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The finite-thickness effect of two superimposed fluids on harmonics in the Richtmyer-Meshkov
instability (RMI) for arbitrary Atwood numbers is investigated by using weakly nonlinear analysis
up to the third order. When the thickness of the two fluids tends to be infinity, our results can repro-
duce the classical results where RMI happens at the interface separating two semi-infinity-thickness
fluids of different densities. It is found that the thickness has a large influence on the amplitudes of
the first three harmonics compared with those in classical RMI. On the one hand, the thickness
effect encourages or reduces the amplitudes of the first three harmonics, and on the other hand, it
changes the phases of the second and the third harmonics. Published by AIP Publishing.

https://doi.org/10.1063/1.5053766

I. INTRODUCTION

The Richtmyer-Meshkov instability (RMI) usually happens
at a corrugated interface separating two fluids of different densi-
ties for two cases. When an incident shock has collided with a
corrugated interface, or when the interface is with nonuniform
vorticities, either initially deposited or supplied by external sour-
ces,l’2 the interface will be unstable and is named as RMI>*
RMI plays a key role in numerous fields, such as stellar evolu-
tion® and transient events in Earth’s magnetosphere,® and astro-
physical problems’ to applications including inertial confinement
fusion (ICF).® Therefore, it is essential to understand and esti-
mate the development of the RMI because of its significance in
both fundamental research and engineering applications. The
classical RMI is considered to happen at the interface separating
two fluids with semi-infinity thickness. However, the RMI gener-
ally appears when the two fluids are with finite-thickness.’

In classical RMI, when an incident shock travels from a
light fluid to a heavy fluid, the incident shock will bifurcate: a
reflected wave going back to the light fluid and a refracted
wave entering the heavy fluid. At this situation, both the
reflected and refracted waves are shocks. After these two
shocks leave the interface, the fluids near the interface are
regarded as being incompressible, and the potential flow theory
can be applied to solve this instability problem at the weakly
nonlinear stage. The perturbed interface with an initial small
amplitude grows from the linear stage to the weakly nonlinear
stage, even to strong nonlinear one, i.e., turbulent mixing pro-
cess. For the linear and weakly nonlinear stages, harmonics
play a key role in the evolution of bubbles and spikes which
are fingers of the interface. The bubble (spike) refers to the
portion of the light (heavy) fluid entering the heavy (light)
fluid. For the interface with a single-mode cosine perturbation,
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the amplitude of the bubble is equal to that of the spike at the
linear stage, while the former is less than the latter at the
weakly nonlinear stage. This difference between the evolution
amplitudes of the bubble and the spike should attribute to the
generation of the high harmonics (the second harmonic, the
third harmonic, and so on) and the feedback from the high
orders (the third order, the fifth order, and so on).

Within the third-order framework, the weakly nonlinear
solution for the initial cosine single-mode perturbation is
given as

m ()

—_—~
n(x, 1) = [y () + 13,1 (1)] cos(kx) + n,(7) cos(2kx)
+ 15(¢) cos(3kx), (D

with the amplitudes of the first three harmonics being

114 (t) = tog + &, (2a)
1
1 (1) = —EAktzvg, (2b)
1
(1) = 8 [(44% — 1)1 — 3¢] 1, (20)

N3 () = — 2—14 [(4A% + Drvg + 3e]22,  (2d)
where 11 =#11 + 131 (12 and 53) is the amplitude of the fun-
damental mode (the second and the third harmonics), k =27/
A, 4, &, and vy are the wave number, wavelength, amplitude,
and velocity of the initial perturbation at the interface,
respectively, Atwood number, A = (p;, — p;)/(p, + p;) with
on (p;) being the density of the heavy (light) fluid, and ¢ is
the time. It should be noted that up to the third order, just the
fundamental mode is corrected by the third order, but the
second and the third harmonics are not. Here, the third-order

Published by AIP Publishing.
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feedback to the fundamental mode is always negative (i.e.,
N31 = —[(4A% + 1)tvo + 3elk*v3 /24 < 0), reducing the lin-
ear growth 11,1 = tvg + & of the fundamental mode, and the
amplitude of the second harmonics is also always negative
[i.e., —Aktzv% /2 < 0] for arbitrary Atwood numbers. It is the
negative amplitude of the second harmonics that makes the
amplitude of the bubble be generally less than that of the
spike at the weakly nonlinear stage in planar RMI.

