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Abstract: Up to now the theoretical analysis for fracture behaviors of bulk metallic 

glasses (BMGs) are limited to uniaxial loading. However, materials usually suffer 

complex stress conditions in engineering applications. Thus, to establish an analysis 

method that could describe fracture behaviors of BMGs under complex loading is 

rather important. In this paper, a universal formula for the fracture angle is proposed 

towards solving this problem. The ellipse criterion is used as an example to show how 

to predict fracture behaviors of BMGs subjected to complex loading according to this 

formula. In this case, both the fracture strength and fracture angle are found to be well 

consistent with experimental data. 

Key words: Fracture behaviors; complex loading; bulk metallic glasses; ellipse 

criterion; fracture angle;  

1. Introduction

Metallic glasses represent a relative young class of materials, which have been

first discovered in 1960 by performing classic rapid-quenching experiments on Au-Si 

alloys[1]. Until now, the formation, structure and properties of bulk metallic glasses 

(BMGs) have been extensively explored over half a century [2-4]. In particular, its 

mechanical behaviors and properties arouse great fundamental scientific interests. For 
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example, the absence of cry-slip mechanisms in BMGs leads to its ultra high strength 

that is close to the theoretical limit[3], and also the normal stress sensitive mechanical 

responses give rise to the tension-compression asymmetry, that is, uniaxial tension and 

compression in BMGs represent distinct fracture behaviors. Despite the negligible 

ductility under uniaxial stretching and lack of strain hardening during compression 

[5-10], the striking mechanical attributes help BGMs stand out of various metallic 

materials. 

A lot of efforts are dedicated to investigate the facture behavior of BMGs [11-13]. 

Based on these studies, a general conclusion could be drawn: for most BMGs, the 

compressive strength is higher than the tensile one, and their fracture planes deviate 

from the maximum resolved shear stress plane (45°). To be specific, the fracture angle 

is slightly smaller than 45° under compression, while this angle becomes markedly 

larger than 45° when the BGMs sample is subject to uniaxial tension. It suggests that 

normal stress plays an important role in fracture behaviors of BMGs and leads to the 

tension-compression asymmetry mentioned above. This point of view is further 

supported by recent studies, where the axial fracture strength and angle are found to 

be associated with the confining pressure [13-16].  

Due to the tension-compression asymmetry, classical fracture criteria fail to 

provide even a qualitative description to fracture behaviors of BMGs, since the 

influence of normal stress is not considered. To overcome this problem, several 

fracture criteria are proposed for BMGs, for example, the Mohr-Coulomb (M-C) 

criterion [17, 18] and ellipse criterion[19] are suggested to describe the normal stress 

effect on BMGs. Up to now, the existing studies of experiment and theory based on 

these fracture criteria are limited to simple uniaxial loading. However, materials 

usually suffer complex stress conditions in engineering applications. Thus, to establish 

an analysis method that could predict fracture behaviors of BMGs under complex 

loading is rather important. 

In this paper, we establish a universal formula for the fracture angle towards 
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analyzing fracture behaviors of BMGs under complex loading. To the best of our 

knowledge, this is the first time that fracture behaviors of BMGs under complex 

loading is explicitly discussed. The ellipse criterion is used as an example to show 

how to apply our formula to a specific case. In this case, fracture behaviors of BMGs 

depends on loading modes, and the corresponding variation of the fracture strength 

and angle for BMGs under complex loading is carefully studied. Through comparing 

theoretical analysis results with existing experiments for complex loading, we find 

that our theoretical analysis method can well predict fracture behaviors of 

Zr41Ti14Cu12.5Ni10Be22.5. Furthermore, we establish a sister ellipse fracture criterion 

based on the maximum shear stress and average stress, which should be more 

convenient for engineering applications.  

