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Flexible electronics has attracted much attention in recent years due to the favorable applications to many
emerging devices. A novel laminated structure for a new-generation of flexible electronics is composed of
several thin layers, where the hard functional components are built, glued by soft adhesives. To prevent
the premature mechanical failure and to achieve the best performance of the electronics, the structural
design of such a laminate is of crucial importance. Accordingly, it is necessary to establish an analytic
model to accurately describe the mechanical behavior of the laminated structure. The available models
fall into two categories: those only taking into account the normal strain-induced deformation of the soft
adhesive layers and those only incorporating the shear deformation of the same layers. This paper aims
to quantitatively figure out which deformation dominates. By establishing an accurate enough analytic
model, a significant finding is revealed that shear deformation dominates in the soft adhesive layers of
the laminated structure of flexible electronics while the normal strain-induced deformation is negligible.
The model is well validated by the finite element method (FEM). The effects of the membrane energy and
bending energy of the soft layer are also investigated by incorporating or neglecting the shear energy.
The model accurately captures the key quantities such as the strain distribution in each layer and the
locations of the neutral mechanical planes of the top and bottom layers. This work is expected to provide
the design guidelines for the laminated structure-based flexible electronics.

© 2016 Elsevier Ltd. All rights reserved.
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1. Introduction

Flexible electronics are receiving extensive attention for their
combining the excellent electric performance with attractive flex-
ibility of the electronics. Due to the favorable properties, many
emerging flexible electronic applications and their variants with
the stretchability have been developed such as stretchable and
foldable silicon integrated circuits (Kim et al., 2008; Li et al.,
2013b), electronic eye cameras (Ko et al., 2008; Song et al., 2013),
epidermal electronics (Kim et al., 2011), fingertip electronics (Su
et al,, 2013; Ying et al., 2012), transient electronics (Hwang et al.,
2012; Li et al.,, 2013a), stretchable batteries (Xu et al., 2013) and
conformal piezoelectric energy harvesters (Dagdeviren et al., 2014;
Su et al,, 2015a).
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Laminated structures were first used in mechanical and civil
engineering, and have been widely employed for many years, of
which the most popular ones are lightweight sandwich panels,
with two hard face sheets separated by a soft foam core (Allen,
1969; Hohe et al.,, 2006; Li and Kardomateas, 2008; Zhu et al.,
2008). Such structures have excellent mechanical properties such
as high rigidity, high impact energy absorption, stable deformation
mode and adaptation to loading conditions. Similar design has re-
cently been applied to a class of novel flexible electronics by stack-
ing several hard layers, with the soft layers in between (Kim et al.,
2012; Kim et al., 2010; Rogers et al., 2010). The hard layers serve as
the functional components of a device, and the soft layers are ad-
hesives. As shown in Fig. 1(a), three thin PZT-based piezoelectric
layers are laminated to achieve a conformable piezoelectric me-
chanical energy harvester (Li et al., 2016; Su et al.,, 2015b). This
design is actually inspired by that used for flexible glass photonic
devices (Li et al., 2014), of which a flexible photonic chip is shown
in Fig. 1(b).
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Fig. 1. (a) Stacking of three thin PZT-based piezoelectric layers. (b) A flexible pho-
tonic chip showing a linear array of microdisk resonators. (c) Perfect adhesion of
three hard layers, with one neutral mechanical plane. (d) Ideal design: frictionless
adhesion of the hard layers. (e) Splitting of the neutral mechanical plane by using
the soft adhesive layers between the hard layers.

