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ABSTRACT

In this paper, based on the perturbed fluxes of all candidate fluxes used in the traditional fifth-
order WENO scheme, a fifth-order accurate perturbational weighted essentially non-oscillatory (P-WENO)
scheme is developed. First, a corollary about the accuracy of a kind of conservative schemes is gener-
alized and proved. Then, based on the corollary and the idea of numerical perturbation, the perturbed
fluxes, which are one order higher than the traditional candidate ones of the fifth-order WENO scheme,
are obtained. Furthermore, we derive the necessary and sufficient conditions for the fifth-order conver-
gence of the new weighted scheme constructed by using the new perturbed fluxes and find that they are
one order lower than those derived by Henrick et al. for the traditional fifth-order WENO scheme. Thus,
the new weighted scheme, which uses the same weights of the WENO-Z scheme and the perturbed
fluxes, can meet the necessary and sufficient condition for fifth-order convergence even at critical points.
The resulted P-WENO scheme actually provides a novel method to decrease the numerical dissipation
of traditional WENO schemes. Numerical examples are presented to verify the accuracy, robustness and

low-dissipation of the new scheme.

© 2018 Elsevier Ltd. All rights reserved.

1. Introduction

The weighted essentially non-oscillatory (WENO) schemes have
been widely used in solving compressible flows due to their uni-
formly high order accuracy in smooth regions and essentially non-
oscillatory (ENO) property near discontinuities. The first WENO
scheme was proposed by Liu et al. [1]. Subsequently, Jiang and Shu
[2] proposed a classical smoothness indicator and a general frame-
work of WENO schemes. Henrick et al.[3] provided a detailed anal-
ysis about the accuracy of the fifth-order WENO scheme of Jiang
and Shu (WENO-JS) and found that it fails to achieve the opti-
mal order at critical points where the first derivative of the so-
lution vanishes. Meanwhile, they derived the necessary and suf-
ficient conditions on the weights for fifth-order convergence and
developed a new fifth-order WENO scheme (WENO-M) which uti-
lizes a mapping function to revise the weights of WENO-]S scheme
to satisfy the sufficient condition (SC). After that, the SC was used
as a guidance to design the weights for improving WENO schemes.

In [4], Borgers et al. proposed a high order global smoothness
indicator to calculate the weights (the WENO-Z scheme). Although
the WENO-Z scheme has low dissipation, its weights do not satisfy
the SC at critical points of smooth solution and its convergence
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order is degraded to only fourth-order. Following the idea of the
WENO-Z scheme, Ha et al. [5] proposed a new sixth-order global
smoothness indicator. Although the authors proved that the re-
sulted WENO scheme can meet the SC at critical points of smooth
solution, its numerical results rely on a user-tunable parameter [6].
Fan et al. [7] developed several higher order global smoothness in-
dicators (even up to eighth-order). It is clear that these indicators
can recover fifth-order even at critical points of smooth solution.
However, numerical results showed that these higher order global
smoothness indicators are prone to generating oscillations for solv-
ing problems with shock waves [8]. On the other hand, several
scholars [9-11] suggested that the parameter ¢ used to calculate
the weights of WENO schemes can be defined as a function of the
mesh size Ax to obtain the formal order at critical points. How-
ever, it is easy to recognize that the solutions of those resulted
WENO schemes lose the scale invariance property, particularly, if
the reference length takes a small value, then Ax will be a large
value, and hence this kind of scheme may generate numerical os-
cillations. In order to achieve fifth-order accuracy at critical points
and keep low dissipation and ENO property near discontinuities,
this paper considers another different way, i.e., how to construct a
weighted scheme to relax the restraints of fifth-order convergence.

The numerical perturbation method (NPM) was first proposed
by Gao [12] for solving convection-diffusion equation. The main
idea of the NPM is that, by multiplying a perturbational polynomial
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(a power-series of grid intervals), then eliminating the truncated
error terms in the modified differential equation to get the corre-
sponding coefficients of the perturbational polynomial, and finally
the numerical perturbation method is obtained. The advantage of
the NPM is that it improves the accuracy of schemes without in-
creasing the total number of grid points. Based on the first-order
upwind scheme, Shen et al. [13] developed a second-order pertur-
bational finite difference scheme for hyperbolic conservation equa-
tion. Gao et al. [14]| extended the idea of the NPM to the finite
volume method. Li et al. [15] developed a third-order scheme with
modified coefficients based on second-order ENO scheme. Recently,
Yu et al. [16] proposed a symplectic and phase error reducing per-
turbation finite-difference advection scheme.

In this paper, based on the works [17,18], a corollary about the
accuracy of a conservative scheme is generalized and proved. And
then, combining the NPM and the corollary, we use the perturbed
forms of the candidate fluxes used in the WENO scheme to con-
struct a new weighted scheme. We also prove that the new scheme
relaxes the sufficient condition for fifth-order convergence of a
fifth-order WENO scheme, since the perturbed fluxes are one or-
der higher than their counterparts. Thus, using the weights of the
WENO-Z scheme and the perturbed fluxes, the resulted perturba-
tional WENO (P-WENO) scheme can achieve fifth-order accuracy in
smooth regions even at critical points.

The rest of this paper is organized as follows: in Section 2,
the accuracy of a conservative scheme is discussed and a corol-
lary is proposed. In Section 3, a perturbational WENO scheme is
constructed by using the perturbed candidate fluxes. In Section 4,
several numerical examples are presented to verify the robustness
and low dissipation properties of the proposed scheme. Some con-
clusions of this paper are given in Section 5.

