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ABSTRACT

We demonstrate that a lattice-Boltzmann lattice-spring method can be used to simulate a dynamic be-
havior of a suspension of a large number of flexible fibers in finite Reynolds number flows. In the method,
lattice-Boltzmann equation is adopted to simulate fluid velocity and vorticity while lattice-spring model
with three-body forces can be employed to model the bending deformation of solid bodies. In order to
realize the non-slip boundary condition, a forcing term is simply calculated by using the Newtonian sec-
ond law and imposed with an immersed boundary scheme. The method is validated by comparing the
present results with experiments and existing theories and methods. Subsequently, the method is ap-
plied to simulate a dynamic process of flexible fibers settling on a static or moving screen/wire net while
a fiber mat is simultaneously built over the screen and resists fluid flowing. The number of fibers, fiber
density and flexibility, and ratio of the relative velocity of the screen/wire to fluid can be systematically
varied at different levels. Their influences on drainage rate are computed and evaluated.

Immersed boundary method
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1. Introduction

There are extensive applications of particulate flows in chemical
engineering (fluidized bed in reactor, particle separation, screening,
filtration) and sciences (biological particle coagulation and disper-
sion, blood flows and cell adhesion, sands sedimentation in rivers),
and in various industries (pharmaceutical, petroleum, food pro-
cess, paper industry etc.). Due to the importance, engineers and
scientists have paid a great attention to the subject of the par-
ticulate flows in both experimental and theoretical studies. Most
investigations currently focus on the rigid particle-fluid problems.
Very few studies are reported on deformable particle-flow prob-
lems. Some direct simulation methods are developed to model the
solid particle motion in fluids. Among the traditional finite ele-
ment method, the most popular one is an arbitrary Lagrangian
Eulerian scheme (Hu, 1996) based on Galerkin finite element ap-
proach. In this method, the meshes are moving with solid parti-
cles and the meshes need to be re-meshed when unacceptable el-
ement deformation is detected. It is obvious that the re-meshing
process largely increases computational load and limits to a sys-
tem with a small number of particles. This method is recently ex-
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tended to treat deformable particles (Gao et al., 2011, 2013), only
two dimensional cases at a very low Reynolds number were re-
ported. Later, Glowinski et al. (1999) with others (Glowinski et al.,
2001; Patankar et al., 2000; Wan. and Turek., 2006) presented a
Lagrange-multiplier-based fictitious-domain method for the motion
of large numbers of rigid particles in a Newtonian fluid. Their fi-
nite element formulation allows use of a fixed structured grid and
avoids re-mesh process. However, their reports are limited to rigid
solid particles.

Peskin (1977) was the first to propose an immersed bound-
ary method (IBM) to treat deformable bodies associated with
blood flow. Later, the IBM had been applied to particulate
flows (Fogelson and Peskin, 1988). In Peskin’s method, regular Eu-
lerian grids are operated for fluid domain and the Lagrangian grids
of deformable particles move over the fixed fluid grids. A forc-
ing term is added on the interface between the fluid and solid
to force the solid boundary velocity equal to the fluid velocity
(non-slip boundary condition) through Dirac delta function. For
fluid field, the Navier-Stokes equations can be solved either by
traditional computational fluid dynamics (CFD) or by a lattice-
Boltzmann method (LBM) (Succi, 2001). The solid particles can be
either rigid or deformable.

Ladd (1994) had firstly proposed a moving boundary condition
in the LBM and applied it to particulate flows. Later, Koch and
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others (Aidun and Clausen, 2010; Aidun et al., 1998; Benzi et al.,
1992; Duenweg and Ladd, 2009; Feng and Michaelides, 2004,
2005; Koch and Ladd, 1997; Luo et al., 2017; Qi, 1999; Qi and
Gordnier, 2015; Qi et al., 2014a, 2014b, 2010; Whittington, 1998)
had demonstrated that the LBM is the most simple and effi-
cient method to simulate particle suspensions. Unlike traditional
CFD, one of features of the lattice-Boltzmann method (LBM) is
that micro-kinetic nature of fluid particle collision and stream-
ing, similar to convection-diffusion of fluid momentum, is pre-
sented through the lattice-Boltzmann equation at every time step.
The method allows ones to simulate flows efficiently in complex
geometrical solid boundaries. The main features and advantages
as well as disadvantages of LBM are briefly summarized in a re-
cent article by Succi (2015). Feng and Michaelides (2004) were
the first to combine the advantage of LBM with IBM to deal with
rigid particles. For deformable particles, a lattice-spring model
was proposed to handle the deformation of a flexible body by
Buxton et al. (2005). In their method, the deformable solid body
is discretized as individual particles located in a regular lattice
and connected by a two-body spring force between two neigh-
boring particles as a bond. The two-body force can deal with ex-
tension and compression but cannot accurately handle the bend-
ing deformation, because the two-body central force is a func-
tion of distance between two neighboring solid particles and does
not provide any bonding angle information between two adjacent
bonds or springs. Wu and Aidun (2010a, 2010b, 2010c) took Bux-
ton’s spring model in their LB simulation. Subsequently, a three-
body force with angular information between two adjunct bonds
was added into the lattice-spring model to handle bending defor-
mation by Wu et al. (2014). Other authors such as Duenweg and
Ladd (2009) and Basagaoglu et al. (2013, 2008) also utilized LBM
and bead-spring model to simulate the soft materials in flows.

Unfortunately, both Wu and Aidun (2010a, 2010b, 2010c) and
Wu et al. (2014) used the same forcing term as those by
He et al. (1998) and Feng and Michaelides (2004) to take ac-
count of the interactions between fluids and solid particles.
Guo et al. (2002) proved that this type forcing (body force) term
cannot be operated for an unsteady body force case because
the Navier-Stokes equations cannot be entirely recovered due to
extra-terms caused by the spatial and temporal variation of the
body force and they proposed a new forcing term, which enables
the LB equation to recover the Navier-Stokes equations with a
second-order accuracy for unsteady, non-uniform body forces. This
new force term is called split-force and used by Kang and Has-
san (2011) and Delouei et al. (2014) for rigid particle cases. We
will adopt the direct split-forcing term by Guo et al. (2002) in this
work.