Neutral mechanical planes

There is a critical mechanics issue in the design of a lami-
nated structure of flexible electronics, i.e., how to stack the hard
layers, where the brittle component is placed, in order that the
entire electronic device exhibits the best performance while pre-
mature mechanical failure is avoided in repeated bending in use.
Perfect adhesion of the hard layers seems to be the simplest de-
sign. However, as shown in Fig. 1(c), only one neutral mechanical
plane exists in this case and the top and bottom layers will fail
earlier, which can be easily captured by the classical beam the-
ory (Timoshenko, 1930). Obviously, this design is less effective. An
ideal design is that the hard layers adhere to each other without
friction such that the layers bend independently and archive the
strength of each simultaneously, as shown in Fig. 1(d), where each
layer has its own neutral mechanical plane along its central axis.
However, this design is not achievable in practice. Recently, split-
ting of the neutral mechanical plane has been proposed (Lu and
Yang, 2015) and further applied (Li et al., 2016; Su et al., 2015b). It
is also known as the local-neutral-axis design (Li et al., 2014) and
is probably the best approach to the optimal and practical design.
The basic idea is to split the neutral mechanical plane into each
functional hard layer by using the soft adhesive layers between
them, as shown in Fig. 1(e). In this way, the hard layers bend in
almost the same mode, and archive the strength of each almost si-
multaneously. Since the soft adhesive layers play an important role
in the realization of splitting of the neutral mechanical plane, to
achieve the optimal design of a flexible electronics, quantitative in-
vestigation of the mechanical behavior of the laminated structure,
including the soft adhesive layers, is necessary. Actually, there have
been some recently published literatures developing the mechan-

ics models for such laminated structures (Li et al., 2014; Li et al.,
2016; Lu et al., 2014; Shi et al., 2014; Su et al., 2015b). However,
previous studies fall into two categories: those simply taking into
account the normal strain-induced deformation and neglecting the
shear deformation of the soft adhesive layers (Li et al., 2014; Lu et
al., 2014; Shi et al., 2014), and those incorporating the shear defor-
mation of the soft adhesive layers (Li et al., 2016; Su et al., 2015b).
It seems that the two categories would not yield big difference, but
one will see in the following that this is not true. Actually, the im-
portance of shear contribution in electronic devices based on poly-
meric flexible materials has been confirmed, which was used for
understanding the shear piezoelectricity (Persano et al., 2016). For
the laminated structure of flexible electronics, however, a problem
of extreme importance arises: should the shear deformation be ne-
glected in the soft adhesive layers?

This paper aims to quantitatively reveal a significant finding
that shear deformation dominates in the soft adhesive layers of
the laminated structure of flexible electronics while the normal
strain-induced deformation is negligible by establishing an accu-
rate enough analytic model of the structure. Since bending is the
main mechanical behavior of the structure, we establish the ana-
lytic plane strain model under two representative bending loads,
one with given slopes imposed at the ends of the hard layers and
another with given slopes imposed at the end sections of the en-
tire three-layer laminated structure. The effects of the membrane
energy, bending energy and shear energy of the soft layer are in-
vestigated. Both the analytic model and the finite element analysis
(FEA) validate the above finding. The developed model accurately
predicts the strain distribution in each layer and the locations of
the neutral mechanical planes of the top and bottom layers, thus
they can provide design guidelines for the laminated structure-
based flexible electronics.

2. Analytic model of the laminated structure
2.1. Given slopes are imposed at the ends of the hard layers

A three-layer laminated structure with length 2L, thicknesses
ht, hm and h;, for the top, middle and bottom layers is shown in
Fig. 2(a), where the origin of the coordinate system xoy is located
at the center of the top surface. The structure is bent by given
slopes denoted by 6 which are imposed at the ends of both the
hard layers. Young’s moduli and Poisson’s ratios for the three lay-
ers are Et, Ey and Ejp, and v, vip and vy, respectively. Due to the
fact that the structure for flexible electronics is long and thin (Jia
et al., 2011; Lee and Liu, 2014; Lin and Jain, 2009; Yu et al., 2013),
the top and bottom layers behave as the slender beams and the
model is known as the Euler-Bernoulli beam (Timoshenko, 1930).
The soft middle layer is modeled as the shear lag which only
accounts for the shear deformation; its validity will be discussed
later. The right half structure is examined in the following due to
the symmetry of both the structure and load conditions.

