multiply-

supported SDOF system excited by the traveling seismic wave is

vtðtÞ ¼
Xþ1

l¼0

vt
lðtÞ ¼ 1þ 1

N
�
Xþ1

l¼1

ð�1Þ l � 1
l!
�
XN
i¼1

Xi

cg

� �
l

� d
l

dtl

" #( )
� vt

sðtÞ ð18Þ
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and the absolute acceleration response is

atðtÞ ¼ v
::tðtÞ ¼ 1þ 1

N
�
Xþ1

l¼1

ð�1Þ l � 1
l!
�
XN
i¼1

Xi

cg

� �
l

� d
l

dtl

" #( )
� at

sðtÞ; ð19Þ

in which at
sðtÞ is the absolute acceleration response of the system under the uniform

ground motion excitation vgðtÞ. Equations (18) and (19) show the connection be-

tween the system responses excited by the uniform seismic wave and by the traveling

seismic wave. As it is well known, the absolute acceleration response re°ects the

dynamic earthquake loading on the structure. Hence, Eq. (19) indicates the con-

nection between the dynamic earthquake loadings produced by the uniform seismic

wave and by the traveling seismic wave.

In some cases, it is convenient to represent formula (19) as:

atðtÞ ¼
Xþ1

l¼0

Gt
lðtÞ �

Xþ1

l¼0

H t
l ðtÞ; ð20Þ

in which

Gt
lðtÞ ¼

1

N
� 1

ð2lÞ! �
XN
i¼1

Xi

cg

� �
2l

� d
2l

dt2l
a t
sðtÞ; ð21Þ

H t
l ðtÞ ¼

1

N
� 1

ð2lþ 1Þ! �
XN
i¼1

Xi

cg

� �
2lþ1

� d
2lþ1

dt2lþ1
at
sðtÞ: ð22Þ

Particularly, when the distribution of the supports is symmetrical, the coordinates

Xi, i ¼ 1; 2; . . . ;N , satisfy

XN
i¼0

X 2lþ1
i ¼ 0 l ¼ 0; 1; 2; . . . : ð23Þ

Substituting Eq. (23) into Eq. (22), we get

H t
l ðtÞ ¼ 0 l ¼ 0; 1; 2; . . . : ð24Þ

Hence, the acceleration response (20) can be simpli¯ed as:

atðtÞ ¼
Xþ1

l¼0

Gt
lðtÞ ¼

Xþ1

l¼0

1

N
� 1

ð2lÞ! �
XN
i¼1

Xi

cg

� �
2l

� d
2l

dt2l
a t
sðtÞ

" #
: ð25Þ

Equation (20) gives the acceleration response of the system in the time domain. The

frequency-domain characteristics of the system response can be represented by the