Among all particulate flows, a slender fiber system is difficult
to cope with due to a large aspect ratio and deformability, which
may complicates the fluid-solid interaction, although a numerical
method based on a slender body theory has been extensively ap-
plied to simulate multi fibers by Butler and others (Butler and
Shagfeh, 2002; Saintillan et al., 2006; Shin et al., 2006, 2009). Their
reports were limited either to very low Reynolds number or to
rigid fibers. To consider inertial effect, some numerical methods
for finite Reynolds flows were also developed (Dahlkild, 2011; Ku-
usela et al., 2001; Zhang et al., 2013) for rigid fibers. Lindstrom and
Uesaka reported a flexible fiber model in fluid (Lindstrom and Ue-
saka, 2007, 2008). They used vorticity-vector potential form of the
Navier-Stokes equations for fluid while fibers were modeled as a
chain of segments interacting with themselves through a contact
force. They also considered short and long-range hydrodynamic in-
teractions. Their semi-dilute regime results for rheological prop-
erties showed deviations from hydrodynamic interaction theories.
Salahuddin et al. (2012, 2013) used a lattice-Boltzmann equation to
simulate fluid and fibers were modeled as a chain of rods where 4

nodes were distributed on the circumference of each cross section
of the fiber. The interaction between fluid and fiber was treated by
an external boundary force. However, the direct relationship be-
tween the fiber rigidity and structure of the fiber and the effects
of rigidity on motion were not reported.

In order to effectively investigate effects of fiber rigidity on
motion, we present a direct-forcing immersed boundary lattice-
Boltzmann lattice-spring approach to simulate a suspension with
a large number of flexible fibers. The approach is comprised of the
following portions, and its advantage is briefly summarized as fol-
lows:

1. The LBM will be employed to simulate fluid flow behavior and
structure on fixed Eulerian nodes. Most importantly, the Boltz-
mann equilibrium distribution function physically represents a
natural distribution of fluid particles and is presented at every
time step so that the error is controlled. In contrary, the tra-
ditional CFD is a sole numeric approximation and lacks such
the equilibrium function. The algorithm of the LB method for
fluid domain is extremely simple and consists of only two
operations, collision and streaming. This simplicity essentially
comes from two major reasons. First, when one derives the
Navier-Stokes equation from the LB equation, the fluid distri-
bution function is expanded to the second order of the small
Knudsen number (the ratio of the mean free length to the
characteristic spatial scale of the whole fluid system), called
the Chapman-Enskog expansion or multi-scale analysis, so that
collision, convection, and diffusion time scales are separated.
This greatly simplifies the algorithm. Second, the fluid colli-
sion matrix of the LB equation is also linearized by either the
Bhatnagar-Groos-Krook (BGK) approximation or multi relax-
ation time models.

2. The distinct feature of the LB method is well known that the
computation efficiency in the LB method is much higher than
that in the traditional finite element and differential methods,
due to the parallel nature of the LB algorithm itself, where
only local information at one grid needs to be transferred to its
neighboring grids, and the same simple operations are repeated
on all grids. The code is easy to be parallelized in a GPU based
CUDA code (Wu and Qi, 2017; Wu et al., 2017). Also, the fluid
grids are fixed so that the method is easy to handle moving and
flexible solid boundaries.

3. The lattice-spring model with three-body forces is utilized
to mimic motion of discretized flexible fibers where moving
Lagrangian solid particles are connected by elastic harmonic
springs and angular bonds. This fiber model can consider not
only extension, compression, but also bending deformation. It
is noted that two body central force cannot treat bending de-
formation. The deformation and motion of a flexible fiber are
treated with an elastic model without resorting to a nonlinear
Euler Bernoulli beam equation, which is a 4th order differential
equation. The present approach allows us to accurately simu-
late a large number of fibers in a finite Reynolds number flow.
In addition, the lattice-spring model can be used to construct
solid particles in any shape, such as rectangular, plate-like, non-
spherical, spherical, cylindrical, etc., to treat deformation easier
due to the use of elastic springs, and to accurately handle fibers
with a large aspect ratio.

4, The split-force term proposed by Guo et al. (2002) will be
adopted to correctly address interactions between solids and
flows. This algorithm takes into account the nonlinear effects
of lattice discrete and unsteady interaction forces on the solid-
fluid interfaces, and the Navier-Stokes equations are exactly re-
covered.

5. The fluid force or the force on solid nodes for non-slip bound-
ary condition is simply calculated from the difference be-
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tween unforced velocity (defined in Section 2.3) and the solid
boundary velocity to avoid solving high dimensional equa-
tions (Wu and Shu, 2010), which is not realistic for a three-
dimensional case.

6. Immersed Boundary method with the Dirac delta function is
used to obtain the fluid velocity at the solid boundary node and
distributes the fluid force into fluid nodes.

The validation for the direct-forcing immersed boundary lattice-
Boltzmann lattice-spring approach is carried out by comparing our
simulation results with 1) a flexible particle method; 2) Jeffery the-
ory; 3) Forgacs and Mason’s experiments; and 4) the theory of
Wiggins, Riveline and Goldstein.

Subsequently, we apply this approach to simulate fibers set-
tling on a moving screen/wire net and to evaluate the drainage
rate as a function of time. It is well known that wire screens or
filters are popularly employed to separate solid materials from flu-
ids and to classify solid particles into different categories in terms
of size or density. While the fluids flow through the screen open-
ings or holes, the solid particles may remain on the top surface of
the filter/screen and form a solid particle cake or mat. This tech-
nique has been employed by various industries. For example, the
paper industry uses screen to collect and form a fiber sheet in the
forming section of a paper machine. A washing machine also uses
filters to collect cleaned solid particles and reject dirty water. Ef-
ficiencies of formation of fiber mat and of washing machine are
directly related to the fluid drainage rate. The water drainage is
driven not only by the hydrodynamic forces but also by the gravity
of both fluid and solid particles and resisted by the solid particle
surfaces. When a fiber mat becomes thicker during settling, the
resisting force increases and the drainage rate is getting smaller.
The drainage rate will be affected by concentrations of fibers, spe-
cific surface areas, fiber flexibility, screen structures, opening ra-
tios, the ratios of screen-to-fluid velocity, temperatures, pH values
(which may change the electrical charges of the solid particles)
etc. The present work will focus on studies of effects of fiber con-
centrations, fiber flexibility, and screen-to-fluid speed ratios on the
drainage rates of a screen by using the present approach. Although
there are hundreds of articles on topics of fiber suspensions (Koch,
1994; Koch and Shaqfeh, 1989, 1991; Qi, 2006; Qi et al., 2014b;
Shin et al.,, 2009), very few of studies on drainage rates exist in the
literature. We will demonstrate that the forming process of a flex-
ible fiber network over a wire net/screen can be effectively simu-
lated and that the drainage rate is a nonlinear function of time and
is significantly affected by fiber’s mass.