A large number of studies on RMI have been performed,
such as some experiments'®'? and numerical simulations'*®
on the growth rate of the RMI interface and several theo-
ries'®® using different explicit methods. Most of these theoret-
ical literature studies are just concerned with the linear growth
rate of the interface at the earlier stage and with the asymptotic
behavior of the RMI interface fingers: bubbles and spikes.

Differing from the classical RMI, the thickness of the flu-
ids on both sides of the interface is finite. Ref. 29 presented a
linear analytic theory of RMI induced by a shock as an impul-
sive acceleration in an arbitrary number N of stratified fluids. In
this paper, we investigate the finite-thickness effect of the fluids
on the first three harmonics for the weakly nonlinear stage.

Il. THEORETICAL FRAMEWORK AND EXPLICIT
RESULTS UP TO THE THIRD ORDER

In the Cartesian coordinate system (x, y, z), the heavy fluid
with finite-thickness d5 is overlapped on the light fluid with
finite-thickness d;, and there exist three interfaces. Set the mid-
dle interface I5(x, #) between them to be at y = 0 planar, and the
upper interface /5(x, 7) of the heavy fluid and the lower one /,(x,
t) of the light fluid are located at y=d; and y= —d,; planar,
respectively. For some reasons, these three interfaces are not
always planar but with perturbations. To better seek the finite-
thickness effect, the initial interfaces are given to be

y =1I,(x,t =0) = sgn(n — 2)d, + ¢, cos(kx), 3)

where n=1, 2, and 3, the sgn(x) is the sign function giving —1,
0, or 1 depending on whether x is negative, zero, or positive,
and ¢, &, and &5 are perturbation amplitudes of these three
interfaces, respectively. Here, the amplitudes of the perturbation
are far less than their wavelength, namely, max(e;, &, &3) < 4,

y

vacuum )
dy——0ou I interface (y=d)

heavy fluid p,,

— — X

L, interface (y=0)

light fluid p,

-d b—0 I interface (y=-d))

l—wavelength A —=|
vacuum

FIG. 1. Schematic figure for the physical situation (of finite thickness fluids
between the interfaces).
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and the regions y > d3 and y < —d; are vacuum. The schematic
figure for the physical situation is shown in Fig. 1.

After a shock traveling from the light fluid to the heavy
one, the initial velocity distribution of these three interfaces
is attempted to be

ol (x, 1)

o | = v, cos(kx). 4)

Because of the perturbations of the amplitudes and
velocities mentioned above, these three interfaces /I, (x,1),
I(x,1), and I5(x, f) evolving with time should satisfy the
conditions of the kinematic and pressure boundaries.

For the lower (upper) interface, it is a free boundary: the
normal velocities of the interface and light (heavy) fluid
should be continuous, while at the middle interface, in the
normal direction of this interface, the velocities of the light
and heavy fluids should be continuous. Therefore, the condi-
tions of the kinematic boundary are

ol, 01,09, 0¢;

+ S0 at

o Ox ox Oy y=Ihx1, 5

where j =1 and j=h correspond to n =1 and 2 and n =2 and
3, respectively, and the ¢; and ¢, are the velocity potentials
of the light fluid and heave fluid, respectively. After a shock
travels from the light fluid to the heavy one, the fluids can be
viewed as to be incompressible. Hence, ¢; and ¢, should
obey the Laplace equation

>’¢; ¢,
ox2  Oy?

=0 in two fluids (j =/, h). (6)

According to the Bernoulli equation, the pressure of the
light or heavy fluid without gravitational acceleration is

ot

where fi(f) is an arbitrary function of time. At these three
interfaces, the pressure should be continuous. Therefore, the
conditions of the equilibrium pressure are written as

pj= P( ¢’+ SV V¢/> +1i(0), )

—Pi (a¢l +-V¢,- v¢1> T/ =0 at y=IL(x1),

ot
(8a)
(21900 ) 450 =0 a0 =1,
(8b)
o(%s 290 v6,) (%4 Lvan-va )
+h(1)=0 at y=>hx1). (8¢)

