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Abstract
There are various oscillation transition routes of buoyant-thermocapillary convection in an annular liquid layer. Three types
of transition routes including quasi-periodic bifurcation, period-doubling bifurcation and tangent bifurcation have been
observed. In our ground experiments, the depth of liquid layer is in a range of 1.6–2.4 mm. The silicone oil with Prandtl
number of 28.6 is selected as the liquid medium. The temperature oscillation is detected by a single-point temperature
measuring system and the surface oscillation is measured by a laser displacement-sensor with high resolution. The step-
heating mode is adopted in the experiments. Transition routes of temperature oscillation and surface oscillation are studied
systematically, and the relationship between them is discussed, too.

Keywords Transition route · Buoyant-thermocapillary convection · Bifurcation · Temperature oscillation · Surface
oscillation · Step-heating mode

Introduction

Thermocapillary convection is driven by surface tension
gradient which is caused by the presence of temperature
gradient (Hu and Tang 2003). Czochralski method is one of
the main methods to grow monocrystalline materials with
high quality and high purity, and the annular liquid pool
is the simplified hydrodynamic model of Cz method. On
the ground, due to the coupling effect of buoyancy and
surface tension, it is difficult to obtain high purity large size
crystalline materials and to meet the requirements by high
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technology industries such as microelectronics industry that
needs high quality semiconductor and alloy materials. With
the development of manned space technology, the study
on crystal growth in the microgravity environment can be
realized. Researches conducted in the space station and
other space crafts over past decades show that the crystal
quality is much better than that obtained by the samemethod
on the ground, even though there are still some defects in
the crystal. In the microgravity environment or a small scale
flow system, the influence of gravity is greatly weakened,
and thermocapillary flow becomes a dominant factor in
the natural convection process (Ostrach 1982; Napolitano
et al. 1984). Thermocapilly convection in the pool will
transform from a steady state to an oscillatory state, which
involves a nonlinear instability process and eventually
leads to the defects in crystals (Jakeman and Hurle 1972).
Therefore, it has a great significance to study the instability
mechanism in annular liquid layers. In addition, studies
on thermocapillary convection have greatly accelerated the
combinations of chaos theory, dissipative structure theory
and other disciplines with fluid mechanics, and have greatly
enriched the research contents of fluid mechanics.

There are generally three main types of complex structure
bifurcations of the nonlinear system in chaotic dynam-
ics: quasi-periodic bifurcation, period-doubling bifurcation
and tangent bifurcation (Hale 1991). Gollub and Ben-
son (1980) studied Rayleigh-Bénard convection and found
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four transition routes from laminar flow to turbulent flow.
Smith and Davis (1982) conducted research and analyzed
the linear stability of thermocapillary convection in an
extended liquid layer with a horizontal temperature gradi-
ent, and predicted the propagation of hydrothermal waves.
Experimental study on thermocapillary instability by Benz
et al. (2000) in a rectangular pool with silicon oil as the liq-
uid medium was published, and two kinds of instability that
depend on the Bond number of the layer were observed.
Numerical study on bifurcation sequences in Rayleigh-
Bénard convection was given by Mukutmoni and Yang
(1993, 1995). Schwabe et al. (1992) also conducted experi-
mental study on thermocapillary convection in a thin liquid
layer. They used the shadowgraph technique to observe
the deformation on the gas-liquid interface dynamically.
Schwabe et al. (2003) and Sim et al. (2003) reported
experimental and numerical results of oscillatory ther-
mocapillary convection in open cylindrical annuli. Short-
wavelength and long-wavelength instabilities were observed
at two individual situations. Stella and Bucchignani (1999)
and Bucchignani and Stella (1999) observed three dif-
ferent bifurcation sequences and obtained two individual
mechanisms of the transition to aperiodic oscillations.
Numerical results were also reported by Chen et al. (2010)
and Li et al. (2010). They found quasi-periodicity and the
phase-locking route to the chaotic state. Shi and Imaishi
(2006) and Shi et al. (2009) conducted numerical researches
on the influence of buoyancy force on thermocapillary con-
vection instability. A counter-intuitive transition route was
observed by Yu et al. (2016) and Zhang et al. (2018). They
suggested that the spatial complexity of the flow increases
as the thermal Marangoni number increases, and it is the
reason for the reverse transition from the three-dimensional
unsteady flow to the steady flow. Yan et al. (2010) inves-
tigated the liquid-bridge model and reported experimental
and numerical results of transition processes in thermocap-
illary convection, and observed the transition route with
the period-doubling bifurcation. Yasnou et al. (2018) inves-
tigated the influence of a coaxial flow on the evolution
of oscillatory states in a liquid bridge. Peng et al. (2011,
2013) observed two types of transition routes of thermo-
capillary convection in rectangular liquid layers includ-
ing the period-doubling bifurcation and the quasi-periodic
bifurcation, and also studied characteristics of the surface
oscillation. Jiang et al. (2017a, b) reported instability of
buoyant-thermocapillay convection in open rectangular liq-
uid layers by using a thermal infrared camera. They found
that traveling waves would appear on the free surface when
Bd < 1, and perturbation waves and the surface flow would
appear when Bd >= 1. They also observed a peculiar bifur-
cation transition route in the same experimental model, as
well as different transition routes with tangent bifurcation to
chaos. For an unknown nonlinear system, the chaos theory

