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1. Introduction

In this paper, we are concerned with the non-Newtonian incompressible fluids which is governed by the following system
U, +u-Vu—dive+Vr =0, inR3x(0,T),

divu=0, inR? x (0, T), (1)
u(0, x) = ug(x), inR?,

where u = (u1, Uy, u3) denotes the unknown velocity of the fluids, = denotes the pressure, and
1
o = [D(w)P~2D(u), D(u)= 2 (Vu+ (Vu))

denotes the shear stress. Since we are concerned with the study of sufficient condition for regularity of weak solutions to
the above system, we start by giving the well known definitions of weak and strong solutions to (1).

Definition 1 ([1,2]). Let ug € L2(R3). We callu € L>°(0, T; [2(R?)) N LP(0, T; Wolq‘g(R3)) a weak solution of (1), if

f —u-¢rdxdt—/ u®u: Vedxdt
R3x(0,T) R3x(0,T)

+/ |D(u)|"’2D(u) : D(@)dxdt = / up - 9(0)dx
R3x(0,T) R3

forall ¢ € C °°(R3 x [0, T)) satisfying div ¢ = 0 and, furthermore, if the following energy inequality

IO + / / wlPdxde < 2 o, @)

holds for almost all t € (0, T).
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We use the following notations and definitions: C§°(R3 x [0, T)) and C0°°(R3) denote two spaces of smooth functions with
compact support, and C5° (R?) = {¢ € C(§°(R?)|V - ¢ = 0}. The norm in I?(R?) will be denoted by || - ||,, and

I llweo = > 10°C)llps k=1,

0<|o|=<k

L? (R?) denotes the closure of C5% (R?) in the norm || - ||, and W&‘f;(R3) the closure of C3° (R?) in the norm || - ||y 1.

Definition 2 ([3]). Letug € Wol”;(]R3). We say that a weak solution u to (1) is strong if
u e [7(0, T; W*P(R?)) N L(0, T; Wy 2(R?)).

The bibliography concerning the system (1) is too large to be dealt here. So, the aim of our references is merely to help
the reading of the notes. In particular, we essentially restrict us to the evolution problem, in the case p < 2.

For the mathematical study of Eq. (1) one must recall the pioneering study done by O.A. Ladyzhenskaya in reference [4]
where, in particular, existence of strong global solutions with periodic boundary conditions is proved for p > % The
existence of weak solutions of (1) is shown in [4] with the periodic boundary condition, and in [5] in the whole space for
p > g. In [2], J. Wolf showed the existence of weak solutions with Dirichlet boundary condition for p > % For % <p<2,
i.e. in the shear thinning case, the short time existence results of strong solutions with the periodic boundary condition or
in the whole space, are established in [6,7]. Moreover, when % < p < 2, Bae et al. [3] obtained the following Prodi-Serrin
type regularity criteria.

Lemma 1 (Theorem 2.3, [3]). Let % < p < 2. Suppose that u is a weak solution to (1) in [0, T). Assume further that
3 5p—6 5p—38 6
uelf0,T; [*R?), =+ 4 < 4 o> .
o 28 2 5p—38

Then u is a strong solution to (1)in [0, T).

’

For a related shear thickening fluids result, 2 < p < 15—1 see reference [1].

When p = 2, the system (1) reduces to the classical Navier-Stokes equations. In this case the global existence of weak
solutions goes back to Leray [8] and Hopf [9]. It is one of the most challenging open mathematical problems to prove, or
disprove, that weak solutions are necessarily strong under reasonable but general assumptions. In this context, a remarkable
and classical sufficient condition for uniqueness and regularity is the so-called Prodi-Serrin condition, namely

2 3
u € [#(0, T; [*(R%)), E+5§1’ o> 3. (3)
Weak solutions satisfying the condition (3) are known to be strong and unique, see [ 10-13]. In [ 14], see also [ 15], the authors
proved, in the whole space case, that a solution is strong if merely two components of the velocity satisfy the above condition.
Very recently, this result was extended to the half-space in [16], and cylindrical boundaries in [17], both cases under slip
boundary conditions. Below we extend the result proved in [3] to the system (1) with p < 2, i.e., we will improve Lemma 1.
Our main result reads as follows.

Theorem 1. Let u be a weak solution to the system (1) with % < p < 2. Furthermore, let u = (u4, u, 0), and assume that
3 56 _5p-8 6

uelf0,T; %R}, = , .
( ®N St 2 =72 “ 53

(4)
then u is a strong solution.

Remark 1.6 Following [3], and from the following proof, we may show that the above result still holds when u €
1°°(0, T; L5-8(R3)) and ||ul| 6 is sufficiently small.
Lo® ; )

(0,T;L5P—
Remark 2. Note that if p = 2 we reobtain the result shown in reference [14].

Remark 3. The above choice 1 = (u1, uy, 0) is equivalent to say that u is a (two dimensional) component of the velocity
parallel to a fixed, arbitrary plane.

2. Preliminary results

Lemma 2 ([18,19], Korn inequality). Let u € W"P(R3), for 1 < p < oo. Then
Vull, < ClID(u)]lp .