Under the framework of the third-order weakly nonlin-
ear theory, the interfaces and velocity potentials at time ¢
normalized by wave number & can be expressed as

3
L(x,1) = d'Pj(t) cos(jkx) + 6°P31 (1) cos(kx)

J=1

+ sgn(n — 2)9,, (9a)
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3
dy(x,1) = Z o cos (jkx) [a;;(£)e™ + cj;(t)e ]
=1

+ o3 cos (kx) [a3_,1 (t)eky + C3_’1(Z)€7ky], (9b)

3
1) =Y o cos (jko) [y (1) + g(1)e 7]
=
+ o> cos (kx) [b3_’1 ([)eky +q31 ([)e*kY] , (9¢)

where P denotes L, M, or U corresponding to n=1, 2, or 3,
respectively [e.g., when n=1, Eq. (9a) becomes /(x, 1)
= ;:1 o/L; (1) cos(jkx) + ({3L371 () cos(kx) — 01, and when
n=2, Eq. (9a) becomes I,(x,t) = 25:1 a'M; (1) cos (jkx)
+03M;31(f) cos (kx)], the normalized parameter o
= min(ke;, key, ke3) < 1, and the normalized finite thick-
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Substitute Egs. (9a)—(9¢) into Egs. (5) and (8a)—(8c),
and then, replace y in these seven resulting equations with
the corresponding interface [, expressed above. The final
equations containing x and ¢ are obtained.

To further obtain the mth-order (m >0) equations just
including the terms of ¢, we need to expand the left hand
sides of these seven final equations in the Maclaurin series
of o. Here, the zeroth-order equations, considering the effect
of arbitrary function f,(f), can be satisfied automatically.
Therefore, the first-, second-, and third-order equations
together with the initial conditions (3) and (4) can be solved
successively. These explicit results are tediously long, espe-
cially for the third order. For simplicity, we just give the results
for the special case where & =&; =0 [there are no perturba-
tions at the free boundaries y =1,(x, t =0) and y = I53(x, t =0)]

1
nesses of the two fluids 6;=kd; (j =1, 3). It should be noted M, (1) = p (tvo + &2), (10a)
that the velocity potentials ¢; and ¢, have satisfied the
Laplace equation (6), and the functions of the interfaces My (f) = — (B2 + 1)A + B, X kﬁvé, (10b)
have the relations 1,,(x, ) = kl,,(x,t) (n=1, 2, and 3). ' 2(B4A+ B3+ 1)o
|
Co+ 1)[(F3 +4)A> — FA + Fy — 1]tvg — 3(F6A* + FsA + F4 + 1
M3‘3(t):( o+ D[(Fs+4) 2A+Fy — 1]tvg — 3(FA? + FsA + Fy + )Szkztzvg, (100)
' 8(F9A2+F3A+F7+1)63
Co+ 1)[(C3+4)A? + CoA+Cy + 1|t 3(CeA? + CsA+ Cy + 1
My () = — Cot )[(C3 +4)A% + C2A + C1 + 1]ty + 3(CeA” + CsA + C4 + )ezkztzl%’ (10d)

where the finite-thickness factors B; — By, Co — Co, and F;
— Fy just related to J; and 03, due to their tedious expres-
sions, are shown in the Appendix. It is found that the effect
of the finite-thickness fluids does not have an influence on
the linear amplitude oM, ;(¢) of the fundamental mode, but
on the second harmonics 02M2,2(t), the third harmonics
03M3,3(t) and the correction to the fundamental mode
03M3,1(z‘) from the third order. In a word, the finite-thickness
of the fluids is closely related to the first three harmonics,
among which the fundamental mode includes its linear
amplitude and correctional one. It is obvious that, up to the
third order, just the fundamental mode is corrected by the
third order, but the second and third harmonics are not. As a
result, one can obtain the amplitudes of the first three har-
monics with the finite-thickness effect as

24(CyA2 + CgA + C7 + 1)a3

L(x,t) = 11 (¢) cos(kx) + 15 (r) cos(2kx) + n}(1) cos(3kx).
(12)