can be used to explain the transition of fluid state from
simple laminar flow to complex turbulent flow.

In this paper, three main modes of oscillation transition
are described in both temperature oscillation and surface
oscillation. One important finding is that, in the annular
liquid layer, the two other bifurcation transition routes are
always accompanied by quasi-periodic bifurcation. Besides,
the inner relationship between temperature oscillation and
surface oscillation is also studied.

Experimental Apparatus

A thermocapillary convection system is established to study
the transition routes of temperature oscillations inside the
annular liquid layer as well as displacement oscillations on
the free surface of the liquid layer. As shown in Fig. 1,
the control system of buoyant-thermocapillary convection
includes two sets of measuring systems, the temperature
measurement system and the displacement measurement
system.

As we can see in Fig. 1, the bottom of the circular
container is made of K9 optical glass with the thickness
of 6 mm. The central column and the outer wall of the
circular container are made of the same copper with good
thermal conductivity. The radius of the central column (Ri)
is 4 mm, the radius of the outer wall (Ro) is 20 mm, and
the depth (d) of this circular container is 12 mm. The size
effect can be characterized by Ar number, which represents
the aspect ratio of the liquid layer: Ar = h/(Ro-Ri), where
h is the thickness of the liquid layer. The central column
is heated by a resistance heating film, and its temperature
is Th. The outer wall is cooled by several peltier elements.
Heat is transported outside by means of peltier effect. The
temperature on the outer wall is Tc. So the temperature
difference � T = Th - Tc. Thus, the temperature gradient in
the radius direction is established. This experimental model
can be used to study thermocapillary convection in liquid
layers. Temperatures on the inner column internal as well
as on the outer wall are measured by T-type thermocouples
and monitored by a Eurotherm 3504 temperature controller.
The temperature controller connected with the power supply
precisely controls the processes of heating the inner column
and cooling the outer wall according to our predetermined
program. The temperature measurement system consists of
Keithley 2182A Nanovoltmeters and T-type thermocouples.
T-type thermocouples can transfer temperature signals
into electrical signals so that nanovoltmeters can measure
the real-time temperature inside the liquid layer through
thermocouples. The temperature measurement range of
thermocouples is −40 ◦C ∼ +125 ◦C. The displacement
measurement system contains a Keyence LK-H080 Laser
displacement sensor and a LK-HD1500 controller. It
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Fig. 1 Control system of
buoyant-thermocapillary
convection

can measure displacement oscillations on the surface of
the liquid layer by using the trigonometry method. The
displacement of the target surface can be accurately detected
by a laser displacement sensor. The laser triangulation
method has characteristics of fast measuring speed,
high precision, small measuring point and strong anti-
interference ability. The sensitivities of the temperature
measurement system and the displacement measurement
system are 0.001 ◦C and 0.1 μm respectively. The sampling
frequency in our experiments is 5 Hz. Temperature and
displacement signals are collected simultaneously.

Figure 2a shows the locations of temperature measure-
ment points, Point 1 and Point 2 (hereafter referred to as
P1 and P2), and surface oscillation measurement point Point
LK (hereafter referred to as PL). P1 and PL are on the same
circumference with radius R1 = 12 mm, and P2 is on the
concentric circle with radius R2 = 14 mm. Figure 2b is the
cross-section of the pool. In our experiments, the heads of
thermocouples are completely immersed in the pool, and the
distance to the bottom of the pool (δ) is 0.5 mm. P1, PL and
P2 are in a same diameter. P1 and P2 are located at positions

in two different areas in the annular fluid layer, so that we
can study the relationship between the transition routes of
temperature oscillation at two different zones. The locations
of P2 and PL are close enough for the purpose of investi-
gating similarities and differences in temperature oscillation
and surface oscillation between two points in a same region
of the annular liquid layer.