Thickness change of the structure is neglected since it is thin
enough. The displacement at the central axes of the top and bot-
tom layers are denoted by u; and uj, while the vertical displace-
ment is denoted by v. The continuity yields the displacements of
the t(;)p and bottom surfaces of the middle layer, denoted by uf,
and up,

wt oy, o e
m= T dx 2
dvh
u%:ub—i-ﬁjb. (1)

According to Fig. 2(b), the shear strain of the middle layer, ym,
is obtained. The membrane strains of the top and bottom layers, &;
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Fig. 2. Theoretical model of a three-layer laminated structure with given slopes im-
posed at the ends of the hard layers. (a) The stress-free and deformed states. (b)
Shear strain of the middle layer.

and ¢p,, and yp are
dut
=
du
€= gy
dv ub —ut  dv 1 1dv
Vm=a+ mh m=a+h—|:ub_ut+§a(hb+ht)i|- (2)
m m

The bending curvature of the structure, k, is
d*v

=—. 3
e 3)

The total elastic energy of the structure, U, includes the mem-
brane energy and bending energy of the top and bottom layers as
well as the shear energy of the middle layer. It is expressed as

L —
U= / (lﬁsz + lEAbEbz)dX
, \2 2

L L
+ / (lﬁt/c2+1ﬂt8t2)dx+ / Y Chmym2dx, (4)
, 2 2 )

where El; = Ethe3/[12(1 — »2)] and EA; = Ethe/(1 — 12), and
Eszbth/[lz(l_vbz)] and Hszbhb/(l_vbz) are the ef-
fective bending stiffnesses and tensile stiffnesses of the top
and bottom layers, respectively (Almeida and Ferreira, 1998);
G=En/[2(1+vy)] is the shear modulus of the middle layer.

Substituting Eq. (2) into Eq. (4) gives the total energy. From the
energy variation equation (Ekeland, 1974; Seliger and Whitham,
1968), §U=0, we obtain the governing equations in terms of the
displacements

dv  Ghy (hb+ht+2hm)2@
dx*  El, +EI, 2hm dx?
G hy+he+2hy

_ﬁb +EI; 2hm
d*uy, G hy+he +2hp dv G

d
a(ub —u) =0,

—— — = - = u, —ur) =0,
dx2  EA,  2hnm dx EAbhm( b= Ue)
d’ue G hy+he +2hy dv G
_ 4+ — —_ — u,—u;) =0, 5
dx2 EAt th dx EAthm ( b t) ( )
and associated boundary conditions
3
U (O) =0, Ub(O) =0, U(O) =0, U/(O) =0, —d (;;(30) =0,
we(l)=0,up(L) =0,V (L) =6. (6)
Egs. (5) and (6) are rewritten as
dv_ dv_ ddu
dxt  “dx? dx — 7
d?Au  acdv
dx2 - Fa - CAU = 0, (7)
and
3
Au(0) = 0.1(0) = 0.7/(0) =0, LY@ _¢

dx3
Au'(L)=0,v (L) =86, (8)
where Au=uy—u;, a=G(hy+ he +2hm)?/[4hm(El, + EI})], b=

The solution of Eq. (7) is
__ cp*cosh (pL)x* + 2a[cosh (px) — 1]
~ 2Lcp? cosh (pL) + 2ap sinh (pL)
Oac[p cosh (pL)x — sinh (px)]

Au= ~ blLepcosh (pL) + asinh (pL)]’ ®)

where p = /a + c. In combination with Eq. (5), we have

3 EA, _ EA, Hac[pcosh (pL)x — sinh (px)]
" EA,+EA.  EA,+ EA, blLcpcosh (pL) + asinh (pL)]’
Uy = _ﬁt_ Au— __ﬁ[_ Aac[p cosh (pL)x — sinh (]
EA, + EA; EA, + EA, b[Lcp cosh (pL) + asinh (pL)]

(10)

The membrane strains of the top and bottom layers, the shear
strain of the middle layer and the bending curvature of the struc-
ture are

o due _ EA,  Bacp[cosh (pL) — cosh (px)]
*~ dx ~ EA, + EA, blLcpcosh (pL) + asinh (pL)]’

