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Post-Buckling Analysis of Curved

Stretchability of the stretchable and flexible electronics involves the post-buckling behav-
iors of internal connectors that are designed into various shapes of curved beams. The
linear displacement—curvature relation is often used in the existing post-buckling analy-
ses. Koiter pointed out that the post-buckling analysis needs to account for curvature up

to the fourth power of displacements. A systematic method is established for the accurate

Yuan Liu

AML,

Department of Engineering Mechanics,
Tsinghua University,

Beijing 100084, China;

Center for Mechanics and Materials,
Tsinghua University,

Beijing 100084, China

Yewang Su

State Key Laboratory of Nonlinear Mechanics,
Institute of Mechanics,

Chinese Academy of Sciences,

Beijing 100190, China

Keh-Chih Hwang'

AML,

Department of Engineering Mechanics,
Tsinghua University,

Beijing 100084, China;

Genter for Mechanics and Materials,
Tsinghua University,

Beijing 100084, China

e-mail: huangkz@tsinghua.edu.cn

1 Introduction

Curved beams have simple geometry and facilitative fabrication
and are widely used in the fields of electronic, aerospace, and
architecture. Recently, curved beams are treated as internal con-
nectors of stretchable electronics due to their high stretchability
with small strain [1-13]. There are many functional stretchable
and flexible electronics based on different shapes of curved
beams, such as epidermal health/wellness monitors [14—18], sensi-
tive electronic skins [19-23], and spherical-shaped digital cameras
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post-buckling analysis of curved beams in this paper. It is shown that the nonlinear terms
in curvature should be retained, which is consistent with Koiter’s post-buckling theory.
The stretchability and strain of the curved beams under different loads can be accurately
obtained with this method. [DOI: 10.1115/1.4035534]

Keywords: post-buckling, stretchability, curved beam, curvature, finite deformation

[24-26]. The post-buckling behaviors, especially lateral and out-
of-plane buckling, provide the flexibility and stretchability of the
electronics [27], which are the essential properties of a robust
technology of assembling various microstructures [28-30].

There are many researchers studying up on the stability of pla-
nar curved beams. Timoshenko and Gere [31] presented initial
buckling behaviors of circular beams. The analytical models for
post-buckling behaviors of the inextensible ring under uniform
radial pressure were developed by Carrier [32] and Budiansky
[33]. A systematic variational approach of space curved beams
was developed by Liu and Lu and employed on buckling behavior
and critical load of the serpentine structure [34]. Many results of
the post-buckling behaviors of curved beams are obtained by the
semi-analytical energy approach and finite-element method
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(FEM) [35,36]. Koiter’s approach of energy minimization for
post-buckling expanded the potential energy to the fourth power
of displacement because the third and fourth power terms actually
govern post-buckling [37-39], which require the elongation and
curvature that at least express the third power of displacement.

This paper presents a systematic study on post-buckling of
curved beam, the nonlinear relations between the deformation
components (elongation and curvatures) and displacements are
derived, and the perturbation method is used to obtain the analyti-
cal solution of the post-buckling behaviors of curved beams.

2 Deformation of Curved Beam

2.1 The Initial and Deformed Curved Beams. The material
points on the centroid line of the initial curved beam are denoted
by P(S) (Fig. 1), where S is the arc-length of centroid line. The
local triad vectors at the centroid line of the curved beam are
orthogonal unit vectors E;(i = 1,2,3). E; and E, are along two
lines of symmetry of the cross section of beam (Fig. 1). E3 is the
unit vector along the tangential direction of the centroid line and
can be given as

E; =

dP
© 2.1

The curvature of the curved beam was defined by Love [40] as

dE;
—I:KXE,'

= 1.2
ds (=123

(2.2)

where the curvature K = K1 E| + K>E, + K3E5, K, and K, are the
curvatures along the axes in cross section, and K3 denotes the
twist along the tangential direction of the centroid line. ~

The centroid line of curved beam is deformed from P to
p =P + U, where U is the displacement of the beam. The local
triad vectors of the deformed curved beam are e;(i =1,2,3),
where e; and e, are the orthogonal unit vectors in the cross section
of deformed curved beam, and e;3 is the unit vector along the tan-
gential direction of the centroid line of deformed beam, which is
defined as

_d

~ds 2.3)

(]

where s is the arc-length coordinate of the deformed beam, which
is the function of the arc-length of initial curved beam, S. The
elongation of the deformed beam, /, can be obtained from

_ds

A=—
ds

2.4)

The curvature of the deformed curved beam also can be given
as [40]

de,-
— =K Xe¢;

=1,2,3
- (=123

(2.5)

where k = Kje| + Kye; + K3es3, k) and Kk, are the components of
curvature along sectional vectors e; and e,, respectively, and k3
denotes the twist along the tangent direction, e3. Here, the twist
angle, ¢, is defined with k3 as

¢ = J K3ds (2.6)

where the axis of the twist angle changes with the location.

2.2 Equilibrium Equations and Constitutive Relation of
Curved Beam. The internal force, t=t;e;, and moment,
m = m;e;, of the curved beam satisfy the following equilibrium
equations [41]:
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dt

I+p:0

§ Q.7
dm
—+e3xt+q=0
ds

where p = p;e; and q = g,e; are the distributed force and moment
per unit length in the deformed beam, respectively. The derivative
symbols have the relation, (1/4)(d()/dS) = (d()/ds).

The internal force, 3, is conjugate with the elongation, A, and
has the constitutive relation

t3 =EA(A—1) 2.8)

where E and A are the elastic modulus and the cross section area
of the beam, respectively.

The moment, m, is not conjugate with the curvature, k, but it is
conjugate with the Lagrangian curvature, k, which is defined as

de; .
%zxxe,» (i=1,2,3)

(2.9)
where the Lagrangian curvature, k, has the relation with curva-
ture, k, as K = /K.

