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Abstract To predict the coning motion forms of a
rolling projectile with configurational asymmetries, the
nonlinear characteristics for the system are investigated
in this paper. The nonlinear dynamic model of rolling
projectiles in coning motion is built by considering the
nonlinear aerodynamics and roll orientation-dependent
aerodynamics. The configurational asymmetry is mod-
eled as a periodically parametric excitation in order
to study its effect on the periodic response stabil-
ity of the rolling projectile. Numerical continuation
method is resorted to determine the parametric zone for
the steady motions, and the possible stable rotational
speeds are discussed. The numerical simulations, Lya-
punov exponent spectrum analysis and Poincaré sec-
tions are performed to confirm the existence of chaotic
coningmotion. The results shown in this study not only
contribute to an in-depth understanding for the nonlin-
ear dynamics of rolling projectiles but also provide an
important reference for the further study of the control
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1 Introduction

In engineering application, effect of manufacturing tol-
erances, mass distribution, external geometry and acci-
dental damage at launch, the projectile will have differ-
ent degrees of asymmetry, whichmay result in a coning
motion caused by roll–yaw resonance phenomenon,
where the nose of the body describes circles around the
velocity vector, as shown in Fig. 1. The roll–yaw reso-
nance phenomenon caused by the slight configurational
asymmetries was first found byNicolaides [1]. The res-
onance occurs when the roll rate is near the pitch angu-
lar frequency of the missile, which displays an amplifi-
cation of the trim angle. The enlarged angle will cause
a nonlinearly induced roll moment in both angle of
attack and roll orientation that in some cases may lock
the roll rate to the pitch frequency; this kind ofmotion is
called lunarmotion because it is similar to themotion of
the moon [2]. Research by Price [3] suggested that the
lateral displacement of the center of mass is the main
cause of these induced roll moments. Subsequently, the
occasional anomalous flight behaviors of a missile near
resonance having slight configuration asymmetry have
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been widely studied by researchers. To prove the exis-
tence of steady-state resonance in free flight, a large
number of authors have developed increasingly com-
plex models. A significant research about roll lock-in
phenomenon was contributed by Murphy [4]. He pro-
posed a coupled analytical model for the problem of
persistent resonance that combines linear lateral aero-
dynamics with nonlinear roll orientation-dependent
inducedmoment due to center-of-mass offset. A simple
graphicalmethodwas subsequently developed to deter-
mine the equilibrium points, and the corresponding sta-
bility was determined using Lyapunov’s linearization
method. Three different types of lock-in were shown
in Murphy’s work, including steady-state roll, normal
persistent resonance roll, and reverse persistent reso-
nance roll. A two-dimensional topological model was
then presented by Ananthkrishnan and Raisinghani [5]
to show a dependence of resonant lock-in solutions on
the initial conditions; they also showed the possibility
of the quasi-steady lock-in and investigated the prob-
lem of passage through resonance of rolling finned pro-
jectiles relating to the transient resonance with center
of mass offset [6,7].

While studying the analytical algorithm of asym-
metric rolling angle motion, the expressions of aerody-
namic forces and aerodynamicmomentswere also con-
tinually improved to obtain more accurate prediction
of dynamic characteristics. Pepitone and Jacobson [8]
pointed out that any aerodynamic force or moment
which is periodic in missile roll orientation may offer
the potential of exciting missile resonant behavior. In
his work, the cubic in angle of attack and harmonic in
missile roll orientationwere incorporated into the equa-
tions of angular motion. The results showed that the
roll orientation-dependent restoring and side moments
have a dramatic influence onmissile stability at the fun-
damental resonance roll rate. Murphy and Mermagen
[9] also confirmed that the occurrence of lock-in can be
caused by a side moment that varies with the roll angle
orientation in the absence of an asymmetry-induced
trim moment. Based on the work of reference [9], Li et
al. [10] analyzed the effect of nonlinear aerodynamic
coefficients on the lock-in parameters. To obtain the
desired lock-in motion, a model for optimizing some
of the nonlinear aerodynamic coefficientswas also con-
structed by them. Morote and Liaño et al. [11–14] pre-
sented a nonlinear model for the steady-state coupled
pitch–yaw–rolling motion of a rocket in free flight,
including nonlinear transverse aerodynamic properties

and nonlinear inducedmoment. An effective method to
avoid the occurrence of the roll lock-in was presented
using numerical simulation and graphical methods. It
is worth noting that the coupling between the angular
motion and roll motion increases with the nonlineari-
ties. Hence, the rolling projectile system is a complex
high-dimensional dynamic system having strong non-
linear and coupling characteristics.

