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The dynamic behavior of a Timoshenko nanobeam would be significantly different from a macro-one due to
the large ratio of surface area to volume of nanomaterials. Furthermore, the shear deformation effect would be
obvious for a Timoshenko nanobeam in contrast to an Eulerian one. In this paper, a recently developed elastic
theory is adopted in order to predict the resonant frequency of a Timoshenko nanobeam, in which not only the
surface effect but also the shear deformation effect and the rotary inertia one are considered. In contrast to the
existing surface effect theories, surface effect of nanomaterials is characterized by the surface energy density in
the adopted theory. The resonant frequency of both a fixed-fixed nanobeam and a cantilevered one is analyzed.
It is found that the dynamic behavior of nanobeams deviates significantly from the one predicted by both the
classical Timoshenko beam theory and the Euler-Bernoulli one due to the surface effect. Furthermore, the shear
deformation effect and the rotary inertia effect cannot be neglected in nanobeams with a relative small aspect
ratio, which cannot be precisely characterized by the Euler-Bernoulli beam theory. In addition, the influencing
mechanism of surface effect on the dynamic behavior of nanobeams would depend on the boundary conditions.
The resonant frequency of a fixed-fixed Timoshenko nanobeam would be improved, while that of a cantilevered
one would be weakened by the surface effect in contrast to the corresponding classical solutions. The results in
this paper should be useful for precise design of nano-devices and helpful for reasonable assessment of test results
of nano-instruments.

© 2017 Elsevier Ltd. All rights reserved.

properties of nanobeams, due to the lack of parameters accounting for
the surface effect in nanomaterials. Several researchers proposed strain

1. Introduction

Nanobeam, as a simple but promising elements, has been widely
used in flexible electronics [1], biological sensors [2] and nano-electro-
mechanical systems (NEMS) [3]. There is no doubt that its static and dy-
namic mechanical behaviors attract much attention. Many experiments
have shown that not only the static mechanical properties but also the
dynamic ones of nanobeams are significantly different from those of
macro-beams due to the large surface-to-volume ratio of nanomaterials,
such as the effective Young’s modulus and resonant frequency [4-12].

Compared with the static bending experiment, resonance measure-
ment is a more convenient treatment to achieve nanobeams’ elastic
properties in view of the clear relationship between the resonant fre-
quency and elastic parameters of a beam [13-15]. The effective Young’s
moduli of silicon, gallium nitride (GaN), silicon nitride (SiNy) and zinc
oxide (ZnO) cantilever nanowires could be achieved experimentally by
measuring the resonant frequency of vibrating nanobeams [4-7,11].
However, classical beam theories are invalid for predicting the vibration
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gradient elasticity theories and nonlocal elasticity theory with intrinsic
length scales to study the size-dependent mechanical behaviors of micro-
or nano-scale beams [16-22], but how to interpret and determine the
intrinsic lengths is still a challenging issue in these high-order theories.

The surface elasticity theory established by Gurtin and Murdoch
[23,24] (G-M model) were widely adopted recently, instead of the clas-
sical continuum one to study the mechanical behaviors of nanomaterials
and nanostructures, in which the surface is assumed to have a zero-
thickness and abide by the elastic constitutive relation. Based on the
G-M model and its extension, not only the elastic behavior of static-
bending nanobeams but also the dynamic vibration property was car-
ried out [13,14,20,25-31]. Both the effective Young’s modulus and the
resonant frequency of nanobeams depend on the surface elastic modu-
lus. It was further found that the mechanical parameters are also influ-
enced by the boundary conditions. As for the dynamic vibration behav-
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ior of nanobeams, the normalized resonant frequency of a fixed—fixed
nanobeam (both ends fixed) would increase, while that of a cantilevered
nanobeam decreases with a reducing characteristic size. Chiu and Chen
[32] further discussed the effect of the surface bending modulus on the
resonant frequency of nanowires. Recently, Zhang et al. [33] analyzed
the motion equation of vibrating nanowires, based on which contribu-
tions of surface elasticity and surface stress to the resonant frequency
can be abstracted, respectively.