The constitutive relation between Lagrangian curvatures
(abbreviated hereafter simply to curvatures) and moments is

ny :Ell(kl —Kl)

ny = Elz(fCQ — Kz) (210)

ms = Gl(kg — K;)

where G is the shear modulus of the beam, /; and /, are the sec-
tion area moment of inertia about the local coordinates, and J is
the polar moment of inertia of the cross section of beam.

The components of the equilibrium equation expressed with the
components of internal forces, moments, and the curvatures can
be given as

dt; “ .

£+61jk’<jtk+}~pi =0 (l = 1,2,3)

o @.11)
disl + e,;,»kfcjmk — 6[,‘3/1[_}‘ + ;vqi =0 (l = 1, 27 3)

0

Fig. 1
beam

Schematic illustration of initial and deformed curved
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where ¢ are the components of Eddington tensor.

3 The Deformation Variables in Terms of
Displacement for Planar Curved Beam

The planar curved beam, which has only one nonzero compo-
nent of initial curvature, Ky, is widely used. We will focus on
the planar curved beam in Secs. 3—7. The displacement, U, can
decompose in the local coordinates, E;(i=1,2,3), as
U = U\E, + U,E, + UsEj3. The elongation defined by Eq. (2.4)
can be expressed through the components of the displacement

as
dU;
A=91+2(—+ UK
4 {+<ds+21)

2 2 2
dU1 dU2 dU3
<E> + (K—USKI) + (K‘F UZKI)

The relations between the local triads on the initial and
deformed curved beams are given by the coefficients a;; as

1

}2

3.1

e = a,'jE/' (l = 1,2,3) (32)

E; and e; are along the tangent directions of the initial and
deformed curved beams, respectively. By substituting Egs. (2.1)
and (2.3) into Eq. (3.2), the coefficients, a3;(j = 1,2,3), can be

derived as
1dU 1 (dU:
az; = ——17 ayp =+ (—2— U3K1)7
A dS A\ dS
| U 3.3)
a3z = 2 (1 +T;+ U2K1>

The local coordinates, e; (i = 1,2,3) and E; (i = 1,2,3), are
orthonormal (i.e., ¢; - ¢; = 6;; and E; - E; = d;;), which lead the
coefficients, a;j, to satisfy the following equations:

i +tay+ay=1(i=1,23)

34

apap =0 (i #j) GD

The relations between the coefficients, a;;(i = 1,2,j = 1,2,3),

the displacements, U;, and the twist angle, ¢, are complicated and

cannot be explicitly expressed as Eq. (3.3). Substitution of

Egs. (3.1) and (3.3) into Eq. (3.4) and expansion of the coeffi-
cients, a;j, to the powers of generalized displacements lead to

1 00
{a,«j}: 01 0
00 1
0 _duy
0 4 ds
d
+q —ylt 0 9% L vk,
du, du,
=1 =2 _uk 0
as UsK,

(3.5)

where Yl = ¢ — [Ki(dU;/dS)dS, and the superscripts (2) and

(3) in aﬁ? and a,?[” refer to the second and third power of

generalized displacements (i.e., U; and ¢). They are given in
Appendix A, and {---} are the terms of the fourth and higher
power of displacements and twist angle.

Journal of Applied Mechanics

After substituting Egs. (3.2) and (3.5) into Eq. (2.9), the curva-
tures can be expressed in terms of generalized displacements as

U, | dUsK)

7 K, ds? ds
2
Rrp=90 s+ TU_ e by {fcfz)}
. ds?
K3 0 %
ds
+ {fcf3>} +{-) (3.6)
where fc,@ and fcl@ are the second and third power of displace-

ments, U;, and twist angle, ¢, which are given in Appendix A.
The nonlinear terms (i.e., % and fcl@) are important for the anal-

1
ysis of the post-buckling behaviors of the curved beams based on
the Koiter’s theory. As far as the authors are aware, the power
expansion of deformation for Euler—Bernoulli curved beams
(without assuming inextensibility of the beams) is a new result.
The results obtained by Su et al. [41] for straight beams follow as

a special case.

4 The Perturbation Solution for Post-Buckling of the
Planar Curved Beam

The planar curved beam will be buckling in-plane or out-of-
plane due to the planar loads (e.g., p; = 0). The method of pertur-
bation is used to solve differential equations (2.11) substituted
with variables of the deformation and displacement, where a small
ratio, a, of the maximum deflection to the characteristic length
(e.g., the beam length, Lg, or the initial curvature radius of beam,
R) is introduced. The generalized displacements from buckling,
expanded to the powers of a, can be written as

Uy = aUyy + a*Uyp) + @’ U3y + O(a*)Ls

Uz = aUy1y + a*Usa) + @’ Uys) + O(a*)Ls

Us = aUsy + a2U3(2) + a3U3<3) + 0(a*)Lg @1
¢ =agg + azd’(z) + (13‘/’(3) +0(a")

By substituting Eq. (4.1) into Eqgs. (3.1) and (3.6), the elonga-
tion and curvatures can be also expanded to the powers of the
small ratio, a, as

=1+ ai(l) -+ azﬂ,(z) + 613/1(3) -+ 0((14) 4.2)

Ri = Kio) + akiy + a’ ko) + @' ki) + 0@ )L (i=1,2,3)
4.3)

where #() = K1, Ko0) = K3(0) = 0, Ay and &;q) are the func-
tions of generalized displacements, and

_ dU3(1)

/L(l) 7(15 + Uz(])Kl (44)
Uy d(Us0)K)
ACARTS ds
) Uy
K2(1> = 7dS2 — 1//(1>K1 (45)
_d¢q
R = g5

1 N
where WEI]) = d)(l) — J Kl (dU](l)/dS)dS
The coefficient, a;;, can be expanded to the powers of the small
ratio, a, as
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aj =1+ dayo) + @ayz) + 0(a*) (i =))

2 3 4 S (4.6)
aij = aaii) + @ ay) + @ ajz) +0(d”) (i #))
where ;) are the functions of generalized displacements
dUu
(1] Y
0 V) ds
dUu
[1] 2(1)
1) ¥ 0 —as T Uk
AUy AUy
as a5 ok 0
(4.7

The expressions of Agy, K, and a;y) for k =2 are given in
Appendix B.