In recent years, the research on the nonlinear dynam-
ics and chaos has been extended to aerospace engineer-
ing [15–18]. However, study on the chaotic dynamics
in rolling projectile system is rarely found in the pub-
lic literature. In fact, the aperiodic behavior observed as
early as 1966 in Nicolaides’s dynamic supersonic wind
tunnel tests of the Aerobee sounding rocket. The stud-
ies suggested that the aperiodic behavior manifested
itself due to poor roll dynamic stability and strong
nonlinearities [19]. Tanrikulu [20] performed extensive
numerical simulations of the analytical persistent res-
onance model of Murphy; the chaotic motions were
also observed. Chaos is used to describe a type of
motion or time evolution caused by dynamical systems.
Although chaos theory has been widely studied, there
is still no precise definition of chaos. However chaotic
motion can be characterized by some special identi-
fiable properties [21–25]: chaos can be defined as a
bounded aperiodic behavior of deterministic nonlinear
systems, which is not an equilibrium solution, a peri-
odic solution or a quasiperiodic solution. In addition,
chaotic motion is also characterized by sensitivity to
initial states, that is, tiny differences in the initial con-
ditions can be rapidly amplified to result in huge dif-
ferences in the response. The numerical identification
of chaos plays an important role in nonlinear dynam-
ics to determine whether chaotic behavior occurs in
a specific system. Lyapunov exponents and Lyapunov
dimensions are introduced to specify the sensitivity of
chaos to initial states and to emphasize the recurrent
aperiodicity of chaos, respectively. Power spectra may
be used to detect the stochasticity of chaos andPoincaré
maps are employed to determine the geometrical struc-
tures of chaos [21,22]. From the emerging processes
of chaotic motion changing with system parameters,
routes to chaotic motions can also serve as an effective
approach to investigate chaotic motion. In most sys-
tems, chaos occurs only within some range of parame-
ter values. How to turn a regularly behaving system into
chaos is a fundamental and significant problem. There
are several fairly well-understood and relatively easily
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recognizable routes to chaos in a specific transition pro-
cess of a prescribed system, including period-doubling
sequence, intermittency, quasiperiodic torus break-
down, quasiperiodic torus doubling, crises, period-3
motions and so on [21–32].

This paper considers both nonlinear aerodynamics
and roll orientation-dependent aerodynamics to estab-
lish a nonlinear dynamical model that can accurately
describe the coning motion of rigid-body rolling pro-
jectile. Numerical continuation method and modern
nonlinear dynamic theories are used to reveal the vari-
ous possibilities of coning motion forms for asymmet-
ric rolling projectile. Numerical continuation method
is used to establish the critical values of the bifurcation
parameters and to predict the limit cycles in the asym-
metric rolling projectiles to locate the stable and unsta-
ble regions that give sufficient information for further
exploring more complex nonlinear behaviors [33–36].
Also, Lyapunov exponent analysis and bifurcation dia-
grams are presented to reveal the dependence of con-
ing motion forms (including chaotic motion) on criti-
cal parameters. In the literature available on the topic,
three are few reports of exploring routes to chaos for
this newly proposed nonlinear asymmetric rolling pro-
jectile chaotic system. The results obtained herein not
only serve as new examples for the routes to chaos, geo-
metrical structure of chaos and numerical identification
of chaos but also are helpful in designing control strat-
egy for guaranteeing stability and suppressing chaotic
motion of coupled rolling projectile system in coning
motion.

The rest of the paper is shown as follows. In Sect. 2,
coupling pitch–yaw–roll equations of motion are pre-
sented for the rolling projectile system and the analysis
of the influence of nonlinear aerodynamics on the cou-
pled system is also included in this section. Section 3
explores the conditions for the steadymotions followed
by extracting critical parameter values corresponding
to the different types of bifurcations. In Sect. 4, the
bifurcation diagrams and Lyapunov exponent analy-
sis are carried out to investigate the nonlinear dynamic
characteristics of the rollingprojectile systemwith vari-
ation of asymmetry effect and design roll angle rate.
The routes to chaos are numerically examined via the
orbit diagrams, phase trajectories, Poincaré maps and
power spectra. Numerical results demonstrate that the
onset of chaos is characterized by the period-doubling
bifurcation as the design roll angle rate is increased.
Finally, some conclusions are drawn in Sect. 5.

Fig. 1 Coning motion of rolling projectile

2 Mathematical model

2.1 Construction of lateral dynamical model

A spinning missile is a kind of air vehicle that rolls
around its longitudinal axis continuously during flight.
It can be observed from the dynamic process of the
angular motion that, besides the rotation about its
longitudinal axis, there exists another form of cir-
cular motion, known as coning motion of longitudi-
nal axis around the velocity vector. The rotation of a
missile induces a serious coupling between the pitch
and the yaw channels, and non-convergence motion
may occur if the deviation between the actual nuta-
tion angle and the design nutation angle increases
continuously or maintains comparatively large ampli-
tude.

A body-fixed coordinate system (O − xyz) is intro-
duced with x axis which is the longitudinal axis of mis-
sile, y axis is in the plane of a fin, and z axis determined
by the right-hand rule is orthogonal to the x axis and
y axis. Let i, j, k be the basis vectors of (O − xyz) and
u, v, w be the components of velocity vector for the
missile’s center of mass and p, q, r be the components
of angular velocity vector. Then the vectors V and ω

can be written as :

V = ui + vj + wk, ω = pi + qj + rk (1)

The dynamical equations can be derived from New-
ton’s second law and theorem of moment of momen-
tum, when the dynamical equations are expressed in
(O − xyz), it yields [37]
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Fig. 2 Definition of complex variables

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

dv

dt + ur − pw = Fy
m

dw

dt − uq + pv = Fz
m

dq
dt − pr (1 − σ) = My

It

dr
dt + pq (1 − σ) = Mz

It

(2)

where σ = Ix/It , and Ix , It represent axial moment of
inertia and transverse moment of inertia; m is the mass
of the projectile; Fy, Fz, My, Mz , respectively, denote
the projections of aerodynamic force and aerodynamic
moment on y axis and z axis.