Though the surface elasticity theory is a recently popular theoretical
approach in predicting the mechanical properties of nanomaterials and
nanostructures, the surface elastic constants impose some restrictions on
its applications. The surface elastic constants are introduced in order to
describe the elastic constitutive relation between the surface stress and
surface strain. However, it is found that the surface elastic constants
cannot be measured experimentally till now. The unique technique to
find the parameters is MD simulations [34-36]. Even in MD calcula-
tions, some problems still exist, such as how to choose a proper atomic
potential, how to choose the numerical model size and how many atom
layers could be regarded as the surface of a nanobeam. Therefore, to
determine surface elastic constants in the surface elasticity theory is a
key problem, which is worth focusing on in the future.

In view of the above thorny problem, an alternative elastic theory
has been established for nanomaterials by Chen and Yao [37] within
the framework of continuum mechanics. The surface energy density is
used to characterize the surface effect in nanomaterials instead of the in-
troduction of surface elastic constants, which depends only on the bulk
surface-energy density and the surface-relaxation parameter. Both pa-
rameters are easily found from Material Handbooks or simple MD simu-
lations. Typical problems have been well analyzed based on such a novel
theory and the predicted results agree well with the existing experimen-
tal data and numerical calculations [38-41].

In this paper, the developed theory [37] will be adopted to analyze
the resonant vibration of Timoshenko nanobeams. Not only the surface
effect but also the shear deformation effect and the rotary inertia one
should be included [26-28,42]. Comparison of theoretical predictions of
Euler-Bernoulli nanobeams and Timoshenko ones as well as the classical
solutions of Timoshenko macro-beams will be carried out. Respective
influence ranges of the surface effect, the shear deformation and rotary
inertia effect on the resonant frequency of beams will be given, which
should be helpful for the design of beam-based nano-devices, in especial,
the nanobeam resonators and sensors in NEMS.

2. A brief introduction of the surface energy density-based elastic
theory for nanomaterials

Based on the concept of surface energy density, an elastic theory was
developed by Chen and Yao [37] in order to study the surface effect in
nanomaterials or nanostructures. With a similar idea, an interface en-
ergy density-based theory was also established in order to investigate
the interface effect in nanocomposites [43]. The elastic theory with sur-
face effect is briefly introduced in this section [37].

The governing equation inside a nano-solid and the boundary con-
ditions at the surface are written as

c:-V+f=0 (@(inV-25)
n-c-n=p-n—y,n (onsS)
I-n®n)-c-n=I-n®n)-p-y,

1
(on S)

where o is the Cauchy stress tensor inside the nano-solid, V denotes
a gradient operator. n is the unit normal vector perpendicular to the
boundary surface S of the nano-solid. I is a unit tensor; f and p denote
the body force and the external surface traction, respectively. V is the
volume of the nano-solid. y, is the normal component and y, is the tan-
gential one of an additionally surface-induced traction vector, respec-
tively, which amounts to a force disturbance at the boundary due to
the surface effect and can be obtained with the help of the virtual work
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method based on an infinitesimal element,

¥, =V y,n= ¢<i + i)n =¢(n-V,)n

RTR @

where V denotes a surface gradient operator. ¢ is the surface energy
density of the nano-solid in the current configuration, which is called
as Eulerian surface energy density (relative to the initial or reference
configuration as shown in Fig. 1). R; and R, are two principal curvature
radii of a curved surface.

The relation between the Eulerian surface energy density ¢ in the
current configuration and the Lagrangian surface energy density ¢, in
the reference configuration is

3)

where J; is a Jacobean determinant characterizing the surface deforma-
tion from the reference configuration to the current one.

Combining Eqs. (1)-(3) yields the final governing equation and
boundary conditions

6-V+f=0 (inV-.9)
n-c-n=p-n—dy(n-Vy)/J; (onS)
I-n®n)-c-n=T-n®n)-p+¢y(V,J,)/J}=Vidy/J, (onS)

“@

¢, consists of a structural part ¢6’”‘ and a chemical part qbghe’". The
former is related to the surface strain energy induced by the surface
relaxation and the external loading, while the latter originates from the
surface dangling-bond energy, i.e.,