Substituting Eqgs. (4.2) and (4.3) into constitutive relations (2.8)
and (2.10) and considering the equilibrium equations, the internal
forces and moments can be expanded to powers of the small ratio
aas

i = tijo) +atjq) + azt[(Q) + a3t,~(3) + 0(04)EA (4.8)

m; = o) + an(q) + azm,’(z) + a3m,-(3) + 0((14)E[1L;1 (49)

where ;) and m;() are the forces and moments at the onset
of buckling, and the relation between #31), m), and A, K
(k > 1) can be written as

[3(1() = EA}(k)
ml(k) B EIlfcl(k) (4 10)
myy = ElLiyy
M3(k) = GJIAC.}(/()

After substituting the forces (4.8) and moments (4.9), equilib-
rium equations (2.11) can be decomposed as

dt. . .
i) | €k ) to) + Pioy =0 (i =1,2,3)
. ds .11
o A .
25+ ko mi) — entio) + 40 =0 (i =1,2,3)
and
d = ,
&t > (€ o) + A0Pita-) =0
ds =
(i=1,2,3;n=1,2,3,...)
dm,- ¥ I=n ~
ds(i) + Z(Eiikkj(l)mk(n—/) = A1) T 40 4itn-1) =0
1=0
(i=1,2,3;n=1,2,3,...)
(4.12)

where /() = 1, and the loads are expanded to the power series of
aas

Pi = Pio) + api(1) + @pia) + @’pis) + O(a*)EAL! @.13)
4i = gio) + aqi1) + a’qip) + @ qiz) + O(a*)EL Lg*

where pjo) and g, (o) are the critical loads at bifurcation point.

The differential equations in this section, in which internal
forces and moments are substituted with deformation variables
and displacements, are solved in the following steps.

031007-4 / Vol. 84, MARCH 2017

Step 1: Solve Eq. (4.12) for n =1 with the corresponding
boundary conditions to determine the buckling mode for the lead-
ing order, A1), (1), and Ul.( 1y of elongation, curvatures, and dis-
placements, and the critical loads at the onset of buckling, p;q)
and g;(g)-

Step 2: Solve Eq. (4.12) for n =2 with the corresponding
boundary conditions to determine the second order A), «j(2), and
U i) of elongation, curvatures, and displacements, and the incre-
ment of loads, p;() and g;(y).

Step 3: Solve Eq. (4.12) for n =3 with the corresponding
boundary conditions to determine the buckling mode for the third
order /3y and K;3) of elongation and curvatures, and the incre-
ment of loads, pj) and g;(2).

5 In-Plane Post-Buckling Behavior of Elastic Ring

As illustrated in Fig. 2, the uniform distributed radial load, p»,
which remains normal to the centroid line during the deformation,
is applied on an elastic thin ring. The arc-length, S, is clockwise
counted from A. The ring at A is simply supported, and the dis-
placement along tangent direction at B is constrained, these
boundary conditions can be written as

Uimlseo =0 (i =1,2,3; 1= 1,2,3,...) 5.1)

U3(")|S:nR :0 (n: 1,2,3,...) (52)
where R = 1/K; is the initial curvature radius of ring. The dis-
placements, deformations, and forces/moments are periodical due
to the periodical deformation of the ring, i.e.,

Ols=s, = Ols=s,42xx> (0 < So < 27R) (5.3)
where () denotes A, ;v(,,), Ki, }ACI-(,,), ti, Li(n), Mi, Mi(n)s U;, Ui(n), gb,
$ ) and @y, @)

The width of the ring section, w, is much larger than its thick-
ness, ¢, and the ring will be buckling in the initial plane of the
curved beam under the load, p, = —p,. The out-of-plane compo-
nents of force, moment, and displacement are zero, i.e., t; = 0,
my =0, my=0, Uy =0, and ¢ =0. The internal force and
moment at the onset of buckling, £, #3(0), and myq), satisfy
Eq. (4.11) and have the relation with critical load, p, ), as

Fig. 2 Schematic illustration of elastic ring under uniform
compression
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_ N 5 4
B30) = ~P20)R; 20) = 0, mio) =0 54) Uy = —Rcos % + R cos % MPZ(I)R (1 — cos §>

R 1 + 46‘1 EI] R
After substituting constitutive relation (4.10) into equilibrium ) _ 3
equations (4.12) for n = 1 and elimmatmg f1) and K1), the dif- g/, 51) = Rsin S_R{lt4q + Clpzu)R sin 2
ferential equation for elongation, Ay, is derived as R 2\ 1+¢ ElL R
(5.10)
Fhy oA
—a tki—c =0 (5.5) .
ds- dS and the parameters, Cyg, C11, and C1, are also determined as
where k% = [L + pyo)R/(EA) +[§2(0>R3/(E11)}/R2. Solution of -
Eq. (5.5) is co— _PRallta)
. 10 EIl 1+ 4C1 ) 11 )
Al = Cy cos (le) + Cy; sin (k]S) +Cio (56) 5 _ 3
B 3¢y 3¢t PR
Cp=— + (5.11)
where Cg, C11, and Cj, are the parameters to be determined. The (I4+c1)  (1+4c1) EIL
critical load, p,(), can be determined by the periodical condition
of elongation, /j), as where Upyy is assumed to be symmetrical about AB, and
max(Uy(1)) = 2R.
Pao) = 3EI [t (1 o) 1 (5.7) Substitution of constitutive relation (4.10) into equilibrium

equations (4.12) for n = 2 and elimination of #,(5) and i) give

2 . . L the differential equation for elongation, (), as
where ¢ = El,/ (EAR?). i 1(1) is also obtained by substituting

