International Journal of Solids and Structures 163 (2019) 194-210

journal homepage: www.elsevier.com/locate/ijsolstr

Contents lists available at ScienceDirect SOl e
STRUCTURES

International Journal of Solids and Structures m

Failure characterization of solid structures based on an equivalence of

cohesive zone model

Hao Long?®<, Lihong Liang®“*, Yueguang Wei"*

2LNM, Institute of Mechanics, Chinese Academy of Sciences, Beijing 100190, China
b College of Engineering, Peking University, Beijing 100871, China

L))

Check for
updates

¢School of Engineering Science, University of Chinese Academy of Sciences, Beijing 100049, China

ARTICLE INFO

Article history:

Received 3 July 2018

Revised 19 November 2018
Available online 7 January 2019

Keywords:

Interface cohesive elements
Stiffness

Failure

Thickness effect

ABSTRACT

Cohesive zone models have been widely used to model interface crack initiation and propagation both in
single-material media and bi-material systems. For single-material media with cohesive elements inserted
into interface among segments, in order to ensure that the introduction of interface cohesive zone models
does not affect the mechanical properties of single-material media before the softening stage of cohesive
zone models, a selection criterion of stiffness of cohesive elements is proposed theoretically firstly based
on the properties’ equivalence. Taking the softening stage into account, the mechanical responses of the
overall stress-strain relationship of single-material media, for the cases of stable increase of strain and
snap-back instability of strain, are both obtained, and the related energy mechanism are investigated. For
bi-material systems with cohesive elements at interface between two materials, the thickness-dependent
failure characteristics of systems in uniaxial tension are found, which is attributed to the difference of
the releasing rate of elastic strain energy in the materials with different thicknesses. Furthermore, as a
more complex application of cohesive elements, based on the selection criterion proposed, failure behav-
iors of the ceramic coating/substrate systems under three-point bending are modeled by finite element
method and inserting cohesive elements into the coating segments and the coating/substrate interface
simultaneously. The simulation results indicate the transition of dominated failure mode from coating
cracking to interface delamination with increasing coating thickness, and show faster damage of thick
coating systems, agreeing with experimental results. The effects of interface strength and toughness of
cohesive elements on failure are also revealed. These results can provide guidance for the application of
cohesive elements, and help us better understand the overall failure behaviors of interface systems.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

become a popular tool in finite element method (FEM) and are of-
ten to be used to simulate fracture behaviors. The CZMs can not

Cohesive zone models (CZMs) have been widely used to predict
the initiation and propagation of cracks. The concept of cohesive
fracture was proposed by Barenblatt (1959, 1962) who assumed in
a narrow region ahead of the crack tip, the opposite surfaces are
hold together by cohesive forces. Consequently, the stress singular-
ity of the crack tip is removed. If the distributed cohesive forces
are constant and equal to the yield stress, this concept actually
refers to the Dugdale’s strip yield model (Dugdale, 1960). After-
wards, a large variety of cohesive zone laws have been proposed
by defining the traction-separation relationship, such as polyno-
mial (Tvergaard, 1990), piecewise linear (Tvergaard and Hutchin-
son, 1992), exponential (Xu and Needleman, 1993) and bilinear
(Camanho et al., 2003) cohesive zone laws. The CZMs gradually
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only be used to model cracks within single-material media, such
as coating cracking of coating/substrate systems (Abdul-Baqi and
Van der Giessen, 2002; Biatas et al., 2005; Li et al., 2014) and ma-
trix cracking of composite materials (Kumar et al., 2015; Shi and
Soutis, 2016), but also be used to investigate interface delamination
of bi-material systems, such as delamination of composite materi-
als (Airoldi et al., 2015; Cameselle-Molares et al., 2018; Zou et al.,
2003), adhesive joints (Lelias et al., 2015; Neumayer et al., 2016)
and some other layered structures (Peng and Wei, 2016).

Two basic approaches have been proposed to implement finite
element simulations with CZMs (Kubair and Geubelle, 2003; Vo-
cialta et al., 2017): intrinsic and extrinsic. In the intrinsic approach
(Xu and Needleman, 1994), the cohesive zone law is taken to be
initially elastic and the cohesive elements are placed along the po-
tential crack path at the beginning of the simulation. This approach
allows easy and straightforward implementation, but its draw-
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back is the introduction of artificial compliance (Klein et al., 2001;
Tomar et al., 2004), which leads to the decrease of wave speed for
dynamic crack propagation problems (Tabiei and Zhang, 2017). As
for the extrinsic approach (Camacho and Ortiz, 1996), the cohesive
zone law is taken to be initially rigid, and thus the artificial com-
pliance is avoided (Falk et al., 2001). However, considering that the
cohesive elements are inserted progressively as required during the
simulation involving local mesh modification and node duplication,
the extrinsic approach is challenging both in its serial and parallel
implementation (Vocialta et al., 2017).

Since the intrinsic approach allows convenient implementation
and has been widely adopted in previous studies, what we are
concerned about is the intrinsic approach. As the intrinsic cohe-
sive elements, which are analogous to a series of springs, are in-
serted into the single-material media, the system becomes discrete,
and the situation is naturally different from the standard contin-
uum mechanics. But before the damage initiation (i.e., the traction
stress reaches its strength), the overall equivalent elastic constants
should remain unchanged before and after the CZMs are inserted.
Thus, we aim to propose an approach to ensure the equivalence of
intrinsic CZMs. It is noteworthy that when zero-thickness cohesive
elements, which are mostly focused on by studies involving the in-
trinsic approach, are inserted to all continuum element boundaries
to allow arbitrary crack paths (Xu and Needleman, 1994), the re-
duction of equivalent Young’s modulus becomes significant as the
density of cohesive elements increases (Klein et al., 2001). Never-
theless, the element size should be small enough to capture the
stress distribution accurately inside the cohesive zone ahead of the
crack tip (Tomar et al., 2004; Turon et al.,, 2007). A straight way
to get rid of the artificial compliance is to increase the initial stiff-
ness of CZMs. When it comes to the bilinear cohesive zone law,
Camanho et al. (2003) called k penalty stiffness and a high initial
stiffness should be used to hold the adjacent faces together. After-
wards, Turon et al. (2007) pointed out that k > E/t, where E and t
are the Young’s modulus and the thickness of surrounding material
connected by CZMs, respectively. However, large values of stiffness
can only ensure that the introduced fictitious compliance is small
(Blal et al., 2012; Turon et al., 2007), and they may cause oscilla-
tions of tractions (Schellekens and de Borst, 1993) and convergence
problems. Some other approaches such as introducing some con-
straints (Zhang and Chen, 2015) are quite similar to the extrinsic
approach. Therefore, for intrinsic CZMs with initially elastic cohe-
sive law, an efficient approach to ensure the equivalence of single-
material inserted with CZMs to the original is still lacking.

Apart from the equivalence of CZMs before damage initia-
tion, the accurate acquisition of the traction-separation relation-
ship of CZMs is also essential to the failure characterization of
solid structures. The relationship can be directly determined from
experiments by using the Digital Image Correlation (DIC) tech-
nique (Abanto-Bueno and Lambros, 2005; Tan et al., 2005), and
experiments calibrated with finite element simulations (Alfano
et al., 2008; Lee et al., 2010) or other independent experiments
(Ferracin et al., 2003). On the other hand, parameters of phe-
nomenological CZMs can also be extracted from atomistic simu-
lations (Choi and Kim, 2007; Yamakov et al., 2006), especially for
microscale and nanoscale cohesive laws. In order to obtain a con-
vergent and intrinsic interfacial cohesive law, models with differ-
ent thicknesses were investigated, and the overall failure of inter-
face structures such as Al/Si systems (Gall et al., 2000) and Ag/MgO
systems (You et al., 2018) shows a thickness-dependent character-
istic. A theoretic explanation of this characteristic can shed light on
the better understanding of the overall mechanical responses when
we attempt to extract interfacial cohesive parameters by means of
atomistic simulations.