In the simulations, up to 500 of fibers are used. The fiber con-
centrations, fiber densities and flexibility, and screen-to-fluid speed
ratios, are systematically varied at different levels and the drainage
rate and fluid structure are computed during the fibers settle and
the fiber networks are built over the screen.

The present approach is introduced in Section 2. The valida-
tion is presented in Section 3. Section 4 will introduce simulation
setup and present the results of the effects of fiber concentrations,
flexibility, flow-to-wire shear ratios, and screen opening ratios on
drainage rates. The Section 5 will make conclusions.

2. Simulation method
2.1. Lattice-Boltzmann method

A group of lattice nodes is used to represent fluid. Each node
has distribution functions f, and discrete micro-velocity e, where
o depends on the chosen lattice model. The Boltzmann equation
with BGK (Bhatnagar et al., 1954) single relaxation time model is

fo (t' + ot +8t)
= fo (.0) = LU (@ 0) — S 0)] 4 86Fs (8.0 1)

where 7 is the relaxation time; F, (r!, t) is a body force; f9(r!, t)
is the equilibrium distribution function at node position r! and
time t as

§q=a)o/0f{1+3(e(,-u)+g(eg-u)2—%(u~u)], (2)

where u is the fluid velocity. In this simulation, the D3Q15 lattice
model is applied and the discrete velocities are given by

(0,0,0), =0

e; =1 (+1,0,0), (0,+1,0), (0,0,+1), o =1 (3)
(£1,4+1, £1), o=2

and the weight coefficients are
2, o0=0

Wo = %7 o=1 (4)
5. 0=2

According to Guo et al. (2002),

_ 1 e, —Uu e -u .
F(,_<1—2t>w(,< Tt ea)-F, (5)

where F is the body force and its component in the ¢ direction is
Fy; ¢z = 1/3 where ¢ is the sound speed; the fluid density Py and
momentum density pfu are given by

pPf = Zf(r (6)

1
pru=Y" fre; + §8tF. (7)

The kinematic viscosity v is related to the relaxation time 7 and is
given by

V= %(r—%)ét (8)

2.2. Lattice-spring model

A flexible fiber is modeled by the lattice-spring method. In the
method, the fiber is discretized as individual particles, which are
connected by bonding harmonic elastic springs and angular elastic
springs to ensure that three body force is added into model so that
it can handle the bending deformation (Wu et al., 2014). Thus, the
spring energy U® acted on the ith particle is given by

1
Uis = jks Z(rij — l'Oij)z (9)
J

where ks is the spring coefficient; ry; is the equilibrium length
of the spring between two neighboring particles i and j; j are the
neighboring solid particle of the ith solid particle; r;; = r; —r;. The
angular energy U? is given by

1
uf = ika Z Z (B3 — Boiji)? (10)

Jokk#j

where k, is the angular bonding coefficient; j, k are the nearest
neighboring solid particles of ith solid particle; 65 is the angle
between the bonding vectors r;; and the bonding vector ry; 0
is the corresponding equilibrium angle. The elastic force F{ on the
ith solid particle can be computed from the gradient of the total
energy.

F = —V(US +U% (11)

The elastic modulus of the solid body can be related to the spring
and angular coefficients. The relationship between elastic modulus
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E and shear modulus depends on lattice structure. For a cubic lat-
tice structure without diagonal bonds, we have

_k

E =
To

(12)
where rq is the distance between particles i and j (Wu et al., 2014)
if the solid material is isotropic.

For a single bonded fiber model, it can be considered as a flexi-
ble beam. Thus, the rigidity EI can be related to the bonding angle
0jjx through Euler-Bernoulli equation,

1 0;i1c — Ooii
M= _EI~ =—E1( ijk Ol]k)

R To (13)

where M is the torque in the direction of ii X 'r"—;‘ rij=Ir;—r1j|; R
ij ik

is a radius of the arch composed of r;; and ry. The minus sign de-

notes the torque direction against the deformation angle increase.

From Eq. (13), we have

El = kor3. (14)

The rigidity can be normalized by

El* = E; (15)
pfVgHL

where Vj is a reference velocity, the driving lip velocity for a shear
flow or the maximum velocity for sedimenting flow; H is the vol-
ume of the solid fiber.

2.3. Interaction between solid and fluid

In order to force the fluid velocity equal to the solid boundary
velocity at the fluid-solid interface, a direct forcing-force F should
be added to the unforced fluid velocity u*(r?, t) at the solid bound-
ary position r’ and make their momentum summation equal to the
solid boundary velocity ub (rb, t) according to the Newtonian sec-
ond law. This is

pru(r’, t) = pyut(r®,t) + 8tF = p,UP (10, 1) (16)

where u(r?, t) is the forced fluid velocity at r’. The unforced ve-
locity is calculated by

pru’ =Zfae<r- (17)

Therefore, the direct forcing force on fluid can be calculated by
pr(UP (. 1) —u (. 1))
ot ’

The force acting on the solid boundary node by fluid is —F(r?, t).
The unforced fluid velocity u* at the position of the solid boundary
node r? is presented by

F(r’,t) = (18)

w (b, t) =/ w (r!, )D(r! — rP)dr! (19)
n

where 1! is a variable.

Since the fluid node position may not be coincided with the
solid particle position, the fluid velocity on the boundary solid
node can be approximately extrapolated from the fluid velocity
of the surrounding solid boundary node by using a discrete Dirac
Delta function (Peskin, 2002)

[r] < 2h

D(r) = {641}13(1 +cos ZX) (1 + cos ¥) (1 + cos ZZ

otherwise
(20)

where the h is the one lattice unit length. The fluid nodes are
within a spherical volume IT of a radius of 2h, centered at a given
solid node rb.