Egs. (4.10) and (5.6) into Eq. (4.12) as d3i( 2 i)
5 k=2 dS =F> () (5.12)
R 1 2L
c = <C =7 (1 4C where
M) = 3Re { 10+ ¢ El, (14c1) +4Cio
(5.8)
28 28
—3(Cyysin=+C cos—) PR3
( PR TETUR } 3|1+ 4oy + 220 (14 )
1
F2I(S) = 2 2
. R3(1+C1) (1+461)
The differential equations for U,(;yand Us(;y can be derived 2
2
from Egs. (4.4) and (4.5) as 2Pk e1 (1436 +4¢))sin 28
Ell R
AUy | Uy 20LS 48
3 = 45, 2(1) o
as R ) 59) 45¢1 (1 +4c) +—— £l ci(1+c¢p)|sin R
d*Uyyy  1dUs) ’
= —K
s R dS 10 The solution of Eq. (5.12) is
The solutions of Usgy and U3(;) can be obtained by the boundary ,1(2) = Cyp cos(kyS) + Cyy sin(kyS) + Cxo
conditions (5.1) and (5.2) and the periodical condition (5.3) as P
¢ sinfky (S — &)]F2 (&)
+ dédg (5.13)
0Jo ki

where A is also periodical, which determined the increment of

2 load, Py = 0, and the parameters, Cpy, Co1, and Cy will be

determined with the boundary conditions and orthogonality condi-
tion [37,38], [ 21 (&) A2 (€)dE = 0.

The curvature, K]( 2), 18 also obtained by substitution of Egs.

= Carrier’s model (4.10) and (5.13) into Eq. (4.12) as
Our model
g . _3(23468c1) 141k’ 1+4c G, 28
'les- @7 T 6R(1 )2 3R EL 3Re; 2 Rei R
I

1 45 4C») 28 9(1—4c) 48
- COS — +—————"5C0S —
AR|(1+c)” «a R 16R(1+c) R
(5.14)
The differential equations for Uy ;) and Us(») are given by sub-
] Lo L . L . L . L stitution of Egs. (5.13) and (5.14) into Egs. (B1) and (B2) as
0 0.25 0.5 0.75 1
Upax /(2R) PUsp)  1dUs) _ Fy(S)
ds? R dS (5.15)
Fig. 3 The ratio of load to critical load, p,/p,), versus the dUsp)  Unp .
normalized displacement, Usmax/(2R), during post-buckling, 224 = Fx(S)
which is consistent with the results of Carrier’s model ds R
Journal of Applied Mechanics MARCH 2017, Vol. 84 / 031007-5
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where

1

F23(S) = ),(2) - E

dUZ(l) 1

ds R

and the underlined terms in F»;(S) come from the nonlinear part of curvature (B2).
The solutions of Eq. (5.15) with the boundary conditions (5.1) and (5.2) are

S
180(,‘1(1 + 26‘1) — 3¢ (61 + 1246‘1)008 E

U2(2) = 2 = 3
. R S 45
80(1+c1)"(1+4er) | _s|g 4 16¢;(1 +c1)3p2L (1 — cos —) +3c¢1(1 4 4cp)cos —
El, R R
3Rc, ( S 4S>
+———5 | cos 5 —cos —
5(1+¢) R R
3 PR’
R 4145 — 3¢ (61 + 124¢1) + 80c (1 + ¢1) il sinE 3Re, S 4
Usp) = — 3 1 +——— | —4sin 5 +sin —
320(1 + ¢1)" (1 + 4cy) 48 20(1 + ¢) R R
+3(1 + 4c¢1)(—15 + 76¢; )sin 2
(5.16)
where the underlined terms are derived from the nonlinear terms The solution of Eq. (5.18) is
of the curvature, and U,y is assumed to be symmetrical about
AB. The parameters, Cyo, C21, and C»y, are also determined as /1(3) = Cycos(kS) + Cay sin(kyS) + Cxo
S 1l o
: ki (C—&)|F
c —ci(1+c1) PR 9¢1(23 + 68¢y) 0 Jo ki
20 = 2 )
(14+4c1)  EL 16(1 + ¢1)7(1 +4cy) where C3g, C3;, and Cs; are the parameters, and the increment of
45 load, py(»), can be determined by the periodical condition of elon-
Cy =0, Cnn= 7612 (5.17) &aton, 4,
4(1 + C])

Substitution of constitutive relation (4.10) into equilibrium
equation (4.12) for n = 3 and elimination of 7,3y and & (3 give
the differential equation for elongation, 43), as

Pl | adhe

=F 1
AT 3(8) (5.18)
where
6C]
F3(8) =
(5) R3(1+c)(1 +4cy)
27(3 —24¢) — 16¢}) (—ert 462),52(2)133 25
32(1+¢))? VEL R

1053¢; (=3 + 4c;) . 6S

3 sin
16R3 (1 +¢1)’ R

031007-6 / Vol. 84, MARCH 2017

(3 —24c; — 16¢2)  27EIL
(14 c1)*(1 = ¢1 +4c?) 3283

52(2) = (5.20)

The thickness, ¢, of the cross section of beam is much smaller
than the radius, R, which indicates ¢; < 1. The load, p,, normal-
ized by critical load, p, ), can be simplified as

2742 27 Umx)2
+3—2_1+3—2( R (5.21)

=1 +a2p—2(2) ~1

D2(0)

P2

1Z10)
where @ = Usmax /(2R) has been used, and it is the same with the
result of Budiansky [33].