In order to study transition routes of oscillations, step-
heating mode is adopted in our experiments. The step
interval between each temperature difference is 0.5 to 1 ◦C.
The duration of each step is 10 to 15 min. Both the central
column and outer wall are equipped with thermocouples,
which can accurately feedback temperature signals of hot
and cold ends to a temperature controller in real time, so that
we can record the temperatures of hot and cold ends in real
time Simultaneously, the temperature of the cold end is kept
constant by the temperature control system, and the hot end
is heated according to preset programs.

The fluid medium used in our experiments is 2cSt
silicon oil (Shin-Etsu Chemical Ltd., KF-96). Its physical
properties at working temperature are listed in Table 1.

Fig. 2 The locations of
temperature and displacement
measurement points

(b) (a) 
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Table 1 Physical properties of silicon oil at working temperature (25 ◦C)

Silicon oil γ , m2/s ρ, kg/m3 β, 1/◦C κ , m2/s σ , N/m σT, N/(m·◦C) Pr

2cSt 2.00 × 10−6 8.73 × 102 1.24 × 10−3 7.00 × 10−8 1.83 × 10−2 −7.15 × 10−5 28.6

Bond number represents the relative strength of buoy-
ancy to surface tension. Conducting experiments with small
Bond numbers is one of the main ways to study thermocapil-
lary convection on the ground.We can carry out experiments
with small Bond numbers by changing the scale of the fluid

system. Bd = pgβh2

(∂σ/∂T )
, where ρ is the density, β represents

the thermal-expansion coefficient, g is the gravitational
acceleration, and ∂σ/∂T is the temperature coefficient of
surface tension. In our experiments, the range of the thick-
ness of the liquid layer h is from 1.6 mm to 2.4 mm, while
the range of Bond number is from 0.397 to 0.893, which
indicates that surface tension plays a leading role under the
experimental conditions. The Marangoni number, Ma =
(∂σ/∂T)�T h

μα
, can be used to describe the intensity of thermo-

capillary convection, where μis the dynamic viscosity and
α is the thermal diffusivity.

In this paper, we mainly use the power spectrum method
to study characteristics as well as transition routes of
oscillations. Power spectrum is the basic tool of studying
random vibrations. It can express the statistical properties
of stochastic processes on each frequency component.
Generally, when describing the randomness of chaotic
movements by the power spectrum method, it is assumed
that the average amount of oscillation in time is equal to that
in space.

Results and Discussions

We find that temperature oscillations and free surface
oscillations have same kind of transition routes under the
same experimental conditions. In our experiments, there are
three main transition routes observed in both temperature
oscillations and free surface oscillations.

Transition Routes

The first transition route (hereafter referred to as Route-1)
is the quasi-periodic bifurcation sequence. An experiment
following this transition route with the liquid layer
thickness of 1.6 mm is shown in Fig. 3. The measured
temperature data of Point1 is selected for the power
spectrum analysis. In addition, the time-frequency spectrum
of the temperature oscillation is adopted to study transition
processes of thermocapillary convection. Through the time-
frequency diagram, we can obtain better information
of frequency variations through the whole experiment