The remainder of this paper is organized as follows.
Section 2 gives a brief introduction to CZMs. In Section 3, in order

to ensure the introduction of CZMs does not affect the mechanical
properties of single-material media before crack propagation, a
criterion of selecting the stiffness of finite-thickness cohesive ele-
ments is proposed based on a series model. And then, considering
the softening stages of CZMs, the overall mechanical responses
such as stress-strain relationship are studied. Section 4 focuses on
a theoretic explanation of the thickness-dependent failure charac-
teristic of bi-material systems with cohesive elements at interface.
Since the failure of complex systems is always the mixture of
single-material cracking and interface delamination (Abdul-Baqi
and Van der Giessen, 2002; Li et al., 2014), cohesive elements
should be inserted into the single-material media and the in-
terface simultaneously. Thus, as an example, failure behaviors
of ceramic coating/substrate systems under three-point bending
are simulated based on FEM in Section 5. Finally, the relevant
conclusions are summarized in Section 6.

2. Cohesive zone model

The cohesive zone model with bilinear separation-traction law
is discussed in this paper. There are three different basic modes of
loading involving different crack displacements (Hertzberg, 1996):
mode [ (opening or tensile mode), mode II (sliding or in-plane
shear mode) and mode III (tearing or anti-plane shear mode). Cor-
respondingly, the bilinear separation-traction law (Camanho et al.,
2003) for pure Mode I and pure mode II or mode IIl loading is
shown in Fig. 1(a) and (b), respectively.

Except for the case of 8, <0, the bilinear traction-separation
law can be expressed as
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where o is traction stress, § is separation (displacement) and k
is stiffness. Subscripts n, t, and s represent the normal direction
(Mode 1), the first tangential direction (Mode II), and the second
tangential direction (Mode III), respectively. Superscripts 0 and f
represent the damage initiation point and the fracture point, re-
spectively. As shown in Fig. 1, at the damage initiation point, the
traction reaches its maximum, i.e., the strength o0, and corre-
sponding separation is the critical displacement §°. After a soften-
ing stage, the stress reduces to zero, and separation reaches the
fracture displacement & The area under the traction-separation
curve is the respective fracture toughness:
s

Iyzfigﬂ&zlq%pi:mns )
0

o =

27000

For the case of &, <0, the following condition is introduced
to avoid interpenetration of the crack interfaces (Camanho et al.,
2003):

on =kndn,8n <0 (3)

Under mix-mode loading, damage may initiate before one stress
component reaches its tolerance. Therefore, the quadratic nominal
stress criterion (Cui et al., 1992) for damage initiation is adopted
here:
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Then, the power law criterion (Camanho et al., 2003; Dassault
Systémes, 2014) to predict crack propagation is used:
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Fig. 1. Bilinear separation-traction law (a) for pure mode I loading, and (b) for pure mode II or mode III loading.

where G’ is the work done by traction stress and I' is the fracture
toughness. The power law exponent is chosen to be o =1.

3. Single-material media with inserted cohesive elements
3.1. Selection criterion of stiffness of cohesive elements

3.1.1. Theoretical analysis based on a series model

The artificial compliance problem of zero-thickness cohesive el-
ements has been clarified by means of 1D theoretical analysis in
a lot of literature (Blal et al., 2012; Klein et al., 2001; Tabiei and
Zhang, 2017; Turon et al., 2007). In order to eliminate the artificial
compliance, i.e., ensure that the insertion of intrinsic cohesive ele-
ments does not affect the original mechanical properties of single-
material media before crack propagation, an effective approach is
proposed based on a series model in this section. This approach
actually is converted to a selection criterion of stiffness of finite-
thickness cohesive elements. Here, we consider cohesive elements
have a small thickness tq, which is not incorporated in the bilinear
cohesive zone law.

The following discussion is limited in small deformation and
linear elasticity. And the softening stage of cohesive elements is
not considered. In order to express the generality of the criterion,
the three-dimensional case is discussed and there are four inde-
pendent parameters: tg, kn, ke and ks.

Here, the single-material medium called matrix material is as-
sumed to be homogeneous and isotropic. Its Young’s modulus and
Poisson’s ratio are E; and vy, respectively. Fig. 2(a) shows a piece
of matrix material with width of B and height of H. Many equal
spacing layers of cohesive elements with thickness of t, are in-
serted along the x direction, as shown in Fig. 2(b).

The discrete system composed of matrix material and cohesive
elements can be equivalent to a continuous medium. In order to
ensure that the insertion of cohesive elements does not affect orig-
inal mechanical properties, the elastic constants of the equivalent
continuous medium should be equal to those of the matrix mate-
rial correspondingly, from which the selection criterion of stiffness
can be obtained.

To obtain the equivalent elastic constants, we consider the sys-
tem is in three basic loading modes, including uniaxial tension and
in-plane shear and anti-plane shear. Since the stress states in all
these cases are uniform, the following analysis is independent of
the number of cohesive elements. Furthermore, a representative
volume element (RVE) can be selected whether the system is in
tension or in shear, as shown in Fig. 2(c) and (d).

Due to the introduction of cohesive elements, the length of
the RVE increases from L tol’ =L+ to, implying the increase of the
overall volume. If we let ty =0, the finite-thickness cohesive ele-
ments reduce to zero-thickness cohesive elements and the overall
volume remains unchanged.

Firstly, we consider the system in uniaxial tension, i.e., pure
mode I loading. As shown in Fig. 2(c), the RVE is subjected to
uniform tensile stress at the boundaries. In this series model, the
elongation of the RVE can be divided into two parts: elongation of
the matrix material and elongation of cohesive elements. Thus, the
normal strain of the RVE in the x direction can be expressed as

AL 1 Ol  Oxx Oxx
- - )= X 6
e TR tg( Em | kn ) Eeq (©)

where Egq is the equivalent Young’s modulus. Then it can be de-
rived as

1+¢/L
1+ Em/(kal) (7)

where ty/L and En/(knL) are two dimensionless parameters. to/L
represents the relative volume change of the RVE due to the in-
troduction of cohesive elements. And Ep,/(k;L) denotes the relative
stiffness of the matrix material compared with that of cohesive el-
ements. Since it is required that Eeq =Em, we obtain

knto = Em (8)

It should be noted that Eq. (8) can be rewritten in the form of
the ratio of two lengths: ty/89 = Em/00. Since the ratio of strength
and Young's modulus is about Ep, /0 ~ 10? ~ 103, the thickness of
cohesive elements is two or three orders of magnitude larger than
the critical displacement.

If we consider cohesive elements as a special material, the nor-
mal strain is given by (&xx)cg =0 xx/(knto). Thus, the Young’s mod-
ulus of cohesive elements can be defined by Ecg=knty. Conse-
quently, Eq. (8) can be written as Ecg =En, i.e., the Young’s modu-
lus of cohesive elements is equivalent to that of the matrix.

When the system is in uniaxial tension, the equivalent Pois-
son’s ratio veq and the equivalent bulk modulus Keq of the RVE
can be obtained. Considering that the lateral shrinkage of cohe-
sive elements always follows that of the matrix material passively,
the equivalence of Poisson’s ratio and bulk modulus are naturally
satisfied, i.e., Veg=vm and Keq=Km. Detailed analysis is given in
Appendix A.