Figure 3 shows that the normalized load, p,/ps ), increases with
the normalized maximum displacement, Uppyx / (ZRB, which is con-
sistent with Carrier’s model [32]. It indicates that the elongation can
be neglected due to the inextensibility of elastic ring in Carrier’s
model.

6 Lateral Buckling of Circular Beam

The curved beam is widely used as interconnector, which is
often freestanding and connects the sensors in the stretchable and
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flexible electronics [2]. The lateral buckling of the freestanding
interconnector will happen because the thickness of the beam
cross section, f, is much larger than its width, w [1,2,16]. The
thickness direction is along the radial direction of the circular
beam, which is consistent with it in Sec. 5. The displacement, U,
and rotation, ¢, which are the odd powers of the small ratio, a, of
the maximum deflect of U, to beam length, are the primary dis-
placements, while the secondary displacements, U, and Us, are
the even powers of the small ratio, a [41]. The curvatures, K, and
K3, are the odd powers of the small ratio, a, and the elongation, Z,
and curvature, i, are the even powers of the small ratio, a.

6.1 The Lateral Buckling of Circular Beam Under Bending
Moment. As shown in Fig. 4, the bending moment, M, is applied
on the circular beam at the ends. This beam with length, Lg, which
subtends the angle, o, is simply supported in the plane and the
out-of-plane, and beam ends cannot rotate around the centroid of
beam, but the right beam end can freely slide in the plane of the
beam, i.e.,

Usls_g = Usls_g =0

(U2E2 + U3E3)|S:LS . (COS %Ez — sin gE3> =0
Sk 6.1)
t_p, (sin %Eg + cos %Eg) =0
S=Lg
milg_o =m |S:L5 =M
Ul‘s:o =U; |S:L5 =0
(e2-E1)|s—o = (e2-Ei)ls_, =0 (6.2)

mls_g = m2|S:L5 =0
By substituting Eq. (3.2) into the above equations, the boundary
conditions can be expanded with respect to the perturbation

parameter, a, as

Usw)ls—o = Us)ls—o =0

o .o
(U2(n) cos 5 — Us(y) sin ‘) =0
2 2) ls—rs
N (6.3)
.o *
(t,-w,-z(nw SIn 5+ 1i() 4i3(n-1) €08 5) =0
=0 S=ts
Min)ls—0 = Mi)ls=r; = M)
Ul(n)|S:0 = Ul(”)|S:Ls =0
a1 ls=0 = @21(n) 5=, =0 64

my(p) |S:0 = My(n) |S:Ls =0

The internal forces and moments at the onset of buckling, 7).,
m[(())(i =1,2,3), satisfy Eq. (4.11) and have the relation with crit-
ical load, M), as

t(0) = ty0) = B30) = 0, mao) = mz0) =0, my) =My (6.5)

Substitution of constitutive relation (4.10) into equilibrium
equations (4.12) for n = 1 and elimination of &3(;) and #;(;) give
the differential equation for K51y as

d*ia ()
ds?

where k% = [M(O)R/(Elz) — ]} [(M(O)Rc‘z/(Elz) — (73]/(RZC3),
¢ = El/(EAR?), and ¢; = GJ /(EAR?). The solution of Eq. (6.6)

is

+ k3ky() =0 (6.6)
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sz(l) = Cy cOS (/QS) + Cyp sin (sz) 6.7)
where the parameters, Cq and Cy4;, will be determined by
the boundary conditions. The boundary conditions,
Ro(1)ls—0 = Ka(1)lsz, = 0, which are derived by substitution of
constitutive relation (4.10) into the boundary conditions (6.4),
determine the critical load as

EIZ C3 C3 2 46‘3
M(O):ﬁ 1+a+ (1——) +—2— or

(6.8)

ELL, 3 c3\? | 4

where the normalized angle, & = /7, and k, can be simplified to
1/(Rz). When & = 1, one of the two values of the critical load in
Eq. (6.8) is zero, which corresponds to the freedom of a semicir-
cular beam to rotate about the diameter connecting the two ends,
the other value, Mg = nEL(1 + c3/c2)/Ls, is the critical load
for the semicircular beam. When the curved beam is shallow, i.e.,
R > Ly, the critical load, M), will approach to the critical load

for the straight beam, (nEl,/Lg)+/c3/ca [31].

The #3(;) can be obtained by the substitution of constitutive
relation (4.10) and Eq. (6.7) into equilibrium equations (4.12) for
n=1as

~ oc MR S ) S
K3(1) :C—:< é;)z — 1) {C;;O(l — cos ﬁ) + Cy; sin ﬁ] +Cs

(6.9)

where the parameter, C4p, Will be determined by the boundary
condition.