¢0 — ¢81ru 4 ¢(c)hem
2 [3+ (4 + Aeg) ™" = 3(A + Aiey) | x

stru Ey
#y" = 2sinf _21“0[’11'
i=

[+ (3= 1)7 + 20 (3 = 1)e. ®

g = oy (1 -

where ¢, is the surface energy density of the corresponding bulk ma-
terial. D, is a critical size and we have Dy=3d, for nanoparticles,
nanowires and 2d, for nano-films, where d,, is the atomic diameter. D de-
notes a characteristic scale of nanomaterials (e.g., thickness, diameter,
etc.). w, is a parameter governing the size-dependent behavior of qbghe’”.
E, is the Young’s modulus of the corresponding bulk material, which is
called as the bulk Young’ modulus in the present paper. ay;, ay, repre-
sent the initial lattice lengths in the two principal directions on surface,
respectively, as shown in Fig. 1. The lattice lengths become a,; and a,,
after spontaneous surface relaxation, and subsequently become a; and
a, in the current configuration when subjected to an external loading.
A; = a,;/ay; denotes the surface relaxation parameter, ¢; = (a; — a,;)/a,;
is the surface strain induced only by the external loading; m is a param-
eter describing the dependence of bond lengths on the binding energy,
where m =4 for alloys or compounds and m=1 for pure metals. Details
can be found in Chen and Yao [37].

One can see that the surface effect of a nano-solid is characterized
by two independent parameters in the present theory, i.e., the surface
energy density of bulk materials ¢, and the surface relaxation param-
eter 4;, both of which have clearly physical meanings and are very easy
to find through Material Handbooks and simple MD simulations.

Dy
w, D ) 1 = dg1/agy. My = agy/ag)

3. Flexural vibration of a Timoshenko nanobeam

The resonant behavior of a Timoshenko nanobeam with a fixed-fixed
or a cantilevered boundary condition is investigated with the above sur-
face energy density-based elastic theory [37]. The beam model is shown
in Fig. 2. Consider the nano-sized characteristic length and the small as-
pect ratio of a Timoshenko beam. Not only the surface effect but also
the shear deformation and rotary inertia one on the resonant vibration
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Fig. 1. Schematics of a surface unit cell in the initial (reference), relaxed and current configurations, respectively. The lattice lengths in two principal directions will change from a; to

a,; and then to g; along with the relaxation process and the external load.
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Fig. 2. Vibration model of a nanobeam in a coordinate system (x, y, 2) but with different
boundary conditions. (a) A fixed—fixed nanobeam. (b) A cantilevered nanobeam. (c) Two
kinds of cross-sections of the nanobeam.

behavior should be included. The length of the nanobeam in the x-axis
direction is l and the vertical deflection in the y-axis direction is denoted
as v. The cross-section of the nanobeam can be a rectangular shape with
a height h and a width b (b > h), or a circular one with a diameter d as
shown in Fig. 2.

According to the vibration theory of Timoshenko beam [44], when
the aspect ratio of a beam is less than about 10, the cross-section is no
longer perpendicular to the longitudinal x-axis due to the shear deforma-
tion effect. The slope 0v/0x of the deflection curve can be decomposed
into a rotation angle 0 due to the pure bending and an additional one «
yielded by the shear deformation, i.e.,

Jv
— =0+a
ox

©6)
Then, the bending moment M and the shear force F; can be expressed
as

a0

M ==-El=.

F, = kG,Aa O]

where Ej, is the bulk Young’s modulus. G, = E,/[2(1 + v)] is the bulk
shear modulus and v is the Poisson’s ratio. I, = / ,y>dA represents the
inertia moment of the cross-section, where A is the area of the cross-
section. k denotes a shear coefficient depending on the cross-section
shape, where we have k =5(1 +v)/(6+5v) for a rectangular cross-
section and k = 6(1 4+ v)/(7 + 12v 4+ 4v?) for a circular one.

23

3.1. Kinetic equations of a Timoshenko nanobeam

(a) Based on Egs. (6) and (7), variation of the bulk strain energy in
a vibrating Timoshenko nanobeam yields

6 fy Udt == [ di Jy M6( 2L )dx+ [ dr [y F.6(2 - 0)dx

! [E,,IZZZT‘Z +kGyA(2 - 0)]66dx @)

=y dt fy kGyA( %% — 2 )ovdx

ox2 ox

(b) Variation of the surface energy for a vibrating Timoshenko
nanobeam can be written as

T T T !
5/ <1>dz=/ dt/ y~6udS=/ dt/ dx/ (7x8uy + 7,6u,)dC
0 0 S 0 0 [

®
where S, and C,,, represent the surface area and the perimeter of the
nanobeam, respectively. u,=—yé6 and éu, ~ 6v are the horizontal and
vertical displacement components of §u, respectively. y, and y,, repre-
sent the tangential and normal components of the surface-induced trac-
tion at the nano-beam surface. According to Eq. (2), we have

nw

=%=i<@)=L%_@%

x = 58 Tk J Jg ox J? ox (10)
_ 0%, ¢y v

m=¢krTEd= 300

where the curvature is k = —(n - V) = 0%v/dx?.

