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Abstract 

In this study, the surface instability of oblique detonation waves (ODW) formed by two-dimensional, 
semi-infinite wedges is investigated numerically by solving the unsteady Euler equations with a two-step 

induction–reaction kinetic model. The chemical kinetic model introduces two length scales, namely, induction 

and reaction lengths, which can be varied independently to change the sensitivity of the chemical reaction 

and also the shape of the reaction zone structure. The present numerical results elucidate that both smooth 

and cellular ODW surfaces may appear after the initiation, and the surface becomes unstable when the reac- 
tion zone length decreases while keeping the induction zone the same as observed in normal detonation wave 
propagation. To investigate the degree of instability quantitatively, the oscillations of post-shock pressure 
inside the reaction zone are examined, and analyzed using Fast Fourier Transformation (FFT) to get the 
power spectral density (PSD). Results suggest that there are two types of unstable surfaces, one is dominated 

by random disturbances, without distinct large amplitude unstable modes, on the ODW surface due to the 
upstream perturbations interacting with the incoming flow and continuous generation within the structure, 
while the other formed from the inherent disturbances convected from upstream in the initiation region and 

later developed into dominant unstable modes via an apparent bifurcation pattern. Equivalent to normal 
detonations, the stability parameter χ as defined by the ratio of induction length over the reaction length 
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multiplied by the global reduced activation energy can als  

ODW surface instability observed in this study. 
© 2018 The Combustion Institute. Published by Elsevier 
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. Introduction 

The concept of using oblique detonation waves
ODW) for high efficiency propulsion systems has
enerated great interest by their potential use in the
evelopment of air-breathing hypersonic aircraft

1–6] . This class of propulsion engines not only
chieves a high thermal cycle efficiency by deto-
ations, but also shares advantages with ramjet
ngines. To advance development of ODW-based
ngines, it is vital to understand the fundamental
DW structure and its dynamics. The pioneering
ork by Li et al . [7] revealed that the multi-
imensional oblique detonation structure consists
f a non-reactive oblique shock, an induction
egion, a set of deflagration waves, and an oblique
etonation surface all united at a multi-wave point.
uch structure was later confirmed by experiments

8] . Parametric studies were performed numerically
o investigate the wave structures on various pa-
ameters, such as the inflow Mach number, wedge
ngle and the reactivity of the mixture [9–11] .
esides the two-dimensional, wedged-induced
DW, experimental and numerical studies were
erformed on the cone-induced ODW to inves-
igate the effects of Taylor–Maccoll flow [12,13] .
urthermore, ODW induced by blunt projectiles
as been studied experimentally, illustrating the
omplicated structures concerning the interaction
f curved shock/detonation and expansion wave

14–17] . Effects of the inflow equivalence ratio
nhomogeneity on ODW structures, featured by
he distorted reaction surfaces, were also studied
iming to further the engine application [18–20] . 

Another fundamental characteristic of ODW
s the instability of the formed detonation. Cel-
ular ODW surfaces with triple points have been
emonstrated by numerical simulations [10] and
bserved experimentally as well [21] . It is found
hat combustible mixtures with large value of ac-
ivation energy are more susceptible to transverse
aves or triple point formation [10] . Choi et al.

22] showed several cellular structures with differ-
nt activation energies and pointed out that these
tructures cannot be captured without enough nu-
erical grid resolution. By using high-order nu-
erical schemes and extending the computational

omain sufficient for the instability to develop, re-
ent numerical simulations indeed reveals the exis-
ence of cellular structures and their evolution pro-
esses [23,24] . 
o be used to describe qualitatively the trends of the

Inc. All rights reserved. 

stable surface; Power spectral density 

The formation mechanisms of these cellular
structures are fundamental features important to
further exploring the propagation dynamics of 
ODWs. Our previous study [25] found that the
triple points derived from the amplification of the
upstream disturbance, and high degree of over-
drive will delay but not eliminate the amplification.
However, there is a concern whether the simulated
phenomenon is physical or a numerical artifact of 
the single-step chemistry model due to its simple
kinetic description. To provide a compromise
on the detailed reaction mechanism, a two-step
induction–reaction kinetic model, consisting of 
a thermally neutral induction step followed by a
main heat release reaction layer, can be considered.
Such a model allows the introduction of two length
scales, i.e., induction and reaction lengths, which
can be varied independently to change the sensi-
tivity of the chemical reaction and also the shape
of the reaction zone structure. Recent studies [26–
29] have revealed that the dynamics of the detona-
tion structure is strongly governed not only by the
global reaction temperature sensitivity, but also the
lengths of induction and main heat release layer. 