It should be noted that when the thicknesses 6, — oo and 05
— o0, the factors By — By, Cy — Co, and F{ — Fo will tend
to be zero, and the middle interface will reproduce the classi-
cal evolutional interface (1) separating two semi-infinite-
thickness fluids.

lll. THE FINITE-THICKNESS EFFECT ON HARMONICS

For the sake of better investigation on the finite-thickness
influence, one needs to normalize the expression of the middle
interface by using the parameters £, &,, and v,. Letting both sides
of the expression (12) multiplied by & and denoting X = kx,
T=ktvo, & = ke, 11; = kn; (j=1, 2, 3), and I, = ki, one can

t _ 3
n, (1) = oMy (1) + "Mz, (1), (118) " obtain the normalized expression of the middle interface
5(t) = oMo, (t 11b R
() = o Ma2(0), (11b) L(X,T) = i1, (T) cos X + ity (T) cos 2X + it (T) cos 3X,
(1) = a* M3 5(1), (11c) (13)
and the middle interface is written as where the amplitudes of the first three harmonics are
|
) o (Co+1)[(C3+4)A? + C2A+ Cy + 1|T 4 3(CA? + CsA + C4 + 1)
(1) = (7 i) Qo DUC DA Co s O LT 4 3(CoA? + O 1 Cat ey (142)

24(C9A2 -|— CgA + C7 + 1)



122103-4 Liu etal.

flz(T) -

(B, +1)A + B, 7
2(BBA+B3+1)

(Co+ 1)[(F3 +4)A2 — F2A + Fy — 1|T — 3(FA? + FsA + F4 + 1)2 -

Phys. Plasmas 25, 122103 (2018)

(14b)

’73(T) =

One finds that the evolutional interface is influenced by
the factors of not only Atwood number A and the initial
amplitude of the interface perturbations & but also the finite-
thicknesses d; and 05. Of course, these factors can also influ-
ence the amplitude evolution of the bubbles at X =2jm and
spikes at X =(2j + D)m withj =0, 1, ....

In order to illustrate the importance of harmonics in the
amplitudes of the bubbles and spikes, we plot cosine func-
tions in Fig. 2 where cosine functions Y j, Y5, Y3, and Y3,
correspond to the linear harmonics of the fundamental mode,
the second, the third, and the correction to the fundamental
mode from the third order at some time in this paper, respec-
tively. Up to the third order, the interface is formed of these
harmonics [i.e., Y (X)=Y;; + Y» + Y3 + Y3 ], and the posi-
tions of the bubble and the spike are at X =0 and X =,
respectively. When these amplitudes of the harmonics are
positive, their contributions to bubbles and spikes are of dif-
ference. From Fig. 2, one finds that all the harmonics help
the growth of the bubble, while the harmonics Y, ;, Y3, and
Y3, at X =m are negative, resulting in the increasing spikes,
and the harmonic Y, is positive, reducing the growth of the
spike. In fact, the fundamental mode and the third harmonics
have the same influence on the bubbles and spikes: when
their amplitudes are positive, they encourage the bubbles and
spikes, and when their amplitudes are negative, they con-
strain the bubbles and spikes. However, the second harmon-
ics play a key role in the bubbles and spikes. When the
amplitude of the second harmonics is positive, it helps bub-
bles but reduces spikes; when the amplitude is negative, it
reduces bubbles and helps spikes. The influences of the
amplitude of the first three harmonics on bubbles and spikes
are concluded at the following table.

1.2 T T T T T LI T — 1 T ]

Cosine fuctions

FIG. 2. Cosine functions of Y ;=a; cosX,Y,=a>cos2X,Y3=ascos3X,
and Y3 =aj3 cosX, where the coefficients a; ;=1.0, a,=0.4, a3=0.2, and
as,y =0.1.

8(F9A2 + FyA +F7 4+ 1)

(14c)

In Table I, the symbols 4+ and — show the influence of
the encouraging and reducing processes on the bubble or the
spike, and A, and A; are the amplitudes of the bubble and the
spike. It is clear that when the nonlinear effect is not consid-
ered (i.e., just keep the linear solution, the fundamental
mode), the amplitude of the bubble is equal to that of the
spike; while the nonlinearity is in consideration, the ampli-
tude of the bubble is not equal to that of the spike: up to the
second order, the former is less than the latter; up to the third
order, the amplitudes of the bubble and the spike are
strengthened or reduced equally. That is to say, the differ-
ence of the amplitudes of the bubble and the spike comes
mainly from the second order (i.e., the negative or the posi-
tive value of the amplitude of the second harmonic), and the
moving speed of the bubble and the spike is closely related
to the third order. Therefore, the harmonics play an impor-
tant role in RMI, especially for the bubble and the spike.