The differential equations for Uj(y and ¢y can be derived
from Eq. (4.5) as

B0 gy
= K3(1
, ds (6.10)
d“Uyy 1 . 1
a2 TRt =R R0
The solutions of Eq. (6.10), which satisfy the boundary conditions
(6.4), are
MR
neaa(a? — 1) (9T
¢ Ely sin
W= MR aR
52cs (Ti(l’l - 1) —e (6.11)
S
U,(;) = maR sin —
1(1) TOLAX SIN IR

where the maximum of U 1(1) is Lg, and the parameters, Cy9, Cy4y,
and Cyp, are

521
Cy = ,i 63((% ) , Cy =0,
c3 + 5(26‘2 1— M(())R
) El,
MR (6.12)
o@—1)(1-2922
C T EIl,
2 =5
R c3 + 5(202 1-— M
El,

Substitution of constitutive relation (4.10) into equilibrium
equations (4.12) for n =2 and elimination of ) and f,») give
the differential equation for leading terms of &1 and X (5), as
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d*iy(n)
ds3

dfﬁ(z)
ds

+ &3 =F5(S) (6.13)

where k7 = 1/R?, and F5;(S) = (c2 — ¢3)/c1[(d*/dS?) (Ro(1yk3(1)) +(1/R*)&a(1)3(1)]. The solution of Eq. (6.13) is

s f sin[ks ({ — &)]Fs1(¢)

déd¢ (6.14)
0 k3

K1(2)(8) = Csy cos(k3S) + Cs, sin(ksS) + Cso + J
0

The elongation, ), can be obtained by substitution of constitutive relation (4.10) and the above equation into equilibrium equations
(4.12) forn = 2 as

_ 2 (MyR
7'52C203(62*C3)(06271)< © 71) 25

/“(2) = 7C1R(C52 COos %+ C51 sin E) —+ R EIZ 5 COoS ﬁ
{cﬁ - cz&3< ©F _ 1)] (6.15)
El
S _
+c1R3J cos Fs1(&)dé
0

The differential equations for the leading terms, U and Us(2), of displacements, U, and Uj, are derived by substitution of
Eq. (6.14) into Egs. (B1) and (B2) as

Uy Usp

=Fs5 (S
24 20— g (s)
2 (6.16)
Wy _, Uy 1 (dUm))
R AN
where
2
Fsa(S) = —Ria) + 2a) /R = (U /dS)°/ R+ ) (U1 /d5%) = [ (w1} + (U1 /dS)] /(2R)
and the underlined terms are derived from the nonlinear terms of curvature.
The solutions of Eq. (6.16), which satisfy the boundary conditions (6.3), are
S S § §—¢
Us(5)(8) = Cs3 cos g T Csasin g +RJ sin ( R g)Fsz(f)df,
0
6.17)
S 1 1 dUl(l)(f) 2
U () = Jo A2 (&) —EUz(z)(f) -5 (d—é) dé+Css
and the parameters, Csg, Cs;, Csy, Cs3, Csq4, and Css, are determined as
Cs5=C53=C51=0
MR
22 (2 1)@ - 1) (50
C1 \C3 E]2
Csp = R 5
52R {1 _2 (—(0) - 1)}
C3 Elz (6 18)
c 3R> R c; MR  73(a* — 1R - a2 -1 '
54 = — 52+ —5—— - 5
8 2 ¢ ELL 8a li&zc_z M<O)R,1
C3 E12
_ 6 MR
Cso = —Cs, +Rcl EL

Substitution of constitutive relation (4.10) into equilibrium equations (4.12) for n = 3 and elimination of ic3(3) and 73 give the dif-
ferential equation for iy (3) as

Phog) o
—o TRk = Fe(S) (6.19)
where
Fe(S) = {(1 —c1/c2)[MRea /(Eles) — 1]k o)ka1) — R(c1 /o — c3/c2)[d(Ry2)k31)) /dS]} /R
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The solution of Eq. (6.19) is

dé (6.20)

S sinfky (S — &)]Fs(&
a3 = Cor cos(ksS) + Ceo sin(sz)—l—J sin| Z(Sk IFs(0)
0 2

where Cgo and Cg; are the parameters. ky(3) satisfies the boundary conditions fcz(3)|s 0= ’%2(3)|5:L5 = 0, which determine the load
MR
143249 (4—6—3—36—2)&

increment B
MR
nz(&2—1)2 2—l (1_&)
E[z C3 o C1 C1 C1 Elz E]z

My === 6.21)
R MR : res e 5 43\ MR
gl(1 0%\ | B By, (p_2te) ok
E12 3 C1 C (6] E[z

For the narrow rectangular section of beam, which thickness is much larger than its width, i.e., # > w, the stiffness ratios, ¢, and ¢3 are
much smaller than ¢y, i.e., ¢; > ¢, ~ c¢3. The load increment in Eq. (6.21) can be simplified to

: MR MR
262 -1 (21 (1+3C—3—4 © )(1— © )
NEIZ C3 (&5} E[2 EI2

Mo =g MR\ ,eo 1P MgR ¢
8120 )22y | (22052
El, C3 EI, 2
The ratio of ¢3 to ¢; is 2/(1 + v), which only depends on the Poisson’s ratio, Eq. (6.22) can be written as M5 ~ (El,/R)fi (2, v). The
ratio of bending moment load, M, to the critical load, M (0)» is

20 2 1)2 7+l/_4M(0)R _M(O)R
» wlv-DE -1 (1+u A A

MR MR 2 /2Mg\R
Mo {&2(1+V)(1_ O )+2}( O _3+u)

E[2 E12 E]2 1 +v

(6.22)

M M U,
—:1+a2ﬁz1+( “‘”) (6.23)

M) M) Lg

where the small ratio was defined as @ = Uymay/Ls.
The maximum principal strain in the beam can be obtained as

1—v

4

&max = (aw)max

~ 1 (l - V)Z 2 A2
|+ 5 |\ T3 a0 T K5 (6.24)

The shortening ratio of the distance, )4, between the beam ends due to the bending moment is defined as

_ ULl @

d L —
2R sin % 2R

(6.25)

o
(Uz(z) + U3(2)C0t 7)

S=Lg

The ratio of the maximum principal strain in beam to ,/74(w/R) is !