It is noted that the fluid forcing force needs to be calculated by
using Eq. (18). Its physical meaning is that based on momentum
conservation, the forcing force is added to unforced fluid particle
and ensure its velocity equal to the solid particle velocity. Only af-
ter the forcing force is obtained from Eq. (18), fluid velocity can
be calculated by using Eq. (7), which cannot be used to define
the forcing force as (Delouei et al., 2014; Kang and Hassan, 2011)
did incorrectly. The factor 1/2 in the second term of the right side
of Eq. (7) is used to eliminate the extra terms which do not ex-
ist in the Navier-Stokes equations. The correct procedure should
follow three steps. The first step is to define the forcing force us-
ing Eq. (18). The second step is to calculate the fluid velocity by
using the obtained forcing force and Eq. (7). The third step is to
add the forcing term components §tF, into fluid following Eq. (1).
The three steps complete a forcing-force addition procedure. For
the third step, the discrete Dirac delta function is utilized again to
distribute the reaction force to the surrounding fluid nodes

F(r'.t) = / F(. D@ — ) dr? (21)
I

where F(r', t) is the distributed force and I is a spherical volume
of a radius of 2h, located at r'.

In addition, to avoid two fiber overlap during simulations, the
repulsive portion of the Lennard-Jones potential is employed be-
tween the solid particles in different fibers.

12
b
UL] =€ <) (22)
Ijj

¥ is a force interaction diameter and € is the parameter of the in-
tensity of the repulsion. The total force on a discretized solid par-
ticle i is

F = —F(r") + F + Fy,. (23)

where Fy; is the force on the ith particle due to the repulsive
Lennard-Jones potential.

It is critical to select correct values of the parameters ¥ and
€ to assure the approximation of momentum conservation during
collision. A simulation is conducted for a head-to-head collision
between two spheres of the diameter D = 5. The first sphere with
a velocity of Vy = 0.005 collides with the second sphere at rest.
In the simulation, ¥ =2 and € = 8.06 x 10~6 are optimally chosen
and the potential cut off is the same as ¥ = 2. After the collision,
the first sphere becomes stationary and the second sphere obtains
an equal velocity, as shown in Fig. 1, indicating that the selected
values of the two parameters ensure the momentum exchange be-
tween the two spheres. The same values of ¥ and the € are taken
for the simulations of drainage rates in this work. The simulations
are stable and no any particle overlapped case is detected.

Next, the leap frog algorithm is taken to update the position
and velocity of each solid particle at each time step by using New-
tonian mechanism. The details about the leap frog algorithm is re-
ferred to Chapter 3 of the book by Allen and Tildesley (1987).

In summary, the procedure for implementation of simulation
follows

1. compute the unforced velocity u*(r!, t) by using Eq. (17), calcu-
late the unforced velocity u*(r?, t) using Eq. (19), then calculate
the direct forcing force by Eq. (18);

2. compute velocity by using Eq. (7), distribute the forcing force to
fluid using Dirac delta function again, then calculate the force
components by using Eq. (5);

3. follow Eq. (1) for collision, add forcing component and stream-
ing;

4, use the total force of Eq. (23) to update the solid particle posi-
tion and velocity by using a half leap frog algorithm;

5. iterate;
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Fig. 1. The velocity exchange during the collision between two spheres of D =5 as
a function of time is shown. The simulation box size is 32 x 45 x 32 and ¥ =2 and
€ =8.06 x 1076 are selected. The L] repulsive force is turned on between time t;
and t,. The velocity V is normalized by the initial velocity V.

3. Validation
3.1. Comparison with Forgacs and Mason’s experiments

For motion of a flexible fiber in a laminar shear fluid,
Forgacs and Mason (1959a,b) conducted a series of experiments,
they observed a “springy” orbit due to a shear-induced buckling
force when the rigidity was smaller or flexibility was larger than
a critical value. Forgacs and Mason found that as the flexibility
increased, a “snake” rotation appeared. That is, one end of fiber
bent and other end straightened during rotation. When the fiber
was highly symmetrical, the ends of the fiber bent simultaneously
in opposite directs so that the fiber formed a “S” shape, and then
straightened along the fluid streaming direction. Both “C” and “S”
shapes were found and confirmed in other authors’ simulation re-
sults (Joung et al., 2001; Lindstrém and Uesaka, 2008; Stockie and
Green, 1998). As the flexibility continuously increased, a coiled
orbit without entanglement occurred. When flexibility reached a
high level, a coiled orbit with entanglement arose. In their experi-
ments, the flexibility might be increased by increasing either fiber
length or shear rate.

According to Burgers’ theory (Burgers, 1938), the compressive
force Fy, induced by the shear flow, drives fiber buckling while
the rigidity EI resists the deformation. Forgacs and Mason (1959a)

z z

b k.

-

C 7~

pointed out that the maximum compressive force on the rod cross

.. Avp L2
m -0 — -
section is FJ' o ) 175 where Ly = 0.5L. Therefore, we can de

fine a non-dimensional ratio of buckling force-to-rigidity as
‘— El'L, _ Apel3/(In(2re) — 1.75) (24)
El/Ly El/Ly

where the numerator is proportional to the maximum of the buck-
ling force, on the cross section at the middle of the axis, which
drives fiber buckling while the dominator is the rigidity which re-
sists the deformation. Thus, as the force-to-rigidity number « in-
creases, the flexibility and deformation increase.

We conduct several simulations at different force-to-rigidity
numbers with an increase in flexibility by increasing shear rate,
fiber length and reducing fiber rigidity. The purpose is to recover
a variety of rotation orbits discovered by Forgacs and Mason who
used a filament with a very large aspect ratio as high as r, = 833.
Due to computation power limitation, we focus on the comparison
with their found phenomena by using much smaller aspect ratio
fibers in our simulations.

An undisturbed shear fluid velocity field is imposed by u = z\eyx
in simulations and the coordinate origin is at the center of the sim-
ulation box where ey is the unit vector of the X-axis. The simula-
tion results of fiber rotation under the shear flow are shown in
Fig. 2 for a springy orbit where the fiber size of (1, 1, 50), simula-
tion box size of (255, 63, 127), and x = 25.05 are used.

At a large flexibility, the simulation results are shown in Fig. 3
for snake orbits. The top row is for a “C” shape and the bottom row
is for a “S” shape orbit where x = 322.54 is used. The “C” shape is
obtained when the mass center of a fiber is initially placed above
the center line of the simulation box and the fiber has an angle
with the center line while the “S” shape is obtained when the ini-
tial fiber position is symmetrically located at the center. When the
flexibility further increases, a coiled orbit appears. The results of
the coiled orbits are shown in Fig. 4 without entanglement where
k = 8321.57 is used. For this case, a helix rotation is observed in
the projection on the XY-plane as shown in Fig. 5 from our 3D
simulations, which is shown in Fig. 6. The fiber helically rotates
about the shear vorticity axis in the Y-direction without straight-
ening. As the flexibility continuously increases to a very large level,
a coiled orbit with entanglement is obtained in the simulation re-
sults as shown in Fig. 7 where fiber size of (1, 1, 200), simulation
box size of (511, 63, 127), and k = 445, 545.11 are utilized. A three-
dimensional view is shown in Fig. 8. All experimental orbits found
by Forgacs and Mason are recovered in the present simulations.