Motivated by the aforementioned studies, nu-
merical simulations are performed using a two-
step chemical kinetic model to analyze the insta-
bility of oblique detonation waves induced by a
two-dimensional (2-D), semi-infinite wedge. The ef-
fects of heat release rate are discussed and the sta-
bility parameter χ , proposed previously in the in-
vestigation of normal detonations [27] , is explored
for quantifying the results. Quantitative analysis is
also performed by examining the oscillations of 
post-shock pressure evolution, and determining the
corresponding power spectral density (PSD) using
Fast Fourier Transformation (FFT) to reveal the
instability features. Different types of unstable sur-
faces are demonstrated and discussed. 

2. Computational details 

A schematic of a typical ODW induced by
a 2-D, semi-infinite wedge is given in Fig. 1 .
The presence of the wedge in a supersonic com-
bustible inflow induces first an oblique shock
wave (OSW). For a high inflow Mach number
causing a high post-shock temperature behind the
OSW, an exothermic chemical reaction begins,
leading to the ODW formation. As in our previous
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Fig. 1. Schematic of a typical ODW. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 2. Temperature field of oblique detonations with 
k R = 1.0 and θ = 28 ° (a), 30 ° (b), and 32 ° (c). 

 

computations [13,20,24,25] , the coordinate is
rotated to the direction along the wedge surface
and the Cartesian grid in the rectangular domain
enclosed by the dashed line in Fig. 1 is aligned with
the wedge surface. 

Following previous studies, e.g., [10 , 11,22 –25] ,
the reactive Euler equations are used as govern-
ing equations for modeling the ODW flow field.
To implement the two-step model for modeling
chain-branching kinetics [27] , two additional reac-
tion variables are introduced: one for the induction,
ξ , and the other for the heat release, λ. The trans-
port equations of these reaction variables are: 

∂ ( ρξ ) 
∂t 

+ 

∂ ( ρuξ ) 
∂x 

+ 

∂ ( ρvξ ) 
∂y 

= H ( 1 − ξ ) ρk I exp 

[
E I 

(
1 

T S 
− 1 

T 

)]
(1)

∂ ( ρλ) 
∂t 

+ 

∂ ( ρuλ) 
∂x 

+ 

∂ ( ρvλ) 
∂y 

= [ 1 −H ( 1 −ξ ) ] ρ( 1 −λ) k R exp 

[
−E R 

T 

]
(2)

with the Heaviside step function given by: 

H ( 1 − ξ ) = 

{
1 , i f ξ ≤ 1 
0 , i f ξ > 1 (3)

The specific total energy is thus expressed as: 

e = 

p 
ρ( γ − 1 ) 

+ 

1 
2 

(
u 2 + v 2 

) − λQ (4)

The variables ρ, u, v, p, e and Q are the density,
x - direction velocity, y- direction velocity, pressure,
specific total energy, and the amount of chemical
heat release, respectively. All the variables have been
non-dimensionalized by reference to the uniform
unburned state as follows: 

ρ = 

˜ ρ

ρ0 
, p = 

˜ p 
p 0 

, T = 

˜ T 

T 0 
, u = 

˜ u √ 

R T 0 
(5)

The dispersion controlled dissipation scheme
[30] together with a 3rd order Runge–Kutta algo-
rithm are used to approximate the solution of the
governing equations. The main parameters are set 
to be 

Q = 50 , γ = 1 . 2 , E I = 5 . 0 T S , E R = 1 . 0 T S (6)

where T s is the post-shock temperature of 
Chapman–Jouguet (CJ) detonation. This pa- 
rameter set represents the combustible gas with 

relatively large heat release and modest activation 

energy [27] . There are two key pre-exponential 
factors, k I and k R 

, which are used to complete the 
chemistry model. In this study, k I = −u vn where 
u vn is the post-shock particle velocity in the shock- 
fixed frame for the corresponding CJ detonation, 
whereby the induction length of the CJ detonation 

is fixed to unity. The factor of the heat release 
step k R is employed as the bifurcation parameter 
to vary the reaction length scale of the main heat 
release layer. The inflow Mach number M o is fixed 

to be 10 and the wedge angle θ is varied to get 
different structural configurations of ODW. 