= du, EA:  Bacp[cosh (pL) — cosh (px)]
b= dx T EA,, + EA, b[Lcpcosh (pL) + asinh (pL)]’

dv 1 1dv
Ym = a‘f’ E[Auﬂ-ia(hb"rht)il

fa(cik + b2 sinh (px) i
- b[Lcpcosh (pL) + asinh (pL)] ’ (1n)

and

_ d’v _ Op[ccosh (pL) + acosh (px)]
“dx2 = Lcpcosh (pl) +asinh (pL) -

(12)
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The axial strain distribution in the top and bottom layers is
(Timoshenko, 1953)

o |E—rly-%) for0 <y <h;,
" les -k —h—ha—") for hi+hm <y <he+hm+hy.
(13)
By equating ¢ in Eq. (13) to zero, the locations of the neu-

tral mechanical planes of the top and bottom layers can be pin-
pointed:

b
t—K 2’
£ h
Vo= 2+ hethnt 5 (14)

where y; and y,, are respectively the distances along the thickness
direction from the top surface of the laminate to the neutral me-
chanical planes of the top and bottom layers.

For convenience, we focus on a simplified case where E;=E, =E,
ht=hy,=h and vi=v,=v;=v. The membrane strains of the top
and bottom layers, the shear strain of the middle layer and the
bending curvature of the structure are obtained as

only one neutral mechanical plane except at the end of the lam-
inated structure where each layer has its own neutral mechani-
cal plane along its central axis. (iii) The length of the structure is
much smaller than its thickness. In this case, p — 0 such that the
result is the same as that in case (i). (iv) The length of the struc-
ture is much larger than its thickness. In this case, p — oo such that
the result is the same as that in case (ii). (v) The thickness of the
middle layer is much smaller than that of the top and bottom lay-
ers. In this case, hy, — 0 such that the result is the same as that in
case (ii).

To quantitatively illustrate the effects of hp and p on the dis-
tribution of the strains and the locations of the neutral mechani-
cal planes, an example is given, in which E=1 GPa, E;; =100 kPa,
v=0.4 and h=10um. Take §/p = 10~%; this implies that the slope
per unit length of the top and bottom layers is kept constant. Fig.
3 plots the membrane strain distribution in both the top and bot-
tom layers for hy =1 and p=100, 200, 400, 1000 (Fig. 3(a)), and
for p=100 and h, = 0.5, 1, 2 (Fig. 3(b)). The present analytic re-
sults are validated by the FEM via ABAQUS software package (see
appendix for details of the FEA). It is seen from Fig. 3 that very
good agreement is achieved. The membrane strains of the top and

1 0q(1+ f_lm)\/4/f_lm + 6+ 3hn [cosh (q 4/hpm + 6 + 3f1m,o) — cosh (q 4/hm + 6 + 31_1,,1,0)2)]

& =5

0q 4/i_1m+6+3f1mcosh(q 4/i_1m+6+3flm,0>+3(1+i_1m)zsinh(q 4/Fzm+6+3fzm,o)

1 0q(1+ f_lm)\/4/f-1m + 6+ 3y [cosh (q 4/hm + 6 + 3f_lm,0> — cosh (q 4/hpm + 6 + 31_1,,1,0)2)]

s

Ep=—= — — — - - - - s
2 5qv/4/hm + 6 + 3Ny cosh (q 4/hm + 6+ 3hm,0) +3(1+ hin)’ sinh (q 4/hm + 6+ 3hm,0)
0(1/hn+1)[1+3(1+ )| sinh (qv/4/n + 6+ 3 %)
Ym = = = - — - — — , (15)
0G4/ fm + 6 + 3l cosh (q 4/hm + 6+ 3hmp) +3(1+ ) sinh (q 4/hm + 6+ 3hm,0)

and

6v/4/hym + 6 + 3hp, [cosh (q\/4/i_lm +6+ 3F1mp) +3(1+ fzm)2 cosh (q 4/hy + 6+ 3F1mp2>]
K= = = = = - = = . (16)

phy/4/ R + 6 + 3hm cosh (q 4/hm + 6+ 3hmp> +3h(1+ hm)/qsinh (q 4/ + 6 + 3hm,0)
where ¢ = /En(1 —V)/E, hy = hm/h, p =L/h and % = x/L. From
Egs. (14) and (15), the non-dimensional location coordinates of the
neutral mechanical planes of the top and bottom layers are ob-
tained as