in detail. Time-frequency diagrams allow us to have a
comprehensive understanding of transition routes including
possible bifurcation patterns quickly, and when combined
with power spectrum analysis afterwards, help us analyze
transition routes more accurately. Figure 3e shows the time-
frequency spectrum of the temperature oscillation at Point1.
The x-coordinate is the frequency, and the y-coordinate is
the time. The color in the time-frequency diagram represents
the ratio of power to frequency. At the beginning, when the
temperature difference between the cold end and the hot
end is 28.0 ◦C and Ma number is 1703, thermocapillary
convection starts entering the periodic oscillation state.
The fundamental frequency is the one when the oscillation
appears for the first time. As shown in Fig. 3a, there is
only one frequency, and the fundamental frequency (f1) is
1.069 Hz. In the time-frequency spectrum of Fig. 3e, we can
see the first change in the blue background. Soon after then,
when the temperature difference increases to 29 ◦C and
Ma number is 1852, the convection is more intense, and f1
increases to 1.071 Hz. At this moment, as shown in Fig. 3b,
the second fundamental frequency (f2) appears, f2 =
0.9375 Hz, and the oscillation enters into the quasi-periodic
state with two fundamental frequencies. Meanwhile, we can
also see the corresponding change in the time-frequency
diagram. The two fundamental frequencies f1 and f2 are
irreducible, and all other frequencies can be expressed by
the linear combination of f1 and f2. As the temperature
difference further increases to 37 ◦C and Ma number is
2360, f1 = 1.221 Hz, and f2 = 1.118 Hz. Meanwhile, from
the time-frequency spectrum of the temperature oscillation,
as shown in Fig. 3c, at the location close to where f1 appears,
the third fundamental frequency f3 (1.187 Hz) appears. The
third fundamental frequency f3 cannot be expressed by the
linear combination of f1 and f2, while other frequencies
can be expressed by the linear combination of these three
frequencies. The temperature oscillation transfers from
the quasi-periodic state with two fundamental frequencies
to the state with three fundamental frequencies. In the
time-frequency diagram of Fig. 3e, we can also see the
appearance of f3.

With further increase of the temperature difference, the
power spectrum becomes continuous, as shown in Fig. 3d
when Ma number is 2808. What we can see in the time-
frequency spectrum of the temperature oscillation in Fig. 3e
is a bright band and the specific frequencies are unable to
be identified clearly. The chaotic movement is bounded and
non-periodic, and it can be regarded as the superposition
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Fig. 3 Time history of
temperature oscillations and
corresponding power spectra at
different Marangoni numbers
for Pr = 28.6, h = 1.6 mm and
Ar = 0.1: aMa = 1703; bMa =
1852; cMa = 2360; dMa =
2808; e Time-frequency
spectrum of a temperature
oscillation series when Pr =
28.6, h = 1.6 mm and Ar = 0.1

f1f2

f3

f1
f1

f2 2f1-f2

f1f2
f3

(a) (b) 

(c) (d) 

(e) 

of an infinite number of periodic movements with different
frequencies. The power spectrum of chaotic movement is
a continuous spectrum with the noise background and the
wide peaks It means the oscillation in the annular liquid
layer finally transits to the state of aperiodic motion.

At this point, we have obtained a way to enter the chaotic
state through two quasi-periodic bifurcation processes,
which is consistent with the conclusion obtained by Grebogi
et al. (1983) in 1983.

In addition, as shown in Fig. 4, under the experimen-
tal condition with h = 2.0 mm and Ar = 0.125, with the
increase of Ma, the frequency of these two fundamental
frequencies will also increase at the same time and the
quasi-periodic bifurcation with two fundamental frequen-
cies will continue. Because small Bond number experiments
cannot fully suppress the effect of buoyancy convection,
and buoyancy convection and thermocapillary convection
will have coupling effect in the annular liquid layer, any
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Fig. 4 The fundamental frequencies f1 and f2 change with Ma in the
flow transition process when Pr = 28.6, h = 2.0 mm and Ar = 0.125

tiny disturbance will cause the transition of the oscillation
mode. As the Ma number increases, the convection in the
annular liquid layer becomes more intense, leading to the
increase in the fundamental frequency of the oscillation and
the transition of the oscillation mode.

Meanwhile, we find that there is a special phenomenon in
this process: frequency-locking. Frequency-locking refers
to the phenomenon that the two characteristic frequencies
of the motion of a nonlinear system will be kept as a
certain number m/n within a parameter range. As shown
in Fig. 5, when the oscillation enters the quasi-periodic
bifurcation state, the ratio of f2 to f1 will monotone decrease
with the increase of Ma except when Ma is in the range
of 2300 to 2500. In this range, the ratio of f2 to f1 is a
constant rational number: 0.895. As shown in Fig. 6, when
the number of Ma is in the range of 2300–2500, there is a
new frequency fL in the power spectrum, and fL satisfies the
relationship: fL = f1−f2, and other frequencies in the power

Frequency-locking 

Fig. 5 The ratio of the fundamental frequencies f2/f1 changes with Ma
in the flow transition when Pr = 28.6, h = 2.0 mm and Ar = 0.125

f1fL

f2

Fig. 6 The power spectrum at Ma = 2400, Pr = 28.6, h = 2.0 mm and
Ar = 0.125

spectrum are multiples of fL. At this time, the convection is
oscillating periodically with frequency fL. Figure 6 shows
the typical characteristics of the power spectrum. When the
frequency-locking phenomenon occurs, f1 = 0.9277 Hz,
f2 = 0.8398 Hz, and fL = 0.088 Hz (f1−f2). Similar
frequency-locking phenomenon also exists in the surface
oscillation under the same experimental condition.