3. Numerical results and discussion 

3.1. Basic ODW structure and resolution study 

The test cases with k R = 1.0 and θ = 28 °, 30 °, 
and 32 ° are first simulated to illustrate the basic 
structure of ODW, as shown in Fig. 2 . Initially the 
whole flow field has uniform density, velocity and 

pressure; both the density and pressure are unity as 
the unburned state, and the velocity is calculated 

and projected according to M o and θ . The left 
and upper boundary conditions are the inflow 

one, where the parameters are fixed to be constant 
for the supersonic flow. Outflow conditions are 
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Fig. 3. Temperature field of oblique detonations with 
θ = 32 ° and k R = 2.0 (a), 3.0 (b), and 4.0 (c). 
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Fig. 4. Temperature field of oblique detonations with 
θ = 32 ° and k R = 4.0, (a) grid 0.020 (upper) and 0.010 
(lower); (b) grid 0.05 (upper) and 0.025 (lower). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

xtrapolated from the interior, implemented on
he right and lower boundaries before the wedge.
lip boundary conditions are used on the wedge
urface, which starts from x = 5 on the lower
oundary. The default grid scale is 0.050 which will
e verified in the later resolution study. From Fig. 2 ,

t is observed that the wedge angle will change the
nitiation position, e.g., increasing θ makes the
DW structure to move upstream, resulting from

he raised post-oblique shock temperature. The
DW surface is smooth, without cellular struc-

ures observed, in these cases within the present
omputational domain. This kind of structures
as been observed in previous studies (e.g., [20 , 24] )
nd verified in [31] , although different chemistry
odels are used. Multidimensional gaseous deto-

ations are inherently unstable, however unstable
odes can be suppressed by the ODW overdrive or

mall reaction sensitivity. As such, smooth ODW
urfaces are observed even within a large com-
utational domain [20,22,23] . Depending on the
hemical kinetics effect, weak wrinkles may mani-
est but take an extremely long evolution to appear
25] . Nevertheless, smooth surface segments often
emain within a practical computational domain
orthwhile for a fundamental study on the basic
DW structure without the instability effect [31] . 

The cellular structures are observed in Fig. 3 , by
ncreasing k R while keeping θ = 32 ° in all cases. For
 R = 2.0 in Fig. 3 a, the triple points are only gener-
ted near the outflow boundary. Further increase
f k R to 3.0 enhances the instability, inducing more
riple points in the computational domain. When
 R = 4.0 in Fig. 3 c, the instability manifests at a
aster growth rate and the cellular surface takes
over half length of the surface with only a small
section of smooth surface after the initiation. To
ensure the ODWs reach their final steady positions,
the ODW angles are measured from the numerical
results. These agree with the theoretical ODW
angle of 51.14 ° determined using polar analysis
within ±0.1 °. Furthermore, more complex flow
field, developed from the initial cellular structure,
is observed near the outflow boundary as shown in
Fig. 3 c. These phenomena are in good agreement
with the finding from previous works using the
single-step chemistry model [22,24] . 

To verify the effect of computational grids, a
resolution study is performed. The ODW struc-
ture shown in Fig. 3 c, i.e., the most unstable case
considered in this study with θ = 32 ° and k R = 4.0,
is used for comparison. Figure 4 shows the re-
sults using different grid sizes. The default grid
0.05 corresponds to about 20 points per the induc-
tion length of the CJ detonation. By decreasing the
grid scale of 0.20–0.05, the location for the onset
of instability moves upstream, but keeps the same
when the grid scale decreases further to 0.025. In
Fig. 4 b, both flow fields are almost the same with
each other, especially near the initiation region. It
is worth noting that after the formation of cellu-
lar structure, it becomes difficult to get the exact
same flow fields on the detonation surface due to
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Fig. 5. Pressure and temperature on the wedge with dif- 
ferent grid scales. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 6. Post-shock pressure oscillation at the half reaction 
zone with k R = 2.0 and θ = 32 °. 