Fourier spectrum of Eq. (20). The Fourier transforms of Eqs. (21) and (22) are

F ½Gt
lðtÞ� ¼

Z þ1

�1

1

N
� 1

ð2lÞ! �
XN
i¼1

Xi

cg

� �
2l

� d
2l

dt2l
a t
sðtÞ

" #
� e�j!�dx
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¼ 1

N
� 1

ð2lÞ! �
XN
i¼1

Xi

cg

� �
2l

� ð�j!Þ2l
Z þ1

�1
at
sðtÞ � e�j!�dx

¼ 1

N
�
XN
i¼1

ð�1Þ l
ð2lÞ! � !Xi

cg

� �
2l

� �
�F ½at

sðtÞ� ð26Þ

and

F ½H t
l ðtÞ� ¼

Z þ1

�1

1

N
� 1

ð2lþ 1Þ! �
XN
i¼1

Xi

cg

� �
2lþ1

� d
2lþ1

dt2lþ1
at
sðtÞ

" #
� e�j!�dx

¼ 1

N
� 1

ð2lþ 1Þ! �
XN
i¼1

Xi

cg

� �
2lþ1

� ð�j!Þ2lþ1

Z þ1

�1
at
sðtÞ � e�j!�dx

¼ � j

N
�
XN
i¼1

ð�1Þ l
ð2lþ 1Þ! �

!Xi

cg

� �
2lþ1

� �
�F ½at

sðtÞ�; ð27Þ

where j ¼ ffiffiffiffiffiffiffi�1
p

. By the power series expansions of the trigonometric functions

cos x ¼
Xþ1

l¼0

ð�1Þn � x2n

ð2nÞ! ; sin x ¼
Xþ1

l¼0

ð�1Þn � x2nþ1

ð2nþ 1Þ! ; ð28Þ

the Fourier transform of Eq. (20) can be calculated as:

F ½atðtÞ� ¼
Xþ1

l¼0

F ½Gt
lðtÞ� �

Xþ1

l¼0

F ½H t
l ðtÞ�

¼ 1

N
�
XN
i¼1

Xþ1

l¼0

ð�1Þ l
ð2lÞ!

!Xi

cg

� �
2l

" #
�F ½at

sðtÞ�

þ j

N

XN
i¼1

Xþ1

l¼0

ð�1Þ l
ð2lþ 1Þ!

!Xi

cg

� �
2lþ1

" #
�F ½at

sðtÞ�

¼ 1

N

XN
i¼1

cos
!Xi

cg

� �
þ j sin

!Xi

cg

� �� �
�F ½at

sðtÞ�: ð29Þ

From Eq. (29), the Fourier amplitude spectrum of atðtÞ is

Atð!Þ ¼ jF ½atðtÞ�j ¼ 1

N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN
i¼1

cos
!Xi

cg

� �" #
2

þ
XN
i¼1

sin
!Xi

cg

� �" #
2

vuut � At
sð!Þ; ð30Þ

in which At
sð!Þ ¼ jF ½at

sðtÞ�j is the Fourier amplitude spectrum of at
sðtÞ. Equation

(30) shows the frequency-domain connection of the absolute acceleration responses

excited by the uniform seismic wave and by the traveling seismic wave. Further, the
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ratio of Atð!Þ to At
sð!Þ can be calculated as:

Atð!Þ
At

sð!Þ
¼ 1

N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN
i¼1

cos
!Xi

cg

� �" #
2

þ
XN
i¼1

sin
!Xi

cg

� �" #
2

vuut ; ð31Þ

where

XN
i¼1

cos
!Xi

cg

� �" #
2

¼
XN
i¼1

cos
!Xi

cg

� �" #
�
XN
k¼1

cos
!Xk

cg

� �" #

¼
XN
i¼1

cos
!Xi

cg

� �
�
XN
k¼1

cos
!Xk

cg

� �( )" #

¼
XN
i¼1

XN
k¼1

cos
!Xi

cg

� �
� cos !Xk

cg

� �� �
ð32Þ

and, in the same way,

XN
i¼1

sin
!Xi

cg

� �" #
2

¼
XN
i¼1

XN
k¼1

sin
!Xi

cg

� �
� sin !Xk

cg

� �� �
: ð33Þ

Substituting Eqs. (32) and (33) into Eq. (31), we get

Atð!Þ
At

sð!Þ
¼ 1

N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN
i¼1

XN
k¼1

cos
!Xi

cg

� �
cos

!Xk

cg

� �
þ sin

!Xi

cg

� �
sin

!Xk

cg

� �� �vuut : ð34Þ

According to the angle di®erence identity

cosð�� �Þ ¼ cos� cos � þ sin� sin � for 8�; �: ð35Þ

Equation (34) can be written as:

Atð!Þ
At

sð!Þ
¼ 1

N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN
i¼1

XN
k¼1

cos
!Xi

cg
� !Xk

cg

� �vuut : ð36Þ

In Eq. (36), the number of the cosine terms of

XN
i¼1

XN
k¼1

cos
!Xi

cg
� !Xk

cg

� �

is N 2. Hence,

Atð!Þ
At

sð!Þ
¼ 1

N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXN
i¼1

XN
k¼1

cos
!Xi

cg
� !Xk

cg

� �vuut � 1

N

ffiffiffiffiffiffiffi
N 2

p
¼ 1: ð37Þ

Wave-Passage E®ect of Earthquake Loadings on Long Structures
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Equation (37) shows that the Fourier amplitude spectrum of the wave-passage ex-

cited acceleration response atðtÞ is not larger than the Fourier amplitude spectrum of

the uniform excited acceleration response at
sðtÞ, namely,

Atð!Þ � At
sð!Þ: ð38Þ

The preceding equation indicates that, in the frequency domain, the wave-passage

e®ect reduces the absolute acceleration response and, as a result, reduces the dy-

namic earthquake loading on the multiply-supported SDOF system.

4. Response Spectrum Considering Seismic Wave-Passage E®ect

Perhaps, the response spectrum is the most basic tool used in earthquake engineering

and structural seismic design.20,21 For a particular seismic ground motion, the re-

sponse spectrum is given by the maximum absolute value of the displacement, ve-

locity or acceleration of a SDOF oscillator with speci¯ed damping and natural

period. The absolute acceleration response spectrum represents the maximum dy-

namic earthquake loading on the structure. However, the SDOF oscillator used in the

computation of the response spectrum is singly supported, which means it is inap-

plicable for the studies on the spatial variation of seismic ground motions. In this

section, for the multiply-supported SDOF system, the absolute acceleration response

spectrum considering the wave-passage e®ect is proposed to re°ect the maximum

dynamic earthquake loading caused by the traveling seismic wave.

The absolute acceleration response spectrum considering the wave-passage e®ect

can be de¯ned as:

Sa;cgðT ; �;XÞ ¼ max jatðtÞj; ð39Þ
where T is the period, � is the damping ratio and X is the support-location vector,

de¯ned as:

X ¼ ½X1;X2; . . . ;XN �: ð40Þ
The key step to calculating Sa;cgðT ; �;XÞ is the computation of atðtÞ. In this paper,

from Eq. (20), atðtÞ is calculated by the ¯rst M þ 1 terms of fGt
lðtÞg and the ¯rst

M þ 1 terms of fH t
l ðtÞg as:

atðtÞ �
XM
l¼0

Gt
lðtÞ �

XM
l¼0

H t
l ðtÞ; ð41Þ

where the number of terms is determined by the following conditions:

max
jGt

M�1ðtÞj
jGt

0ðtÞj
;
jH t

M�1ðtÞj
jH t

0ðtÞj
� �

� "; max
jGt

MðtÞj
jGt

0ðtÞj
;
jH t

MðtÞj
jH t

0ðtÞj
� �

< "; ð42Þ

where " is a chosen threshold. The convergence of Eq. (41) is controlled by the value

of ". In fact, Eq. (42) requires that, for theMth term, the ratios of jGt
MðtÞj to jGt

0ðtÞj
and of jH t

MðtÞj to jH t
0ðtÞj should both be less than " throughout the response process.

D. Wang et al.
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Hence, for a small value of ", it is reasonable that the terms with l > M are small

enough to be neglected and Eq. (41) is suitable for calculating the acceleration

response atðtÞ.
A numerical example is presented to show the process of computation of the

response spectrum. Figure 3 shows a SDOF system with four supports exposed to a

horizontal wave-passage earthquake excitation. The damping ratio of the system is

0.02 and the support-location vector is

X ¼ ½�500;�200; 200; 500�: ð43Þ
In this example, the N–S component of the ground motion recorded at the El Centro

station in the 1940 Imperial Valley earthquake, as shown in Fig. 4, is used as the base

excitation, for which the apparent wave velocity is 2000m/s. The absolute acceler-

ation response excited by the uniform earthquake wave is calculated by the New-

mark-� method. Due to the symmetry of the support distribution,H t
l ðtÞ equals 0 and

the absolute acceleration response excited by the traveling earthquake wave can be

calculated from Eq. (25).