The second transition route (hereafter referred to as
Route-2) is the period-doubling bifurcation accompanied
with quasi-periodic bifurcations. This transition route can
be identified under the experimental conditions with h
= 2.4 mm and Ar = 0.15, as shown in Fig. 7. During
the initial period of the experiment, the transition route
of thermocapillary convection follows the quasi-periodic
bifurcation sequence: the periodic oscillation state in Fig. 7a
(f1 = 0.5225)—the quasi-periodic oscillation state with two
fundamental frequencies in Fig. 7b (f1 = 0.5332 and f2
= 0.5762)—the quasi-periodic state with three fundamental
frequencies in Fig. 7c. When the temperature difference
is 37 ◦C and Ma = 3315, the fundamental frequencies
of oscillation are f1 = 0.581 Hz, f2 = 0.625 Hz and
f3 = 0.547 Hz. In Fig. 7d (Ma = 3315), A frequency
equal to one half of the fundamental frequency (1/2 f1 =
0.291 Hz) appears in the power spectrum, which indicates
that thermocapillary convection has entered into the period-
doubling bifurcation state. However, the period-doubling
bifurcation state is not stable. Then it will transit to the
quasi-periodic bifurcation state again, as shown in Fig. 7e
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Fig. 7 Time histories of
temperature oscillations and
corresponding power spectra at
different Marangoni numbers
with Pr = 28.6, h = 2.4 mm and
Ar = 0.15: aMa = 2464; bMa
= 2643; cMa = 3136; d Ma =
3315; eMa = 3719; fMa =
4032; g Time-frequency
spectrum of a temperature
oscillation series when Pr =
28.6, h = 2.4 mm and Ar = 0.15

f1 f1

f2

f1
f3

f2

(a) (b) 

(c) (d) 

f1
1/2f1

1/2f1 

Ma=3315 
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Fig. 8 Time histories of
temperature oscillations and
corresponding power spectra at
different Marangoni numbers
with Pr = 28.6, h = 2.2 mm and
Ar = 0.1375: a Ma = 2299; b
Ma = 2381; cMa = 3039; d Ma
= 3450; eMa = 3532; fMa =
4011; g Time-frequency
spectrum of temperature
oscillation when Pr = 28.6, h =
2.2 mm and Ar = 0.1375

f1 f1
f2

(a) (b) 

f1f2
f3 f1

1/6f1

f1
1/6f1

2/6f1

3/6f1

4/6f1
5/6f1
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f1 

Tangent bifurcation windows 
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(Ma = 3719), and finally to the aperiodic oscillation state,
as shown in Fig. 7f

In Fig. 7g, we can also see clearly that when Ma = 3315,
the frequency of half of the fundamental frequency, 1/2 f1,
appears. Compared with our previous investigations in the
period-doubling bifurcation transition route in a rectangular
liquid layer (Peng et al. 2013), the period-doubling
transition route in the annular liquid layer is different. As
the period-doubling bifurcation of temperature oscillation
appears with the frequency of 1/2 f1, the oscillation won’t
further bifurcate into the period-doubling state with the
frequency of a quarter of f1, but transit to the quasi-periodic
bifurcation state again. So, in the process of the period-
doubling bifurcation, it is also accompanied with the quasi-
periodic bifurcation. These two kinds of bifurcations work
together, and oscillations in thermocapillary convection do
not simply follow the period-doubling transition route.