Next, we consider the system in in-plane shear, i.e., pure mode
Il loading. As shown in Fig. 2(d), the RVE is subjected to uni-
form shear stress Ty, at the boundaries. The vertical displacement

Eeq = Em
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0
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Fig. 2. (a) A piece of matrix material; (b) the system composed of matrix material and cohesive elements; (c) the representative volume element (RVE) in uniaxial tension;

(d) the RVE in shear.

of right boundary (x=1L') relative to the left boundary (x=0) is
denoted by v. Then, the engineering shear strain yy, can be ex-
pressed as

Dol (b ) i o

YW T I\ Gm k)~ Geq

where Geq is the equivalent shear modulus. Then it can be derived
as

1+t/L
1+ G/ (kel)

Since it is required that Geq =Gm, we obtain
kito = G (11)

If we consider cohesive elements as a special material, the
shear strain is given by (Y xy)ce = Txy/(ktto). Thus, the shear mod-
ulus of cohesive elements can be defined by Gcg=kitg. Conse-
quently, Eq. (11) can be written as G¢cg = Gp, i.e., the shear modulus
of cohesive elements is equivalent to that of the matrix.

At last, we consider the system in pure mode IIl loading. The
RVE is subjected to uniform shear stress 7y, at the boundaries. The
stiffness ks can be obtained by similar analysis:

ksto = Gm (12)

To ensure that the equivalent elastic constants are equal to
those of matrix material correspondingly, i.e., Eeq=Em, Veq=Vm
(or Keq=Km) and Geq=Gm, Egs. (8), (11) and (12) are ob-
tained. Noting that the matrix material is isotropic, substitution of
Gm=Em/[2(1+vp)] in Egs. (11) and (12) yields

Geq = Gm (10)

knto = Em

k=353 J{vm)k“ (13)

ks = mkn

This is the selection criterion of stiffness of cohesive elements
for three-dimensional case. There are four parameters of cohesive
elements (ty, kn, ki, ks) in Eq. (13). But only three conditions are
given. One of these parameters should be selected as a free pa-
rameter, for example, the thickness of cohesive elements ¢,. If the
volume change due to the introduction of cohesive elements brings
additional effects, for instance, the increase of span length of beam
structure, we should ensure that the relative volume change is as
small as possible, i.e., ty/L « 1. In addition, the spacing L repre-
sents the continuum element size if cohesive elements are inserted
to all continuum element boundaries. Usually selection of L value
should be much larger than ty. According to the present analysis,
when ty/L < 0.1, the result should be mesh-independent.

In the case of plane stress, ks should not appear and Eq. (13) re-
duces to

{knro =En
1 (14)
ARbICET

In the case of plane strain, replacing E, and vy, with
Em=Em/(1=vm?) and vm=vm/(1—vmy) respectively in Eq. (14),
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we can obtain

kntO—Eimz

1—vn (15)
ke= L Umg
=" n

If we let ty=0, finite-thickness cohesive elements reduce to
zero-thickness cohesive elements. Eqs. (7), (A.3) and (10) reduce
to

1
Feq =Em77 Em/(knl)
1
_ LI 1
Vea = Ym T/ (kal) (16)
1
Geq =Gn

1+ G/ (kel)

Thus, when zero-thickness cohesive elements are inserted, the
CZMs introduce a fictitious compliance and the equivalent elas-
tic constants are always less than those of the matrix material
correspondingly, i.e., Eeq<Em, Veq<Vm and Geq<Gm. To mini-
mize the fictitious compliance, large values of stiffness should be
selected, i.e., kn > Em/L, ki > Gm/L. These results agree with
that Turon et al. (2007) proposed. On the other hand, if zero-
thickness cohesive elements are inserted to all continuum ele-
ment boundaries, L represents the continuum element size. Thus
from Eq. (16), the equivalent or effective elastic constants are
mesh-dependent. And when stiffness k; (i=n, t, s) or element size
L tends to infinity, the equivalent elastic constants are towards
those of matrix material correspondingly. This is similar to that
Klein et al. (2001) pointed out.

3.1.2. Numerical verification

In order to further validate the selection criterion of stiffness
of cohesive elements, we take the RVE in uniaxial tension under
plane stress state as an example to perform simulations based on
FEM.

In the simulations, dimensionless analysis was carried out with
the equivalent Young’s modulus Eeq and Poisson’s ratio veq being
expressed by

%: _fl(H kn Vm)
(17)

Veg _ g (H kal
U —f2<L’ EmJ)m

A series of values of the parameter kyL/En, are selected to in-
vestigate its influence. Other dimensionless parameters are fixed at
H/L=0.5 and vy, =0.2. It should be noted that the thickness of co-
hesive elements ty is not an independent parameter since it is se-
lected according to Eq. (14). Zero-thickness cohesive elements are
also considered for comparison.

As shown in Fig. 3(a) and (b), the theoretical predictions and
simulation results based on FEM match well: under the selec-
tion criterion of stiffness of finite-thickness cohesive elements pro-
posed, the equivalent Young’s modulus and the equivalent Pois-
son’s ratio are equal to those of matrix material correspondingly.
Compared to zero-thickness cohesive elements, the advantage of
finite-thickness cohesive elements is that no artificial compliance
is introduced without necessity of large values of stiffness of co-
hesive elements. However, how to deal with possible additional ef-
fects due to the increase of overall volume is a new problem. If
there is no obvious additional effect, finite-thickness cohesive ele-
ments should be preferred.

In the above analysis, we can assume L'=L as well, which
means that the overall volume remains unchanged but the volume
of matrix material reduces. The same selection criterion of stiffness
of cohesive elements can be obtained.

3.2. The overall mechanical responses

Taking into account the softening stage of cohesive elements,
the overall mechanical responses can be obtained. Based on the
1D series model, the overall responses have been discussed based
on polynomial (Chaboche et al., 2001), exponential (Gao and
Bower, 2004) and bilinear (Hamitouche et al.,, 2008; Needleman,
2014) cohesive law in the linear-elastic situation. The elastic-plastic
situation based on the bilinear cohesive law have also been dis-
cussed by Yu et al. (2016). It should be noted that the equivalence
of CZMs was not considered in these studies and most of them
mainly focused on the techniques to overcome convergence prob-
lems caused by snap-back instability. Here, based on the selection
criterion proposed in Section 3.1, we consider the overall stress-
strain relationship and interface separation-overall strain relation-
ship again, with the corresponding energy analysis in the whole
process.

As an example, the RVE in uniaxial tension is considered here.
As illustrated in Fig. 2(c), the normal strain of the RVE in the x
direction can be expressed by

AL 1 oxxL
== — 1) 18
b= L+t0(Em+") (18)

Considering oxx=0, in the series model, we can eliminate §,

in Eq. (18) by substituting Eq. (1). Then, the overall stress-strain
relationship simplified by utilizing Ey, =knty is given by

E 0

5 Eax < 2
n

1+ M)Ay Eﬂg
Aa—A o0

% = min 00 (l + ACI‘)A G < e
op (1 +ADA En' 0+ M) AgEn |~

Aa—A 60 (1+Aa)A o?
- maX{Em’ (T+ M) Act En
(1+Ax)A of

0, A Ba)i
b = 1+ A)Aa Em
(19)
where A and A are two dimensionless quantities:
to En End9 890
A=2—_"m _MZn A —__"n (20)
L kol 0 L°7° " §I_s0

It can be seen that A represents the relative change of overall
volume due to the insertion of cohesive elements, or the relative
stiffness of matrix material compared with that of cohesive ele-
ments. Aq is a function of §f/89 and it is a critical value of A
as suggested by Hamitouche et al. (2008). The maximum between
00 /Em and (14 Aeqr)AcQ/[(1+ A)AcrEn] in Eq. (19) relies on the
relative magnitude of A and Ac.