To avoid the small angle hypothesis and the incon-
venience caused by the introduction of a large number
of trigonometric and inverse trigonometric functions
in the process of modeling, the variation of body axis
relative to the velocity vector is directly reflected by
the components of v/V , w/V . As shown in Fig. 2, the
(A − yz) plane is defined as a complex plane, the com-
plex angle of attack and the complex transverse angular
velocity can be defined as

ξ = (v + iw)/V = |ξ | eiθ , μ = (q + ir) d/V (3)

where θ specifies the orientation of the plane of com-
plex angle of attack with respect to the (A − xy) plane,
d is diameter of projectile,V ismagnitude of themissile
velocity, i is imaginary unit, and e is natural constant.

The aerodynamic force and aerodynamicmoment in
(O − xyz) can be written as complex function of angle
of attack, that is [9,38]

Fy + iFz = −ρV 2S

2
CNαξ − ρV 2S

2
CN0e

iφN (4)

My + iMz = ρV 2Sd

2

[
pd

V

(
CMpα0 + CMpα2ξ ξ̄

)
ξ

− i
(
CMα0 + CMα2ξ ξ̄ + CMRθ ξ ξ̄e−i4θ) ξ

− i
(
CMα̇0 + CMα̇2ξ ξ̄

) (
ξ̇ + ipξ

)
(d/V )

+ (
CMq0 + CMq2ξ ξ̄

)
μ − iCM0e

i(φM )
]

(5)

where ρ is air density, S = πd2/4 is reference area
of projectile, CNα is angle of attack coefficient of
the normal force, CN0 and φN , respectively, represent
asymmetry force coefficient and asymmetry force ori-
entation angle, CMpα0 and CMpα2, respectively, repre-
sent linear and nonlinear angle of attack coefficients
of Magnus moment, CMα0 and CMα2, respectively,
represent linear and nonlinear angle of attack coef-
ficients of static moment, CMq0, CMα̇0, CMq2, CMα̇2

are linear and nonlinear damping and lag coefficients
of the pitch moment, φM and CM0 are asymmetry
moment orientation angle and coefficient of asymme-
try moment, CMRθ is roll orientation-dependent static
moment coefficient, and ξ̄ represents the complex con-
jugate of ξ .

Introducing dimensionless arc length s, namely, s =
d−1

∫ t
0 Vdt , and then Eq. (2) can be rewritten as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

v′
V + u

V

(
rd
V

)
− w

V

(
pd
V

)
= Fy

m

(
d
V 2

)

w′
V − u

V

(
qd
V

)
+ v

V

(
pd
V

)
= Fz

m

(
d
V 2

)

q ′d
V −

(
pd
V

)
·
(
rd
V

)
(1 − σ) = My

It

( d
V

)2

r ′ d
V +

(
pd
V

)
·
(
qd
V

)
(1 − σ) = Mz

It

( d
V

)2

(6)

where the tilde superscript represents differentiation
with respect to the dimensionless arc length s. Also

dV

dt
= V ′ V

d
= −ρV 2SCD

2m
(7)

whereCD = CD0+CD2ξ ξ̄ is the drag force coefficient.
Multiplying the second and the fourth equations of

Eq. (6) by imaginary number i and adding to the first
and the third equations of Eq. (6), respectively, and
using Eqs. (3)–(5) and (7), the nonlinear second-order
differential equation in the complex angle of attack can
be expressed as in the following:
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ξ ′′ + [
H − i (σ − 2) φ′] ξ ′

+
[
(1 − σ)

(
−φ′2) − M − MRθ

+i
(
φ′′ + φ′h

)]
ξ = Ak−2

t CM0e
iφM (8)

where φ is roll angle, and φ′ = pd/V . Also

H = H0 + H2, T = T0 + T2, M = M0 + M2,

h = H − σT, MRθ = CMRθ ξ ξ̄e−i4θ

H0 = A
[
CNα0 − 2CD0 − k−2

t

(
CMq0

+CMα̇0)] , M0 = Ak−2
t CMα0,

T0 = A
(
CNα0 − CD0 + k−2

t CMpα0

)

H2 = A
[
CNα2 − 2CD2 − k−2

t

(
CMq2

+CMα̇2)] ξ ξ̄ , M2 = Ak−2
t CMα2ξ ξ̄ ,

T2 = A
(
CNα2 − CD2 + k−2

t CMpα2

)
ξ ξ̄ ,

A = ρSd/2m, k2t = It/md
2

Linear flight dynamics show that the frequency of
the motion is decided by M0. Introduction of the sec-
ond dimensionless time τ = [|M0| / (1 − σ)]1/2 s in
Eq. (8) leads to

ξ̈ +
[
Ĥ − i (σ − 2) φ̇

]
ξ̇ +

[
(1 − σ)

(
1 − φ̇2

)
− M̂2

−M̂Rθ +i
(
φ̈+φ̇ĥ

)]
ξ = Ak−2

t (1 − σ)

M0
CM0e

iφM

(9)

where the dot represents differentiation with respect to
τ , and

ĥ = h [(1 − σ) / |M0|]1/2 ,

M̂2 = M2 [(1 − σ) / |M0|] ,
M̂Rθ = MRθ [(1 − σ) / |M0|]

According to Eq. (9), resonance occurs at
∣
∣φ̇

∣
∣ = 1.