2. The accuracy of conservative scheme

The one-dimensional hyperbolic conservation laws is used as a
model equation to describe the numerical method in this paper,

8u+8f(u)

at X
where u(x, t) is the conservative variable, f{u) is the flux function.

With an uniform grid spacing Ax, the semi-discretization form
of Eq. (1) can be written as

=0, t €]0,00],x €a,b], (1)

. i1 1
%+7f”7m 2 -0, 2)
where u; is the numerical approximation of u at node x;, ﬁ+1/2
and f;_ ,2 are the numerical fluxes of f at cell interfaces x;,1,, and
Xi_1/2, respectively.

To calculate the numerical fluxes fiil ,2- a function h is implic-
itly defined as follows [19]

F00 =gy [, heE 3)

Differentiating Eq. (3) with respect to x, we have

af hisy =Ny
X lymy, Ax

(4)

From Eqs. (2) and (4), we can see that the numerical fluxes f,-i]/z
are the approximations of h; ;.

In [17], Shu and Osher concluded that the existence of constants
ay, 0y, -+ ,0ym_2, -, such that if

i
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then the scheme would be (2m)th order accuracy in space, for ex-
ample, a; = 7217,(14 = %
In [18], Shui gave the relations of the coefficients ay; in Eq. (5),
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and then proved the scheme is (2m)th order accurate in space.

The two works mentioned above only given the summarization
for even-order accuracy of the conservative scheme. Here, we fur-
ther generalize them to form a corollary, which can also be applied
to construct our new scheme.

Corollary. For the numerical flux

Zaz,Ax” Er 2{

- 82m+1f
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Ax2m+l + O(AXZﬂHZ), (7)
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the coefficients ay; satisfy

k

o
=0, ap =1,
g 22212k — 21+ 1)! 0
o if A0, then the scheme is (2m + 1)th order accuracy in space;

e if A= 0, then the scheme is at least (2m + 2)th order accuracy in
space.

The proof of the corollary is given in Appendix.
3. Fifth-order WENO schemes
3.1. The traditional fifth-order WENO schemes

The numerical flux f; +1/2 of a fifth-order WENO scheme can be
written as

k

i+3 = Zwka%’ (9)
k=0

where ¥ is the numerical flux on the sub-stencil S, =

i+1/2
(Xiyk—2+ Xitk—1: Xigh):
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wy, is the nonlinear weight. In [2], w is calculated as

O Ck
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k=0,1,2, (11)
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where ¢y = 15.¢1 = 15.C2 = 7; are the ideal weights; ¢ is a small
positive number introduced to avoid the denominator becoming
zero. A detailed discussion of the magnitude and the role of ¢ can
be found in Refs.[2,3]. As suggested in [3], & = 10~0 is used in this
paper. IS, is the smoothness indicator on the sub-stencil S;. A clas-
sical formula for IS, is proposed by Jiang and Shu [2] as

=5 e (S o

The explicit form of IS, for the fifth-order WENO scheme (r = 3)
can be expressed as
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IS0 = 3 Ui = 2fia + 0 + 3 iz —4fi + 3607,
15 = 2 i —zﬂ+fi+1>2+1<f,~+1 i’
IS, = B (fi = 2fi1 + fi2)* + 5 (3f, 4fi1 + fi2)*. (13)

Henrick et al. [3] derived the necessary and sufficient conditions
for fifth-order convergence of a fifth-order WENO scheme as

2
Y Alwf — @) = 0(AX?), (14a)
k=0
Wi — ¢ = 0(AX?). (14b)

where Al< _Akf , and Ay is the same as given in Eq. (18); the

superscripts + correspond to the numerical fluxes fiil /2> Tespec-
tively. And a simple sufficient condition

== 0(AX%), (15)

is usually used to guide the construction of a WENO scheme.

Henrick et al. [3] also pointed out that the weights calculated
by Jiang and Shu’s method Eq. (11) fail to obtain the maximum
order at critical points, and they proposed a mapping function to
recover the optimal order of convergence.

Borges et al. [4] proposed a different method to calculate the
weights by incorporating the higher order information about the
regularity of the numerical solution and they gave the formula of
the weights as follows

(+(532))
wpg=——""-——, o=¢l1 —_— , k=0,1,2,
k O + 01+ 03 k k + Isk-l—é‘
(16)

where, 75 = |ISg — IS;| can be called as a global smoothness indi-
cator.

The convergence order of the fifth-order WENO (WENO-Z)
scheme [4] at critical points is influenced by the power parameter
q in the definition of weights Eq. (16), for example, the accuracy
is fourth- and fifth-order if the power g takes the value of 1 and
2, respectively. On the other hand, Borges et al. pointed out that,
for solutions containing the discontinuities, increasing g makes the
scheme more dissipative, hence g = 1 is suggested in [4] and used
in this paper, unless otherwise indicated.

Later, in order to improve the accuracy of the WENO-Z scheme
and maintain low dissipation (means q = 1), several higher-order
global smoothness indicators are proposed, for example, two sixth-
order formulas [5,7] and two eighth-order formulas [7]. Although
those global smoothness indicators can make the weights with q =
1 meet the sufficient condition Eq. (15) in smooth regions even at
critical points, a user-tunable parameter in [5] and the oscillatory
solutions near discontinuities generated in [7] limit the application
of those resulted WENO schemes. Therefore, the issue of how to
improve the accuracy of the WENO-Z scheme and maintain low
dissipation and ENO property is still open.