The third transition route (hereafter referred to as Route-
3) is the tangent bifurcation accompanied with quasi-
periodic bifurcations. When an odd number of bifurcations
occur, it is called the tangent bifurcation (Delbourgo and
Kenny 1985; Broze and Hussain 1996). In the transition
process of thermocapillary convection in the annular liquid
layer, the tangent bifurcation is extremely unstable. Only
under the experimental condition with h = 2.2 mm and Ar
= 0.1375, can we observe the tangent bifurcation clearly.
The transition route with the tangent bifurcation is also
along with quasi-periodic bifurcations. As shown in Fig. 8,
the transition route of tangent bifurcation follows the same
sequence as the period-doubling bifurcation route during
the initial period of the experiment: the periodic oscillation
state in Fig. 8a (Ma = 2299, and f1 = 0.6445)—the quasi-
periodic oscillation state with two fundamental frequencies
in Fig. 8b (Ma = 2381, f1 = 0.6496 and f2 = 0.6201)—
the quasi-periodic state with three fundamental frequencies
in Fig. 8c (Ma = 3039, f1 = 0.6982, f2 = 0.6445 and
f3 = 0.6201). As shown in Fig. 8d, when the temperature
difference is 41 ◦C and Ma is 3450, there is a harmonic with
the frequency of one sixth of the fundamental frequency in
the power spectrum (1/6 f1). At this time, f1 is 0.7422 Hz
and 1/6 f1 is 0.122 Hz. As the temperature difference
increases to 43 ◦C and Ma is 3532, sub-harmonics with
frequencies from 1/6 f1 to 5/6 f1 can be identified in Fig. 8e.
We can see a very clear tangent bifurcation window in

the time-frequency spectrum of the temperature oscillation
in Fig. 8g. Table 2 lists the relationship between the
fundamental frequency and other frequencies of the sub-
harmonics. Due to the limitation of experimental conditions,
the max temperature difference between the cold end and
the hot end is 50 ◦C and Ma is 4011, and the stable
temperature difference step at a higher temperature is hardly
to achieve. As shown in Fig. 8f, the temperature oscillation
is still in the state with tangent bifurcations. However, since
the tangent bifurcation is an unstable oscillation mode, it
will eventually transit to the quasi-periodic oscillation state
and finally reach the chaotic state.

As mentioned above, thermocapillary convection in the
annular liquid layer will transit from the periodic oscillation
state to the quasi-periodic oscillation state quickly. The
temperature data measured by the thermocouple located at
P2 under five sets of experimental conditions is analyzed
to study transition processes from periodic state to quasi-
periodic state. The critical Ma numbers of periodic and
quasi-periodic oscillations are shown in Fig. 9. The
difference in Ma number between these two states is in
the range of 100–125, which means that thermocapillary
convection will transfer from periodic state to quasi-
periodic state quickly. This is due to the effect of buoyancy
convection. The existence of buoyancy in the annular liquid
layer causes the convection along the vertical direction and
disturbs the relatively stable temperature distribution, and
finally leads to the rapid transition of temperature oscillation
from a relatively stable periodic oscillation state to a more
complex quasi-periodic oscillation state.

The Relationship Between Transition Routes
of Temperature Oscillation and Surface Oscillation

In our experiments, there are also three types of transition
routes in the free surface oscillation. It is because that
temperature oscillation and free surface oscillation are two
different forms of the same oscillation in the annular liquid
layer. We can investigate the similarities and differences
between temperature oscillation and surface oscillation
through P2 and PL, and study the relationship between the
transition routes of temperature oscillation at two different
measurement points in the annular liquid layer through P1
and P2.

Table 2 The relationship
between the fundamental
frequency and frequencies of
other sub-harmonics at
different Marangoni numbers
under the experimental
condition with Pr = 28.6 and h
= 2.2 mm

The periodic bifurcation The period-sextupling bifurcation

Ma 2299 3532

The fundamental frequency (Hz) 0.6445(f1) 0.7666(f1)

Other frequencies of 1.29(2f1) 0.127(1/6f1); 0.26(2/6f1); 0.3809(3/6f1);

sub-harmonics (Hz) 0.521(4/6f1); 0.639 (5/6f1);
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Fig. 9 The critical Ma numbers of periodic and quasi-periodic oscillations

Figure 10 shows the time-frequency spectra of tempera-
ture oscillations and free surface oscillations at P1, P2 and
PL. The corresponding experimental conditions for each

row are h = 1.8 mm (Ar = 0.1125), h = 2.4 mm (Ar = 0.15)
and h = 2.2 mm (Ar = 0.1375) respectively. By observ-
ing these time-frequency spectra of surface oscillations, it

(a) (b) (c) 

)e()d( (f) 
Ma=3617 

Ma=3039 

(g) (h) (i) 