The lateral surface of a nanobeam may consist of different crys-
tal facets [4,12]. In order to simplify the theoretical analysis, a (100)
axially-oriented nanobeam with a symmetric lateral surface is consid-
ered, which is similar to the existing literatures [14,45,46]. Thus, the
surface is perfect and isotropic with an equal atom spacing in both bond
directions, e.g., the (001) or (010) surface [13,30,46]. Consequently,
we have the relaxation parameter A; =1,=4 and the lattice length
ay; =0y, =ay. The Lagrangian surface energy density of the nanobeam
can then be written as [38-40]

— _ 3dg V2Epay 1 _ Aty
$o = ¢°”(1 4D ) t [3 * e 3(’1 3 )]
2 - DS+ (- 1)2]

2.2
X

Here, D denotes the diameter or height of the nanobeam depending
on the shape of the cross section.

an
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Substituting Eq. (11) into Eq. (10) and using J; = 4%(1 + £, /2)? yield
the tangential component y,, of the surface-induced traction

2
1 d¢y ¢o 9J, 20 %0
v = sz‘T?oT Cov+ CP 28 + O (2| 28
= (54— V2 2E00420-20)
Cy =267 + V2EapA 3 - 24) - V2E,a0A,(3 - 24) W)
C, = \fE,,aOA]a —44) \/_EbaoAz
2E,
¢ ¢Ob<1__> \[ baO(A
_ 11— _1\2
4, = 11od 1; TG 40— (4= 1) = 5(A— 1)
and the normal one y,
2
$g 0%v 20 2 v
Yn = J—Sd—z = [D0+D1Y; +D2y2(;) ]ﬁ
Dy = (3 -24), D) =} — —‘[E”“Ufza 20 13
D, = V2E,agA;(3-20)~V2E,ag Ay
2
Then, Eq. (9) can be written as
a0 \?| %
. 1 lCors + c2152($> 250
5/ <I>dt:—/ dt/ 5 dx (14)
0 0 0 a0 2’
+[DOIC1 + D05 (L) |5

- 2 - 4 - 2
where wehave I, = [ y?dC,Is = [ y'dC Icy=- [ n,dC.m,
represents the vertical component of the unit normal vector n, which is
parallel to the deflection v.

For different cross-section shapes, we have

R lar 0, =20 g = MR B g = M B g =2k A= bh
ectangular =Tl =5+l =5 40, c1= =

: . rd* zd? 3zd’ nd 7d?
Circular : 1, = o ls1= 5 I = T Ie1 = TA=C

s5)

(c) Variation of the kinetic energy of the nanobeam can be written
as

2 2
5 fy Kdi=6 [y di [, %P(@> v +5 [y di f, 1y20<%) av

=— [ dr [l pAZL svdx -

or?

(16)
T !
S dt fi p1. 22 50dx
where p denote the material density of the nanobeam.
Combining Egs. (8), (14) and (16) leads to the variation of the total

potential energy,
8 f) (K —U - ®)dt
T ! 2 2
= T dr [(E,,[Z + Cols)) 28 +kGyA( 2 - 0) - plzg—f]éﬁdx an
T ! v
g dt [y [(kGyA + Doley) 25

with which the kinetic equations of a Timoshenko nanobeam are ob-
tained as

— kG, A% — pAa—b]évdx 0

920 w
PL2% = (E,I, + Colg )28 +kaA<$ —0)
(13)
pA(; = (kGyA + DOICI) - kGyA S
Let x = I%, v(x,1) = I5(%,1) and O(x, 1) = H(%, 1), Eq. (18) can be rewrit-
ten as
920 %0 W p
wult =1+ n)nis+ (£-0) )
020 _ 2o 0
nrssy = (1+n6)5s - 5
where we have y, =Cylg /(Eyl,), x»=Dolcil*/(E L), y3=