Taking Eq. (1) into Eq. (19), oxx can be eliminated and the re-
lationship between separation and the overall strain can be ob-
tained:

0
EHSSMv Exx < In

min { op A+ Aa)A 0—'9} < &x
8,1 1+Acr 1+A Em Em (1+A)Acr Ep
89 Aa—A  Ac—Ao) 00 (14 Ag)A o?

Em 1+ A)Acr Em
. (1 +Aa)A o?
*Z T+ A)Aq En

(21)

Similar to the bilinear traction-separation law, the overall
stress-strain relationship and separation-strain relationship are
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Fig. 4. (a) The overall stress-strain relationship, and (b) the interface separation-overall strain relationship of the RVE for several values of A and fixed A =0.2.

piecewise linear functions. From Egs. (19) and (21), if we normal-
ize the strain with 6.0/Em, both the stress-strain relationship and
the separation-strain relationship are functions of A and A only.

When A is fixed at 0.2, the overall stress-strain curves and
separation-strain curves for several values of A are shown in
Fig. 4(a) and (b), respectively. From Eq. (20), different values of
A can be obtained by changing the parameters of matrix such
as Ey and L, while the parameters of cohesive elements remain
fixed. Since we have ensured that the equivalent Young’s modulus
is equal to that of the matrix, curves for different values of A are
coincident in the elastic stages (&xx < 0.0/Em), which is more rea-
sonable than results in previous literature (Gao and Bower, 2004;
Hamitouche et al., 2008).

The relative magnitude of A and A determines the stability of
the system. For A =0.3 > A, the system is stable. Both the stress
and the interface separation are single-valued functions of the
overall strain. When the normalized overall strain is Emexx/o,g =
1.0, we have oy /00 = 1.0 and 8,/8% = 1.0. Afterwards, the cohe-
sive elements enter the softening stage: the interface separation
8p increases continuously but the stress decreases. Meanwhile, the
elastic deformation in the matrix is released due to the decrease
of stress. When Eméxx/00 ~ 1.4, the stress reduces to zero and the
separation reaches the fracture displacement. Consequently, frac-
ture occurs and the matrix is completely unloaded.

The case of A=A=0.2 is a critical state. When the nor-
malized overall strain reaches Epéx/0Q = 1.0, the stress drops

abruptly to zero and the separation increases rapidly to 8. The
fracture shows a typical catastrophic characteristic, i.e., an infinite
small increment of overall strain will lead to a finite response of
the damage (Hao et al.,, 2010).

For A =0.1 < A, the system is unstable when the normalized
overall strain reaches Eméexx/0? = 1.0. If the system is loaded by
progressively increasing the overall strain, the responses of the sys-
tem will follow the path AC, as the red dashed lines shown in
Fig. 4. Then a sudden drop in stress and a corresponding jump in
separation will occur. However, path AC is not realistic since it is
not incorporated in the solution. If the system is unloaded, there
are two possible paths: path AO corresponding to the elastic un-
loading (the decrease of separation) and path AB corresponding to
the continuous increase of separation. Only when path AB is fol-
lowed, the fracture of cohesive elements will occur eventually. This
phenomenon that the overall strain decreases following path AB is
called snap-back instability.

The snap-back instability can be explained by energy analysis.
The total energy Ur, i.e., the work done by external forces, is calcu-
lated by Ur = (f“ oxxdex . L. It should be noted that the energies
involved here refer to energies per unit area. And it can be seen
that the increase of overall strain corresponds to the increase of
the external work. According to energy conservation, the total en-
ergy includes two parts: the interface dissipation energy consumed
by cohesive elements U; and the elastic strain energy stored in the
matrix Ug.
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Fig. 5. The external work Ur, the interface dissipation energy U, and the elastic strain energy Ug versus the overall strain for fixed A =0.2 and different values of A: (a)

A=01; (b) A=02; (c) A=03.

The interface dissipation energy is calculated by U; = fg” onddp,
and it can be expressed by

2
Oxx (Exx) S < ir?
70_)9 , w <
1+ Ax
A
ﬂ ~ cr min O',? (1+Aaq)A ay? <e
- 2 T 71 AN A T (=
up 1 [oxx@m)} En' 0+ M) AqEn | =™
ACF 019 < max Oi, (1 + Acr)A 0—7;?
Em” (14 A)Acr Enm
14+ Ac P (1+Acr)A07r?
Ag "= 14+ A)Aq En

(22)

where Ul0 = f(fg opdéy, is the interface dissipation energy when
on = 8,9, and o xx(exx) is the overall stress-strain relationship given
by Eq. (19).

The elastic strain energy stored in the matrix is calculated by
Ug = fo(s”‘)m Oxxd(&xx)p - L. Since the matrix is linear elastic, Ug is
given by

U %(i‘m) L _ 1 [Uxx(gxx):|

(23)

1@ Al o
2 ke

It can be found that the elastic strain energy is also a piecewise
linear function if we substitute Eq. (19) in Eq. (23).

The external work Ur, the interface dissipation energy U; and
the elastic strain energy Ug are plotted against the overall strain
for several values of A in Fig. 5. It can be seen that all energies

increase at first with the increase of the overall strain. As the nor-
malized overall strain reaches Eméxx /00 = 1.0 for the first time, co-
hesive elements enter the softening stages. The interface dissipa-
tion energy U; increases continuously while elastic strain energy
Ug decreases. But whether the external work Uy increases or de-
creases is associated with the values of A and Ac.

The changes of energies in the softening stage of cohesive ele-
ments can be expressed by

042
AU = Ui(8y = 8§) ~ UG8y =30 =T — {710~ 0
n
0)? 24
AUg = U (80 = ) ~ Up(8, = 89) = - TL (24
m

AUp = Ur(8; = 81) — Ur(8, = 89) = AU + AUg

AU; >0 and AUg <0 imply that interface dissipation energy in-
creases while elastic strain energy is released. Note that the ratio
of A and A can be written as

0 2
A _En & 1)_F“_%(Uk"n) _ AU (25)
Ac kol 80 To1e®L AU
Em

similar to the discussion of Hamitouche et al. (2008). Thus, in the
softening stage, whether the change of external work AUy is posi-
tive or negative depends on the relative size of A and A;.

When A <A¢, as shown in Fig. 5(a), it can be seen that
|AUE| > AU; from Eq. (25), i.e., the released elastic strain energy
|AUg| exceeds the increase of interface dissipation energy AU;.
Considering energy conservation, we obtain AUr=AU;+ AUg (
0. Thus, the system has to snap back, i.e., to reduce the overall
strain, to make cohesive elements fracture. This can also be ex-
plained by noting that the system has to do work on the sur-
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roundings to consume the excessive elastic strain energy since
—AUg = AU} + (—AUr) > 0. In Fig. 5(a), the snap-back phe-
nomenon is observed when the normalized overall strain decreases
from 1.0 to about 0.5. At last, the fracture of cohesive elements
occurs, i.e.,, Uy=T", and the elastic strain energy is released com-
pletely.

The case of A = A shown in Fig. 5(b) is a critical state. In the
softening stage, the increment of interface dissipation energy AU
is equal to the released elastic strain energy |AUg|. Consequently,
AUr= AU+ AUg =0, i.e, the external work remains unchanged.
And the fracture occurs instantaneously as soon as the normalized
overall strain reaches 1.0. For A > A, as illustrated in Fig. 5(c), the
increment of interface dissipation energy AU; exceeds the released
elastic strain energy |AUg|. Consequently, AUr= AU;+ AUg >0,
i.e., the overall strain increases continuously to make the cohesive
elements fracture and no snap-back behavior occurs.

