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Modeling indentation in linear viscoelastic solids
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ABSTRACT

Using analytical and finite element modeling, we study conical indentation in linear
viscoelastic solids and examine the relationship between initial unloading slope, contact depth,
and viscoelastic properties. We will then discuss whether the Oliver-Pharr method for
determining contact depth, originally proposed for indentation in elastic and elastic-plastic
solids, is applicable to indentation in viscoelastic solids.

1. INTRODUCTION

Instrumented indentation is playing an increasing role in the study of small-scale
mechanical behavior of “soft” matters, such as polymers, composites, biomaterials, and food
products. Many of these materials exhibit viscoelastic behavior, especially at elevated
temperatures. Modeling of indentation into viscoelastic solids thus forms the basis for analyzing
indentation experiments in these materials. Theoretical studies of contacting linear viscoelastic
bodies became active since the mid 1950s by the work of Lee [1], Radok [2], Lee and Radok [3],
Hunter [4], Gramham [5, 6], Yang [7], and Ting [8, 9]. In recent years, a number of authors have
extended the early work to the analysis of indentation measurements [10-15]. In this paper, we
examine, through analytical and finite element modeling, the relationship between initial
unloading slope, contact depth, and viscoelastic properties. We will then discuss whether the
commonly used Oliver-Pharr method [16, 17] is applicable to indentation in viscoelastic solids.

2. ANALYTICAL RESULTS

We consider a rigid, smooth, and frictionless conical indenter with half-angle &
indenting a viscoelastic solid that can be described by the constitutive relationships between
deviatoric stress and strain, S; and d,, and between dilatational stress and strain, o, and &, , as:
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where G(t) is the stress relaxation modulus in shear and K(z) is the hydrostatic stress relaxation
modulus. The time dependent Young’s modulus and Poisson’s ratio are then given by
E@®) =[9K()GO)/I[BK (1) +G(1)] and v(t) =[E(t)/2G(1)]-1, respectively. In this paper, we
further assume that Poisson’s ratio is time independent, which is possible if K(z) and G(t) have
the same time dependence. Under these assumptions, the relationship between load, F (), and
displacement, A(r), are given by [18]:
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The load-displacement relationship can therefore be obtained if the viscoelastic properties of
materials, G(¢) and v, are known. Conversely, the viscoelastic properties may be obtained from

measured F(t) vs. h(t) relations by solving an integral equation. Eq. (2) reduces to the well-

known equation for conical indentation into purely elastic solids [19],
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F(t)—mh ) 3)

where G and v are the time-independent shear modulus and Poisson’s ratio, respectively.

Eq. (2) 1s a special case of a more general expression derived first by Graham [5] and
Ting [8]. They showed that Eq. (2) is valid for loading where the contact area is a monotonically
increasing function of time. Under the same condition, the ratio of contact depth to indenter
displacement is the same as that in the purely elastic case [5, 8],

h, 2

P “4)
The equations for unloading where the contact area decreases monotonically have also

been derived [5, 8], though they are considerably more complicated. As a result, a number of

authors have proposed methods for deducing G(¢) from indentation loading curves using Eq. (2)

without using the information contained in the indentation unloading curves [18]. However, we

have recently shown [18] that Egs. (2) and (4) can be used to evaluate the initial unloading slope

of unloading curves. Suppose unloading takes place at t =¢, + Ar with a constant unloading

=-v,, we have, using Eqgs. (2) and (4) for 0<t<t, + At and At =0,
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Here, the use of Eq. (2) for analyzing initial unloading slope may be justified because the contact
area has not yet decreased as Ar — (. The second term on the right-hand side of Eq. (5) is a
function of loading history. When the second term is negligible compared to the first term, which
can be achieved by using fast unloading (i.e., large v, ), the relationship between unloading slope

&)

and contact area, becomes identical to that for purely elastic contacts [16,19],
dF _ 4G(0)tan® = 2 E(Oz JA
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where A = 7z(h, tand)’ is the contact area at time, ¢

(6)

. » when unloading takes place from £, .
Eq. (5) suggests that the initial unloading slopes converge when the unloading rate is sufficiently
fast. Once this limiting case is reached, Eq. (6) can be used to determine the “instantaneous”

moduli, G(0)/ (1 —V) or E(0)/ (1—1/2), provided that the contact depth, /. or area, A, is known
as a function of &, = h(¢, ). The latter condition is provided by Eq. (4).

The most widely used method for estimating the contact depth or area is the procedure
proposed by Oliver and Pharr [16, 17]. Based on the results of Sneddon [19] on the shape of the
surface outside the area of elastic contacts for an indenter of conical and paraboloid of

revolution, Oliver and Pharr developed an expression for, h., at the indenter displacement, #,,,

=t =S T (dF/dh) ™
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where F, and (dF/dh), are the respective load and the initial slope of the unloading curve at

the indenter displacement depth, &, . The numerical value of & is (2/7 )z —2) for conical
indenter. Although Eq. (7) is derived from solutions to elastic contact problems, it has been used
to estimate contact depth for indentation in elastic-plastic solids [16, 17] and viscoelastic solids
[20]. In the following, we examine the conditions for using Eq. (6) and the applicability of Eq.
(7) by analyzing the complete loading-unloading curves and contact depths.