The acceleration responses of the system with natural periods T ¼ 0:2, 0.4, 0.6,

0.8, 1.0, 1.2, 1.5 and 2.0 s are computed. The threshold in Eq. (42) is chosen as 0.001.

The details of the response computation are represented in Table 1. Figure 5 shows

Fig. 3. Four-supported SDOF system which support-location vector is X ¼ ½�500;�200; 200; 500�.
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Fig. 4. Time history recorded at the El Centro station during the 1940 Imperial Valley earthquake in the

N–S direction.
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the comparison between the acceleration responses caused by the uniform excitation

and by the traveling excitation. The results indicate that the wave-passage e®ect

signi¯cantly decreases the absolute acceleration responses of the system with natural

periods less than 1 s. For the system with natural periods larger than 1s, the e®ect of

the wave propagation on the responses gradually decreases with the increase of the

natural period.

Table 1. Acceleration response computation of the multiply-supported, SDOF

systems with di®erent natural periods.

No. T=s�1 2M þ 2 max½jGt
M�1ðtÞ=Gt

0ðtÞj; jHt
M�1ðtÞ=Ht

0ðtÞj� (� 10�4)

1 0.2 36 2.4902

2 0.4 34 5.1163
3 0.6 34 2.2690

4 0.8 32 9.3048

5 1.0 32 6.3295
6 1.2 32 6.5642

7 1.5 34 1.6124

8 2.0 34 5.8142
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Fig. 5. Acceleration responses excited by the traveling seismic wave and by the uniform seismic wave for

di®erent structural natural periods. (a) T ¼ 0:2 s, (b) T ¼ 0:4 s, (c) T ¼ 0:6 s, (d) T ¼ 0:8 s, (e) T ¼ 1:0 s,
(f) T ¼ 1:2 s, (g) T ¼ 1:5 s and (h) T ¼ 2:0 s.
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The value of the threshold " controls the convergence of Eq. (41). In this nu-

merical example, the value of " is 0.001. Tables 2 and 3 show the e®ects of the

di®erent values of " on the computation of the acceleration response for the multiply-

supported systems with natural periods of 0.4 and 1.2 s, respectively. The peak value

and the total energy, which is de¯ned as

Total energy ¼
Z D

0

½atðtÞ�2 � dt; ð44Þ

of the absolute acceleration response are used to measure the convergence of the

computation result. In Eq. (44), D is the duration of the response. Tables 2 and 3

both show that, for " < 0:01, the peak values and the total energies of the calculated

acceleration responses are identical. Hence, for " ¼ 0:001, Equation (41) is conver-

gent and available to calculate the response in this numeral example. For general

applications, we suggest that the value of " should be chosen small enough to make

the peak value and the total energy of the response stable.

When the natural period of the system changes continuously, we get the

wave-passage response spectrum with the support-location vector X ¼ ½�500;

�200; 200; 500�, which is de¯ned by Eq. (39), as shown in Fig. 6(a). A more

intuitive tool for re°ecting the wave-passage e®ect is the response spectral ratio,
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Fig. 5. (Continued)
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de¯ned as:

Ca;cgðT ; �;XÞ ¼ Sa;cgðT ; �;XÞ
Sa;þ1ðT ; �;XÞ ¼

Sa;cgðT ; �;XÞ
SaðT ; �Þ

; ð45Þ

where SaðT ; �Þ is the corresponding acceleration response spectrum of the uniform

earthquake ground motion. Figure 6(b) shows the response spectral ratio Ca;2000ðT Þ
of this numerical example.

In fact, the wave-passage acceleration response spectrum and the response spec-

tral ratio, as shown in Fig. 6, indicate the wave-passage e®ect on the maximum

dynamic earthquake loading imposed on the structure. The reduction of the maxi-

mum dynamic earthquake loading is remarkable in the range of 0–1 s, and decreases

in the range of 1–2 s. For the range large than 2 s, the wave-passage e®ect on the

maximum dynamic earthquake loading is weak and can be ignored.