 

2. The basic formula and its applications 

2.1 The basic formula 

Fracture criteria are used to predict the fracture of materials. Usually, normal 

stress ( ) and shear stress ( ) on the fracture plane are used as basic variables in 

fracture criteria, such as the M-C criterion, maximum shear stress criterion and 

ellipse criterion. Thus, its general form can be expressed as 

 ( ), 0.f σ τ =   (1) 

Furthermore, when materials are under complex loading, the fracture plane is located 

at the plane of first principal stress Iσ  and third principal stress IIIσ . Thus, the shear 

and normal stress on the fracture plane can be expressed as  

 ( )cos 2 ,M M Tσ σ τ θ= −   (2) 

and 

 ( )sin 2 ,M Tτ τ θ=   (3) 

where mean stress ( ) / 2M I IIIσ σ σ= +  , maximum shear stress ( ) / 2M I IIIτ σ σ= − , 

and Tθ  is the tensile fracture angle between the fracture plane and axis of the first 
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principal stress. By using Eqs.(2)-(3), Eq. (1) can be re-expressed as a function of Tθ , 

and the most dangerous plane can be found by seeking the extreme point of this 

function. 

 ,  (4) 

Based on Eqs.(2)-(4), the fracture angle can be expressed as  

 ( ) /2 .
/T

ftg
f

τθ
σ

∂ ∂
= −

∂ ∂
  (5) 

The fracture strength and angle for different loading modes can be obtained from 

Eqs.(2), (3) and (5). Note that the formula (5) for the fracture angle of BMGs under 

complex loading is not limited to specific fracture criteria. Hence, it is a universal 

formula even could be applied to analyze fracture behaviors of other materials. 

 

2.2 Applying the universal formula to a specific case 

   In the following, the ellipse criterion will be used as an example to analyze 

fracture behaviors of BMGs under complex loading. The ellipse criterion can be 

written as[19] 

 2 2 2 2
0 ,τ α σ τ+ =   (6) 

where  is a parameter to reflect the effect of the normal stress. Note that 

0τ  is the critical shear fracture stress and 0σ  is the critical normal fracture stress on 

the fracture plane.  

Acc
ep

te
d 

Man
us

cr
ip

t N
ot

 C
op

ye
di

te
d

Journal of Applied Mechanics. Received August 28, 2017; 
Accepted manuscript posted October 30, 2017. doi:10.1115/1.4038286 
Copyright (c) 2017 by ASME

Downloaded From: http://appliedmechanics.asmedigitalcollection.asme.org/ on 11/02/2017 Terms of Use: http://www.asme.org/about-asme/terms-of-use



 

Fig. 1. Illustration of the critical fracture lines and critical Mohr circle of the 

M-C criterion and ellipse criterion in the case of tensile loading. The ellipse is 

tangent to the straight line at point B according to the uniaxial tensile experimental 

data. The 0
M Cτ − , 0

Ellipseτ , 0
M Cσ − , 0

Ellipseσ , M C
Tθ

− and Ellipse
Tθ in the plot denote the 

critical shear fracture stresses, critical fracture normal stresses and fracture angles 

predicted by the M-C criterion and ellipse criterion, respectively.  

 

The critical fracture lines of ellipse criterion in -σ τ coordinate system are shown 

in Fig. 1, where the M-C criterion is also shown to compare with the ellipse criterion. 

With complex loading, the critical Mohr circles of two criteria could be plotted (see 

Fig. 1), and it could be seen that the critical points shown in Eq. (5) correspond to the 

tangent points between the critical Mohr circles and fracture lines. Thus, the fracture 

strength and angle of the ellipse criterion (M-C criterion) can be obtained from the 

tangent point A ( A′ ).  

 It is obvious that the fracture angle predicted by M-C criterion remains 

unchanged under different loading. However, the pure shear experiment[21] shows 

that the fracture in BMGs occurs along the pure shear plane (corresponding to a 

fracture angle of 45°), which is quite different from its uniaxial tensile fracture angle 

(markedly larger than 45°). This variation of fracture angles for different loading 

modes cannot be captured by the M-C criterion, while it could be well described with 

the ellipse criterion.  
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To compare with the experimental results, we consider BMGs under axial 

loading in 1-x axis and confining loading shown in Fig. 2(a). 

 

Fig. 2. The stress state and shear plane of cylindrical specimen. (a) The stress state 

and shear plane are shown. (b) The shear plane and fracture angle are shown in the

1 2-x x plane. 