Ve = —=fo(2, v) (6.26)

where the function, f>(a, v), depends only on the shape and the
Poisson’s ratio of beam. As shown in Fig. 5(a), the effect of Pois-
son’s ratio on the ratio, y,, can be neglected, especially for the cur-
vature with the nonlinear terms. But the effect of the normalized
angle, o, on the ratio, y,, is significant as shown in Fig. 5(b),
where the Poisson’s ratio is 0.42 for gold, which is the primary Yoo A
material of the interconnector in the stretchable and flexible elec- ' E,
tronics. The value gap between the ratio, y,, with and without the |

nonlinear terms in curvature would be larger than 100% for PR S 3 B %*w
o > 5/6. Figure 6 shows the normalized maximum principal 777

strain, &maxR/w, versus the shortening ratio of the ends distance, |
74, for v = 0.42, which indicates that the nonlinear terms in curva-

tures should be considered for the strain of beam. There is 73%

increase in the normalized maximum strain, &p.cR/w, without the  Fig. 4 Schematic illustration of boundary conditions of
nonlinear terms of curvature for @ = 2/3 and y4 = 0.3 from the circular beam under bending moment load
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(a)
6

T T T T 6
a=1/4
41 j ]
. a=1/2 a=2/3
~
2 L Attt A LA A A A A A A -
-0-0-0-0-0-00-0-0-00000000-0
1 i —— —A— —e—
W%th nonlmezflr jerms With nonlinear terms
Without nonlinear terms —— —— ——
0 1 1 1 1 0 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.2 0.4 0.6 0.8 1.0
v a

Fig. 5 The ratio, y,, with and without the nonlinear terms in curvature: (a) the ratio, v,,
versus the Poisson’s ratio v for the normalized angle @ =1/4, 1/2, and 2/3. (b) The ratio,
y.» versus the normalized angle a for gold (i.e., v =0.42).

normalized maximum principal strain with the nonlinear terms,
which indicates that the stretchability of circular beam is underes-
timated when the nonlinear terms are neglected. Figure 6 also
shows that the relation between the normalized strain, &maxR/w,
and the shortening ratio, 7,4, depends on the normalized angle, a,
and the longer circular beams have the higher stretchability with
the same critical normalized strain. This model can be used to
analyze the stretchability of the serpentine bridge, which can be
simplified as two semicircular beams [2]. The maximum strain in
the bridge fabricated with gold can be obtained as emax = 0.9365
(W/R)\/pre/ (1 + &pre) and  emax = 2.264(W/R)\/€pre /(1 + &pre)
for the curvatures with and without the nonlinear terms, where the
prestrain, &y, which is applied on the soft substrate, is related to
the shortening ratio, 4, by &ye = 74/(1 — 74). For the design of
the stretchability of the serpentine bridge, the nonlinear terms of
the curvature should be considered in the analysis process of the
post-buckling behavior of the curved beam.

The finite-element method (FEM) of the commercial software
ABAQUS, where the shell element S4R is used since the width of
the cross section, w, is much smaller than its thickness, 7, is
adopted to simulate the post-buckling behaviors of the curved
beams under the bending moments. The distributions of the twist
angle ¢ of the circular beams for the shortening ratios, y4 =0.1,
0.2, and 0.3, are shown in Fig. 7, where the elastic modulus and
Poisson’s ratio are 79.5 GPa and 0.42 for gold, and the length, Lg,
thickness, ¢, width, w, and the normal angle, &, of the circular

With nonlinear terms = —# —— —o—

Without nonlinear terms —— —— —o—
[

0.5

V4

Fig. 6 The normalized maximum principal strain emaxR/w with
and without the nonlinear terms in curvature versus the shortening
ratioy, forv=042andz =1/4,1/2,and 2/3
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beam are 900 mm, 30 mm, 1 mm, and 2/3, respectively. Figure 7
shows that the theoretical results are consistent with the FEM
results.

6.2 The Lateral Buckling of Circular Beams Under
Uniform Pressure. As shown in Fig. 8, the uniform pressure,
P> = —pa2, which is along the thickness direction of cross section
(i.e., —ey) during the deformation, is applied on the circular beam,
the lateral buckling will happen because the thickness of the beam
section, f, is much larger than its width, w. The power orders of
displacements are similar to those in Sec. 6.1. The beam with
length, Lg, which subtends the angle, «, is simply supported in the
plane and out-of-plane, and the beam ends cannot rotate around
the centroid of beam, but can freely slide toward the arch center in
the plane, i.e.,

U3|S:() = U3‘S:Ls =0

milg_g =mils_ =0 6.27)
(t Ex)ls_g=(t-Ez)ls_;, =0
Ulls—o = Ul‘S:Lg =0
(e2-E)|s_o = (€2-E1)|g_p, =0 (6.28)

mals_g =mals_y =0

The deformation of the model is symmetrical about the midline
(i.e., the dotted—dashed line in Fig. 8) to avoid the rigid move-
ment. By substituting Eq. (3.2) into the above boundary condi-
tions, the expanded formulas with respect to the perturbation
parameter, a, of the boundary conditions (6.27) and (6.28) are

U3(n)|s:0 = U3(")‘S:L5 =0

My (nyls—o = ml<n>\S=Ls =0

N " (6.29)
> _(tan-n)ls—o = D_(tiw@in-n)ls-r, =0
=0 =0

Ul(n)lSzO = Ul(”)‘S:LS =0

@1(w)ls=0 = “21<H)‘S:Ls =0 (6.30)