Generally, as indicated by the frequency-domain analysis of the acceleration re-

sponse of the multiply-supported SDOF system, the wave-passage e®ect reduces the

maximum dynamic earthquake loading on the structure. The wave-passage response

spectrum and the response spectral ratio are the intuitive and convenient tools for

evaluating the reduction of the maximum dynamic earthquake loading.

Table 2. E®ect of " on the PGA and the total energy

of the acceleration response of the multiply-supported

SDOF system (T ¼ 0:4 s).

" 2M þ 2 PGA (g) Total energy (g2 � s)
0.1 28 0.2600 0.2264

0.05 30 0.2634 0.2263

0.01 32 0.2629 0.2263
0.005 32 0.2629 0.2263

0.004 32 0.2629 0.2263

0.003 34 0.2629 0.2263
0.002 34 0.2629 0.2263

0.001 34 0.2629 0.2263

0.0001 36 0.2629 0.2263

Table 3. E®ect of " on the PGA and the total energy of the ac-

celeration response of the multiply-supported SDOF system

(T ¼ 1:2 s).

" 2M þ 2 Peak acceleration (g) Total energy (g2 � s)
0.1 26 0.2439 0.3176

0.05 28 0.2437 0.3176
0.01 30 0.2437 0.3176

0.005 30 0.2437 0.3176

0.004 30 0.2437 0.3176

0.003 32 0.2437 0.3176
0.002 32 0.2437 0.3176

0.001 32 0.2437 0.3176

0.0001 36 0.2437 0.3176
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5. E®ects of Apparent Wave Velocity

Equation (30) indicates that the structural support locations and the apparent wave

velocity are the key factors controlling the structural response reduction caused by

the wave-passage e®ect. In most cases, the support locations are determined by the

engineering geological conditions or the structural design requirements. Hence, in

this section, we focus on the e®ects of the apparent wave velocity on the structural

absolute acceleration response and the dynamic earthquake loading incurred.

The four-supported SDOF system, shown in Fig. 3, is again adopted in this ex-

ample. The natural period of the system is 1 s and the damping ratio is 0.02. Figure 7

shows the absolute acceleration responses of the system excited by the El Centro

seismic ground motion given in Fig. 4 for di®erent apparent wave velocities. The

apparent wave velocities considered herein are in the range of 600–5000m/s.

The computation details are shown in Table 4. The calculation results indicate that
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Fig. 6. (a) Response spectra and (b) response spectral ratios for cg ¼ 2000m/s.
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Fig. 7. Acceleration responses excited by the traveling seismic wave and by the uniform seismic wave for
di®erent apparent velocities. (a) cg ¼ 600m/s, (b) cg ¼ 800m/s, (c) cg ¼ 1000m/s, (d) cg ¼ 1200m/s,

(e) cg ¼ 1400m/s, (f) cg ¼ 1600m/s, (g) cg ¼ 1800m/s, (h) cg ¼ 2000m/s, (i) cg ¼ 3000m/s and

(j) cg ¼ 5000m/s.
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Fig. 7. (Continued)
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the response reduction caused by the wave-passage e®ect exhibits a remarkable

°uctuation. In the range of cg ¼ 600–1400m/s, the response increases at ¯rst then

decreases. For cg > 1400m/s, the response continuously increases and gradually

reaches the uniform-excited level.

It is intuitive to de¯ne a function as:

RðcgÞ ¼
max½jatðtÞj�
max½jat

sðtÞj�
; ð46Þ

to represent the e®ect of the apparent wave velocity on the maximum dynamic

earthquake loading on the structure. Figure 8 shows the computation results ofRðcgÞ
for the SDOF systems with di®erent natural periods. The natural periods considered

herein are 0.1, 0.2, 0.4, 0.7, 1.0 and 3.0 s. For the system with low natural periods, as

shown in Figs. 8(a) and 8(b), the value R °uctuates signi¯cantly in the low apparent

Table 4. Acceleration response computation of the multiply-supported, SDOF

system for di®erent apparent wave velocities.