1 (1+ Flm) [cosh (q 4/hm +6 + 3f_lm,o> — cosh (q 4/hm + 6 + 3Flm,022>] 1
Y= =2 - - 3 _ —+ 5,
cosh <q 4/hm + 6+ 3hm,0> +3(1+ )’ cosh (q 4/hm + 6+ ma,ox)

v 1 (1 -l-f_lm) [cosh (q 4/Flm+6+3flmp> — cosh (q 4/flm+6+3f_lmp22>] 5

yb:Fb:_i - - - 2 — - +<hm+i)~
cosh (q 4/hm + 6+ map) +3(1+ fn)” cosh (q 4/hm + 6+ 3hm,o)?>
(17)

It is seen that the locations of the neutral mechanical planes
are independent of the applied slopes. The discussion of some ex-
treme cases from Eq. (17) is helpful in the design of the laminated
structure. (i) The middle layer is soft enough. In this case, E, — 0
and thus q— 0 such that jx —  and yj, — hm + 3, which implies
that the top and bottom layers bend independently and each layer
has its own neutral mechanical plane along its central axis. (ii)
The middle layer is hard enough. In this case, En— oo and thus
q— oo such that j; — Shm +1 and y, — Jhm + 1 except at X =1

where y; — 1 and yj, — hpn+ 3 hold. This implies that there is

bottom layers increase with p and approach constants for rela-
tively large p except around the end of the structure, as revealed in
Fig. 3(a). On the other hand, the membrane strains decrease with
hm, as revealed in Fig. 3(b). Therefore, short laminated structure
and thick middle layer are beneficial for reduction of the mem-
brane strains in the hard layers.

In Fig. 4, the shear strains of the middle layer are shown
for hp, =1 and p=100, 200, 400, 1000 (Fig. 4(a)), p=100
and hy =05, 1, 2 (Fig. 4(b)), and p=300 and hy=0.5, 1, 2
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Fig. 3. Membrane strain distribution in both the top and bottom layers for (a) hy =
1 and (b) p=100.

(Fig. 4(c)), respectively. It is shown in Fig. 4(a) that the shear
strain of the middle layer decreases with p around X = 0 (the cen-
ter of the structure) but increases with p around X =1 (the end
of the structure). On the other hand, the shear strain decreases
with hy, for relatively short structure (Fig. 4(b)). For relatively long
structure (Fig. 4(c)), very small effect of hp is detected on the
shear strain which approaches zero except around the end of the
structure where the shear strain decreases with hp,.

Fig. 5 shows the non-dimensional location coordinates of the
neutral mechanical planes of the top and bottom layers for h; =1
(Fig. 5(a)) and p=100 (Fig. 5(b)). It is concluded that the neutral
mechanical planes shift toward the center of the hard layers with
the decrease of p and the increase of hy;; this means that short
laminated structure and thick middle layer help to split the neu-
tral mechanical plane into two lying in each hard layer where the
brittle device is placed. In this way, the strength of each layer is
reached almost simultaneously, which could avoid the premature
failure of the entire device.

2.2. Given slopes are imposed at the end sections of the entire
structure

To study the effects of the boundary conditions, another rep-
resentative bending load is investigated. As shown in Fig. 6(a), the
laminated structure is bent by given slopes 6 which are imposed at
the end sections of the entire structure. Compared with the model
of Section 2, only the boundary conditions in Eq. (8) are changed
to

, d3v(0)
Au(0) =0, v(©) =0, v(©) =0, “ /=0,

ym(L) =0,V (L) = 6. (18)

a T T ——— T T
- | |
64 h, =1 Analytic
A~ 4_
>, ]
0
0.0
b 3 ; r : .
= FEM
p=100 Analytic
2] |
N 2
14 _ | 1
h, = 0.5 |
0 T T T T
0.0 0.2 04 06 0.8 1.0
<
cC 6 : T : T
= FEM
p =300 Analytic
4
oF
24
0 T
0.0 0.2

Fig. 4. Shear strain distribution in the middle layer for (a) i, = 1, (b) p=100 and
(c) p=300.