Mon)ls—g = mZ(n)‘s:Ls =0

The formulas and solving of the governing equations are similar
to those in Sec. 6.1. Replacing k», k3, F51(S), Fs2(S), and Fe(S)
in Sec. 6.1 with the following k», k3, F51(S), Fs2(S), and F(S),
which are
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o1 Pao)R’ o 1 & Pao)R’
ky=—|1+——— kxi=—=|1+—(1+c 6.31
2 R2< A S R G N (63D
o diyg) dicyy dis) | oo iy
. | —2Rc3icy(y) + R*(3¢2 — 2¢3) S ds + R (2¢, — C3)WK3<1)
5108) = o5 — B R .
Ko sty [ 147208 <k fR—dKz“)) Ry — e3)i¢ )
2(1) ElL 3(1) ds 3)%2(1) ds2
- by (WU U 1|y (AU (6.32)
F52(S) = =K@ R - ﬁ ( ds ) _H//(l) a2 — ﬁ <w(1)) + ( das ) :
R g2 , i R Rier oy 35300
| Ko(1) ((,2—63)163(]) + A | F R (L] —Lz)K2<|) + (63 —Ll) s
Fe(S) = ——
R2c, d R , d dity(p) ) o diyg
_C3R£ (Ayksm) +R 235 ) as +R(=2¢1 + e3)ky ds

The critical load, pygy = EI /R3(27% — 1), is obtained by the boundary conditions (6.30), which is consistent with the result of previous
study [42]. When 1 > ¢ > ¢, ~ c3, the load increment can be simplified to

EI _ _
Pae) = [P (1) + f( ) (6.33)
where
20— (17 = ) (1 +v) + 1603 + 2v) — 2a2(22 + 33v + 12)]
f3l (Va O() = 2
8a2(a> —4)[2 +a2(1 +v)]
& (6.34)
2(1 — 72)° [8 +4v+ 321+ 1/)2} {8(1 —a)1+v)+na@ —4)(3+ I/)Cot%
.}%2(’/7 5() = 2
1622(a2 — 4)[2 + 2%(1 +v)]
The function f3,(v, &) is derived from the nonlinear terms of curvature.
The ratio of the uniform pressure to the critical load is
- 5 2 |fai(v, o) + fr(v,a)
_p—2 =1+ azm ~1+ (Ulmax) [ o) } (6.35)
D2(0) P2(0) Lg a1
1
0.3
0.8+
0.2
0.6 -
<
74 =0.1
0.4
02+ e FEM
Our Model | E, e ,
W Z,z 3
0 L 1 N 1 L 1 L 1 L = ——————————xx B w
0 0.2 0.4 0.6 0.8 1 TTIT L, 7
S/Ls I

Fig. 7 The distributions of the twist angle of the circular beam
for the different shortening ratios, y; = 0.1, 0.2, and 0.3
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Fig. 8 Schematic illustration of boundary conditions of circu-
lar beam under uniform pressure
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Without nonlinear terms ——— —— ——Tq

0 0.1 0.2 0.3 0.4 0.5
Ulmax /LS

Fig. 9 The ratio of load to critical load, p,/p, ), with and with-
out the nonlinear terms in curvature versus the normalized out-
of-plane displacement, Ujmax/Ls, for v=0.42 and a =1/4, 1/2,
and 2/3

Figure 9 shows the normalized load, p,/ P2(0)> versus the nor-
malized maximum displacement, Ujmax/Ls, Which indicates that
the nonlinear terms of curvature have significant impact on the
analysis of the post-buckling behaviors of circular beam. The uni-
form pressure increases in the buckling process, but it decreases
since the nonlinear terms of curvature is neglected.

7 Conclusions and Discussion

A systematic method is established for post-buckling analysis
of curved beams in this paper. The deformation variables of the
curved beam are up to the third power of generalized displace-
ments due to the necessity of the fourth power of generalized dis-
placements in the potential energy for the post-buckling analysis
[37-39]. The currently prevailing post-buckling analyses, how-
ever, are accurate only to the second power of generalized dis-
placements in the potential energy since some authors assume a
linear displacement—curvature relation. Although the effect of the
nonlinear terms of curvature on in-plane post-buckling behavior
of planar beam is not so critical, it has significant impact on the

2

lateral post-buckling. When the bending moment is applied on cir-
cular beam, the strain in beam is overvalued (~73%) due to the
neglect of the nonlinear terms in curvature expression, which will
lead to underestimate of the stretchability of circular beam. The
difference of post-buckling behavior also stems from the neglect
of the nonlinear terms for the lateral buckling under the uniform
pressure. In summary, the nonlinear terms in curvature can not be
neglected in the lateral buckling behavior of the curved beam.
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Appendix A

The second and third powers of generalized displacements in
coefficients and curvatures are

1 2
o =2 4]

1
af) = (U - v3) + vy + R

1 1
@) = =3 UiUs + 3 ULUsK: + 42 (A
aff = us0; — 0 + (Ui, + 9,
1 1
a5 = =3 UV + 5 U UsKs = 4
1 2 2 A2
I (0 SU e
ag = 1//mUi + (U} + UaKy) (U — UsKy)
@ _ '
a3 = — (U + UKy ) U}
af) = = (U3 + UsKy) (U} — UsK)) (A3)
1
o =3[+ - vk )]
1 1
aﬁ) _ ——1//“]U’1 U, — l//[l]wm + U’?U; + (U’%Uz +§l//mU; U3)K1
1 1
+ {U{ (UL U — U4U5) +*¢[1]U§U3}K1 + (;l//[”Ui - U U2U3)K%
2 4 (A4)

2
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1 1 1
V= (v - v3) +vyusuy — g ¢ {U; (U4U, — ULUS) +§¢[1]U’2U3}K1 + (—Zl//“]Ug - U;U2U3)Kf
1 1
a§) =Mooy — YR L vl + (UZU’§ - El//“]U; Us — 2U/2U§U3)K1
+(U4U3 — 2U5U,U5) K} + VLUK

2
1 1 (A5)
o =) 0y - WM%+WM—%@?3@ﬁ+wﬂ

2
+{ yuu, - —U3 {(w“]) +UT+ U’ﬂ + U3(U’§ - U’i) - 2U2U;Ug}1<1

1
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1

1
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3 1
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