No. cg=m � s�1 2M þ 2 max½jGt
M�1ðtÞ=Gt

0ðtÞj; jHt
M�1ðtÞ=Ht

0ðtÞj� (�10�4)

1 600 110 9.5063

2 800 82 8.5151

3 1000 66 3.8594

4 1200 54 8.1794

5 1400 46 8.2160

6 1600 40 8.3137

7 1800 36 4.6248

8 2000 32 6.3295

9 3000 22 2.8157

10 5000 14 1.8796
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Fig. 8. E®ect of the apparent wave velocity on the maximum dynamic earthquake loading on the SDOF
system. (a) T ¼ 0:1 s, (b) T ¼ 0:2 s, (c) T ¼ 0:4 s, (d) T ¼ 0:7 s, (e) T ¼ 1:0 s and (f) T ¼ 3:0 s.
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Fig. 8. (Continued)
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Fig. 9. Wave-passage e®ect on the response spectra and the response spectral ratios for di®erent apparent

velocities. (a) cg ¼ 1000m/s, (b) cg ¼ 1500m/s, (c) cg ¼ 2500m/s, (d) cg ¼ 3000m/s, (e) cg ¼ 5000m/s,

(f) cg ¼ 10000m/s and (g) cg ¼ 20000m/s.
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Fig. 9. (Continued)
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Fig. 9. (Continued)
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wave velocity range, with a mean value of about 0.5, and gradually increases as the

apparent wave velocity increases. With increasing natural period, the °uctuation

range of R becomes narrower and then disappears.

Figure 9 shows the wave-passage response spectra and response spectral ratios for

di®erent apparent wave velocities. Consistent with the characteristics shown in

Fig. 8, the reduction of the maximum dynamic earthquake loading is remarkable and

°uctuant for low apparent wave velocities and low structural natural periods, and is

negligible for high apparent wave velocities or high structural natural periods.

6. Conclusion

The wave-passage e®ect on the dynamic earthquake loading on a multiply-supported

SDOF system is studied. For this SDOF system, the time-domain derivation shows

that the absolute acceleration response excited by the traveling seismic wave can

be expressed as a series of the absolute acceleration response excited by the corre-

sponding uniform seismic wave. The analysis of the Fourier spectrum indicates that,

in the frequency domain, the wave-passage e®ect reduces the absolute acceleration

response and the dynamic earthquake loading acting on the system.

In one numerical example, the wave-passage response spectra are computed to

measure the wave-passage e®ect on the maximum dynamic earthquake loading for

di®erent apparent wave velocities. The results show that, consistent with the fre-

quency-domain analysis results, the wave-passage e®ect reduces the maximum dy-

namic earthquake loading. Generally, the reduction of the maximum dynamic

earthquake loading is remarkable for small structural natural periods, T , and

gradually decreases with the increasing of T . The results of the response spectral

computation also show that the e®ect of the apparent wave velocity on the dynamic

earthquake loading is °uctuant and complex. The reduction of the maximum dy-

namic earthquake loading has a general tendency to decrease with increasing the

apparent wave velocity.

An apparent limitation of this study is that the derivation is based on the SDOF

system model with identical supports. For SDOF systems with nonidentical sup-

ports, for which the absolute acceleration response cannot be simply expressed as a

series of the corresponding absolute acceleration response excited by the uniform

seismic wave, the procedure of analysis is much more complex. It should also be

noted that the wave-passage e®ect just causes the reduction in the absolute dis-

placement, velocity, acceleration responses and the dynamic earthquake loading on

the SDOF structure. The deformations and internal forces of structural members are

not only determined by the dynamic earthquake loading, but also by the pseudo-

static responses, which is caused by the deformation of the ground. Further studies

are needed to ¯nd an intuitive and convenient tool to determine the comprehensive

in°uence of the dynamic earthquake loading and the ground deformation on

extended structures.
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