The solution of Eq. (7) becomes

10, af
1/:jz , Au:—ﬁx. (19)
In combination with Eq. (5), we have
ﬁb ad
U = —————— X,
EAb + EAt bL
EA:  ab
Uy =

—_—— —X. (20)
EA, +EA, bL
Under the same simplified conditions with E;=E,=E, hy=h,=h
and vi=v,=vy =V as those in Section 2, the membrane strains of
the top and bottom layers, the shear strain of the middle layer and
the bending curvature of the structure are obtained as

1 - .0 1 7\ 0

&= §(l+hm)5’ &y =—5(1 +hm)5’ Vi =0, 1)
and

ot @)
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Fig. 5. Non-dimensional location coordinates of the neutral mechanical planes in
(a) the top and bottom layers for h, = 1 and (b) the top layer for p=100.

The non-dimensional location coordinates of the neutral
mechanical planes of the top and bottom layers are obtained as

Je=gp=14m (23)

This implies that there is only one neutral mechanical plane at
the central plane of the structure, which corresponds to the pure
bending. Fig. 6(b) shows the non-dimensional location coordinates
of the neutral mechanical plane of the structure. From Sections
2 and 3, it is obvious that splitting of the neutral mechanical plane
depends not only on the Young's moduli, thicknesses and length of
the layers (Hohe et al., 2006; Kim et al., 2010; Li and Kardomateas,
2008; Rogers et al., 2010; Zhu et al., 2008), but also on the bound-
ary conditions imposed.

3. Effects of the membrane energy and bending energy of the
middle layer

In the above sections, only the shear energy is incorporated for
the middle layer. Although the FEM results have validated the ap-
proximation, it is indispensable to investigate the effects of the
membrane energy and bending energy. In the following, the lami-
nated structure with given slopes imposed at the ends of the hard
layers are considered, as illustrated in Section 2. Two models are
examined, one fully incorporating the shear energy, membrane en-
ergy and bending energy and another neglecting the shear energy.

a

S&

o

Non — dimensional neutral axes’ location

0.2 0.4 0.6 0.8 1.0

X

o
o

Fig. 6. (a) Theoretical model of a three-layer laminated structure with given slopes
imposed at the end sections of the entire structure. (b) Non-dimensional location
coordinates of the neutral mechanical plane of the structure.

3.1. The model incorporating the shear energy, membrane energy and
bending energy of the middle layer

In this model, the normal strain of the middle layer is regarded
as the average of those at the top and bottom surfaces of the same
layer. Therefore, the equivalent membrane strain &, and bending
curvature k', of the middle layer are

om =~ (6 +ey+ =l
m—2 t b 2 s

1 hy,+h
Km = h—(st —&p — %K) (24)
m

The membrane energy and bending energy of the middle layer
are integrated as

L J— 2
1EA h, —h
U/=f ETm(8t+8b+ b2 tK)

— 2
1 Ely, hy + he
+3 P (eb — &t = K) dx, (25)

where EAp = Emhm/(1 — vn?) and Elp = Emhm>/[12(1 — ve?)] are
the effective tensile stiffness and bending stiffness of the middle
layer. In the following, these energies are not neglected for the
middle layer.
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Under the same simplified conditions with E;=E,=E, hy=h,=h
and vi=vp=vyp=v as those in Section 2, the energy variation
equation gives

d*v  G(h+hn)*/hn d?*v

G(h+ hp)/hm d
—— 5 d—(ub — U
2El + Elyh? /hy,~ 4%

dx4 2ﬁ+ﬁmh2/hm2 dx?
Elnh/hm®  d3
@y =0,
2EI + Elh2 /hy,* dx
Puy, Gt hw)/he v G
dx?>  EA+EAm/4 + Eln/hy” dx (ﬂ+ﬁm/4+ﬁm/hm2)hm

ﬁ111/4—Em/hm2 d?u;