3. NUMERICAL RESULTS

We consider a frictionless, rigid conical indenter of half angle 8 =70.3 degrees indenting
an isotropic linear viscoelastic solid. A three-parameter “standard” linear viscoelastic model is
used to describe the shear and hydrostatic relaxation modulus (see Fig. 1):
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where the relaxation time 7, =77/(G, +G, ). Various parameters are given in Table 1.
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Fig. 1. A three-parameter “standard” model for linear viscoelastic solids.

G (MPa) | Gy(MPa) | K;(MPa) | Ky(MPa) | t,(sec)
234.60 25.78 687.62 75.56 0.99

Table 1. Parameters of a three-parameter linear viscoelastic model used for the calculations.

The parameters are chosen such that Poisson’s ratio is time independent, though both
G(t) and K(t) are time dependent. Specifically, their values at =0 and ¢ = oo are as follows:
G(0)=234.60 MPa and G(e0)=23.23MPa; K(0)=687.62MPa and K(e) =68.08 MPa ; and
v =0.4833. The parameters of this fictitious model solid are used for illustration purposes.
Because of linearity, the results can be scaled to represent other materials of the same general
type when the dimensionless parameters, such as G,/G,, K,/K,, G,/K,, and t/7_, are equal.

Finite element calculations were carried out using the classical isotropic linear viscoelastic model
implemented in ABAQUS [21]. The finite element mesh is the same as that used in Ref. [22].
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For the constant indentation displacement rate profiles given in Figure 2a, the
corresponding loading-unloading curves from finite element calculations are shown in Figure 2b.
Also shown in Fig. 2b are the initial unloading slopes. These examples clearly show that, for the
same loading history, the initial unloading slopes converge when unloading rate is sufficiently
fast, in agreement with Eq. (5). In fact, the complete unloading curve converges to one limiting
case as the unloading rate increases. Consequently, we may define this unloading curve as the
“converged” unloading curve for a given loading history.
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Fig. 2. Displacement-time profiles (a) and the calculated loading-unloading curves (b) for
the same loading rate and three different unloading rates. The tangent lines with initial
unloading slopes are also shown (b). The loading-unloading curves are labeled by the time
duration of unloading.

The contact depth, A, , and contact area, A, are also obtained from finite element
calculations. The finite element results show that there is a small correction to Eq. (6),

dF ( )tan49 E(0)
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where f=1.05+0.02. The same ﬂ correction factor has also been seen in the modeling of

indentation in purely elastic solids and in elastic-plastic solids. The origin of this correction
factor has been discussed previously [17, 18]. From finite element calculations, we found that
h./h=0.658+0.001, which is larger than 2/7 = 0.636 predicted by Eq. (4). This suggests that

Eq. (4) needs to be slightly modified to become,

where ¢ =1.034+0.001.

Additional finite element calculations were carried out using constant indentation
displacement rate profiles given in Fig. 3a. The loading curves in Fig. 3b show that the force
required to reach a given indentation depth increases with the loading rate, consistent with the
expected behavior of viscoelastic solids. The unloading rates chosen in the calculations are
sufficiently fast so that they generate the corresponding converged unloading curves.
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Furthermore, finite element calculations show that the contact depth, 4_, is the same for all three
cases shown in Fig. 3b, as expected from Eq. (4) or Eq. (10) since A, is the same. According to

Eq. (9), therefore, the unloading slopes are the same, which is evident from Fig. 3b. These finite
element results further validate Egs. (9) and (10).
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Fig. 3. Displacement-time profiles (a) and the calculated loading-unloading curves (b) for
three different loading rates and sufficiently fast unloading rates. The tangent lines with
initial unloading slopes are also shown (b). The loading-unloading curves are labeled by
the time duration of loading.
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On the other hand, Figure 3b demonstrates that the Oliver-Pharr procedure for estimating
the contact depth, specifically Eq. (7), is not applicable to indentation in viscoelastic solids. This

can be seen by the fact that Eq. (7) would have predicted different contact depths, 4, since F,
is different while i, and (dF/dh)

h, is the same. This observation is not surprising since Eq. (7) was derived from Eq. (6) which

are the same for the three cases, contradicting the fact that

m

is only valid for conical indentation in purely elastic solids.

4. CONCLUSIONS

We have found that (1) a relationship, Eq. (9), between initial unloading slope, contact
depth, and the instantaneous modulus for sufficiently high rate of unloading; (2) a relationship
between contact depth and indenter displacement, Eq. (10); and (3) the Oliver-Pharr method for
estimating the contact depth, Eq. (7), is not applicable to indentation in viscoelastic solids.
Although these conclusions are based on the analysis of constant displacement rate loading
conditions, the same conclusions hold for other loading conditions, such as constant loading-rate
and constant indentation strain rate conditions.
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