3.2. Comparison with the theory of Wiggins Riveline and Goldstein

To further quantitatively valid the present method, the flap-
ping motion of a flexible filament is simulated in fluids by using
the present method. The simulation results of the wave pattern of
the filament are compared with an existing theoretical results by
Wiggins et al. (1998). Two elastic filaments with sizes of 2 x 2 x 20
and 2 x 2 x 40 are constructed and used, respectively. Their aspect

z z z

b, b, b

Fig. 2. A springy orbit at different time instants at x = 25.05.
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Fig. 3. A snake orbit at different time instants at « = 332.54. The fiber size is (1, 1, 100) and simulation box size is (255, 63, 127). The top row is a “C” shape orbit and the

bottom row is a “S” shape orbit.

z z

b, L.

Fig. 4. A coiled rotation without entanglement at ¥ = 8321.57. The fiber size is (1, 1, 100) and simulation box size is (255, 63, 127).

iy <
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7 )}
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Fig. 5. Helix orbit projected on the XY-plane at different time instants at k = 8321.57 for the case of coiled rotation without entanglement.
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Fig. 6. Three dimensional view for helix orbits at different time instants at k = 8321.57 for the case of coiled rotation without entanglement.

ratios of L/D are 10 and 20, where L is the filament length; D is the
diameter. The cross section is a square of 2 x 2. The simulation box
size is (Nx, Ny, N;) = (13D, 8.05L, 12L). A periodic condition is im-
posed in the X-, Y-, Z-directions. The density of the filament is the
same as the fluid density. The filament is located in the center of
the simulation box. A driven point is located at the left end of the
filament. The motion of the driven point follows a pre-described

harmonic function with a transverse amplitude
Z = Zysinwt (25)

where Z; is the amplitude; angular velocity w = 27 f. The filament
right end is allowed to move freely.

Based on the elastohydrodynamics, when the inertia
can be ignored, i.e. the Reynolds number is very small,
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Fig. 7. Coiled orbits with entanglement at different time instants at x = 445545.11.

Fig. 8. Three-dimensional views of the coiled orbits with entanglement at different time instants at x = 445, 545.11.

Wiggins et al. (1998) obtained a solution of wave pattern, which
is given by

‘1 ~ - & ~
Z= iZO[e’C” cos(Sn + wt) + e>" cos(Cn — wt)] (26)
where y is the horizontal distance from the driving point; € =

cos(%§); S= sin(§); n =y/lw. A characteristic length I, is defined
by

1
EI \*
ly=(— 27
o= (a5 (27)
where the drag coefficient ¢, = ln(‘lf)’jr T+ is derived from the slen-
5)*2

der body theory, u is the viscosity while the sperm number is de-
fined by

L
T (28)

lo

Sp

The simulation results of the wave patterns of the filament at dif-
ferent time instants are compared with the theoretical results of
Wiggins et al. (1998) in Fig. 9 for the cases of the fiber sizes of
2x2x20 and 2 x 2 x40 where the axes are normalized by the
length of the filament. The lines labeled as “theory” are plot-
ted from the analytic solution of Eq. (26). The simulation results
well agree with the theory, illustrating that the present developed
method is reliable.

4. Simulations and results
4.1. Forming of a fiber mat

In a forming section of a paper machine, a sedimentation pro-
cess and a screen or wire net are used to separate flexible solid
fibers from water due to their sizes larger than screen opening.
When the fibers settle down vertically by the gravity and are ran-
domly distributed on the surface of the screen, a fiber mat is being
build. In the initial stage of the sedimentation, fibers accelerates by
the gravity and their velocity increases until the velocity arrives at
a maximum. After passing the maximum, some of the fibers may
land on the screen, a fiber mat is gradually built on the surface
of the screen. The fiber velocity and flow rate or drainage rate de-
crease as the thickness of the fiber network increases due to the
large flow resistance caused by the fiber mat itself.

The sedimentation behavior of the fibers is mainly determined
by hydrodynamic force, and fiber elasticity and gravity. The fiber
motion and its deformation can be approximated by a beam mo-
tion equation and fluid follows Navier-Stokes equations. The two
equations can be non-dimensionalized if the length, velocity, time
and force are re-scaled by a fiber length L, reference velocity Vj,
time L/Vy, and uVyL, respectively, where w is the viscosity. The
non-dimensional Navier-Stokes equations for fluids can be written
by
v-u=0, (29)

Rsa<%lt'+wvtI>=—vp+v2u (30)

where Ry; = VpL/v is the particle Reynolds number, p is the pres-
sure, and the non-dimensional beam equation can be written by

L0tw psow? I’F (ps

W _ rs o -1
o4 + Pf otz DBRSd Pf )Fr (31)

where [ is the coordinate variable along the fiber length direc-
tion; w is the displacement, due to bending, perpendicular to the
fiber length and width directions; Fy is the non-dimensional hy-
drodynamic force distributed on the fiber per unit length; D is the
thickness of the fiber; B is its width; g is the gravity acceleration;
Fr= VOZ/(Lg) is Froude number, which is the ratio of the fluid in-
ertia to the gravity. It is seen that the first term of the left side of
Eq. (31) is related to fiber rigidity and the second term is a fiber in-
ertial term while the first term of the right side is associated with
the hydrodynamic force and the second term comes from gravity
or buoyancy force. The fiber deformation and motion can be deter-
mined by the rigidity EI*, the fiber and fluid inertia, hydrodynamic
force, and the gravity force. The gravity force drives fibers to set-
tle down vertically and the fibers may be deformed due to their
elasticity while the fiber rigidity and fluid forces may resist the
deformation.