The snap-back instability always causes convergence prob-
lems in implicit finite element simulations using Newton-Raphson
method, since no solutions will be found with continuously in-
creasing overall strain. From Eq. (25), with the increase of frac-
ture toughness I'y, stiffness k, and Young’s modulus Ep, or the
decrease of strength o0 and length L, the value of AfA¢ in-
creases, i.e., the snap-back behaviors are less likely to happen. It
should be noted that when stiffness k; tends to infinity (or thick-
ness to=En/kn tends to zero), there is an upper bound of A/Ac:
2EmTn/[(09)2L]. In the case of the upper bound less than 1, con-
vergence problems due to the snap-back instability are inevitable
whatever the value of stiffness k;, is. In order to overcome possible
convergence problems, a lot of strategies have been proposed, in-
cluding arc-length algorithm (Riks, 1979) to follow the snap-back
branch, and viscous regularization (Chaboche et al., 2001; Gao and
Bower, 2004; Hamitouche et al., 2008) to consume excessive elastic
strain energy by introducing viscosity.

4. Bi-material systems with cohesive elements at interface
4.1. Thickness-dependent failure characteristics

Cohesive elements can also be used to model the interface layer
of bi-material systems, for example, the thin adhesive layer of ad-
hesive joints. For the equivalence of cohesive elements and an un-
damaged adhesive layer (Tavara et al., 2011), selection criterion of
stiffness like Eq. (14) is applicable. In this case, Ey, and vy, denote
the Young’s modulus and Poisson’s ratio of the adhesive, respec-
tively, and ¢; is the adhesive thickness. Considering that the adhe-
sive layer confined between two stiff adherends cannot expand or
contract freely in the lateral direction (Sarrado et al., 2016; Tavara
et al., 2011), the selection criterion of stiffness can be modified
further. However, if we do not focus on what the interface layer
is specifically, the selection criterion of stiffness of finite-thickness
cohesive elements is not needed, and zero-thickness cohesive el-
ements are sufficient to characterize the interface of bi-material
systems. In this case, the stress-displacement relationship indepen-
dent of the thickness of cohesive elements, rather than the stress-
strain relationship, is used to describe the overall mechanical re-
sponses.

By analyzing the overall mechanical responses of bi-material
systems with cohesive elements at interface, a thickness-
dependent failure characteristic, similar to that revealed by
You et al. (2018) in atomistic simulations, will be revealed com-
bined with a theoretic explanation. Fig. 6 shows zero-thickness
cohesive elements are inserted at interface of the cylindrical bi-
material system composed of two kinds of materials. The moduli
and thicknesses of these materials are denoted by E; (i=1, 2) and
h; (i=1, 2), respectively. The Poisson’s ratios are assumed to be

Cohesive elements

T

hy h,

Fig. 6. Schematic illustration of a bi-material system with a layer of cohesive ele-
ments in uniaxial tension.

zero, and thus the following results are independent of the diame-
ter d.

When the system is in uniaxial tension, the overall elongation
of the system, i.e., the horizontal loading displacement of the right
boundary i, can be divided into three parts: elongation of cohesive
elements and those of the surrounding materials, and thus it can
be expressed by

Oxx
Ehl + Ehz + 0n (26)

Substituting Eq. (1) in Eq. (26) and considering oxx =0, the
overall stress-displacement relationship can be obtained:

U=

A FY
THAT 50 50 <A
m1n{1+A/ 1+A°"} <£
O | ANAc 0 (1+Ac)A AN Aa [ T8
of | Aa—A8 Aa— N 1+ A 1+ Aq
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i 1+ Ax
0, 5= ——o
30 " Aq
(27)
where A’ and A are two dimensionless quantities defined by
E{E; 89
A= A = I 28
Ke(Erhy + By ™ = 51— 50 (28)

Taking Eq. (1) into Eq. (27) to eliminate oy, the relationship
between interface separation and the overall displacement can be
obtained:

AN ouou 1+ A
<

1+A782°80 A

{1+A’ 1+Acr} i
n < —

87'1 — 1+ Acr A u A ACF 63
8 | Aa—A  Aa—ASY 1+A 14 A
< maxy —=—, A
u u 1+ A
<0’ 50 =
83 89 Ao
(29)

Similar discussions like snap-back instability can be performed.
We only consider the stable case here, i.e,, A’ > Ag. In the soft-
ening stage of the overall stress-displacement relationship, which
corresponds to the softening stage of cohesive elements, the de-
creasing rate of stress and the increasing rate of separation can be
obtained respectively from Eqs. (27) and (29):

dow knAcr
di | 1A N 1+AN 0 14+ A
dsy 1 ! TN SR Aa (A= Aa) (30)

di ~ 1—Ag/A
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Fig. 7. (a) The overall stress-displacement relationship, and (b) the interface separation-overall displacement relationship of the coating/substrate systems with different
coating thicknesses. The solid lines are theoretical results based on Eqs. (27) and (29) respectively in (a) and (b) and the symbols are simulation results based on FEM.

With the increase of h; and h,, A’decreases monotonously from
Eq. (28). The decreasing rate of stress and the increasing rate of
separation thus increase based on Eq. (30). When A’decreases to
A¢r, the increasing rate of separation is infinity and the failure is
completely catastrophic. Thus, for larger bi-material systems, the
fracture is faster and the failure tends to be more catastrophic, i.e.,
closer to completely catastrophic failure.

Replacing oxx(exx) and A with oy (@) and A’ respectively in
Egs. (22) and (23), all kinds of energies for bi-material systems
with cohesive elements can be obtained. Energy analysis can also
be used to explain the influences of thickness, which will be
shown in the following simulations based on FEM.

4.2. Numerical verification

In this section, we take the ceramic coating/superalloy substrate
system with cohesive elements as an example to investigate the in-
fluences of the coating thickness by means of FEM. The simulation
results will be compared with theoretical predictions.

The ceramic coating is considered as linear elastic material with
Young's modulus of E. =18 GPa (Rabiei and Evans, 2000). The coat-
ing thickness h¢ varies from 0.1 mm to 0.5 mm. The superalloy sub-
strate is assumed as linear elastic for simplicity and its modulus is
Es =200GPa (Zhu et al., 2015a), and its thickness is hs=1.2 mm to
compared with experiments (Liang et al., 2013). A layer of zero-
thickness cohesive elements is inserted into the interface between
the substrate and the coating. The parameters of the cohesive ele-
ments are kp =3.78 x 10°MPa/mm, o0 = 28MPa and I'Y = 15.1]/m?
(Liang et al., 2013). From Eq. (28), when hc =0.5mm, A’ takes the
minimum value, A’pi,=0.078 > Ay =0.074 with §9 =0.07um
and 8f = 1.1um (Liang et al., 2013), which indicates that no snap-
back instability occurs here.

Fig. 7(a) shows the relation curves between stress and the load-
ing displacement. It can be found that the simulation results based
on FEM match well with theoretical predictions based on Eq. (27).
With the increase of coating thickness, the stress drops faster af-
ter it reaches its maximum value. Correspondingly, as illustrated in
Fig. 7(b), the interface separation increases faster from the critical
displacement 89 to the fracture displacement 8;. Thus, as the coat-
ing thickness increases, the fracture tends to be more catastrophic.