The equilibriumpoints are found by setting ξ̈ = ξ̇ =
φ̈ = 0. Meanwhile writing the complex angle of attack
in polar coordinates, Eq. (9) can be rewritten as:
[
(σ − 1) φ̇2

e − M̂0 − M̂2δ
2
e − ĈMRθ δ

2
e e

−i4(φM−ϕe)

+ i
(
φ̇e

(
ĥ0 + ĥ2δ

2
e

))]
δee

−iϕe

= Ak−2
t (1 − σ)

M̂0
CM0 (10)

where ()e represents equilibriumvalue, δ is the absolute
value of ξ and ξ̄ , ϕ is phase lag.

Fig. 3 Steady-state lateral equilibrium points

Fig. 4 Comparison of frequency responses

Figure 3 gives a discontinuous curve intersection of
two surfaces composed of the real and imaginary parts
of Eq. (10). For comparison analysis, Fig. 4 gives an
amplitude–frequency response which is a projection of
the curve intersection of Fig. 3 onto the δe − φ̇e. The
relative parameters are shown in Table 1.

In Fig. 4, it can be observed that the resonant fre-
quency of the system with h2 is similar as that of the
system without h2, only showing a difference at ampli-
tude. The existence ofM2 bends the frequency response
curve to one side; if M2 > 0, it bends the whole curve
to the left, acting as a “soft-spring”; if M2 < 0, it bends
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Table 1 Physical and
aerodynamic parameters
[39]

Parameters Values Unit Parameters Values Unit

σ 0.05 – MRθ − 2 × 10−5 –

ρ 1.03 kg/m3 CM0 0.03 –

S 1.27 × 10−2 m2 φM 90 ◦

d 0.127 m M0 − 9.78 × 10−6 –

m 30 kg M2 ± 4.88 × 10−5 –

V 280 m/s h0 1.0 × 10−2 –

k−2
t 0.059 – h2 2.60 × 10−4 –

the whole curve to the right, acting as a “hard-spring”.
Figure 4 also shows that the presence ofMRθ causes the
single amplitude lobe to be divided into two tongues for
the roll orientation-dependent curves. The left tongue
acts as “soft-spring” and the right tongue acts as “hard-
spring”. Meanwhile, MRθ �= 0 also makes possible the
existence of very large amplitudes as shown in this fig-
ure. Results mentioned above show that the nonlinear
aerodynamic moments M2 and MRθ have significant
influence on the periodic response of the rolling pro-
jectile.

2.2 Roll equation of motion

The roll moment considered here has two components:
a constant driving moment created by differentially
canting the fins to control the missile, and a spin-
damping moment proportional to the roll rate:

Mx = ρV 2Sd

2

[
Clp (pd/V ) + Cl0

]
(11)

HereClp is spin-dampingmoment coefficient andCl0 is
spin-producing moment coefficient created by canting
the fins.

Zero roll moment causes the missile to fly at a
constant-steady-state spin, i.e.,

Cl0 = −pssdClp/V (12)

where pss is constant-steady-state spin.
The complete roll moment including a nonlinear

induced roll moment term can be rewritten as:

Mx = ρV 2Sd

2

[
Clp (p − pss) (d/V ) + Clθ (δ, θ)

]

(13)

Here, Clθ is the induced rolling moment coefficient
and it is an odd function of θ with a period of 2π/n.
Clθ (θ, δ) can be expanded as the following Fourier
series only considering fundamental wavelength:

Clθ =
∑

k=1

∑

h=0

akhδ
knδh sin nθ

=
∑

k=1

∑

h=0

akhδ
knδh

ξ kn − ξ̄ kn

2iδkn

=
∑

k=1

∑

h=0

akhδ
h ξ kn − ξ̄ kn

2i
(14)

The roll equation ofmotion canbe obtained bydifferen-
tiating the axial angular momentum and equating them
to roll moment Mx . The roll equation can be obtained
as follows when only considering the first term for the
induced roll moment.

φ′′ + Kp
[
φ′ − φ′

ss − iKθ

(
ξn − ξ̄n

)] = 0 (15)

where φ′
ss = pssd/V , Kp = −A

(
k−2
x Clp − CD

)
and

k−2
x = md2/Ix . The independent variable in Eq. (15)
is dimensionless arc length s. Introduction of τ =
[|M0| / (1 − σ)]1/2 s into Eq. (15) yields

φ̈ + K̂ p

[
φ̇ − φ̇ss − iK̂θ

(
ξn − ξ̄n

)] = 0 (16)

where K̂ p = Kp [− (1 − σ) /M0], K̂θ = Kθ

[− (1 − σ) /M0].