In the following discussion, the normalized initial ampli-
tude of the interface perturbation is fixed as ke =1/1000, and
the cases of Atwood numbers A =0.3 and A =0.7 are selected
in this paper. The finite-thickness effect on the evolutions of
the first three harmonics is in our consideration for the cases:
(1) 63 — oo and the different finite-thickness 0,; (2) 6; — oo
and the different finite-thickness o05; and (3) the different
J1 = 03 which are, respectively, shown in Figs. 3-5.

Figure 3 just considers the finite-thickness effect of the
light fluid (i.e., the finite-thicknesses d; and 03 — o). It is
found that the finite-thickness 0; has a large influence on
amplitudes of the first three harmonics. On the one hand, the
finite-thickness influences their amplitudes in size; on the
other hand, it can change the phase of the third harmonic.
For the first two harmonics, with the decreasing finite-
thickness d, the amplitude of the fundamental mode is con-
strained, while that of the second harmonics is increased for
A=0.3 and A=0.7. For the larger Atwood number (0.7),
when the finite-thickness ¢, decreases, the amplitude of the
third harmonics is increased. For A =0.3, the amplitude of
the third harmonics is positive at ; < 1, while it is negative

TABLE I. The influences of the amplitude of the first three harmonics on
bubbles and spikes.

Amplitude relationship

Bubble (X =0) Spike (X =) of the bubble and spike
a; >0 + + Ap=A;
a, >0 + — Ap > Ay
a, <0 — + Ap < Ay
az >0 + + Ap=A;
az; <0 - - Ap=Ay
az; >0 + + Ap=As
az; <0 - - Ap=A;
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7

—981=100
»»»»» §1= FIG. 3. Normalized amplitudes of the
N first three harmonics versus normalized
g time T=kuvot for different finite-
""" 81=1 thicknesses 8, = 100, 2, 1, 0.5, and 0.2
of the light fluid and Atwood numbers
------- 51=0.5 A=0.3 (left) and A=0.7 (right). The
initial amplitude of the perturbation
e 8120.2 is & = 1/1000, and the finite-thickness
03 — 00.
= 8, infinity

0.0 0.5 1.0 15 0.0 0.5 1.0

at 9; > 2. Hence, according to the discussion of the harmonic
influence on bubbles and spikes above, the finite-thickness
0y will result in the amplitude of the spike being far larger
than that of the bubble with time, especially for small 9.
Similar to Fig. 3, Fig. 4 just shows the influence of the
finite-thickness d3 on amplitudes of the first three harmonics.
It is found that the finite-thickness d; changes the phase of
both the second and the third harmonics. The finite-thickness
03 has a slight influence for small Atwood number A =0.3
but increases the amplitude of the fundamental mode for
A =0.7. For the second harmonic, its amplitude is positive at
03 < 1 while negative at ¢3 = 2. For the third harmonic, its
amplitude tends to be zero at d3 <1 at A=0.7, while it is

1.5

positive when 63 < 0.5 and it is negative when d3 > 1 and
A =0.3. Therefore, when the finite-thickness d5 is just taken
into account, the amplitude of the spike will not be larger
than that of the bubble any longer, depending on the positive
amplitude of the second harmonic.