 

The confining pressure is proportional to the axial loading 

 ( )22 33 11 11= = 1 1,  0 ,σ σ ρσ ρ σ− < < >   (7) 

where iiσ  are the normal stress in the -ix axis, and ρ  is the proportionality 

coefficient between the axial stress and confining pressure. Since the stress state of 

the cylindrical specimen is symmetric with respect to the 1-x axis, we can consider the 

normal of the fracture plane locates at the 1 2-x x plane as shown in Fig.2 (b). Thus, the 

stress states can be characterized by 11σ  and 22σ , based on which the mean stress 

and maximum shear stress can be expressed as 

 ( ) 11= 1+ / 2,Mσ ρ σ   (8) 

and  

 ( ) ( )111 / 2 ,M Mτ ρ σ χ ρ σ= − =   (9) 

where ( ) ( )(1 ) / 1χ ρ ρ ρ= − +  is a function of the proportionality coefficient ρ . 

Then, by substituting the equation of the ellipse criterion into Eq. (5), the dependence 
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between the fracture stress and fracture angle can be obtained, 

 ( )2 2 .Ttgτ θ
α σ

= −   (10) 

Moreover, the stress state on the fracture plane can be expressed as, 

 ( ) ( )cos 2 1 cos 2 ,M M T T Mσ σ τ θ χ θ σ= − = −     (11) 

and  

 ( ) ( )sin 2 sin 2 .M T M Tτ τ θ χσ θ= =   (12) 

By combining Eq. (10), Eq. (11) and Eq. (12), the dependence of the fracture angle 

Tθ  on the proportionality coefficient could be given:   

 ( )
2

2

1cos 2 .
( ) 1T

αθ
χ ρ α

= −
−

  (13) 

Eq.(13) indicates that the fracture angle changes with different loading modes. This 

result could be used to explain the loading mode dependent fracture behaviors in 

BMGs. Substituting Eq. (10) into the Eqs. (2) and (3) leads to 

 ( )0 cos 2 / ,T aα σ τ θ= −   (14) 

for 0σ > , and 

 ( )0 sin 2 / ,T aτ ατ θ=   (15) 

where 

 ( ) ( )2 2 2cos 2 sin 2 .T Ta θ α θ= +   (16) 

By Substituting Eqs. (14) and (15) into Eqs. (11) and (12),  and M Mτ σ  could be 

written as 

 0 / ,M aτ ατ=   (17) 

and 

 ( )( )2
0 cos 2 1 / .M T aασ τ θ α= − −   (18) 

Finally, Eq. (17) and Eq. (18) are combined to obtain the following formula,  

 2 2 2 2
0 ,M Mτ β σ τ+ =   (19) 
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where 2 2 2/ (1 )β α α= − . Eq. (19) shows that the relation between Mσ  and Mτ  is 

similar to the Eq. (6). Thus, the Eq. (19) presents a new ellipse criterion based on the 

mean stress Mσ  and maximum shear stress Mτ , which should be more convenient for 

engineering applications. This is because the mean stress Mσ  and maximum shear 

stress Mτ  are directly related to external loads, while the normal stress σ  and shear 

stress τ  can only be obtained after the fracture angle is determined. 

Fracture behaviors of BMGs under complex loading can described by 

Eqs.(13)-(15). Once the parameters 0α τ，  of the ellipse criterion and proportionality 

coefficient ρ are given, the fracture angle and strength could be obtained.  

 

3. Results and discussion  

From the Eq. (13), we can find that ρ  can only change within a certain range 

by considering ( )cos 2 Tθ  takes the values from -1 to 1. In the case of 

( )cos 2 1Tθ = − , ρ  can be solved by Eq. (13), which is 

 21 2 .crρ α= −   (20) 

Note that Eq. (20) shows that ρ  is less than 21 2crρ α= − , and we first analyze 

fracture behaviors of BMGs in the case 1 crρ ρ− ≤ ≤ . 

 

3.1 Fracture behaviors of bulk metallic glasses in the case 1 crρ ρ− ≤ ≤  

Let us consider Zr52.5Cu17.9Ni14.6Al10Ti5 BMGs, in this system 50.7Tθ =   and 

1660MpaTσ =  for uniaxial tension[22]. The corresponding parameters of the ellipse 

criterion are 0.407α = , 0 909Mpaτ =  and 0 2231Mpaσ = , respectively. 

Accordingly, the ellipse criterion equation for the current Zr-based BMGs can be 

quantitatively expressed as below, 
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2 2

2 2 1
2231 909
σ τ

+ =  . (21) 

The critical point which is mentioned in Eq. (20) can be given 

21 2 0.6654crρ α= − = . The calculation results for different  ( ) 

are shown in Fig. 3.  