3.2. The new perturbational WENO scheme

In this section, we introduce the numerical perturbation
method to construct a kind of new WENO scheme. The new
scheme can reduce the constraint of the sufficient condition from
third order to second order, i.e.

wE =+ 0(AX?). (17)

3.2.1. The construction of the perturbed fluxes
Taylor expansions of Eq. (10) at x;.q,, give
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Accordmg to the corollary, Eq. (18) reveals that the numerical
fluxes f 111/ are third-order accurate. It is natural to think of that,
if all these candidate fluxes are improved to fourth order, whether
the requirements of the weights Eq. (14) can be relaxed or not.
Following this idea, we use a perturbational polynomial P of the
grid spacing as

P, =1+ b AX3 + 0(Ax%), (19)
to multlply the candidate fluxes fl 120 and then get the new fluxes
f:+1 2@
f,-'i% =Pkf,-'i%~ (20)
According to the corollary, if the following equation

= 1 9%f
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is satisfied, then fi’jr]/z is a fourth-order flux. Substituting Eqs. (18),
(19) and (21) into Eq. (20), there is
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So, it is theoretically possible (assuming f;,q,, # 0) to find that

we

Considering fﬂ/2 _f,+1/2+O(Ax2) (Eq. (18)), a high order ap-
proximation of by can be found as

93
/ f,’; . (24)
%
Clearly, there is

by = —A == =
by = by + O(AX?). (25)

AX? 4 O(Ax“)). (22)

b, = Ak

3

Hence, we obtain the perturbed fourth-order candidate fluxes as

f,.';% =1+ EkAx3)f5% = fi’:—% AX. (26)

93 f
_A"W il

On stencil S5 = {X;_5,X;_1,--, X421}, M | i1/2 €an be discretized

as
3 f —fia+2fi1—=2fi1+ fio
w i+% = ARG + O(AX) (27)

Substituting Eq. (27) into Eq. (26
turbed fluxes can be written as

N,’ir% = 1+1 —A(~fia +2fi1 = 2fi1 + fir2) /2. (28)

), the explicit form of the per-
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3.2.2. The weighted form of the perturbed fluxes

. "’I .
Using the perturbed fluxes fi:-l/z Eq. (28), the numerical flux of

a new weighted scheme can be written as

7 - SN Bwo — w1 + )

fuy = anfty = Yaft 4 S0t
k=0 k=0

X < —fia+2fiii-2fip1 + fi+2>, (29)

where wg, w1, @, are the same weights of the WENO-Z scheme in
Eq. (16).

Next, we derive the necessary and sufficient conditions for fifth-
order convergence of Eq. (29). Directly applying the expansion

2 ~
form of ) a)kfi"i1 (Egs. (15)-(17) in Ref.[4]) given by Borges et al.,
k=0 2
we have
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Subtraction of the numerical fluxes in Eq. (30) gives

2 2
> (0 —cohy g - kZ (@ —cohi_y
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3 2
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12

From Eq. (31), we obtain the necessary and sufficient conditions
for the fifth-order convergence of the fifth-order weighted scheme
Eq. (29) as

! —w, =0(AX?), (32a)

w; — ¢ = 0(AX). (32b)

Comparing current necessary and sufficient conditions Eq. (32)
with those of Eq. (14) derived from the traditional WENO schemes,
we can find that the current ones relax the requirements on the
weights by one order.

Clearly, a sufficient condition for fifth-order convergence of the
new weighted scheme Eq. (29) can be obtained as

wif = ¢+ 0(AX?). (33)
3.2.3. The flux of the new P-WENO scheme

The form of Eq. (29) is constructed by following the weight-
ing process of the WENO scheme, however, since the term F®) :=

3 . .
37{|i+1/2Ax3 = (—fiio+2fi.1 —2fi1+ fiz2)/2 is used in all per-

turbed candidate fluxes, the scheme Eq. (29) loses the ENO prop-
erty. Fortunately, the term F3) is independent of the traditional
flux fi+1/2, hence it is easy to make the scheme have the ENO
property by limiting the influence of F3) if a discontinuous solu-
tion is solved. This paper suggests using a tunable function ¢ to
play this role. The final flux of the weighted scheme with ENO
property (P-WENO) is

2
. 21 YBwo — w1 + wy)
g = Vol + 520
x (=fia +2fic1 = 2fi1 + fira)- (34)
For the function ¢, it is required that
1) if the stencil S5 = (x;_5,X;_1,---,X;;2) is a discontinuous sten-
cil, then ¢ is a small value;

2) if the stencil S5 is smooth, then ¢ does not affect the accuracy
convergence of Eq. (29).

According to Eq. (33), a sufficient condition, which satisfies con-
dition 2), can be derived as

@ =1+ 0(AxX?). (35)
In this paper, the function
1 () (36)
o= " \sp+is,+¢)

is suggested, where 75 is the global smoothness indicator of the
WENO-Z scheme; ISy, IS, are the local smoothness indicators in
Eq. (13), € is a small positive number introduced to avoid the de-
nominator becoming zero. It is easy to verify that the function ¢
satisfies the designing requirements 1) and 2).

It should be pointed out that, the scheme Eq. (34) is different to
the hybrid schemes, the second term in the right hand side is an
approximation of the third derivative of the function f at i+ 1/2,
rather than a numerical flux for discretizing the first derivative in
the traditional hybrid scheme, and it can be regarded as an anti-
dissipation term. Hence, the new scheme actually provides a novel
method to decrease the numerical dissipation of traditional WENO
schemes.