)

x(up —ur) + ﬁ+ﬁm/4 +ﬁm/hm2 e
Elnh/hp? d3v
EA + EAn/4 + Elp/hy? @
d?u, G(h+hm)/hm  dv G
A% " EA+ EAn/4 + Eln/hn” 9 (EA+EAn/4 + Eln/hn®)

ﬁm/‘l—ﬁm/hm2 d?u,,
EA + FAm/4 + Elp/hy? 0X?
Elwh/hm? d3v

X (Up —Ur) +

_— EmM/fm &V _o, 26
EA + EAn/4 + Elpy/hy? 453 (26)
and
3
1:(0) = 0. uy(0) = 0,v(0) =0, ¥(0) =0, & ;;30) -0,
W) =0, uy(L) =0, V(L) =6, 27)

where EI = Eh3/[12(1 — v2)] and EA = Eh/(1 — v2). Eqgs. (26) and
(27) are simplified to

d*v a’@ b,dAu ed3Au _0o
dx4 dx? dx dx3 7
d’Au  dddv acedv
dX2 —Ta—cAu-‘r b,2 %:O, (28)
and
d?v(0)
Au(0) =0, v(0) =0, v (0) =0, =0,
u(0) =0, v(0) = 0. ¥'(0) = 0. —=5
Au'(L)y=0, V(L) =6, (29)
where a’ — G(h+hm)? /hm b — _Ghthm)/hm ’_ G
" 2EI+EImh?/hp?’ T 2EI+EImh2/hm?’ " (EA/2+Elm/hm>)hm’
7 2
and e = % It is seen that Eqs. (26) and (28) have the

same forms as Eqs. (5) and (7), respectively, except that there are
the underlined terms appended. The solution of Eq. (28) under Eq.
(29) is
c's> (b’ — a'e) cosh (sL)x? + 2a’(b" — c’e) [cosh (sx) — 1]
~ 2L's2(b —a’e) cosh (sL) + 2a’s(b’ — c’e) sinh (sL)

A 0a'c'(b' - d'e)
u= Lb'c’s(b' — a’e) cosh (sL) + a’b’ (b’ — c’e) sinh (sL)
x[sinh (sx) — s cosh (sL)x], (30)
where

s \/b’zc/ —_2a'bce + a'b?

/b/2 —a'ce?

(31)

u; and uy are
1
Ur = —iAu

1 0a'c'(b' - d'e)
~ 2Lb'c’s(b' —d’e) cosh (sL) + a’b/ (b’ — c’e) sinh (sL)
x[sinh (sx) — s cosh (sL)x],

up = %Au
1 fa'c' (b —de)
~ 2Lb/Is(b' —d’e) cosh (sL) + a’b’ (b’ — c’e) sinh (sL)
x[sinh (sx) — s cosh (sL)x]. (32)

Thus, we have
1 fa'c' (b —de)
2 phb'c’'s(b' — a’e) cosh (sph) + a’b' (b — c’e) sinh (sph)
x[s cosh (sphx) — scosh (sph)],
1 0a'c'(b' - d'e)
=3 phb'c’s(b’ — a’e) cosh (sph) + a’b’ (b’ — c’e) sinh (sph)
x[s cosh (sphx) — scosh (sph)],

oa (b/z - a/c’ez)s2 sinh (sphx)

& =

Ym = hhm [,ohb’zc/s(b/—a’e) cosh (sph)+a'b’* (b’ —c’e) sinh (sph)]’
(33)
and
c’s(b’ —a’e) cosh (sph) + a’ (b’ — c’e)scosh (sphx
( ) cosh (sph) +d'( Jscosh sph%) ) o

K= phc’s(b — a’e) cosh (sph) +a’ (b’ — c’e) sinh (sph)

The non-dimensional location coordinates of the neutral me-
chanical planes of the top and bottom layers are

} 1 a'c'(b' — d'e)[scosh (sphX) — s cosh (sph)]
Ye=-3 b'cs(b’ — a’e) cosh (sph) + a’b/ (b’ — c’e)s cosh (sphx)
1
+§,
o1 a'c' (b — a'e)[scosh (sphX) — s cosh (sph)]
=73 b'c’'s(b’ — a’e) cosh (sph) + a’b’ (b’ — c’e)s cosh (sphx)
-3
+hm + 5 (35)