Hereinafter, we define C as being a generic constant which value may vary line by line.
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Lemma 3 ([18,20], generalized Korn inequality). Let u € W?P(R3), for 1 < p < oo. Then
IV?ull, < CIVD(@)], -

By virtue of Lemmas 2 and 3, and noting that
3

> V(IDPDy) - VDy = (p — 1) / IDP~?|VDdx,
ij=1

a straightforward calculation implies the following lemma, the details can be found in Lemma 2.1 of [3].
Lemma4. Let1 < p < 2.Supposeu € W2S(R3) for 1 < s < 2, then

% 2—s
2 p-2 C=ps z
|v ul'dx <C Zv ID[P~2Dy) - VDydx |Vu| == dx
R3

111

<c/ Z V(|DP~2Dy) - VDydx + cf IVl 7% dx .
ij=1
. . djuj+0oju;
Hereinafter, for convenience, we set D = D(u) and Dy = —5--.
3. Proof of Theorem 1
Proof. Applying the inner product V x (V x u) to (1), we have
/ (ut fu-Vu— div(|D|P—2D)) (VX (Vxu)dx=0.
R3
After integrating by parts, we easily obtain

2
2dt/ |w|? dx—i—X:/]R (IDP~2Dy) - VD,]dx_/]R ®-Vu-wdx

i,j=1

where @ = V x u. We have used the following facts:
1
—Au=V x(V x u), u~Vu:EV|u|2—u><(V><u),
and
Vx(uxw)=w-Vu—u-Vw.

Hence, we have

2dt/ P dx—i—Z/R (IDP=2Dy) - VDydx < Z/ w;djuw; dx| .

i,j=1 i,j=1
Following [14] or [ 16], we consider separately the three casesi # 3;i=3andj # 3;i=j = 3.
Case I: i # 3. By integration by parts, one has

3 3
Z/ a)j(ajui)wi dx = — Z/ uiwjaja),‘ dx. (5)
=1 E =1 'R’
Casell: i = 3 andj # 3. By integration by parts, one has

2 2
Z/ wj(ajU3)a)3 dx = Z/ wjaju3(81u2 — 82“1)(1)(
j=1 R3 j=1 R3

=-> L u; (d150u3 + w;d;01u3) dx (6)
j=1"E

2
Z/ Uy 32(1)]3]1.13 +a)j3132u3) dx .
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CaselIll: i = j = 3. Due to divu = 0, one has

/3(33113)60% dx = — /3 (D111 + dotlp) w5 dx
R R

(7
=2/ u1w381w3dx+2/ u2w382w3dx.
R3 R3
Now, from (5)-(7), we have
1d >
St |w|2dx+2/ Vv (IDIP-2Dy) - VDydx
R3 ijo VR (8)
gcf lit]| Vu||V2u| dx .
R3
; 6 3p p
On the other hand, since o > 5% > s >~ poiv We have
f3 [ Vu | V2uldx <[[i]o || V]| V2ul| e
R
<l Vall s [|Vull,
8pa—12a)—6p 3(2(1.7+2a—pa)
= 5p—6 5p—6 2
<llafle[Vull, 7 V] 5,7 N
8pa—12a—6p 37p2poz+6p
= 5p—6 2 5p—6
<Cllalle[Vull, [ Vull
Hence, forany 0 < t; < t; < T, we have
5]
/ / |a|| Vu|| VZu| dxdt
tq R3
1 -1
ty B t _ B 8pa—12a—6p _ B 2pa+6p B
<C ( / ||ﬁ||5dt) ( / [Vl =" B 2yt e dr)
tq tq
T p % Sptzts—nér)—ﬁp ty ) %épa-lgp 1
= —6)a = —6)o
=<C (f IIUIIth> sup [[Vull, ** (/ VAl ™ dt) .
0 tefty,tp] t
Due to (4), we have
2 6
P 2046
B—1(5p—6)x
Therefore
5}
/ / [at]| Vu|| VZu| dxdt
ty R3
1 2046
A B SP«(X;E;});GP ] ) Gp—6)a
=<C (/ ([’ dt) sup [[Vull, ** (/ V-l dt) .
t tefty ] ty
In Lemma 4, set s = p. By appealing to (2) and Lemma 2, we have
5}
/ / [it]| Vu|| VZu| dxdt
ty R3
ty % SptzzS—IZGa)—Gp ty %
= —0)o
=<C (/ )’ dt) sup [[Vull, ** (/ Vall} dt)
t telty ] ty
pla+3)
& 3 5p—6
p—2p.y. "
x /[ fR3 > V(IDPP?Dy) - VD dxdt 9)
1 ij=1
t % 8pa—12a—6p
— 5p—6)a
<C (/ ||u||£dr) sup [[Vul, 7
tq telty,ta]
pla+3)
(5p—6)x

ty 3
x / / > V(IDIPDy) - VD dxdt
tq R3

ij=1
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Thus, from (8) and (9), it follows that

IVu(L)I2 + / f Zvump 2p,). VD dxdt

ij=1
ty % 8pct5—12é1—6p
<C ( / ||u||£dt) sup || Vul, =%
t telty,tp]
ple+3)
(5p—6)x
/ / ZV(|D|” 2Dyj) - VD dxdt + [IVu(t)Il3 .

i,j=1

Sinced € LA(0, T; [%(R3)) and 2pe=5a=3p | » G pat3) _ 1 we have

(5p—6)c p—6)a

sup | Vu(t)]3 + f / Zv (IDP=2Dy) - VD; dxdt < || Vug||%.

te[0,T] by

See the proof of Theorem 2.3 in [3] for the details. Now from Lemma 4, one has

sup [[Vu(t)|3 + f/|v2u| dxdt<C/ / |Vul? dxdt + ||V |3 <

tel[0,T]

Thus, the proof of Theorem 1 is complete.
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