3.3. The accuracy analysis of the P-WENO scheme

Taylor expansions of Eq. (13) at x; give
f2AX% + O(AXY), fi #0,
ISy =135 ] 37
K {BfizAX“-‘rO(AXS), fi=o0. (37)
Then, we obtain
|85 = R |ae oan), g #0
B f|Ax® +0(AX7), fi=0.

Similar to the analysis in [5], substituting Eqs. (37) and (38) into
Eq. (16), there is

(38)

_ JaEax(1+0(A%%)),  f #0,
k= 2 _ (39)
aFax(1+0(Ax%%)),  fi =0,
where
13 ,
Epay=1+ |§fifi _fifi(4)|/fi2AX3’
Fax=1+4 ﬁ’ﬂ”|/ﬂ'2Ax. (40)
Clearly, En, and Fay are independent of k. Hence, we obtain
_Ja+oaxd),  fi #£0,
Ok = {ck+O(Ax2), f=o0. (41)
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Fig. 1. Dispersion and dissipation properties for different schemes.

Eq. (41) indicates, the sufficient condition Eq. (33) for fifth-
order convergence of the P-WENO scheme is satisfied. Hence, the
P-WENO scheme is fifth-order accurate even at critical points.

It is worthy to point out that, there are several high order global
smoothness indicators (GSI) proposed for improving the WENO-
Z scheme, such as the sixth-order GSI ¢ for WENO-NS [5], 7g
for WENO-Zn [7], g in Ref. [8]. Same as above analysis, using
these high order GSIs, the calculated weights can meet the suffi-
cient condition Eq. (15) at critical points, hence the corresponding
WENO-Z type schemes are the fifth-order accurate schemes. Even
so, the numerical results given in next section show that, the P-
WENO scheme (Egs. (34) and (36)) with the high order GSIs men-
tioned above can further reduce the numerical dissipation.

3.4. The spectral properties of the P-WENO scheme

The spectral properties of a difference scheme can be obtained
by using the method proposed by Pirozzoli in [20]. For com-
paring, Fig. 1 gives these properties for the fifth-order upwind
scheme (UP5), WENO-Z, P-WENO, Hybrid+p, WENO-NS [5] (& =
0.1), WENO-Zjg [7], WENO+Tg and P-WENO+Tg. Where, Hy-
brid+¢ denotes the hybrid scheme with the flux of fi+1/2 =(1-

®) fi‘i’f/’\é‘)*z +o H’;S/Z which is used to demonstrate the difference

between the P-WENO and hybrid scheme. And WENO+t4 denotes
the WENO-Z scheme with the weights calculated by using tg to
replace 75 in Eq. (16). Tg [8] is a sixth-order global smoothness
indicator and given as

13
w6 = ("= 15" D? + ﬁ(lféz)l - 157D

0 = fia—4fia 430072, £ = (=3fi+4fin - fi2)/2,

= (fia=2fia+f). FP=(i-2fin+fi). (42)
From Fig. 1(a) and (b) , we can see that the P-WENO scheme shows
smaller dispersion and dissipation than the WENO-Z scheme. Al-
though the hybrid scheme shows better spectral properties than
P-WENO, but for the solutions with discontinuities (for example,
see Fig. 2(a) and (b)), it is more dissipative than P-WENO. This
fact demonstrates the anti-dissipation of P-WENO is effective for
both smooth solution and discontinuous solution, while the hy-
brid scheme can only improve the accuracy of smooth solution.
Fig. 1(c) and (d) show that, with the sixth-order global smooth-
ness indicators, the P-WENO+tg scheme can still reduce the dis-

persion and dissipation of the WENO+t¢g scheme in the region of
medium wavenumber, though the improvement is not so remark-
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Fig. 2. Numerical results of the linear advection problem with initial condition Eq. (44) at t = 6, N = 200.

able as shown in the case with 7s. In the region of high wavenum-
ber, WENO-Zng has less dispersion and dissipation than P-WENO,
but it generates apparent asymmetry solution for the discontinu-
ous problems (for example, the square wave and ellipse wave in
Fig. 2(e) and (f)). In addition, these schemes, including Hybrid+gp,

WENO-NS, WENO-Zng, may generate oscillation for the problems
with strong shock waves (for example, the 1D problem of inter-
acting blast waves in Section 4.3.2), and even cannot complete the
computation.
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Table 1

Comparison of errors and convergence orders for different schemes.
Ax uP5 WENO-Z P-WENO Hybrid+¢

Error order  Error order  Error order  Error order

1/160 0.159E-12 - 0.870E-08 - 0.804E-10 - 0.133E-10 -
1/320 0.497E-14  5.00 0.770E-09  3.50 0.219E-11 5.20 0.738E-13  7.50
1/640 0.155E-15  5.00 0.559E-10  3.78 0.699E-13  4.97 0.366E-14  4.33
1/1280  0.485E-17  5.00 0.375E-11 3.90 0227E-14 495 0.796E-16  5.52
AX WENO-NS WENO-Zng WENO+71¢ P-WENO+71¢
1/160 0.145E-09 - 0.291E-10 - 0311E-09 - 0.287E-11 -
1/320 0.570E—11 4.67 0.136E-11 4.42 0.145E-10  4.42 0.417E-13 6.10
1/640 0.194E-12  4.87 0.496E-13  4.78 0.527E-12  4.78 0.568E—-15  6.20
1/1280 0.631E-14 494 0.166E-14  4.90 0.177E-13 4.90 0.641E-17 647

4. Numerical results

In this section, several numerical examples are presented to
demonstrate the accuracy, robustness and resolution of the pro-
posed perturbational WENO scheme. The fourth-order Runge-Kutta
method [17] is used to approximate the time derivative, and the
CFL number is set to be 0.5 for all examples in this paper, unless
otherwise stated.