A non-dimensional rigidity-to-gravity number § is defined by a
ratio of the rigidity EI* to the buoyancy force as

EI*
p= (ps/py— 1) /Fr’

A larger rigidity-to-gravity number may result in a smaller defor-
mation and vice verse. This number is useful for analysis of effects

EI

(32)
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Fig. 9. The simulation results of the wave patterns of the filament of 2 x 2 x 20 (top two rows) and 2 x 2 x 40 (the bottom 2 rows) at different time instants are compared
with the theory results. Re = 0.32, frequency f = 0.5 Hz, Sp=5.39, Zy = 0.05L, EI* =33.22 and v = 0.16 are used for the case of 2 x2 x 20 and Re = 0.79, frequency f =
0.25 Hz, Sp =8.58, Zy = 0.0625L, EI* =5.32 and v = 0.16 are used for the case of 2 x 2 x 40. The horizontal and vertical axis are normalized by the length of filament L.
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Fig. 10. The results of (a) settling displacement; (b) settling velocity; (c) drainage rate as a function of time are compared between the coarse and fine grids for the case of

Nj =32, EI" =

been scaled to be comparable with those from the coarse grids.

2.89 and Ry = 17.4. The fibers are initially arranged in a regular array. The results of the displacement, velocity and drainage rate from the fine grids have



416

Y. Tang et al./International Journal of Multiphase Flow 99 (2018) 408-422

0.001 0.001 )
0.00075 0.00075

0.0005 0.0005

0.00025 0.00025

0 0
-0.00025 -0.00025

-0.0005 -0.0005

-0.00075 -0.00075

-0.001 -0.001 8

X

0.001 0.001 )

0.00075 0.00075 e I
0.0005 0.0005 I “f"
0.00025 0.00025 "} '"l

0 0 Gl
-0.00025 -0.00025 AN
-0.0005 -0.0005

-0.00075 -0.00075

-0.001 0,001 g

X \ “’"vl(({ i
0.001 0.001 A WL
0.00075 0.00075 L f\\\
0.0005 0.0005 g il i ‘m{\ \
0.00025 0.00025 //; \‘“
0 0

-0.00025 -0.00025

-0.0005 -0.0005

-0.00075 -0.00075

-0.001 -0.001 A

A

X

0.001 0.001 )
0.00075 0.00075

0.0005 0.0005 !

0.00025 0.00025

0 0 -
-0.00025 -0.00025

-0.0005 -0.0005

-0.00075 -0.00075

-0.001 -0.001 8

Fig. 11. The forming process of a 3D fiber network over a wire net (the left column) is shown at time step t = 1000 (top row), 8000(the second row), 20,000 (third row), and
160,000 (bottom row); the projections of the fluid velocity V, contour of the center slice of X = 50 and fiber network are shown in the middle column; the corresponding
vorticity wy contour in the X-direction is shown in the right column. The streamlines are added in the this column. In the case EI* =0.182. (For interpretation of the
references to color in the text, the reader is referred to the web version of this article.)
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of the rigidity and gravity on the deformation. In the later stage
of the sedimentation, a fiber mat has being built over the top sur-
face of the fiber and the fiber mat structure may largely depend
on fiber rigidity, concentration, fiber distribution, and specific sur-
face area. More flexible fibers and a large fiber concentration may
be packed with less porosity and lead to a large flow resistance
and a smaller drainage rate. The water drainage rate will also be
affected by screen structures, its opening ratio, ratio of screen-to-
fluid velocity, etc. This complex dynamic process cannot be easily
expressed by an empirical formula, but can be evaluated by com-
puter simulations using the present model.

4.2. Simulation conditions

To simulate drainage rate of a fiber network, a wire net with
square openings is located at Z = 0.5N; as shown in Fig. 11 and can
move in the horizontal or Y-direction with a relative screen/wire
velocity Uy, to the average fluid velocity in the horizontal direc-
tion, which is equal to zero in the considered cases. If the screen
speed is equal to the average fluid speed in the horizontal direc-
tion, or screen-to-fluid speed ratio is zero, the relative screen ve-
locity Uy = 0. However, if the screen velocity is larger or smaller
than the average fluid velocity, the relative screen speed Uy, is non-
zero. We can vary fiber concentrations C, value of Uy, fiber rigid-
ity EI*, and screen opening ratio @ to study their influences on
drainage rates. The current computing coordinate is selected to go
with fluid flow. The gravity is set in the negative of the Z-direction.
The drainage rate Q; can be calculated by the average fluid velocity
V; in the gravity direction over all the wire openings multiplying
the opening area. For the fluids domain, periodic boundary con-
ditions are imposed in all directions. For solid fibers, the periodic
conditions are also imposed except in the Z-direction or gravity di-
rection.

In order to examine the resolution of grids, two levels of grids
are exercised. In the coarse grid, a fiber size of 2 x2 x 20 and a
simulation box of 100 x 100 x 200 are used; in the fine grids, a
fiber size of 3 x 3 x 30 and a simulation box size of 150 x 150 x 300
are employed. Thus, the unit length in the fine grids is 1.5 times
smaller than that in the coarse grids and the time step length is
2.25 times smaller than the coarse grids. The results of the set-
tling displacement and velocity as a function of time as well as the
drainage rate are compared between the coarse and fine grids for
the case of fiber number Ny =32 and Ry = 17.4 in Fig. 10, where
the maximum of the settling velocity of the mass center of all
fibers is used as a reference velocity, i.e. Vy =V, when the particle
Reynolds number Ry is calculated. The difference between two re-
sults is not significant, in particular, for the drainage rates. There-
fore, to lower the computational load, the fiber size of 2 x 2 x 20
and the simulation box size of 100 x 100 x 200 are selected. In the
simulations, one lattice unit length is 2.5 x 10~3 cm; one time step
interval is 1.25 x 107 s.

First, a random fiber network is built. Three random numbers
X, Y, Z are utilized to have the random positions of the mass cen-
ter of each fiber and additional two random numbers, ¢, defined
as the angle between the projection of the fiber axis on the XY-
plane with the X-direction, and 6, defined as the angle of the fiber
axis with the XY-plane, are employed to create in-plane angle and
Z-direction angle of fibers. ¢ ranges from 0° through 360° and 6
ranges from —15° through 15°. All the initial positions of fibers are
distributed above the screen. To ensure that there is no overlap be-
tween any of two fibers, the distance between each two solid par-
ticles is measured. If the distance is less than a value, say, 3 lattice
units, the fiber should be reconstructed. Up to 500 fibers are used
in the simulations.

Fig. 12. The contours of the vorticity wy on the center slice at X =50 are shown
for the same figure as the right column at ¢t = 8000 of Fig. 11 except in a magnified
three dimensional space. (For interpretation of the references to color in the text,
the reader is referred to the web version of this article.)