3 Equilibrium and bifurcation analysis for
spin–yaw lock-in

In order to analyze the equilibrium behavior of projec-
tiles,Murphy [4] firstly proposed a graphical method to
locate equilibriumpoints and then thismethodwasused
in the subsequent studies [5,20]. However, for the pro-
jectile dynamics with high dimensions and strong non-
linearities, this method is no longer applicable. To ana-
lyze the local stability for different asymmetrymoment
orientation angles, a numerical continuation method
[33–36] is applied to determine the equilibrium behav-
ior of system with varying parameters. The numerical
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Table 2 Computed bifurcation points

No# φM (◦) TY a
(
β + iα, φ̇

)

1 3.22 LP 0.045 (−5.50 − i 0.50, 1.06)

2 28.18 NE – (−0.83 − i 0.48, 1.14)

3 28.20 LP −0.271 (−3.28 − i 1.04, 1.05)

4 140.59 H −0.094 (1.16 − i 1.05, −1.09)

5 163.25 LP 0.153 (2.96 − i 0.50, 1.06)

6 163.65 H 0.138 (5.63 − i 1.04, −1.06)

7 165.15 LP 0.152 (4.41 − i 1.04, −1.05)

8 203.01 H −0.002 (0.03 + i 0.01, 3.05)

9 218.47 NE – (−1.16 − i 1.00, −0.90)

10 228.22 H −0.989 (−0.84 − i 1.00, −0.88)

11 314.46 H −0.005 (1.05 − i 1.00, −0.90)

12 334.20 H −0.129 (1.04 − i 0.55, 0.87)

13 340.63 H −0.008 (−0.03 + i 0.01, 3.05)

14 348.59 H 0.020 (4.36 − i 1.02, −0.99)

TY type of point, LP limit point, H Hopf bifurcation point, NE Neutral saddle equilibrium. a is quadratic normal form coefficient for
fold bifurcation or the first Lyapunov coefficient for Hopf bifurcation

Fig. 5 Location of
equilibrium with nonlinear
aerodynamics

results obtained by using continuation method for the
bifurcation value of system parameters are shown as
follows (Table 2).

One way to view the angular motion of this rolling
projectile is to consider the responses of angle of attack
α and angle of sideslip β. As shown in Fig. 2, α and β

can be calculated as
⎧
⎪⎨

⎪⎩

β = arcsin (v/V ) ,

α = arctan

(

(w/V )/

√

1−(
(v/V )2+(w/V )2

)
)

(17)

Figure 5 shows locations of possible equilibrium
with nonlinear aerodynamics in terms of φ̇ and δ. Sta-

ble solutions in figures are indicated by full green lines
and unstable solutions by dashed red lines. One or two
or three stable fixed points may be obtained accord-
ing to the value of the asymmetry moment orientation
angle. The first one corresponds to the design state,
and the other two correspond to the normal lock-in
and reverse lock-in. As shown in Fig. 5, the number
and value of the equilibrium points change with φM .
Cases for 0◦–140.59◦ and 340.63◦–360◦ show a sta-
ble design solution and a stable normal lock-in solu-
tion; case for 140.59◦–163.25◦ shows three stable solu-
tions: a stable design solution, a stable normal lock-in
solution and a stable reverse lock-in solution; case for
163.25◦–165.15◦ shows a stable design solution and a
stable reverse lock-in solution; case 334.20◦–340.63◦
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only shows a stable normal lock-in solution; case for
165.15◦–203.01◦ only shows a stable design solution,
while case for 203.01◦–334.20◦ shows no stable solu-
tions.

It also can be observed from Fig. 5a that there is a
critical value φM at which stable lock-in solutions do
not occur, which are created at the limit points. When
a stable resonance solution exists, there also will be
unstable solutions that are very close to the lock-in
solutions. These unstable solutions will play an impor-
tant role in the process of passing resonance. Mean-
while, when stable lock-in occurs, the amplitude of the
equilibrium nutation angle becomes larger due to the
resonance effect, as illustrated in Fig. 5b. Note that
the induced rolling moment caused by the equilibrium
nutation angle also suppresses the tendency of the mis-
sile reaching the design rotation state. Under this inter-
action between rolling moment and nutation motion,
equilibrium nutation angle becomes bigger.

For the cases with more than one equilibrium point,
the steady-state solution depends on the initial condi-
tions at launch. Figure 6a shows three stable equilib-
rium points: a stable design solution, a stable normal
lock-in solution and a stable reverse lock-in solution
when asymmetry moment orientation angle is 150◦. It
may be also of interest to know the range of occurrence
of each equilibrium solutions for a set of realistic ini-
tial conditions. Therefore, numerical simulations are
carried out with different initial conditions; the effect
of disturbances at launch is given in terms of different
complex angles, with all of rates assumed to be zero ini-
tially. Figure 6b illustrates the simulation results, where
SDS, SNS, US and SRS represent the stable design
solutions, stable normal lock-in, unstable solutions and
stable reverse lock-in, respectively. It may be observed
that the range of occurrence for stable reverse lock-in
is rather small and design solutions and normal lock-in
can be obtained easily.