The case of the two fluids with the same finite-thickness
01 =205 is considered in Fig. 5. With the decreasing finite-
thickness, the amplitudes of the second and the third harmon-
ics for A =0.3 and A =0.7 will tend to be zero. However, the
decreasing thickness mainly influences the amplitude of the
fundamental mode especially for A =0.7. With the decreasing
thickness, the amplitude of the fundamental mode grows line-
arly with time for A=0.3 and A =0.7. This shows that the

A=0.3 A=0.7
£ 12 -:;;_'j_’_'_,' 1.2
08 0.8 =
0.4 0.4 —53-100
0.0 , T 0.0 y p
0.0 0.5 0 S 0.0 0.5 0 5 e 83= FIG. 4. Normalized amplitudes of the
S first three harmonics versus normalized
=< o3y T 83=1 time T=kvyt for different finite-
thicknesses 63 = 100, 2, 1, 0.5, and 0.2
0.0 s T e §1=0.5 of the heavy fluid and Atwood num-
3= bers A=0.3 (left) and A=0.7 (right).
0.3 The initial amplitude of the perturba-
- 83=0.2 tion is &= 1/1000, and the finite-
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 thickness d; — co.
~o &1 infinity
= 03 03

0.0 0.5 1.0 15 0.0 0.5 1.0 1.5
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A=0.7
< 12 12
08 # 08 e
0.4 0.4
0.0 0.0 —31=83=10
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
. 0.3 0.3 FIG. 5. Normalized amplitudes of bub-
5 81=03=2 bles and spikes of the middle interface
0.0 0.0 versus normalized time T = koot for
""""""""""""""""""""""""""""""""""""""""""""""""" 61=53=1 different finite-thicknesses ;=03
03 03 =10, 2, 1, 0.5, and 0.2 and Atwood
- -1 Nl e §1=03=0.5 numbers A=0.3 (left) and A=0.7
(right). The initial amplitude of the
0.6 -0.6 ation is & —
0.0 05 10 15 00 05 10 5 . §=53=0.2 perturbation s & = 1/1000.
E
< 03 03
0.0 0.0
-0.3 0.3
0.0 0.5 1.5 0.0 0.5 1.5

amplitudes of the bubble and the spike are nearly equal and
grow faster when the thickness effect is taken into account.

Additionally, the thickness effect can be understood
from some special cases. For the values of B;(i=1, 2, 3, and
4) (see the Appendix) in the second harmonics, simple calcu-
lations provide the results that when d; =03, B; =0 and
when 6, < 1 and 03 < 1, B,=B3=—1 and B, =B,=0,
resulting in the amplitudes of the second harmonics tending
to be zero. Similarly, when ¢; < 1 and J; < 1 taken into
account, the amplitudes of the third harmonics tend to be
zero. These trends can be found in Fig. 5.

IV. CONCLUSION

In classical RMI, the two semi-finite-thickness fluids are
taken into account. However, in astronomical objects and
engineering applications related to RMI, the thickness of the
fluids is finite. Due to the importance of the harmonics in the
evolution of the interface fingers (bubbles and spikes) in the
weakly nonlinear stage, this paper mainly investigates the
finite-thickness effect on the harmonics.

In the case of the initial single-mode cosine perturbation
at the interface formed by the heavy fluid overlapping the light
one in classical RMI, the amplitude of the second harmonics
is always negative, resulting in the amplitude of the spikes
larger than that of the bubbles, and the amplitude of the third
harmonics is negative when the Atwood number is less than
1/2. These factors influencing the amplitude evolution of the
bubbles and spikes are revised by the thickness effect of the
two fluids. The thickness effect on the harmonics is shown in
two aspects: the phase and the size of the amplitude of the har-
monics. It is found that the amplitude of the second harmonic
will be positive when the thickness of the light fluid tends to
be infinite and that of the heavy one is small. This positive
amplitude of the second harmonics can make the amplitude of
the bubbles be larger than that of the spikes (see Fig. 4).

Additionally, when the thickness of the two fluids is small, the
amplitudes of the second and the third harmonics will tend to
be zero, and the amplitude of the fundamental mode becomes
larger, resulting in the amplitude of the bubble equal to that of
the spike (see Fig. 5). These phenomena do not appear in clas-
sical RMI. Therefore, the thickness effect of the fluids plays
an important role in the amplitude evolution of the harmonics
at the weakly nonlinear stage of RMI.
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APPENDIX: FINITE-THICKNESS FACTORS
IN THE MIDDLE INTERFACE

The finite-thickness factors B; — B, appeared in the sec-
ond-order amplitude are

_ 3672(51 + 267(51 + 2673517453 _ 3672(5174(53

—45,-35; —48,-25,
2e + 3e

Bl = 267351
+ 26_51_4(53 _ _ 28—451—53
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