 

Fig. 3. The critical Mohr circles for different loading modes and the critical 

fracture lines of the ellipse criterion. (a) 0.5ρ = − , (b) 0ρ = , (c) crρ ρ= , (d) 

0.9ρ = . 

 

The critical fracture lines of the ellipse criterion and the corresponding critical 

Mohr circles for different  (from -0.5 to ) are plotted in the Fig. 3(a)-Fig 

3(c). With  increasing, the critical Mohr circle moves along the positive direction 

of axis, and the radius of the critical Mohr circle decreases. Furthermore, the 

tangent point moves from the vertex on the minor axis of the ellipse to that on the 

major axis. When crρ ρ= , the shear stress of the fracture plane equals zero, and the 

normal stress 11σ  equals to 0σ .  

 

1 crρ ρ− ≤ ≤

21 2α−

ρ

-σ
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3.2 Fracture behaviors of bulk metallic glasses in the case 1crρ ρ≤ <  

Now we discuss fracture behaviors of BMGs in the case of 1crρ ρ≤ < . When 

crρ ρ= , the fracture takes place with zero shear stress on the fracture plane. When  

takes the value from  to 1, it can be speculated that the fracture will still occur on 

the 90° plane. This is because in this condition the normal stress on this plane will 

satisfy the fracture condition first no matter what 22σ  is. 

This could be demonstrated from the perspective of Mohr circle. As shown in the 

Fig. 3(a) to Fig 3(c), the tangent point moves to the rightmost of the ellipse with  

increasing from -1 to . When > , the Mohr circle is too small to contact with 

the ellipse until it meets the vertex on the major axis of the ellipse, and for this reason, 

the fracture still occurs on the 90° plane as we speculated. In the end, the Mohr circle 

will reduce to a point with . A typical case for =0.9ρ is shown in Fig. 3d. 

s

 

Fig. 4. The variation of fracture angle and critical stresses with respect to the 

proportionality coefficient ρ . (a) Variation of the fracture angle with the 

ρ

crρ

ρ

ρ crρ
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proportionality coefficient ρ . The points denote the fracture angle of the loading 

pattern shown in the Figs. 3(a)-(d). (b) The shear stress and normal stress on the 

fracture plane. The points denote the results of fracture stress while = crρ ρ .  

 

With the above discussion, the variation of fracture angle and critical stresses on 

fracture plane with respect to the proportionality coefficient ρ  is shown in Fig. 4. 

The fracture angle increases gradually from 45° to 90° plane with the increasing of 

ρ (see Fig. 4(a)), and the corresponding the critical normal and shear stress on the 

fracture plane are shown in Fig. 4(b). In this process, shear stress gradually decreases, 

while the normal stress becomes larger and dominates the fracture of BMGs. When

the critical shear stress on the fracture plane equals to zero suggesting that in 

this case only normal stress is needed to destroy the BMGs, and the fracture takes 

place on the 90° plane with =0τ  and 11 0σ σ= . For 1crρ ρ≤ < , it is interesting to 

find that the ellipse criterion can reduce to the maximum normal stress criterion. 

 

3.3 The new form of the ellipse criterion 

Fracture criteria usually choose the normal and shear stress on the fracture plane 

as the basic variables. However, they can only be obtained after the fracture angle is 

determined. Thus, these criteria are not convenient to be applied in engineering 

applications.  

 

Fig. 5. Fracture behaviors of BMGs based on Mτ  and Mσ . (a) Variation of Mσ  

and Mτ  with ρ . (b) Mτ  versus Mσ . The points denote the results of fracture 
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stress while = crρ ρ .   

 

The variation of Mτ  and Mσ  for different loading modes is shown in the Fig. 5. 

As a sister equation of Eq. (6), Eq. (19) combining with Eq. (13) makes up a new 

fracture criterion for BMGs, which is more convenient to be applied in engineering 

applications. 