Ey I,/ (kGyAI?), x4 =pI I?/(E,I,) and ys=pAl*/(E,I). y; and y,
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are two dimensionless parameters characterizing the surface effect of
nanobeams. A large enough characteristic size of a nanobeam would
induce y; and y, to approach zero, which can subsequently reduce Eq.
(19) to be the classical kinetic equations

020 0% w5

13){4(,,2 =Z3m+(§—9) 20
020 _ 0% 06

X552 = 92 T ax

3.2. Solution of the resonant frequency

Let D%, 1) = V(R) cos w,t, (%, 1) = O(R) cos w,r and eliminate § in Eq.
(19). We have

(1+ 7)1 +)(2)(3)¥

gE

+(1+ 1) 250y + (1 + 10x3) @) —12]

(21)
—}(5002 + )(3)(4)(5‘0 =0

E = (1 +}(2)(%) xz +)(3)(5a’

where V(%) and ©(%) are the dimensionless time-independent mode
shape and w,, is the nth angular resonant frequency of the nanobeam.
The general solution of V(%) and O(%) can be expressed as,

V(%)=

6% =

Substituting Eq. (22) into the first equation in Eq. (21) leads to the
following equation

Pyes*
. (22)
Qo eéx

& e+ =0 23)
where
_ e X4 1345 2
= T () () [(1"')(1) + (1+/1’2)(3)]w“ 4)
X344 4 P 2
= ) (em) O ™ (eaazs) () O
Then, the solution of V(%) and ©(%) can be written as,
V&) = P, sinh(&, %) + P, cosh(&; %) + Py sin(é, %) + P, cos(&,%) 25)
O(%) = Q, sinh(&, %) + Q, cosh(£; %) + O3 sin(&,%) + Q, cos(&,%) (26)
in which
n\? n n n
s W e e VB et
when w, < \/1/(x324) 27

Substituting Eqgs. (25) and (26) into the second equation in Eq.
(21) leads to

0, =4P,
0,=¢P
h =8P 28)
0;=-0P,
04=56P
where ¢, = [(1 + 1243)& + 13 x5021/&15 & = [ + 23)8 — 1325021/

P, P,, P; and P, can be determined by the boundary conditions.

Timoshenko nanobeams with two kinds of boundary conditions are
considered. One is a fixed—fixed nanobeam (FF) and the other is a can-
tilevered one (CA). The respective boundary conditions can be written
as

V(0) =60 = V(1) =61)=0(FF)
- d@(l) d4*6() 29)
V(0) = 6(0) = = =0(Ca)
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Table 1
Different material parameters involved or used in this paper [10,49,50].
d,(nm)  ay(nm)  E,(GPa) v p(kg/m3) 00 (N/mM) 1500 (mm)
Au 0.2884 0.42 79 0.44 19,300 1.63 0.025
Si 0.22 0.54 169 0.25 2330 2.2 -
Substituting Egs. (25) and (26) into Eq. (29) and combining with 18— 77—
Eq. (28) lead to the following frequency equations for two kinds of @ SCB result from Ref. [15]
nanobeams, respectively, \ Classical Timoshenko beam
1.6 L . = = QOur model of Euler-Bernoulli nanobeam _
0 1 0 1 \//h 2 19.31 = = =Our model of Timoshenko nanobeam
4 0 & \ Au,l=232nm,b=h, ¢, =1.63N/m
) ] =0(FF) (30) 1.4- \ ° E, =79 GPa,v =0.44, p =19300 kg /m’ s
sinh(¢,) cosh(¢;) sin(&,) cos(&y) ‘;‘\_ '\ d,=0.2884 nm, q, = 0.42nm, ¢, ,,,, =0.025nm
. . g ! E
Greosh(E)  §sinh(E)  GeosE)  —Gsin(y) o N o
? " N : -
and 1.2 N 7.7<1/h<19.3 |
PN ° I/h<7.7
0 1 0 1
& 0 &
. . =0(CA)
Gi&ysinh(§y) & cosh(§))  —5Hépsin(G)  —6Hhé; cos(S)
2 2 o 2 2 o 0-8‘I';I'I'I'I'I‘I'II'I'
gl 51 COSh(:l) gl 51 Sll’lh(§|) _§2§2 COS(&Z) g2§2 Sln(§2) 6 9 12 15 18 21 24 27 30 33 36
(31
h (nm)

Solving Egs. (30) and (31) numerically yield the angular resonant
frequency w, for the two kinds of nanobeams, which results in the nth
resonant frequency f, = 0,/2x.