3.2. The model neglecting the shear energy of the middle layer

In this model, the shear energy of the middle layer is neglected,
thus Eq. (28) is simplified as
d*v N ed3Au _0
dx? axs — 7
d*Au  dced’v
dx? p? dx3
Eq. (29) still holds. The solution of Eq. (36) becomes
16 ,
v_izx, Au=0. (37)
ur and uy are

u =0, u,=0. (38)

Thus, we have

1\6
&=0, =0, ym:<1+i_lm>Lx, (39)
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Fig. 7. Comparison of the displacements between the three models (1, = 1). Non-dimensional (a) axial displacements of the top layer, (b) axial displacements of the bottom
layer and (c) transverse displacements of the structure for p =100. Non-dimensional (d) axial displacements of the top layer, (e) axial displacements of the bottom layer and

(f) transverse displacements of the structure for o =1000.

(40)

The non-dimensional location coordinates of the neutral me-
chanical planes of the top and bottom layers are

Gi= 5. G+ (4n)

This implies that the top and bottom layers bend independently
and each layer has its own neutral mechanical plane along its cen-
tral axis.

To reveal the dominant mechanical behavior of the middle
layer, comparison is made between the three models, i.e., the one
only incorporating the shear energy (model I), the one fully incor-
porating the shear energy, membrane energy and bending energy
(model II) and the one only neglecting the shear energy (model III).
Fig. 7 shows the non-dimensional axial displacements of the top
layer (iir = u;/h) and bottom layer (i, = u,/h) as well as transverse
displacements of the structure (v =wv/h), where hy =1, p=100
(Fig. 7(a-c)) and 1000 (Fig. 7(d-f)). Fig. 8 shows the membrane
strains of the top layer and shear strains of the middle layer for
hm=1 and p =100 (Fig. 8(a,b)) and 1000 (Fig. 8(c,d)). The FEM
results are also presented. It is obvious that model I agrees very
well with model Il and they both agree very well with FEM for ev-
ery quantity, including both the displacements and strains, while
model III yields large deviations from models I and II as well as

FEM for all the results. This strongly supports the finding that the
shear deformation dominates in the soft adhesive layer and the
normal strain-induced deformation is negligible.

4. Conclusion

Laminated structure is used in flexible electronics to achieve
both the excellent electric performance and attractive flexibility.
An analytic mechanics model of the laminated structure is estab-
lished in this paper to accurately predict the strain distribution of
the structure and the locations of the neutral mechanical planes of
the hard layers. By investigating the effects of the membrane en-
ergy and bending energy of a soft adhesive layer, it is found that
shear deformation dominates in the soft layers of the laminated
structure of flexible electronics. This FEM-validated finding solves
a significant problem on whether the shear deformation should be
neglected in the soft adhesive layers, which was not clarified in the
previous studies. The developed model is very useful for the opti-
mal design of the laminated structure-based flexible electronics.
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Appendix. Finite element analysis

FEA was conducted by using the ABAQUS software package to
validate the analytic solutions of Eqgs. (9), (10), (15), (17), (23), (32),
(33), (37)-(39), as shown in Figs. 3-8. Due to the symmetry, only
the right half of the three-layer laminated structure was analyzed.
The left-hand side of the structure was clamped and the top and
bottom layers were respectively attached to a rigid body at the
right-hand side. To yield the plane strain state, the displacement
along the width direction (z direction) was set to be zero. In-plane
rotation with angle 6 was imposed on the two rigid bodies to
bend the structure. The 20-node quadratic brick element with re-
duced integration, C3D20R, was adopted for the three layers and
the 4-node 3-D bilinear rigid quadrilateral element R3D4 for the
rigid bodies. For the finite element meshes, the numbers of uni-
form grids for each layer are eight in the thickness direction (y
direction) and one in the width direction. In the length direction
(x direction), one grid was set at intervals of 1.25 h.
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