We can find explanations from energy analysis as well. The ex-
ternal work Ur, the interface dissipation energy consumed by co-
hesive elements Uj, and the elastic strain energy stored in the coat-
ing and the substrate Ug with the loading displacement are shown
in Fig. 8. Similar to Eq. (24), AUr>0, AU;>0 and AUg <0 de-
note the change of external work energy, interface dissipation en-

ergy, and elastic strain energy in the softening stage of cohesive
elements, respectively. Noting that AU; = AUt — AUg according to
energy conservation, it can be seen that the sum of the increased
external work and released elastic strain energy is consumed by
interface dissipation. As shown in Fig. 8, with the increase of coat-
ing thickness from 0.1(Fig. 8(a)), 0.3 (Fig. 8(b)) to 0.5 mm (Fig. 8(c)),
AU; is fixed, but the released elastic strain energy |AUg | increases.
Thus, less external work AU, i.e., less increase of loading displace-
ment i, is needed to make the system fracture, which can be seen
from Au; > Aty > Aus in Fig. 8. Consequently, with the increase
of coating thickness, the elastic strain energy releases more rapidly
and the fracture of cohesive elements is more abruptly, i.e., the
failure tends to be more catastrophic. These results are similar to
the phenomena revealed by atomistic simulations of Ag/MgO inter-
face tension (You et al., 2018), although the length scale considered
here is much larger.

5. Failure of ceramic coating/substrate systems with cohesive
elements in coating and interface

In the previous sections, the overall responses of single-material
media and bi-material systems with cohesive elements in uniaxial
tension are investigated respectively. In this section, more complex
systems, i.e., the ceramic coating/substrate systems under three-
point bending are considered. Cohesive elements are simultane-
ously inserted into the coating and the interface, and then the fail-
ure behaviors involved with coating cracking and interface delam-
ination are simulated by means of FEM.

5.1. Finite element model with cohesive elements

Ceramic coating/substrate systems are assumed to be under
the plane strain condition and the two dimensional finite element
analysis was carried out using the commercial software ABAQUS.
As illustrated in Fig. 9, only the left half is considered due to the
symmetry of the model. The frictionless indenter and supports
with radii of Ry =0.9mm are considered as rigid bodies. Verti-
cal loading displacement w is applied on the indenter while the
supports remain fixed. The span length and the total length of
the system are L=16 mm and Lt =20 mm, respectively. The model
includes two layers: substrate with thickness of hs=12mm and
ceramic coating with thickness of h.. Subscripts s and c repre-
sent substrate and coating, respectively. The dimensionless coating
thickness hc/hs varies from 0.1 to 0.4 to investigate its influence.

Ceramic coating is considered as linear elastic material with
Young’s modulus of E.=18GPa and Poisson’s ratio of v.=0.2
(Rabiei and Evans, 2000). Superalloy substrate is assumed to be



H. Long, L. Liang and Y. Wei/International Journal of Solids and Structures 163 (2019) 194-210 203

16 T T
1
1 1
1 )
ik E i (a) h, = 0.1 mm
g E i iy
= I 2 Juiieii » — 7
%) 8t : E
—U
& : U
Q ]
5 4 :
1
[}
1
1
0 11 &
0.0 0.5 1.0 1.5 2.0
Displacement # (um)
16
(b) A, = 0.3 mm 12 (¢c) h,=0.5 mm
Nf-\ N’-\
g — £ —U
S —_— UE 5 8 = UE
> Uy > — U
&D &0 1 A_
2 2 4 Us
83 83|
0 0
0.0 0.5 1.0 1.5 2.0 0.0 055 1.0 1.5 2.0
Displacement  (um) Displacement # (um)

Fig. 8. The external work Ur, the interface dissipation energy Uj, and the elastic strain energy Ug versus the loading displacement for coating/substrate systems with different
coating thicknesses: (a) hc =0.1 mm; (b) hc =0.3 mm; (c) hc = 0.5 mm. The solid lines are theory results and the symbols are simulation results based on FEM.
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Fig. 9. Finite element model of a ceramic system under three-point bending loading, with a layer of cohesive elements in the interface of coating/substrate and multi-layer
cohesive elements in the coating of thickness h./hs =0.1. Refined mesh near the interface is presented.

elastic-plastic material with Young’s modulus of Es =200 GPa and where ¢ is strain, o is stress, oy =800MPa is the yield stress and
Poisson’s ratio of vs=0.3 (Zhu et al, 2015a), and its constitutive n=0.1 is the power hardening exponent.

relation is given by To model coating cracking and interface delamination, trans-
verse and interface cohesive elements are inserted into coating and
interface at the same time as shown in Fig. 9. From now on, we
use the superscripts (T) and (I) to refer to transverse and interface

cohesive elements, respectively. The thickness of transverse cohe-

_ o/Es,0 <oy
- {(UY/ES)(O'/O'Y)I/nsO' > oy (31)
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sive elements t(()T) is related to their stiffness ki(T) (i=n,t) accord-
ing to the selection criterion proposed in Section 3.1. The number
of columns of transverse cohesive elements is 2N+ 1 =201, which
is determined until the crack distribution tends to be stable with
increasing the value of N. The thickness of interfacial cohesive ele-
ments té” is equal to that of transverse cohesive elements téT) for
convenience. And the interfacial strength in the purple region are
set large enough to suppress delamination near the supports. The
quadratic nominal stress criterion and the power law criterion for
mixed-mode I and II loading are adopted here.

For simplicity, values of strength and fracture toughness of co-
hesive elements in normal and tangential directions are assumed
to be the same (Li et al,, 2014; Zhu et al,, 2014), i.e., 00" = g2,
l"r(lT) = Ft(T), UI?(I) = crto(l) and Fr(ll) = Ft(l). And the relation of inter-
facial stiffness kr(]l) = kfl) is assumed as well. For given geometry
and material parameters except coating thickness and parameters
of cohesive elements, dimensionless analysis indicates that the di-
mensionless transverse crack length I (or interface crack length
with superscript (I)) can be expressed as

10 (w he kPhg o) TV kPhg o)V TP 3
o e oy o oy oy ook (32)

As mentioned, dimensionless coating thickness h¢/hs varies
from 0.1 to 0.4. The thickness of transverse cohesive elements
is selected as téT)/hS =1 x 1074, which indicates a small volume

change noting that (2N + 1)téT) /L = 0.15%. Invoking the selection
criterion of Eq. (15), stiffness of transverse cohesive elements is se-
lected as follows:

(T)
kn s _ Ec/”‘fm —234x10°

oy (1 - 1)Cz)to /hs (33)
khs _ 1-vekihs 9.38 x 10*

Oy 2 Oy

Thus, we can ensure that the introduction of transverse cohe-
sive elements does not affect the elastic constants of the ceramic
coating. As for interfacial cohesive elements, large values of stiff-
ness are selected, i.e., k,ﬂl)hs/oy =1x 104

To check the effect of cohesive parameters, dimension-
less strength and fracture toughness of transverse and in-
terfacial cohesive elements can be selected in the following
range: 02" /oy =0.03 ~0.16, TP /(oyhs) = (1.0 ~5.1) x 1072,
26y =0.01 ~0.10, and T /(oyhs) = (1 ~ 16) x 107> consid-
ering ocy=800MPa and hy;=12mm. The strength and fracture
toughness of cohesive elements are consistent with previous
reports in literatures. The tensile strength of ceramic coating
varies from 25 to 125MPa (Wan et al.,, 2013; Zhu et al., 2014),
and the fracture toughness of ceramic coating is about 10~49 J/m?
(Rabiei and Evans, 2000). The interfacial strength of ceramic coat-
ing/superalloy substrate systems varies from 8 to 80 MPa (Di Leo
et al., 2014; Zhu et al., 2014), and the interfacial fracture toughness
is between 10 and 150]/m?2 (Liang et al., 2013; Zhu et al., 2014).