4.3. Fluid fields and fiber network

An example of fiber networks in the simulation coordinate is
shown in Fig. 11 where the results of a forming process of a
fiber network settling on the forming wire at four different time
steps are illustrated for the case of 500 fibers with a rigidity of
EI* = 0.182. In this case the fiber concentration in weight is about
2.4%, the screen-to-fluid velocity ratio Uy = 0, the wire opening ra-
tio & =0.71 and Ry; = 3.872.

There are down flows with blue color at t = 1000 although up
flows with yellow colors are observed. The fluid flows down and
goes through the wire screen. The blue color along the screen line
near Z = 100, as shown in the center column of Fig. 11, demon-
strate the fluid flowing through the screen holes. After passing
the screen opening, the down flows are reduced. At t = 8000 (see
the second row in Fig. 11), the down flows (blue color) domi-
nate the up flows and the velocity of the flows through the screen
holes increases, due to the gravitational force, is much larger than
that in the earlier stage of t = 1000 and becomes maximum. At
t =20, 000, the velocity of the down flow is reduced due to the re-
sistant of the screen when the fibers approach the screen surface.
At t =160, 000, all the fibers migrate close to the top surface of
the screen, a fiber mat has been built up over the screen, increases
the resistant, and slows down the fluid flowing, the drainage rate
is greatly reduced. The corresponding vorticity contours in the X-
direction are shown in the right column. In the initial stage at
t = 1000, a lot of small vortexes are formed over all the space. At
t = 8000, vortices increase and become larger as the settling ve-
locity increases. There are lined vorticity along the screen surface,
each vorticity has alternative directions [blue color (negative sign)
after red color (positive sign)] due to two back flows in the wall
area of a hole, where the geometrical shape is sharply changed,
causes flow separation from the hole wall and results in a vortic-
ity pair, each having opposite sign as shown in Fig. 12. There are
seven vorticity pairs in total for the seven holes (see the right col-
umn of Fig. 11). The intensity and the size of these vorticity in-
crease at t = 8000 when the drainage rate arrives at a maximum.
After passing the maximum point, the intensity of vorticity is re-
duced at t =20, 000. After a fiber mat is formed at t = 160, 000,
the vorticity is very small due to the settled fibers and their re-
duced velocity.

When the fiber falls down vertically and has a large settling
velocity, it pushes the fluid in the front side, which generates a
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Fig. 13. Comparison of the settling position of the mass center of all fibers as a
function of time among the cases of Ny =50, 250, and 500. The wire net opening
ratio & = 0.58. The time is normalized by t, = L/Vj.
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Fig. 14. Comparison of the settling velocity of the mass center of all fibers as a
function of time among the cases of Ny =50, 250 and 500. The wire net opening
ratio & = 0.58.

higher pressure in the front side and a lower pressure in the back.
The fluid tries to flow from the high pressure area (the front of
the fiber) to the low pressure area (the back of the fiber). The
fluid in the center part of the fiber does not easily pass the solid
fiber and flow to the back area. However, the fluid in the areas
of the two ends of fiber does easily flow to the back through the
fiber tip areas and creates a back flow in a circular manner due to
fluid separation, so called tip vortex. There are two vortices around
the ends of the fiber and the vortices rotate in the opposite direc-
tion. This basic mechanism induces vortices. The right columns of
Fig. 11 show that there are a large number of vortices at t = 8000
when the fiber settling velocities are large and the vortices are
almost disappeared at t = 160,000 when the fibers approach the
stationary screen and the settling velocities are largely reduced.
Obviously, the vortices are associated with large settling velocities
or momentum.

Other observation is that most fibers are obviously curved and
have concave upward shapes during settling due to their flexibility

4
t/to

Fig. 15. Comparison of the drainage rate of the fiber network as a function of time
among the cases of fiber number Ny = 50, 250 and 500. The wire net opening ratio
$ =0.58.
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Fig. 16. Comparison of the position of the mass center of all fibers as a function of
time among the different densities of fibers. In these cases, EI* = 13.37, Ny =250
and ® = 0.54.

(see Fig. 11 the second and third rows at t = 8000 and 20,000).
For this case, the rigidity-to-gravity number 8 = 0.0018 is much
smaller than 1, indicating that the gravity driving force dominates
the rigidity and causes a large deformation.

In addition, the long bodies of most fibers are mainly oriented
horizontally, similar to rigid fiber cases (Huang et al., 1994). The
pressure torques of fluid always turn the broadside of the fibers
in the horizontal direction. This is due to fluid inertial effects. The
fiber in a Stokes fluid does not have this property.

4.4. Effects of fiber concentrations

To find how the fiber concentration affects the drainage rate,
the number of fibers is varied at level of Ny =50, 250 and 500
while keeping other simulation conditions same. These numbers of
fibers correspond to fiber weight concentrations of 0.24%, 1.2% and
2.4% respectively. The simulation results are shown in Fig. 13 for
the position in the Z-direction of the mass center of all fibers
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Fig. 17. Comparison of the settling velocity of the mass center of the fiber network
as a function of time among the different densities of fibers. In these case, EI* =
13.37, Ny =250 and & =0.54.

Fig. 18. Comparison of the drainage rate of the fiber network as a function of time
among the different densities of fibers. In these case, EI* = 13.37, Ny = 250 and ® =
0.54.

as a function of time, in Fig. 14 for the settling velocity of the
mass center of the fiber network, and in Fig. 15 for the drainage
rate. Fig. 13 shows that the curve of the Z-position of fiber net-
work reduces monotonically with different slopes or settling ve-
locities. Theses curves finally become flat at different levels in the
Z-direction, demonstrating that a thicker fiber mat is formed for a
larger number of fibers.

Fig. 14 shows that the velocity of the fiber network in the
gravity or Z-direction increases non-linearly, arrives at a maxi-
mum around time step t/tg = 0.5 for the case of the fiber num-
ber Ny = 500, then reduces to zero until the fiber mat setting on
the screen. As the number of the fibers increases, the settling ve-
locity increases faster and the value of the maximum increases.
Also, the peak of the maximum delays as the number of fiber re-
duces. It seems that the higher the fiber concentration, the larger
the settling velocity and the faster the fiber mat forms. The non-
linear curves with a peak in the settling velocity reflect the fibers

Fig. 19. Comparison of the settling position of the mass center of fiber network as
a function of time among the different screen-to-fluid velocity ratios at the same
screen opening ratio ¢ = 0.71 and EI* = 0.18.
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Fig. 20. Comparison of the settling velocity of the mass center of fiber network as
a function of time among the different screen-to-fluid velocity ratio at the same
screen as in Fig. 19. The right is a magnified figure of the circle area.

inertial effect. Since a larger number of fibers have a larger mass
in total, they may settle faster due to its inertial effect. Simi-
larly, Fig. 15 shows that the drainage rate is a nonlinear curve
with respect to time. The drainage rate increases to a maximum,
then reduces. The maximum is significantly larger for the case of
N =500 than other cases, suggesting that the inertia of fiber net-
work has a major contribution to the drainage rates of the fiber
network. Again, the peak of the curve of Q; is delayed as the num-
ber of fibers reduces.