Fig. 6 Steady-state
solutions and the
corresponding basins of
attraction

Fig. 7 Bifurcation
diagrams (CM0 = 0.01): a
angle of attack α and b
angle of sideslip β
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Fig. 8 Bifurcation
diagrams (CM0 = 0.03): a
angle of attack α and b
angle of sideslip β

Fig. 9 Bifurcation
diagrams (CM0 = 0.05): a
angle of attack α and b
angle of sideslip β

4 Chaotic dynamics and numerical investigations

4.1 Effect of the asymmetry moment

From the equilibrium analysis above, it is understood
that for sufficiently large φM , the equilibrium position
would become unstable, and the system starts oscil-
lating in the unstable position and eventually reaches
a new stable dynamic equilibrium, i.e., limit cycle.
In order to investigate the aperiodic behavior another
parameter, i.e., design roll angle rate φ̇ss has to be taken
into account. For numerical example, φM is assumed to
be 200◦, and the asymmetry moment coefficient CM0

is chosen at different particular values. The bifurca-
tion diagrams with the bifurcation parameter φ̇ss are
shown in Figs. 7, 8 and 9. Figure 7 shows the bifurca-
tion diagrams for CM0 = 0.01, in which the complex
nonlinear dynamic behaviors such as period-doubling
bifurcation and chaoticmotion of the system in the case
of larger φ̇ss can be observed. As illustrated in Fig. 7,
after φ̇ss = 1.235, the final state value of the iteration
has been aperiodic and the chaotic motion appeared.
After entering chaos through period-doubling routes,
some period windows and unstable periodic motions

can still be found in different regions, indicating that
there exist orders in chaos. Figure 7 also clearly shows
a graph interwovenwith orders and randomness, which
also shows that chaos has some hierarchical structure.

Similarly, Fig. 8 for CM0 = 0.03 and Fig. 9 for
CM0 = 0.05 show the bifurcation diagrams to illustrate
the influence of different asymmetry moment coeffi-
cients on the dynamic characteristics of the rolling pro-
jectile system. From Figs. 7, 8 and 9, it can be seen
that at different values of φ̇ss when CM0 are fixed at
particular constant value, the coning motion of rolling
projectile may become irregular and turns into chaotic
motion, and the region of period-doubling motion and
chaotic motion is broadened and the amplitude is
enlarged as the value of parameter CM0 increases.

4.2 Chaotic dynamics diagnose using Lyapunov
exponent

The Lyapunov exponents and Lyapunov dimension
play a crucial role in specifying the sensitivity of
chaotic motion to initial states, which is developed
as a quantitative measure to characterize the average
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exponential rate of convergence or divergence among
the adjacent trajectories in state space [21–25,40–45].
By judging whether there exist largest Lyapunov expo-
nents greater than zero, it is possible to decide whether
or not there exists a dynamical chaos.

TheLyapunov exponents of this paper are calculated
by the definition and the orthogonal method is resorted
in the numerical procedure. Consider system (9) and
(16) governed by

ẋ = f (x;μ) , x ∈ R5 (18)

the averaged exponential divergence or convergence
of unperturbed trajectory L0 and perturbed trajectory
L1, starting in arbitrary close initial conditions x0 and
x0 + 
x0, respectively, is given by [21,22]

λ (x0, e0) = lim
t→∞

1

t
ln

‖e (x0, t)‖
∥
∥e0

∥
∥

(19)

where x is the vector of state variables, μ is design
roll angle rate; ‖ ‖ denotes a vector norm, e (x0, t) =
x (x0 + 
x0, t) − x (x0, t) and e0 = e (x0, 0); In the
five-dimensional state space, take a set of base vec-
tors

(
ηi , i = 1, 2, . . . , 5

)
, each base vector ηi corre-

sponds to λi . These Lyapunov exponents are sorted
in decreasing order such that λ1 > λ2 > · · · > λ5.
The asymptotic quantity λi given by Eq. (19) is called
one-dimensional exponent, in order to calculate all of
Lyapunov exponents, it has been generalized to higher-
dimensional Lyapunov exponents [22,43,44], and the
orthogonal method is applied.

For a given parallelepiped E0 =
[
e01, . . . , e

0
p

]
in

R5, theGram–Schmidt orthogonal procedure inE0 pro-
duces a orthogonal parallelepipedV0. After time T,V0

evolves to parallelepiped E1 =
[
e11, . . . , e

1
p

]
centered

in x1 (x0, T ). Gram–Schmidt procedure ofE1 results in

the matrix of orthonormal vectors V1 =
[
v11, . . . , v

1
p

]
,

and then the parallelepiped V1 evolves to paral-

lelepiped E2 =
[
e21, . . . , e

2
p

]
centered in x2 (x1, T )

after another time T . Repetition of the orthogonaliza-
tion and evolution k times yields [43,44]

λp

(
x0,E0

)
= lim

t→∞
1

t
ln

∥
∥Volp

(
Et

)∥
∥

∥
∥Volp

(
E0

)∥
∥

=
p∑

i=1

λi = lim
k→∞

1

kT

k∑

i=1

ln

∥
∥
∥
∥
∥
∥

p∏

j=1

wi
j

∥
∥
∥
∥
∥
∥

(20)

where Volp is the p-dimensional volume, wi
j is the j th

orthogonal vector computed from Ei . The definition

of Eq. (20) means the mean rate of the expansion or
contraction for a p-dimensional parallelepiped along
the trajectory x(x0, t). The Lyapunov spectrum can be
calculated as

λ1 ≈ 1

kT

k∑

i=1

ln
∥
∥
∥wi

1

∥
∥
∥, . . . , λ5 ≈ 1

kT

k∑

i=1

ln
∥
∥
∥wi

5

∥
∥
∥ (21)

For a chaos, a positive Lyapunov exponent means
that no matter how small the distance between the ini-
tial two trajectories is in phase space, the differencewill
increase exponentially over time and become unpre-
dictable. In rolling projectile system, there are five Lya-
punov exponents λ1, λ2, λ3, λ4, λ5. The first Lyapunov
exponent λ1, corresponding to the most unstable direc-
tion of the flow, is measured by the largest Lyapunov
exponent. The fifth Lyapunov exponent λ5 describes
the contracting nature of phase portraits, which must
be negative. Therefore, for five-dimensional dynami-
cal system in this paper, if all Lyapunov exponents are
negative, the coning motion of rolling projectile is in a
stable equilibrium; if there is a zeroLyapunov exponent
and other Lyapunov exponents are negative, the coning
motion of system is a stable limit cycle; if there are two
or three Lyapunov exponents that are very close to zero,
the coning motion is a 2-torus or 3-torus quasiperiodic
motion; and one or more positive Lyapunov exponents
indicate the presence of chaotic motion.