4. Results and discussions

As mentioned earlier, for a Timoshenko nanobeam, not only the sur-
face effect but also the shear deformation effect and the rotary inertia
one on the flexural vibration behavior should be included. As a typi-
cal example, golden and silicon nanobeams with (100) lateral surfaces
are investigated in this paper. According to Diao et al. [47] and Ols-
son and Park [48], the isotropic surface relaxation parameter A can be
empirically expressed as A = 1 — ¢; /D (¢; > 0, D=hord). When the char-
acteristic length D is large enough, A tends to be unity. The value of c;
and the other material parameters involved in the following theoretical
analysis are listed in Table 1 [10,49,50].

4.1. The case of a fixed—fixed nanobeam

The normalized 1st resonant frequency f,/f] as a function of the
height h of a fixed-fixed gold (Au) nanobeam is predicted by different
elastic models as shown in Fig. 3, including the classical Timoshenko
beam model, the Euler-Bernoulli nano-beam model and the Timoshenko
nano-beam model. f f =4.73? / (271'\/75) denotes the 1st resonant fre-
quency predicted by the classical Euler-Bernoulli beam theory. The nu-
merical results given by Park and Klein [15] are also given for com-
parison. The length of the rectangular cross-section nanobeam is fixed
1=232 nm and the width of the cross-section equals the heighti.e., b=h.
The other material parameters of Au are listed in Table 1. It is clearly
shown that the theoretical results predicted by both models with surface
effect are qualitatively consistent with the numerical ones. The normal-
ized 1st resonant frequency increases with a decreasing height h not only
for an Euler-Bernoulli nanobeam but also for a Timoshenko one. When
the height of the nanobeam is relatively small, less than 12nm in this
case, the results predicted by both the Euler-Bernoulli nanobeam model
and the Timoshenko one agree well with each other but deviates signif-
icantly from the classical Timoshenko result. It demonstrates that only
the surface effect is obvious while the shear deformation effect and the
rotary inertia one can be neglected for nanobeams with a relatively small
height and a large aspect ratio, i.e., [/h > 19.3 in this case. When the
height of the Au nanobeam is larger than 12 nm, the Timoshenko result

25

Fig. 3. The normalized 1st resonance frequency predicted by different beam models as
a function of the height of a rectangular fixed-fixed gold nanobeam. The corresponding
numerical results obtained by Park and Klein [15] is also given for comparison.

with surface effect deviates obviously from the Euler-Bernoulli one and
the classical Timoshenko result. It means that not only the surface ef-
fect but also the shear deformation one and the rotary inertia one would
show significant influence on the vibration behavior of a beam in this re-
gion, i.e., an intermediate nano-height and an intermediate aspect ratio,
i.e., 7.7 < I/h £ 19.3 in this case. When the height of the Au nanobeam
is beyond about 30 nm, the Timoshenko result including surface effect
approaches to the result predicted by the classical Timoshenko beam
theory but deviate more significantly from the Euler-Bernoulli result
including surface effect. It denotes that the surface effect in this region
can be neglected while the shear deformation effect and the rotary in-
ertia one should be considered for nanobeams with a relatively large
height and a small aspect ratio, i.e., I[/h < 7.7 in this case.

Comparing the Euler-Bernoulli nanobeam result with the Timo-
shenko one demonstrates that the shear deformation effect and the ro-
tary inertia one would decrease the resonant frequency of a stubby
nanobeam. The 1st resonant frequency predicted by the Timoshenko
nanobeam model is reduced in contrast to the resonant frequency f;
predicted by the classical Euler-Bernoulli beam when the aspect ratio
is relatively small. However, when the aspect ratio becomes large, i.e.,
the case with a decreasing height, the 1st resonant frequency of a Tim-
oshenko nanobeam is larger than f{. An interesting fact is that fixed-
fixed nanobeams would experience a transition from a high frequency
to a low one in contrast to the classical Euler-Bernoulli beam result,
which is essential a competition result between the surface effect and
the shear deformation one and rotary inertia one. The transition point
in this case is h=19.5 nm or //h = 11.9, where the resonant frequency
predicted by the Timoshenko nanobeam model equals to that given by
the classical Euler-Bernoulli beam model.