 

3.4 Comparisons between the theoretical results and the existing experiments for 

complex loading   

 The complex mechanical loading experiments for Vit 1 were well performed in 

Ref.[16, 20], where the cylindrical specimens were 12.7 mm in length and 6.35 ± 0.02 

mm in diameter, and were subject to the quasi-static tension with superimposed 

pressure. There are 11 experimental points of tension provided in their papers [16,20], 

including a point, which is fail near collar. However, the samples tested in tension 

under atmospheric pressure (0.1 MPa) exhibited a fracture plane perpendicular to the 

tensile axis, and there is an outer fracture rim oriented at 50°-53° to the tensile axis 

approximately 200μm in width on the fracture plane [20]. It may be caused by the 

influence of residual polishing scratches on the surface of the specimen which was 

mentioned in their paper [23]. To relieve the effects of residual polishing scratches, 

only points from the results with superimposed pressure larger than 450 MPa are 

selected. Besides, fracture behaviors of Vit 1 with pressure up to 1300 Mpa was 

carefully investigated recently [16]. The experimental data in this study are also used 

to compare with our theoretical analysis results except one of these points that is fail 

with lager pressure (in this case, the tensile normal stress becomes negative on 

fracture plane, which is beyond the scope of this article). Finally, seven experimental 

points are used to compare with our theoretical analysis results.   

   Since there is no data for uniaxial tension, two experimental data are selected to 
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obtain the intrinsic parameters  and  of Vit 1 for the ellipse criterion.  To be 

specific, =0.7965 GpaAσ , =0.8601 GpaAτ  and =0.3769 GpaBσ  =0.9949 GpaBτ , 

are used to obtain the parameters of the ellipse criterion, which are 0.7257α =  and 

0 1.0363 Gpaτ = . Meanwhile, the fracture lines of the M-C criterion and the ellipse 

are supposed to be tangent at point B, so that the coefficient for the M-C criterion can 

be obtained, 0.1995µ =  and 0 1.019 Gpaτ = . 

 

Fig. 6. Variation of the shear fracture stress with respect to the normal stress acting on 

the fracture plane. The critical fracture lines of the two criteria as well as the tangent 

point B for Mohr’s circle are plotted for comparisons. 

    

   The variation of the shear fracture stress with respect to the normal stress 

according to our theoretical analysis is shown in Fig. 6, and the experimental data is 

provided for comparisons. It can be seen that our method combing with the ellipse 

criterion could well reproduce the experiment results. 
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Fig. 7. Comparisons between the theoretical calculation results and experimental 

points (a) fracture angle versus confining pressure, (b) axial fracture stress 1σ versus 

confining pressure, (c) shear stress on the fracture plane versus confining pressure. (d) 

Mτ  versus Mσ . 

 

The results shown in Fig. 6 indicate that both two criteria can be used to predict 

the fracture strength in experiments. However, the experimental data shown in Fig. 

7(a) illustrates that the fracture angle vary with the confining pressure. As mentioned 

above, the M-C criterion is incapable to describe the variation of fracture angle, while 

our formula combining with the ellipse criterion could well predict the experimental 

results of fracture angle. The comparison between the theoretical analysis results and 

experimental data for Mσ  and Mτ  is shown in Fig. 7(d).  

 

4. Conclusion 

In this paper, we establish a universal formula for the fracture angle. This formula 
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is not limited to specific fracture criteria or loading modes. The ellipse criterion has 

been used as an example to show how to apply our formula to a specific case. The 

results show that fracture modes can be divided to three parts :(1) Pure shear mode, 

where 1ρ = −  and the fracture of BMGs happens owing to the shear stress only. (2) 

For 1 crρ ρ− < < , both the critical normal stress and shear stress contribute to the 

fracture. With the critical tensile normal stress increasing, the critical shear stress τ  

will decrease, and the fracture angle changes accordingly from 45° to 90° during this 

process. (3) Pure tensile mode, once crρ ρ> , the fracture plane is perpendicular to 

the 1-x axis, and only the normal stress is needed to destroy the materials suggesting 

that the shear stress plays no role in this situation. In this case, it is interesting to find 

that the ellipse criterion can reduce to the maximum normal stress criterion. Moreover, 

we obtain a new ellipse criterion (19) based on the mean stress Mσ  and maximum 

shear stress Mτ , which is more convenient to be applied in engineering applications. 

Through comparing with experiments, it is found that the universal formula (5) for the 

fracture angle combining with the ellipse criterion can well reproduce the fracture 

angle and strength of BMGs under complex loading.  
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