Fig. 7. Post-shock pressure oscillation at the half reaction 
zone with k R = 4.0 and θ = 32 °. 
a certain degree of randomness of the instability.
Nevertheless, both results show good agreement in
term of the location for the onset of instability and
the overall unstable features. For further compar-
ison, pressure and temperature on the wedge, i.e.,
along the line y = 0, are plotted in Fig. 5 . From
upstream to downstream, the pressure/temperature
rises induced by the oblique shock wave, the re-
action front, and the shock in the product can
be observed successively. The pressure/temperature
curves from different grids are almost overlapped
together except for the coarsest one of 0.20. Hence,
the default size 0.05 is deemed sufficient to capture
the main physical and chemical processes, and used
in all later simulations. 

3.2. The effect of heat release rate 

The results shown in Fig. 3 indicate qualitatively
that increasing k R will render the ODW surface
more unstable. Furthermore, increasing k R not only
induces the cellular surface, but also influences the
oblique shock-to-detonation transition due to its
consequence of faster heat release rate. The tran-
sition position moves upstream, and the initiation
structure changes from the smooth one (by a curved
shock) into the abrupt one (by a multi-wave point).
Therefore, the heat release rate is an important fac-
tor to determine the wave structure of the initiation
region and its location. 

To analyze quantitatively the ODW instability,
post-shock pressure oscillations at the half reaction
zone are recorded when the ODW flow fields are
quasi-steady, i.e., the ODW surface reaches its final
position. It is worth noting that due to a different
flow nature, the degree of ODW instability is as-
sessed by not only the spectrum of unstable modes
at different frequencies (i.e., degree of chaotic fluc-
tuations or cell irregularity as in normal detona-
tions), but also the magnitude of the oscillation as
well as the power spectrum level. A strongly un-
stable ODW is thus defined as an unstable surface
characterized by instabilities amplified into multi-
ple dominant unstable modes, where a weakly un-
stable ODW can also be characterized by irregular
fluctuations but with relatively weak amplitude. 
Two cases are studied, one is the case with 

k R = 2.0 and θ = 32 °, and the other one with 

k R = 4.0 and θ = 32 °. From Fig. 3 , the former has a 
long initial smooth surface, representing the weakly 
unstable ODW, and the latter generates promptly 
the cellular structure, representing the strongly un- 
stable ODW. The oscillations of the weakly un- 
stable ODW at several key positions are shown 

in Fig. 6 , whose flow fields are demonstrated in 

Fig. 3 a. On the line y = 10, the initiation just occurs 
and the pressure oscillation cannot be observed. 
The weak oscillation can be observed on the line 
y = 28 and becomes strong on the line y = 35. From 

y = 35 to 45, the oscillation become much more ap- 
parent, but there are no clear regular, dominant 
patterns observed for the settlement of the final 
ODW surface, illustrating a type of random, weak 

oscillations without obvious orders. 
Figure 7 shows the oscillations of the strongly 

unstable ODW, whose flow fields are demonstrated 

in Fig. 3 c. Overall, Fig. 7 illustrates a different os- 
cillation phenomenon compared to that of Fig. 6 . 
As soon as the ODW is initiated, oscillations with 

small amplitude are observed, and also featured by 
a single-period mode. On the line y = 20 where the 
cellular structures have not yet appeared, a two- 
peak oscillation mode forms with a constant time 
cycle about 5, showing very regular patterns. On 
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Fig. 8. Power spectral density of different lines with 
k R = 2.0 (a) and 4.0 (b) using Fast Fourier Transforma- 
tion. 
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Fig. 9. Temperature field of oblique detonations with 
k R = 4.0 and (a) θ = 28 °; (b) 30 °; and (c) 32 °. 