4.1. The accuracy at critical point

As used in Refs.[3,4], the function f(x) =x3 + cos(x) is also
used in this paper to measure the accuracy of the new scheme.
x=0 is a critical point where f(0)=0 and f'/(0)#0. Table 1
gives the errors and convergence orders of different schemes. We
can see that, the original WENO-Z scheme is only fourth order,
and the P-WENO scheme achieves fifth-order accuracy. It is worthy
to point out that, for the smooth solution, the errors of the Hy-
brid+p scheme is close to those of the fifth-order upwind scheme
(UP5). However, for a solution containing complex structures, the
hybrid scheme behaves even worse than the WENO-Z scheme, see
the next case. It can also be seen that, with the sixth-order global
smoothness indicators, the WENO-NS, WENO-Zng and WENO+7g4
schemes are fifth-order accurate, but the errors of P-WENO+tg are
at least one order of magnitude (some of them are even three or-
ders) lower than the three schemes.

Compared with the hybrid scheme, the P-WENO+tg scheme
still reduces the errors with one order of magnitude in the cases
with refined meshes. Another main advantage over the hybrid
scheme is that the P-WENO scheme can effectively reduce the dis-
sipation for the problems with shock waves, as analyzed in previ-
ous section and numerically shown in the next example.

4.2. One-dimensional linear advection problem

The governing equation of linear advection problem is given
by

The initial condition of the first case, which contains a Gaussian,
a square-wave, a triangle and a semi-ellipse wave, is given by

xel[-1,1]
periodic boundary

ou ou _

1(x, 0) = 1o (x). (43)

Fig. 2 gives the numerical results of different schemes with
N =200 at t = 6. Although the hybrid scheme behaves well for
a smooth solution as shown in the previous case, it is even
worse than the WENO-Z scheme in this case. This is possibly
caused by frequent switches of different numerical fluxes. The
P-WENO scheme behaves best for four kinds of waves. As shown
in Fig. 2(c) and (d), for discontinuous problems, the WENO-Z2
(with the power g =2) scheme increases the dissipation of the
WENO-Z scheme, but the P-WENO-2 scheme (the P-WENO scheme
with g =2) shows similar dissipation as the WENO-Z (g=1)
scheme. Fig. 2(e) and (e) show that, the WENO-Zng and WENO-NS
(§ =0.4) schemes generate apparent asymmetry for the square
wave and the semi-ellipse wave, while the P-WENO+tg scheme
not only improves the resolution near discontinuities over the
others, but also keeps the wave shape well.
The initial condition of the second case is given by

u(x,0) =sin (nx - serx)) (45)
This solution has two critical points, where f =0 and f” #0.

As in Refs. [2,5], the time step is set to Ax5/4. The program
with quadruple precision is performed on Intel Xeon E5-2640 v3.
Table 2 gives the errors, convergence orders and CPU time of dif-
ferent schemes at t = 2. The L,, norm of the error is computed by

for i=1,---N. (46)

It can be seen that the convergence orders of the WENO-Z scheme
gradually decrease to fourth order with refined grids, while the
other schemes have almost the same errors and fifth-order con-
vergence orders. Fig. 3 shows the computational efficiency. It can
be seen that, P-WENO and Hybrid+¢ cost about 20% and 15% CPU
time more than WENO-Z, respectively. However, if the high accu-
racy (for example, Lo, <1 x 10~9 for this case) is required, both
two schemes are more efficient than the WENO-Z scheme. With
the sixth-order global smoothness indicators (Fig. 3(b)), since all
the four schemes (WENO-NS (£ = 0.1), WENO-Zng, WENO+tg, P-
WENO+7g) are of fifth-order, P-WENO+t4 cannot improve the effi-
ciency for a simple smooth solution.

Loo = Max|u; — Uexger i

(G, B.z—8)+G(x, B.2+8) +4G(x, B.2)), —0.8<x<-06
1, —-04<x<-0.2
u(x,0)={1-|10(x—-0.1)], 0<x<02 (44)
sF(X.a,a—8) +F(x,oc,a+8) +4F(x,ot,a)), 04<x=<0.6
0, otherwise

where G(x,B,z) = e B*2? F(x,a,a) = Vmax(1 —a?(x —a)?,0),
a=05 z=-07, §=0005 «a=10