In 1979, Kaplan and Yorke [46] proposed that the
fractal dimension of the attractors can be associated
with the Lyapunov spectrum, i.e.,

DL = j +
∑ j

i=1 λi

λ j+1
(22)

where the Lyapunov exponents follow the order λ1 >

λ2 > λ3 > λ4 > λ5 and j is the largest integer such
that λ1 + · · · + λ j > 0.

Figure 10 shows the bifurcation diagram and the
corresponding Lyapunov exponent spectrum and Lya-
punov dimension graph in the case of CM0 = 0.03 and
φM = 200◦; the period-doubling bifurcation transition
occurs with the increase of parameter φ̇ss. The cases
with parameter φ̇ss varying from 1.230 to 1.282, the
largest Lyapunov exponents are all very close to zero,
the coning motion of rolling projectile is periodic; as
parameter φ̇ss is further increased to 1.314, the largest
Lyapunov exponents are positive; the periodic behav-
ior of coning motion becomes irregular and turns into
chaotic motion. After the chaotic motion, the response
of the rolling projectile in coning motion returns back
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Fig. 10 Route to chaos (CM0 = 0.03): a bifurcation diagram; b Lyapunov exponent spectrum; and c Lyapunov dimension

Fig. 11 Periodic motion(
φ̇ss = 1.15

)
: a the time

response; b (α, β) phase
portrait; c the Poincaré
section; and d the power
spectrum

to periodic motion through a reversed bifurcation as
shown in Fig. 10a.

4.3 Numerical simulation and results analysis

The characteristic dynamical behavior of a rolling pro-
jectile in coning motion is investigated with varying
parameter φ̇ss, while the asymmetric parameters are
kept constants at CM0 = 0.03 and φM = 200◦. The
time responses, the phase portraits, the power spec-
tra, and the Poincaré sections are separately shown in

Figs. 11, 12, 13, 14, 15, 16, 17 and 18. Various types
of coning motion for rolling projectiles with varying
parameter φ̇ss, including regular and chaotic motion,
are distinguished by these figures. The Poincaré sec-
tion is defined as �+ = {(

v
V , v̇

V , w
V , ẇ

V , φ̇
) ∣
∣φ̇ = 1.2

}
.

When φ̇ss is small enough, the coning motion of
rolling projectiles experiences periodic motion. For
φ̇ss = 1.15, the time response, the phase portrait, the
power spectrum, and the Poincaré section are depicted
in Fig. 11. The phase trajectory has a closed orbit in evi-
dence (Fig. 11b), the system’s fundamental frequency
f and its harmonics can be observed in the power spec-
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Fig. 12 Period-doubling
bifurcation

(
φ̇ss = 1.25

)
: a

the time response; b (α, β)

phase portrait; c the
Poincaré section; and d the
power spectrum

Fig. 13 Period-doubling
bifurcation

(
φ̇ss = 1.275

)
: a

the time response; b (α, β)

phase portrait; c the
Poincaré section; and d the
power spectrum
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Fig. 14 Period-doubling
bifurcation

(
φ̇ss = 1.28

)
: a

the time response; b (α, β)

phase portrait; c the
Poincaré section; and d the
power spectrum

Fig. 15 Chaotic motion(
φ̇ss = 1.3

)
: a the time

response; b (α, β) phase
portrait; c the Poincaré
section; and d the power
spectrum
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Fig. 16 Inverse
period-doubling bifurcation(
φ̇ss = 1.315

)
: a the time

response; b (α, β) phase
portrait; c the Poincaré
section; and d the power
spectrum

Fig. 17 Inverse
period-doubling bifurcation(
φ̇ss = 1.32

)
: a the time

response; b (α, β) phase
portrait; c the Poincaré
section; and d the power
spectrum
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Fig. 18 Inverse
period-doubling bifurcation(
φ̇ss = 1.33

)
: a the time

response; b (α, β) phase
portrait; c the Poincaré
section; and d the power
spectrum

Fig. 19 Chaotic phase trajectories of rolling projectile with
the initial condition {0.1, 0, 0.4, 0, 0}): a three-dimensional sub-
spaces

(
β, β̇, α

)
; b three-dimensional subspaces (α, α̇, β); c

two-dimensional subspaces (β, α);d two-dimensional subspaces
(α, α̇); and e two-dimensional subspaces

(
β, β̇

)
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Fig. 20 Sensitivity to initial
conditions (0.1, 0, 0.4, 0, 0)
and (0.1, 0, 0.4+
10−4, 0, 0): a angle of
attack α and b angle of
sideslip β

trum (Fig. 11d) so that the motions are sub-harmonic
resonance responses.