Fig. 10 The time-frequency spectra of temperature oscillations and surface oscillations at the temperature measurement points (P1 & P2) and the
surface oscillation measurement points (PL): P1: (a), (d), (g); P2: (b), (e), (g); PL: (c), (f), (i)
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is easy to find that there are also three transition routes
in the displacement oscillation. As shown in Fig. 10c, the
quasi-periodic bifurcation sequence of the surface oscilla-
tion can be obtained when Ar is 0.1125. A process with a
period-doubling bifurcation when Ar is 0.15 and a process
with a tangent bifurcation when Ar is 0.1375 are shown in
Fig. 10f and i respectively. It can be seen from the time-
frequency diagrams that the temperature oscillation and
the surface oscillation have similar transition routes, there-
fore, it can be concluded that the transition route of the
displacement oscillation is consistent with that of the tem-
perature oscillation in the same region of the liquid layer. By
comparing time-frequency diagrams of temperature oscil-
lations and free surface oscillations and investigating the
time nodes of bifurcation transitions, we find that, when
the transition follows Route-1 or Route-2, the time nodes
of bifurcations in the temperature oscillation are consistent
with that in the corresponding transition of the surface oscil-
lation. However, when the transition route follows Route-3,
the distinct difference appears. When Ma = 3039, the tem-
perature oscillation has transferred from the quasi-periodic
bifurcation state to the tangent bifurcation state, but the
surface oscillation is still in the quasi-periodic oscillation
state, and until when Ma = 3617, the surface oscillation
just enters into the tangent bifurcation state. The reason is
that both of the quasi-periodic bifurcation and the period-
doubling bifurcation are relatively stable bifurcation forms,
so the temperature oscillation is consistent with the dis-
placement oscillation in Route-1 (Fig. 10b, c) and Route-2
(Fig. 10e, f). However, the tangent bifurcation is a very
unstable form and the time nodes of the tangent bifurcation
are random, therefore, there is a time difference by com-
paring time-frequency spectra in Fig. 10h and i. More pro-
found mechanisms will be further explored in our follow-up
studies.

Besides, the time-frequency spectra of P1 & P2 under
three experimental conditions are compared by same
methods. In Fig. 10a and b, we can see that the transitions of
temperature oscillations at these two points follow Route-
1. It indicates that two points in different regions of the
annular liquid layer share the same oscillation transition
path. There are also some differences in their temperature
oscillation modes. Figure 10g shows the quasi-periodic
evolution process. Figure 10h shows the obvious process of
the tangent bifurcation in the time-frequency spectrum of
P2 when Ar is 0.1375. Compared with the time-frequency
spectrum in Fig. 10d, it is obvious that there is a process
of the period-doubling bifurcation in Fig. 10e. It indicates
that in the annular liquid pool with a shallow liquid
layer, the transition form of oscillations is from local to
global oscillations, and the time nodes in the transition of
the temperature oscillation are not consistent in different
regions of the shallow liquid layer.

Conclusions

In this paper, we systematically investigate the character-
istics of oscillations in annular liquid layers and obtained
three main transition routes of temperature oscillations
and surface oscillations: quasi-periodic bifurcations, period-
doubling bifurcations accompanied with quasi-periodic
bifurcations and tangent bifurcations accompanied with
quasi-periodic bifurcations. In the annular liquid pool, the
flow will transfer to the quasi-periodic bifurcation state with
two fundamental frequencies soon after the periodic oscil-
lation state. The complete path of the quasi-periodic oscil-
lation transition is obtained: the periodic oscillation state-
the quasi-periodic oscillation state with two fundamental
frequencies- the quasi-periodic state with three fundamen-
tal frequencies- the aperiodic oscillation state. Besides, the
transition route of the period-doubling bifurcation or tan-
gent bifurcation is always accompanied by quasi-periodic
bifurcations at the same time.

Meanwhile, the relationship between temperature oscil-
lations at different positions in the annular liquid layer and
the relationship between transition routes of the temperature
oscillation and the free surface oscillation are also studied.
In the ground environment, because of the coupling effect
of buoyancy and surface tension, oscillation modes at dif-
ferent positions in the annular liquid layer are not exactly in
time synchronization. The propagation path of the temper-
ature oscillation is consistent with that of the displacement
oscillation at the same point. Moreover, the locations of
bifurcations in the annular liquid layer are random and the
transition form of oscillations in the annular liquid layer is
from local to global oscillations.
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