and B =log2/3682.
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Table 2
Comparison of errors, convergence orders and CPU time (in seconds) for different schemes.
N UP5 WENO-Z P-WENO Hybrid+¢
L., (order) CPU time  L,(order) CPU time  L,(order) CPU time  L,(order) CPU time
160 0.21E-06(-) 1.4E-01 0.21E-06(-) 7.2E-01 0.21E-06 (-) 8.6E-01 0.21E-06 (-) 8.2E-01
320 0.66E—08(5.00)  6.6E—01 0.78E—08(4.76)  3.3E+00 0.66E—08(5.00)  4.0E+00 0.66E—08(5.00)  3.8E+00
640 0.20E-09(5.00)  3.1E+00 0.36E-09(4.44)  1.6E+01 0.20E-09(5.00)  1.9E+01 0.20E—-09(5.00)  1.8E+01
1280  0.64E—11(5.00) 1.5E+01 0.17E-10(4.37) 7.3E+01 0.64E—11(5.00)  8.9E+01 0.64E—11(5.00)  8.5E+01
2560  0.20E-12(5.00)  6.9E+01 0.82E-12(4.39)  3.4E+02 0.20E-12(5.00)  4.2E+02 0.20E-12(5.00)  4.0E+02
N WENO-NS WENO-Zng WENO+7¢ P-WENO+7¢
160 0.21E-06(-) 7.8E-01 0.21E-06(-) 9.2E-01 0.21E-06 (-) 8.1E-01 0.21E-06 (-) 9.6E-01
320 0.66E—08(5.00)  3.6E-00 0.66E—08(5.00)  4.2E+00 0.66E—08(5.00)  3.8E+00 0.66E—08(5.00)  4.5E+00
640 0.20E-09(5.00)  1.7E+01 0.20E-09(5.00)  2.0E+01 0.20E-09(5.00)  1.8E+01 0.20E—-09(5.00)  2.1E+01
1280  0.64E-11(5.00)  7.9E+01 0.64E-11(5.00)  9.3E+01 0.64E—-11(5.00)  8.4E+01 0.64E—-11(5.00)  9.9E+01
2560  0.20E-12(5.00)  3.7E+02 0.20E-12(5.00)  4.4E+02 0.20E-12(5.00)  4.0E+02 0.20E-12(5.00)  4.7E+02
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Fig. 3. Comparisons of computational efficiency.

4.3. One-dimensional Euler problems

The governing equation of one-dimensional Euler problems is
given by

U IFU) _ )

T
where U = (p, pu, E)', F(U) = (pu, pu + p, u(E+p))'; p, u, E, p
denote the density, velocity, total energy and pressure, respectively.
For ideal gas, E = % + 3pu?. y = 1.4 is the ratio of specific heat.
The global LF flux-splitting method is used and the reconstruction
is carried out in local characteristic fields.

4.3.1. Shock entropy wave interaction
The initial conditions of this problem are

(3.857143, 2.629369, 31/3),

e -5<x<-4
P P) =1 (1 4+ 0.2s5in(5%), 0, 1),

—-4<x<5
(48)

This problem describes the interaction of a Mach 3 shock wave
with sine waves and is often used to evaluate the accuracy and
numerical dissipation of a scheme. Fig. 4 gives the comparison
of numerical results with N =200 at t = 1.8. The reference solu-
tion is computed by the WENO-Z scheme with refined grids. As
shown in Fig. 4(a), both the P-WENO and Hybrid+gp schemes are
more accurate than the WENO-Z scheme. Similarly, with the sixth-
order global smoothness indicators (Fig. 4(b)), the three schemes

(WENO-Zng, WENO-NS (£ =0.4) and P-WENO+tg) seem better
than WENO+tg. However, further comparisons show that, if these
schemes are applied to solve the problems with strong shock
waves (for example, the next case of Section 4.3.2), the numer-
ical dissipation of these schemes, such as Hybrid+p, WENO-Znj,
WENO-NS and P-WENO+7g, is not enough to suppress the spuri-
ous oscillation.

4.3.2. Interacting blast waves
The initial conditions of this problem are

(1,0, 1000), 0<x<0.1
(p.u.p) = 1(1,0,001), 01<x<09 (49)
(1,0,100), 09<x<1

The initial pressure gradients generate two interacting density
shock waves. It is usually used to test the robustness and the capa-
bility of shock-capturing of schemes. For this case, only the three
schemes (WENO-Z, P-WENO and WENO+7g) can obtain the results
at t =0.038 (see Fig. 5), and the other schemes can not complete
the computation. The reason is that their numerical dissipation
is not enough to suppress the spurious oscillation. Fig. 5 shows
that P-WENO and WENO+tg obtain nearly overlapped solution,
and they improve the solution of the WENO-Z scheme near ex-
treme points.

The comprehensive comparisons, such as accuracy at critical
point (Table 1 shows P-WENO is more accurate than WENO-Z
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Reference

ko memeeea- WENO-Z - Reference
45 a Hybrid+o 45~ M ------- WENO-NS
o ° P-WENO [ a WENO-2Zn,
L r a WENO+1,
4 I 4 o o P-WENO+1,
3.5 f— 35F
o 32
a r [=% I
25k 25F
2 f— 2F
15 f— 151
1 - 1k
L L 1 1 -
4
(@) (b)
Fig. 4. Shock entropy wave interaction, t = 1.8, N = 200.
: Reference Where
6 T el U £y
B o P-WENO' = (p. pu. pv. E)",
- { F(U) = (pu, pu* + p, puv, (E+ p)u)",
51 [ GWU) = (pv. puv, pv* + p, (E+ p)v)T. (51)
i The specific total energy E is given by
4 ] p 1 2 o
B 4 E=—"—+-p +v7). (52)
| y-1 2
a | The Steger-Warming [21] flux splitting method is used for the in-
3F viscid convective fluxes. The time step is taken as [22]
[ Aty At . AX
- At =CFL-—2—Y_ with Aty= ———————— and
L Aty + Aty max(|u; ;| +¢; ;)
e l,'l
B A
i P\ A— (53)
1k U}?X(lui,ﬂ +¢ij)
i where c is the speed of sound.
0 0.8 1

Fig. 5. Interacting blast waves, t = 0.038, N = 400.

and WENO+7g), the accuracy order (P-WENO and WENO+tg ob-
tain identical results, they are more accurate than WENO-Z, see
Table 2), the resolution of complex wave structure (Fig. 2 shows
P-WENO is better than WENO-Z and WENO+7g), and the almost
same robustness for solving the problems with strong shock waves
(the problem of interacting blast waves, i.e. Fig. 5. Except WENO-Z,
WENO+tg and P-WENO, the other schemes even cannot complete
the computation), show that P-WENO is a beneficial scheme for
simulating complex flows. Hence, in the rest of the examples in
this paper, only the P-WENO and WENO-Z schemes are compared
to demonstrate the advantages of the P-WENO scheme.