Varying φ̇ss may result in a series of period-doubling
bifurcation for the coning motion of rolling projectiles.
For φ̇ss = 1.25, φ̇ss = 1.275 and φ̇ss = 1.28, the
time responses, the phase portraits, the power spectra,
and the Poincaré sections are, respectively, displayed
in Figs. 12, 13 and 14. It may be observed from Fig. 10
that the first bifurcation happened at φ̇ss = 1.238, and
is well maintained to φ̇ss = 1.273. The splitting of
the trajectories can be seen from these figures. From
Fig. 12d, it can be seen that the power spectrum (cor-
responds to Fig. 11d) indicates that the bifurcation is
accompanied by new spectral lines, which show that
the period-doubling of the system has occurred now.
Increasing φ̇ss further results in the repetition of the
previous pattern as shown in Figs. 13d and 14d; each
previous phase portrait is divided into two trajectories
(Figs. 13b, 14b) and each previous Poincaré map point
is divided into two points (Figs. 13c, 14c).

For relatively large φ̇ss, regularmotiongradually dis-
appears and chaoticmotion occurs in the coningmotion
of rolling projectile, the time response, the phase por-
trait, the power spectrum, and the Poincaré section are
shown inFig. 15.Contrasting to thePoincaré section for
the periodic motion of system from Figs. 11c, 12c, 13c
and 14c, for the chaotic motion (Fig. 15c), the points
fill an area in an obviously random way. In the power
spectrum shown in Fig. 15d, it can be seen that the spec-
trum is continuous, which consists of some dominant
peaks and these dominant peaks are surrounded by a
lot of grass-like components.

For the further increase of φ̇ss, the inverse cascade of
bifurcation can be distinguished. The time responses,
the phase portraits, the power spectra, and the Poincaré
maps are shown in Figs. 16, 17 and 18. Starting from the

Fig. 21 Lyapunov exponents of rolling projectile system for the
fixed parameter values φ̇ss = 1.3, CM0 = 0.03 and φM = 200◦

chaos motion at φ̇ss = 1.314, the change of parameter
φ̇ss would cause the inverse bifurcations, jumping to
the limit cycle.

For further view of the coning motion of rolling
systems, Fig. 19 shows the chaotic trajectory in three-
dimensional subspaces

(
β, β̇, α

)
and (α, α̇, β), two-

dimensional subspaces (β, α), (α, α̇) and
(
β, β̇

)
for the

fixed parameter φ̇ss = 1.33, CM0 = 0.03 and φM =
200◦. Meanwhile, the chaotic motion of coning motion
for the system is also investigated by sensitivity to ini-
tial conditions as shown in Fig. 20. From Fig. 19, it can
be observed that when the coningmotion of rolling pro-
jectiles appears as chaotic motion, it is neither irregu-
lar nor repeated, and for time response, two trajectories
are coincident at first; then they are completely inde-
pendently divided with each other although they start
with very near initial conditions of (0.1, 0, 0.4, 0, 0)
and

(
0.1, 0, 0.4 + 10−4, 0, 0

)
. The Lyapunov expo-

nents are 0.016, 0.00, − 0.007, − 0.009, − 0.091;
Fig. 21 shows the Lyapunov exponent spectrum.
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Through above analysis, it can be found that chaotic
motion may occur by period-doubling bifurcation tran-
sition for the coupled angular motion and rolling
motion that accounts for nonlinear aerodynamics.
Chaotic motion increases the uncertainty of the sys-
tem, and the coningmotion cannot be predicted; hence,
the occurrence of chaotic motion should be avoided as
much as possible. In the design of missile control sys-
tem, the analysis results of this paper are of important
reference and guiding significance for the selection and
design of systemparameters in control design of rolling
projectile systems with nonlinear aerodynamics.

5 Conclusions

Due to the effect of out-of-plane moment induced by
the rotation of a projectile body, the rolling projec-
tile not only rolls around its longitudinal axis con-
tinuously, but also exhibits coning motion of projec-
tile body around the velocity vector. In this paper, the
nonlinear dynamical model developed for the coning
motionof a rolling projectilewith slight configurational
asymmetries subjected to both nonlinear aerodynam-
ics and roll orientation-dependent aerodynamics can
also be applied to describe high angle of attack in con-
ing motion. Numerical continuation method is applied
to locate the dynamically stable and unstable regions,
and to determine the critical values of the bifurcation
parameters trigging the qualitative change in the fea-
tures of coning motion patterns, reflecting the depen-
dence of various coningmotion patterns on parameters.
Period-doubling bifurcation to chaotic motion is dis-
covered in the proposed system by Lyapunov exponent
analysis and bifurcation diagrams revealing how a reg-
ularly behaving coningmotionbecomes chaoticmotion
with the variation of system parameters. Numerical
methods including time response, phase trajectory,
Poincaré section and power spectrum are employed
to demonstrate the characteristic nonlinear dynami-
cal behavior appearing in the coning motion of asym-
metric rolling projectiles. Researches presented reveal
the abundant dynamic properties of periodic orbits
and chaos occurring in asymmetric rolling projec-
tile motions with nonlinear aerodynamics. This study
will contribute much to an in-depth understanding for
the nonlinear dynamic characteristics of asymmetric
rolling projectiles and thus provide significant guidance
in control design for the nonlinear projectile motion.
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