As discussed in Section 3.2, convergence problems due to the
snap-back instability are always encountered in finite element sim-
ulations using CZMs. Here, viscous regularization (Dassault Sys-
témes, 2014; Simonovski and Cizelj, 2013) is adopted to overcome
convergence problems by adding the viscosity that introduces ar-
tificial energy dissipation. A small value of viscosity parameter
1 =0.0001 is selected to guarantee the convergence but minimize
its influences on the physical solution, which is similar to the
choices in previous studies (Li et al., 2014; Zhu et al., 2015b).

The four-node plane strain reduced integration elements
(CPE4R) are selected to mesh substrate and coating. The four-node
cohesive elements (COH2D4) are inserted into the coating and the
interface. In the regions near supports, indenter and interface, fi-

nite element mesh is refined. Refined mesh near the interface is
shown in Fig. 9.

5.2. Thickness-dependent damage and failure

In order to investigate the influence of coating thickness,
parameters of cohesive elements are selected from the range
given above and fixed at ar?(T)/cry =0.05, F;T)/(ayhs) =2x1073,
oW /6y = 0.04, and T/ (oyhs) = 3 x 1075.

Considering that the cohesive element size should be small
enough to represent the stress distribution accurately inside the
cohesive zone (Tomar et al., 2004; Turon et al., 2007), a proper
length of cohesive elements (the thickness of cohesive elements
is fixed at a small value) should be chosen to make the simula-
tion results mesh-independent. Since the sizes of transverse and
interfacial cohesive elements are very close, only the former lg) is
considered. Taking the system with coating thickness of hc/hs=0.3
as an example, the mesh sensitivity analysis was carried out by
reducing the cohesive element length and refining the mesh in
the vicinity of the support, the indenter as well as the interface.
The simulation results with three different meshes are shown in
Fig. 10. The ratio of cohesive element length to cohesive element
thickness for the coarsest mesh is lé?/téﬂ = 83. The number of co-
hesive elements along the coating thickness direction is 36 for the

coarsest mesh (lé?/hC =0.028) and this number doubles for the

finest mesh (lé?/hc = 0.014). According to Fig. 10, when the ra-
tio of cohesive element length to coating thickness decreases from
lé? /he = 0.028 to lé? /hc = 0.014 (correspondingly, the total num-
ber of elements of this model increases from 5.3 x 104 to 1.7 x 10°),
the relative change of transverse crack length or interfacial crack
length for a fixed loading displacement is less than 2%, which in-
dicates that the crack evolution tends to be convergent. Thus the
coarsest mesh is acceptable for our simulations, and the corre-
sponding mesh size is what we adopted eventually.

The fracture maps of systems with different coating thicknesses
are shown in Fig. 11. As coating thickness increases from (a) to
(d), the number of transverse cracks decreases, while the delami-
nation length increases continuously. This is corresponding to the
transition of dominant failure mode from coating cracking to in-
terface delamination. Fig. 12 shows similar phenomena observed
in our experiments as reported previously (Li et al., 2014), which
validates simulations results based on FEM.

Curves of transverse crack length and interfacial crack length as
a function of loading displacement for systems with different coat-
ing thicknesses are shown in Fig. 13. Each curve can be divided
into three stages: initiation, multiplication and saturation of cracks.
Interestingly, crack evolution is different for systems with different
coating thicknesses. Fig. 13(a) and (b) show that the thicker the
coating is, the earlier the transverse crack and the interfacial crack
initiates. Furthermore, in the initial stage of loading (w/hs <0.2),
for systems with thin coatings (hc/hs=0.1, 0.2 and 0.3), trans-
verse crack length is larger than interfacial crack length. But for
systems with thick coating (h¢/hs=0.4), interfacial crack length is
larger than transverse crack length. Therefore, the dominated fail-
ure mode is coating cracking for thin coating systems while it is
interface delamination for thick coating systems.

The influence of coating thickness on failure behaviors can be
traced back to the stress distribution before crack occurs. From
composite beam theory and plane strain condition, the bending
stress in the coating on the midspan section is given by

O = %L (zl_ 2 _pe<z<0 (34)

where El=Eg f:(’—;lz+hc) (z—20)%dz+ E f_ohc (z—2z9)%dz is the
equivalent bending stiffness, zy=—(Eghs? + Ec1hc? + 2Es; hshe)/
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Fig. 10. The simulation results with three different meshes for the model with coating thickness of h./hs =0.3: (a) transverse crack length versus loading displacement, and
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Fig. 11. The fracture maps of systems with coating thickness of (a) hc/hs =0.1, (b) hc/hs =0.2, (c) he/hs =0.3, and (d) h/hs =0.4 when the loading displacement is w/hs=0.8.

[2(Es1hs +Ec1he)] denotes the location of neutral plane, E.q =E/
(1-v¢?), and Eg; =Es/(1—vs2). Interfacial normal stress o is
always zero, while interfacial shear stress is given by
I_) Esl (h52 + 2hshc + Zhszo)
4 El

The bending stress in the coating and interfacial shear stress are
shown in Fig. 14(a) and (b), respectively. It can be seen that the-
oretical results based on Eqgs. (34) and (35) and simulation results
based on FEM match well. For a given coating thickness, the bend-
ing stress varies linearly along the thickness direction and reaches
a maximum at the coating surface (z=0), as shown in Fig. 14(a).
The thicker the coating is, the larger the tensile stress at the coat-
ing surface is, which explains the earlier initiation of transverse
cracks for thick coating systems. While the interfacial shear stress

(35)

X =

is almost a constant along the interface, as shown in Fig. 14(b),
except the simulated results at the left end and at the midspan
(x=0). Some minute oscillations of interfacial shear stress due to
the intersection of transverse and interfacial cohesive elements can
be neglected. By a comparison of interface shear stresses at vari-
ous coating thicknesses, it can be found that the interfacial shear
stress increases with increasing coating thickness, and the increas-
ing interfacial shear stress with coating thickness leads to the tran-
sition of dominant failure mode from coating cracking to interface
delamination. The simulation results also show enhanced midspan
and end effects with increasing coating thickness.

According to a power-law damage and catastrophic failure
model (Hao et al.,, 2013; Liang et al.,, 2016), the damage, defined
by crack length, can be characterized from the damage initiation
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Fig. 12. The fracture maps of systems with coating thickness of (a) hc=100 um and (b) hc =500 um observed in the experiments, the experimental detail can be referred

to the previous work (Li et al., 2014).
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Fig. 14. Stress distribution of systems with different coating thicknesses when loading displacement is w/hs=0.035: (a) bending stress in the coating along the thickness
direction on the midspan section with coating surface at z=0; (b) interfacial shear stress along the interface. The solid lines are simulation results based on FEM and the

dashed lines are theoretical results based on Eqs. (34) and (35), respectively.

point to the failure point. Details of the model are introduced in
Appendix B. For coating/substrate systems here, the damage initi-
ation point is the moment when the first crack initiates. And the
failure point marked by a rectangle frame in Fig. 13 is the mo-
ment at which the increasing rate of crack length reaches its maxi-
mum, which corresponds to that multiple transverse cracks emerge
for thin coating systems as discussed in experimental observation
(Liang et al., 2016). At the time near the failure point, the plas-
tic deformation of the substrate is small, which implies the energy

dissipation due to plastic deformation can be ignored. Only in this
case, the failure of the system will show a brittle characteristic.
According the power-law model expressed by Eq. (B.2), the
damage variable D as a function of the controlling variable A obeys
the power-law relation with the exponent of 0.5. For systems with
thin coatings (hc/hs =0.1, 0.2 and 0.3), the damage variable is de-
fined by normalized transverse crack length: D = l(T)/If(T), where
subscript f denotes the failure point. While for system with thick
coating (hc¢/hs =0.4), the damage variable is defined by normalized
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interfacial crack length: D = [® /lf(l). The controlling variable is de-
fined by the normalized loading displacement: A =w/wy.