4.4. Two-dimensional Euler problems

The governing equation of two-dimensional Euler problems is
given by
87U 0F(U)  9GU) _

ot T Tox T oy

0, (50)

4.4.1. Two-dimensional vortex evolution problem

The two-dimensional vortex evolution problem is often used to
evaluate the dissipation property of a scheme. It describes an isen-
tropic vortex moves across the computational domain periodically.
The initial conditions of this problem are

ge(1-r2)/2

u=05-¢——(y-5),
ge1-12)12
V= fm—(x-5),

(54)
—1_ =Deet™®
To1- et
S=1.
The temperature T and entropy S are defined as follows
=2 s=P
P pY

where r2 = (x — 5)2 + (y — 5)2, and vortex strength & is 0.5. The
computational domain is [0, 10] x [0, 10]. Periodic boundary con-
ditions are set for all boundaries. Figs. 6 and 7 give the pressure
contours and integrated kinetic energy (Ey = 3_; ; o, j(uiz_ it vf j) /2)
evolution with Ny x Ny = 50 x 50 at t = 800, respectively. It can be
seen that, the P-WENO scheme is less dissipative than the WENO-
Z scheme, its results are close to those of the fifth-order upstream
scheme (UP5).
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WENO-Z

P-WENO

Initial UP5

Fig. 6. Pressure contours of the vortex evolution problem, t =800, 30 contours
from 0.9905 to 0.9998.

4.4.2. Rayleigh-Taylor instability
The initial conditions of this problem are

( : (2,0,-0.025 g—gcos(Snx),Zy+l), 0<y<05
P, UV, p)=
(1,0,-0.025,/ 3L cos(87x),y+3), 05<y=<1
(55)

This problem describes the interface instability between fluids
with different densities when an acceleration is directed from the
heavy fluid to the light one, and it is often used to test the numer-
ical dissipation of a high-order scheme [23,24]. The computational
domain is [0, 0.25] x [0, 1]. The top and bottom boundaries are set
as (p,u,v,p)=(1,0,0,2.5) and (p,u,v,p)=(2,0,0,1), respec-
tively. The reflective boundary conditions are set for the left and
right boundaries. The gravitational effect is introduced by adding
p and pv to the right hand side of the y-momentum and the en-
ergy equations, respectively, i.e., the source term S = (0,0, p, pv)T
is added to the right-hand side of the Euler equations Eq. (50). The
density contours with Ny x Ny =240 x 960 at t =1.95 is shown
in Fig. 8. It can be seen that, both the WENO-Z and P-WENO
schemes maintain symmetry of the flow structure well. Since the
inviscid Euler equations are solved, the details of the complex in-
stable structures are related to the numerical dissipation of the
used scheme [25]. The richer instable structures obtained by the
P-WENO scheme indicate that the P-WENO scheme is less dissipa-
tive than the original WENO-Z scheme.

4.4.3. Two-dimensional Riemann problem
The initial conditions of this problem are

313.11
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X

313.08

313.07

313.06

313.05

T T T \x‘.l
200 4_?_0 600 800

o\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\\\\l\

Fig. 7. Integrated Kinetic energy versus time.

0 0.2 0.4
X

Fig. 8. Density contours of Rayleigh-Taylor instability, Ny x N, = 240 x 960.

(1.5,0,0,1.5),
(0.5323,1.206,0,0.3),
(0.138, 1.206, 1.206, 0.029),
(0.5323,0, 1.206,0.3),

(p.u,v,p) =

08<x<1,08<y<1
0<x<08,08<y<1
0<x<080=<y<0.8
08<x<1,0<y<038

(56)

This problem is proposed by Schulz-Rinne et al. [26] and usually
used to test the capability for capturing different structures, such
as reflection shocks, contact discontinuities and the instability in-
terfaces. The computational domain is [0, 1] x [0, 1] and divided
into four quadrants by two lines x = 0.8 and y = 0.8. Fig. 9 gives
the density contours with Ny x Ny =400 x 400 at t = 0.8. Both of
the WENO-Z and P-WENO schemes obtain basically similar so-
lution structures in the region where shocks interact with each
other and can capture shocks well. Careful comparison of this fig-
ure, especially the region of [1.35, 1.65] x [0.35, 0.65], it can be
found that the present scheme generates richer structures caused

by Kelvin-Helmholtz instabilities than the WENO-Z scheme. The
anti-dissipation term in the P-WENO scheme plays a key role.