4.2. The case of a cantilevered nanobeam

The resonant frequency of cantilevered silicon (Si) nanobeams as a
function of the nanobeam height is analyzed in this sub-section with
three kinds of different models, i.e., the classical Timoshenko beam
model, the Euler-Bernoulli nano-beam model and the Timoshenko nano-
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Fig. 4. The normalized 1st resonance frequency predicted by different beam models as a
function of the height of a rectangular cantilevered silicon nanobeam. The finite element
results obtained by Feng et al. [51] is also given for comparison.

beam model, as shown in Fig. 4, where the finite element result calcu-
lated by Feng et al. [51] is also given for comparison. The cross section
of the analyzed nanobeam is rectangular with a fixed length 1=1000
nm and the height of the nanobeam h varying from 30 nm to 240 nm.
fi= 1.8752 /(Zn\/TS) denotes the 1st resonant frequency obtained by
the classical Euler-Bernoulli cantilevered beam, which is adopted as
a normalized parameter in Fig. 4. Generally speaking, the results pre-
dicted by the Euler-Bernoulli nano-beam model and the Timoshenko
one agree qualitatively with the numerical ones [51]. Comparing with
the result predicted by the classical Timoshenko beam model, it is clearly
shown that the surface effect would dominate when the height of the
cantilevered nanobeam is relatively small (corresponding to a relatively
large aspect ratio), i.e., h < 90 nm or I/h>11.1 in this case. While the
shear deformation effect and the rotary inertia one would play a dom-
inant role when the height of the cantilevered nanobeam is relatively
large (corresponding to a relatively small aspect ratio), i.e., h > 150 nm
or [/h < 6.7 in this case. In between, not only the surface effect but also
the shear deformation effect and the rotary inertia one should be con-
sidered, which can be concluded from the comparison among the three
kinds of theoretical predictions.

Comparing the normalized resonant frequency of fixed—fixed
nanobeams shown in Fig. 3 with that of cantilevered ones shown in
Fig. 4 yields that the surface effect would increase the resonant fre-
quency of a fixed-fixed nanobeam while it would decrease the resonant
frequency of a cantilever one, in contrast to the results predicted by
the classical Timoshenko beam model. It is mainly because the forces in
the same direction would cause different directions of curvature in the
two structures with different boundary conditions, similar to the phe-
nomenon happening for the effective Young’s modulus of nanobeams
with different boundary conditions [13-15].

5. Conclusions

The dynamic behavior of Timoshenko nanobeams is analyzed by a
recently developed elastic theory for nanomaterials. In contrast to the
Euler-Bernoulli nanobeams, not only the surface effect induced by the
nano-scale characteristic length but also the shear deformation effect as
well as the rotary inertia one yielded by in-plane shear stress is con-
sidered. The effect of different boundary conditions on the dynamic be-
haviors of nanobeams is also investigated, including a fixed—fixed case
and a cantilevered one. It is found that for nanobeams with a fixed ax-
ial length, the surface effect will significantly influence the resonant
frequency when the height of the nanobeam is relatively small, i.e., a
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relatively large aspect ratio; The shear deformation effect as well as the
rotary inertia one would show obvious influence on the resonant fre-
quency in contrast to the case of Euler-Bernoulli beam when the height
of the nanobeam is relatively larger, i.e., a relatively small aspect ratio;
Between the two cases, not only the surface effect but also the shear
deformation effect as well as the rotary inertia one would influence the
resonant frequency of nanobeams. Furthermore, surface effect would
lead to opposite varying trends of resonant frequency for nanobeams
with different boundary conditions. In the case of nanobeams with a
fixed—fixed boundary condition, surface effect would improve the res-
onant frequency; while for cantilevered nanobeams, the resonant fre-
quency would be reduced by the surface effect. The main reason is due
to the different curvature directions leaded by forces of the same di-
rection. The shear deformation effect and the rotary inertia one would
consistently lower the resonant frequency for both fixed-fixed and can-
tilevered nanobeams. The present results should be helpful for precise
design of nanobeam-based nano-devices and useful for accurate evalu-
ation of measured results of nano-instruments.
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