Fig. 10. Post-shock pressure oscillation at the half reac- 
tion zone with k R = 4.0 and (a) θ = 28 °; (b) 30 °; and (c) 
32 °. 

 

 

 

 

 

 

 

 

 

 

 

 

he lines y = 35 and 45 where the cellular struc-
ures have appeared, the oscillation is dominated
y one high spike with several low ones. Neverthe-

ess, the cycle time between two subsequent dom-
nant peaks keeps the same as the upstream ones,
howing a clear oscillation pattern derived from the
pstream disturbance. The development of this in-
tability feature follows a series of bifurcations that
uch route to chaos leads to establish the final un-
table ODW structure [32] . 

The post-shock pressure oscillation is essen-
ially a time series, from which the power spectral
ensity (PSD) can be computed, see Fig. 8 . It is
btained via a FFT (Fast Fourier Transformation)
f the autocorrelation sequence of the time series,
hich can be considered as the distribution of 

he power over frequencies. As shown in Fig. 8 ,
he strongly unstable ODW has several dominant
requencies, with the interval about 0.2, while the
eakly unstable ODW has no dominant frequen-

ies. For the strongly unstable ODW, the dominant
requencies have already appeared on the line
 = 10, which persist and do not change even after
he cellular structure appears. As shown in Fig. 8 b,
he PSD amplifications vary as high as fiv e or ders,
ut essentially all the dominant frequencies keep
he same. Therefore, the evolution of strongly un-
table ODW can be viewed as the amplification of 
he upstream inherent disturbances. The unstable
odes originated from the initiation region persist

nd evolve via a bifurcation process to establish the
ellular ODW surface. In contrast, in the weakly
nstable ODW, the weak instabilities derive from
he upstream disturbances or continuous, random
eneration within the flow field without any regular
r predictable spatiotemporal order. These pertur-
ations generate irregular fluctuations of the ODW
urface, but are unable to develop into multiple
onlinear instability modes with large magnitude. 
3.3. The influence of wedge angle 

To further investigate the ODW instability with
different heat release rates, more cases with differ-
ent wedge angles are simulated. The flow structures
with k R = 4.0 and θ = 28 °, 30 ° and 32 °, are shown
in Fig. 9 . The post-shock pressure history and the
corresponding PSD for the pressure oscillations at
half reaction zones are given in Figs. 10 and 11 . 

From these results, it is shown that decreas-
ing θ causes the final ODW waves more unstable,
showing a wider range of irregular, large amplitude
fluctuations. For the low wedge angle of θ = 28 °,
a spectrum of unstable modes (multi-modes) is
shown in the PSD. By increasing θ , the oscillations
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Fig. 11. Power spectral density at cellular surfaces with 
k R = 4.0 and (a) θ = 28 °; (b) 30 °; and (c) 32 ° using Fast 
Fourier Transformation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 
Stability parameter χ in the cases of different θ and k R 
values. 

χ θ = 28 ° θ = 30 ° θ = 32 °

k R = 1.0 0.97 0.94 0.92 
k R = 2.0 1.92 1.88 1.82 
k R = 3.0 2.86 2.80 2.72 
k R = 4.0 3.79 3.71 3.61 
are characterized by fewer modes. At θ = 32 °, the
PSD shows primarily a dominant frequency ap-
proaching to a more regular oscillation. By decreas-
ing θ from 32 ° to 28 °, the ODW overdriven degree
also decreases from 1.57 to 1.37. Consequently,
the post-shock temperature behind the ODW is
lower, rendering the combustible mixture more sen-
sitive to temperature fluctuation. Such behavior is
clearly demonstrated from the present numerical
results. Decreasing θ also reduces the strength of 
the oblique shock and increases the induction time
for the reaction, resulting in a downstream shift of 
the initiation point or the onset of ODW. 