4.5. Decaying isotropic turbulence [27]

The final case is that of decaying isotropic turbulence with eddy
shocklets. The governing equation of this problem is the three-
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Fig. 9. Density contours of two-dimensional Riemann problem, Ny x N, = 400 x 400, 30 contours from 0.2 to 1.85.
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Energy spectrum at t/7 = 1 for decaying isotropic turbulence.

dimensional Navier-Stokes equations and is given by

U  9F  0G 8H_1<8F,, 3Gy aHv)

ot Tax oy Tz Re\ox T oy T oz (57)
where U is the conservative variables, F, G, H and F,, G,, H, are
the viscous and inviscid fluxes in x—, y— and z— directions, Re is
Reynolds number. y = 1.4 and Pr = 0.7. The computational domain
is [0, 27 ]? and periodic boundary conditions are set for all bound-
aries. The initial conditions of the thermodynamic quantity use the
same conditions as those of the IC4 proposed by Samtaney et al.
in [28], i.e.,, with constant pressure, density and temperature fields.
And the initial velocity field satisfies a specified energy spectrum
and given by

E(k) = Akexp(—2K?/k2), (58)

where k is the wave number, ko is the wave number at which
the spectrum peaks, and A is a constant chosen to get a specified
initial kinetic energy. We set A = 0.00013 and kg = 8. The turbu-
lent Mach number M; and Taylor Reynolds number Re;, the defi-
nitions of which are defined in the Ref. [28], are set to be 0.3 and
72, respectively. The viscous terms are discretized with the sixth-
order central difference scheme. The third-order TVD Runge-Kutta
method [17] with the time step At =0.001 is used for time ad-
vancing. Fig. 10 gives the temporal evolution of average kinetic en-
ergy K(t) normalised by the initial kinetic energy Ky = %«/ﬁkg
with 643 and 1283 grids for different schemes. Meanwhile, the en-
ergy spectrum at t/t =1 (t = \/az(Zn)fltkg% is the initial large-
eddy-turnover time) on the two grids is plotted in Fig. 11. The
k=5/3 law is used as a reference for the energy spectrum. As shown
in these figures, the results of the P-WENO scheme is always lo-
cated between the UP5 and WENO-Z schemes. Hence, P-WENO
is less dissipative than WENO-Z for the simulation of decaying
isotropic turbulence.

5. Conclusions

This paper proposes a perturbational weighted essentially non-
oscillatory (P-WENO) scheme by weighting the perturbed candi-
date fluxes. The perturbed fluxes are one order higher than the
ones used in the traditional fifth-order WENO schemes. The nec-
essary and sufficient conditions for the fifth-order convergence of
the P-WENO scheme are derived. They are one order lower than
those derived by Henrick et al. for the traditional fifth-order WENO
scheme. Theoretical analysis and numerical results show that the
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P-WENO scheme can recover fifth-order at the critical points by
using the same weights as used in the WENO-Z scheme. The sec-
ond term in the P-WENO scheme plays the role of anti-dissipation,
hence, using the same weights, whether they satisfy the suffi-
cient condition of fifth-order convergence or not, the P-WENO-type
schemes are less dissipative than the counterparts with traditional
candidate fluxes. Various examples demonstrate that the P-WENO
scheme is robust and low dissipative.

This paper presents a different method to develop high-order
low-dissipation WENO schemes. The method can be easily ex-
tended to develop third order and higher-order (higher than fifth-
order) perturbational WENO schemes.
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Appendix. Proof of Corollary

Taylor expansions of 2 d 2r at x; can be writ-
. v P i1 Wl qp
en as
_ k
92 f 2141 4/ Ax g2tk f
< — — | == 4 O(A k+1
okt |, E) il 7 ) aerr|, OB,
_ k
92 f 20m-1+1) ¢ Ax\" 92k f
— = — =) ——= O(Ax*H1). 59
ox2! i-1 kZ:; k! 2 ox2l+k ,‘+ ( ) ( )
(1)A#£0
Substituting Eq. (59) into Eq. (7), we have
m
N N 321f aZIf
_ 21
o =hoy = Red | |
=0 i+3 i-1
~82m+1f . 82m+1f
A— 7 _ AT T AXZer]
+ < gx2m+1 i1 gx2m+1 i1

+ O(AX*™+2)

m m—I AxZH2A+ Qast2l4l f

= Z 2021 22525 + 1)1 gxzs+2h

1=0 s=0 ;
+ O(Ax2m+2) 4 O(AX2m+3)
i i Ax2k+1 gke1 f
- Ly S
1=0 k=l 2 (Zk—ZI—i—])l Ox2k+ 1
+ O(Ax2m+2)
- 2’(: Ax2k+1 92K+ f
- W1 55 ST
k=0 1=0 2 (2k721+])| Ox2k+ ,'
T 0(AR™2), .

If the coefficients ay; satisfy Eq. (8), then the last formula of the

right hand side of Eq. (60) is aog—ﬁ Ax+0(Ax?m+2) thus
1

fi+% _fif% _ ﬂ

Ax dax
Therefore, the scheme is (2m + 1)th order accurate.

4+ 0(AxP™ T, (61)

_§2m+2 f

AX2m+2
2m+2
OX2ME2 |14

1=0 92 iy

+ O(Ax¥m+3), (62)

where B is a non-zero constant.
Substituting Eq. (59) into Eq. (62), we have

fi+ *fi—% = iazzsz’[az’f‘ 0%f
1=0 i

N

=3

axd | T ok

am+2 2m+2

+ O(Ax?>m+3)

_ im—l 0 Ax25+21+1 823+2,+1f
=0 s=0 225(2s + 1)1 Qx2s+2+1 i
+ 0 szm+3)

= i ia2122k721 (§;2k+211 821;:1{
=0 = —20+ 1)1 3T |,
+ O(Ax2m+3)

- 5 g
k=0 1=0 =20+ 1)1 dx2ket |
+ O(Ax?m+3). .

If the coefficients ay; satisfy the Eq. (8), then the last formula of

the right hand side of Eq. (63) is agg—ﬁ"Ax—i- O(AXE™3) thus
1

fi+% _ff*% af 2m+2
T = | 0@, (64)

Therefore, the scheme is (2m + 2)th order accurate.
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