4.5. Effects of fiber density

To further verify the fiber inertial effect and provide a firm evi-
dence, the ratios of the fiber to fluid density are varied at three dif-
ferent levels of p = % = 1.2, 1.25, and 1.3. while other conditions

are kept the same. The results of the mass center of all the fibers,
settling velocity, and drainage rate as a function of time are plot-
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Fig. 21. Comparison of the drainage rate of the fiber network as a function of time
among the different screen-to-fluid velocity ratios at the same screen as in Fig. 19.

ted in Figs. 16, 17 and 18, respectively. These figures clearly show
that the settling velocity significantly increases as the fiber density
increases. Thus, due to non-slip boundary condition, the boundary
layer fluids in the immediate vicinity of the fiber surface will move
along with the fibers and arrive at the top of the screen faster, re-
sulting in a larger drainage rate. It is clear that the drainage rate
increases as the fiber inertia increases.

4.6. Effects of relative screen-to-fluid velocity ratio

To study the effect of relative screen-to-fluid velocity ratio,
Uy = 0.0, 0.01, and 0.02 are, respectively, imposed on the screen
in the Y-direction, and computer simulations are conducted in the
same conditions at the number of fiber Ny = 500; the screen open-
ing ratio ® = 0.71, fiber density p = 1.2, and the fiber rigidity of
EI* = 1.81. Fig. 20 shows that the settling velocity is the largest for
Uy = 0.0 and the smallest for Uy, = 0.02 although the difference
is not as large as the one in the case of the different number of
fibers. The drainage rate is also the largest for U, = 0.0 as shown
in Fig. 21. It seems that the smaller screen-to-fluid velocity ratio
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has a better drainage rate although the thickness of the fiber net-
work is not too different (see Fig. 19). In other words, a relative
speed of screen-to-fluid is not favorable for drainage rate. A larger
shear force, caused by moving screen in the horizontal direction,
around the area of the screen may alter the direction of the fluid
flowing down and reduces the drainage rate. The results coincide
with paper mill manufacture experience (Niskanen, 2008).

4.7. Effects of fiber flexibility

The simulations are carried out in the same conditions with
p = 1.3 except that the rigidity EI* is varied at four different lev-
els. The results of settling position, velocity, and drainage rates of
the fiber network as a function of time are plotted in Figs. 22, 23
and 24, respectively. Fig. 23 shows that the fibers with the lowest
rigidity settle fastest but has the lowest drainage rate as shown in
Fig. 24. The differences are small but distinguishable. We demon-
strate that more flexible fibers fall down faster. Since the shape of
the fiber body is an important factor for drag force, a more stream-
lined fiber body shape can reduce drag. When the fiber shape is
relaxed due to its flexibility, the flow pattern is changed. When
more fluids are directed along the streamlines, the pressure differ-
ence between the front and back area of the fiber is reduced, in
particular, in the tip region and a drag reduction is induced. Thus,
the fibers falling faster may bring more surface boundary water to
the screen area and be favorable for drainage. On other hand, more
flexible fibers may form a more compacted or flat fiber mat with
smaller number of pores and smaller pore size, over the screen,
due to conformability and flexibility. The compacted fiber network
resists the fluid flowing and reduces the drainage rate. The large
resistant effect of the compacted fiber network dominates the sur-
face boundary water falling with the fiber. Therefore, the flexibility
has a negative effect on drainage rate. The more compact fiber mat
is reflected in Fig. 22, where the mass center of the fiber network
with the lowest rigidity has the smallest Z value in the final stage,
indicating the thickness of the fiber mat is smallest.

The rigidity-to-gravity numbers are calculated and the results
are 8 =0.37, 0.074, 0.015, and 0.0029 for the four different levels
of the rigidity EI* = 36.76, 7.38, 1.46 and 0.29. It is reasonable that
the smallest rigidity-to-gravity number case has the largest defor-
mation during sedimenting process, the most compacted fiber mat
with the smallest pores at the final stage, and the worst drainage
rate.

El'=36.76
/AN El=7.38
e P L — El'=1.46
El=0.29

/

105 -

P —
10.5 "

L
t/t0

Fig. 22. Comparison of the settling position of the mass center of fiber network as a function of time among the different fiber rigidities at the same screen opening ratio

® =0.71 and Ny = 500.
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Fig. 23. Comparison of the settling velocity of the mass center of fiber network as a function of time among the different fiber rigidities at the same screen as in Fig. 22.

The right is a magnified figure of the circle area.
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Fig. 24. Comparison of the drainage rate of the fiber network as a function of time among the different fiber rigidities over the same screen as in Fig. 22. The right is a

magnified figure of the circle area.

The findings concur  with  the current  knowl-
edge (Niskanen, 2008). We make a remark here that in all
the simulations, the fiber surface areas are kept in the same and
the flexibility is altered by varying the fiber bending rigidity only.
It is pointed out that for a given mass, smaller fibers may have
larger surface areas, receive larger drag force, and settle slower,
as compared with larger fibers. Such the surface area effect is not
included in the present work.

5. Conclusion

We demonstrated that a suspension with large numbers of flex-
ible fibers can be accurately simulated by using lattice-Boltzmann
and lattice-spring method. The direct forcing-force can be sim-
ply calculated through the Newtonian second law and imposed
through immersed boundary scheme. The present method is val-
idated and applied to simulate a large numbers of fibers setting on
a moving screen/wire. It is revealed that drainage rate is a non-
linear function of time. The drainage rate rapidly increases to a
maximum, then reduces to a low level after fiber mat is formed.
As number of fibers increases, the drainage rate increases due to
faster settling velocity of fibers, which may bring surface fluid

flowing down. It is found that a large screen-to-fluid velocity ra-
tio may have a negative effect on the drainage rate. The flexibility
may also have a negative effect on drainage rate since more flex-
ible fibers may form a more compact or flat fiber mat with less
pores which resists fluid flowing, although they may settle faster.
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