3.4. The validity of stability parameter χ

In [27,29] , the cellular irregularity of a detona-
tion propagating in a tube has been characterized
quantitatively by proposing the stability parameter
χ defined as: 

χ = 

E I 

T S 

	I 

	R 
(7)

where 	I and 	R denote the characteristic induc-
tion and reaction length, respectively. It is found
that the degree of instability of normal detona-
tions, both one-dimensional pulsating detonation
and 2-D cellular detonation, can be classified by χ .
The larger the χ , the more irregular is the detona-
tion structure. Benefiting from the advantages of 
the two-step kinetic model, i.e., with well-defined
induction and reaction length, a quantitative as-
sessment based on χ can be performed. To ascer-
tain whether χ is applicable for quantifying insta-
bility of oblique detonations, χ as a function of k R

and θ is shown in Table 1 . 	I and 	R are those
perpendicular to wave surfaces, and χ is calculated
from shock/detonation polar relations, neglecting 
the curved ODW surface near the initiation region. 
Recall that in this study the definitions of weakly 
and strongly unstable ODWs take into account not 
only the irregularity of the unstable surface but also 

the bifurcation of multiple dominant nonlinear un- 
stable modes. By increasing k R or decreasing θ , the 
value of χ increases. The increase of χ is found to 

agree with the present results (see Figs. 3 and 9 ) that 
the surface becomes more unstable with multiple 
dominant mode oscillations. 

The stability parameter χ stems from the co- 
herence energy release concept. For large χ , the 
resulting incoherence between neighboring power 
pulses due to high reaction sensitivity provides the 
necessary chemico-gasdynamic interactions for the 
development of large amplitude, irregular instabil- 
ity [27] . For ODWs, mixtures with large χ induce 
the upstream disturbance convected downstream 

to develop into distinct instability modes. In con- 
trary, for small χ , where the exothermicity profile 
remains smooth and coherent to any disturbance, 
any perturbation will remain weak or the number 
of unstable modes will decrease leading to a more 
regular unstable ODW surface. 

The stability parameter χ thus appears to de- 
scribe qualitatively the instability trends observed 

for ODW surfaces. Nevertheless, to verify the ap- 
plicability of χ for a more quantitative assess- 
ment, additional flow parameter sets and combus- 
tion characteristics are required for future works. 

4. Conclusion 

Although the cellular instability of ODWs has 
long been observed numerically and experimen- 
tally, there remain outstanding issues concerning 
its dynamic mechanism and evolution. To in- 
vestigate systematically the ODW instability, a 
two-step model is employed in this work to mimic 
the induction–reaction kinetic processes. Using 
the numerical results, we perform the nonlinear 
dynamic analysis to investigate the unstable ODW 

surface, its degree of instability and bifurcation 

phenomena. 
By increasing the pre-exponential factor of the 

main heat release rate k R , the ODW surface be- 
comes unstable, characterized by multi-mode, large 
amplitude oscillations. To explore the instability 
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eatures and quantify the present numerical results,
he oscillations of post-shock pressure at the half-
eaction zone length are recorded and examined.
he PSD estimates using FFT are used to analyze

he evolution of dominant unstable modes and the
rigins of disturbances. It is found that for the low
 R case, weak oscillations are resulted from the exis-
ence of upstream perturbations or continuous ran-
om disturbances in the flow field without any clear
attern, while for the prominent unstable case with
igh k R instability is developed from amplification
f upstream inherent disturbances generated in the

nitiation region toward dominant modes charac-
erizing the final unstable ODW surface. These re-
ults demonstrate distinguished instability features
f oblique detonations. It is worth noting that
ecent studies demonstrate that the initiation struc-
ures may also involve a transient, oscillating pro-
ess [33–35] . The coupling between the oscillating
nitiation structure and the subsequent ODW sur-
ace instability needs more attention in future study.

Previous investigations on the unstable ODW
nd that the formation of triple points is dependent
n the wedge angle, effective activation energy, and
o on [10,22 –25] . By taking advantage of the two-
tep reaction model, this study examines the stabil-
ty parameter χ to describe the instability trends
f oblique detonations. For ODWs, increasing k R 

r decreasing θ leads to an increase in χ . Equiva-
ent to normal detonations, the effect of increasing

agrees with the simulation that the surface be-
omes more unstable with multi-mode, large am-
litude oscillations. 
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