For systems with different coating thicknesses, curves of dam-
age evolution based on the power-law model are shown in
Fig. 15(a). It can be seen that the symbols from the simulations
are roughly in agreement with the curves predicted by the dam-
age model. From Fig. 15(b), the damage rate R of the system with

thick coating (h¢/hs =0.4) is larger than that of systems with thin
coatings (h¢/hs =0.1, 0.2 and 0.3). Thus, the damage of thick coat-
ing systems with dominated failure mode of interface delamination
is faster than that of thin coating systems with dominated fail-
ure mode of coating cracking, agreeing with experimental results
(Liang et al., 2016).
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Since the failure of thin coating systems is dominated by coat-
ing cracking, the influences of parameters of transverse cohe-
sive elements on transverse crack length are investigated for sys-
tems with a thin coating of hc/hs=0.1, as illustrated in Fig. 16.
When coating strength increases from 0.03 to 0.05, as illustrated in
Fig. 16(a), the transverse crack length increases, which is associated
with the decrease of fracture displacement 8{1(” = ZFI(,T) /ar?(T). But
the transverse crack length decreases when the coating strength
increases from 0.05 to 0.10. This is related to the increase of
the critical displacement (ng = (TI?(T) /k,(,T). Therefore, with the in-
crease of coating strength, the transverse crack length increases
at first and then decreases. From Fig. 16(b), with the increase of
coating fracture toughness, the transverse crack length decreases
monotonously, and the displacement corresponding to initial crack-
ing increases.

In contrast, the influences of parameters of interfacial cohesive
elements on interface crack length are investigated for systems
with a thick coating of hc/hs=0.4, as shown in Fig. 17. Similarly,
there exists a critical strength that changes the effect of interface
strength on the crack evolution, while the effect of interface tough-
ness is monotonous. The interfacial crack length increases when
interfacial strength increases from 0.01 to 0.04, and then decreases
as interfacial strength increases from 0.04 to 0.10, as Fig. 17(a) in-
dicates. These are associated with the competition between the
decrease of fracture displacement and the increase of critical dis-
placement of the interface cohesive element. Fig. 17(b) illustrates
that with increasing interfacial fracture toughness, the interfacial
crack length decreases and cracking becomes difficult.

6. Conclusions

In this paper, the overall mechanical responses of single-
material media and bi-material systems with cohesive elements
are investigated by developing a series model theoretically and
combining with the properties equivalence of the structure with
cohesive zones. As cohesive elements are inserted into more com-
plex systems, for instance, ceramic coating/substrate systems under
three-point bending, the thickness-dependent damage and failure
behaviors are characterized effectively by developing a FEM model.

When cohesive elements are inserted into single-material me-
dia, the equivalent elastic constants should be equal to those of the
single-material media correspondingly before the softening stage
of cohesive elements. Based on that, a selection criterion of stiff-
ness of finite-thickness cohesive elements is proposed. Consid-
ering the whole process including the softening stage of cohe-
sive elements, we obtain the overall stress-strain relationship and
separation-strain relationship, both of which are just the functions
of three dimensionless parameters: A, A¢ and or?/Em. In the soft-
ening stage of cohesive elements, if the released elastic strain en-
ergy exceeds the increase of interface dissipation energy, the snap-
back instability can be observed. Conversely, no snap-back behav-
ior occurs and the system is stable.

When cohesive elements are inserted to interface of bi-material
systems, considering the whole loading process, the overall me-
chanical responses including the stress-displacement relation-
ship and separation-displacement relationship are obtained. The
thickness-dependent failure characteristic on the macro scale is re-
vealed both by theory and finite element simulations: with the in-
crease of thickness of bi-material systems, the failure tends to be
more catastrophic. This is associated with the increase of stored
elastic strain energy as well as the releasing rate of elastic strain
energy. And the failure characteristic is in accordance with molec-
ular simulation results on the micro scale in previous literature.

For more complex systems like ceramic coating/substrate sys-
tems, cohesive elements are inserted into the coating and the in-
terface simultaneously. The simulation results show the transition

of dominated failure mode from coating cracking to interface de-
lamination with the increase of coating thickness, which is vali-
dated by corresponding experiments. Damage evolution is further
studied based on the power-law model, and the results show that
the transition of dominated failure mode leads to faster damage
of thick coating systems. Finally, the effects of interface toughness
and strength of cohesive elements on failure of systems are re-
vealed.
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Appendix A. The equivalence of Poisson’s ratio and bulk
modulus

Although the Poisson’s ratio of cohesive elements denoted by
vcg does not appear in bilinear traction-separation law, we can
obtain its value from the analysis of deformation characteristics
of cohesive elements. Actually, the lateral shrinkage of cohesive
elements always follows that of the matrix material passively. In
other words, the existence of cohesive elements does not affect the
lateral shrinkage of the matrix material. Therefore, when the RVE
is in uniaxial tension, the values of lateral shrinkage of cohesive
elements, matrix material and the RVE are always the same, i.e.,
AHcg = AHm = AH. ConsideringEy, = kntg, we have
__AHa/H _ AHwH () _

~ (eyy)ce __ __ _ _
Oxx/ (knto) Oxx/Em (&x)m

Vce =
(Sxx)CE

(A1)

Therefore, the Poisson’s ratio of cohesive elements is proved to
be equal to that of the matrix material.

Then, the equivalent Poisson’s ratio of the RVE can be obtained.
The normal strain of the RVE in the y direction can be expressed
as

AH AHyn  —Vp(ex)mH Oxx Oxx
- — - = Ve = —Veqg— (A2
W=ETH T TH H mg, = Veag, (A2)
Consequently, we have
E 1+to/L
Veq = Vm = + fo/ (A.3)

En ™14 En/(kal)

It can be seen that Eeq =Em leads to veqg=vm.

On the other hand, the condition of veq=vm can be replaced
by Keq =Km, where Keq is the equivalent bulk modulus and Kp, is
the bulk modulus of matrix material. From the definition of bulk
modulus, Ky, is given by
Ko = (Uo)m _ Em

n = =
Om 3(1 = 2vm)
where (0g)m =03 and O = AV [V = (&;)m are the mean stress
and volumetric strain of the matrix material. Vi, is the volume of
the matrix. The repeated indices i imply the Einstein summation
convention and i ranges over x, J, z.

The non-zero strain components of the matrix material are
(exx)m=0xx/Em and (&yy)m =(€z)m =—VmOx/Em. The non-zero
strain components of cohesive elements are (&xx)cg = 0 xx/(kntg) and
(eyy)ce = (€22)cE = —VcEO xx/(kntp). It follows that the volume change
of matrix material and cohesive elements, i.e.,, AVpand AV, can

(A4)
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be expressed by

1-2y
AV = (&ii)pVm = E—maxx . (LBH)
1 —m2v (A.5)
AVeg = (&) ceVee = I—CEGxx . (toBH)
Knto
Then, the volumetric strain of the RVE is
G_AV_AVm-FAVCE_(l—ZVm L +1—2VCE to )
v T (L + to)BH - Em L+tg knt() L+ty
_ %
Oxx = Keq (A6)

Noting that the mean stress is 0y =0;/3 = 0x/3, the equivalent
bulk modulus is given by

1 301-2vm) L 3(1-2vs) to

E a Em L+t knto L+t (A7)
Substitution of Egs. (8) and (A.3) in Eq. (A.7) yields
1 1 6(Vm—ve) to (AS)

E=m Em L+t

It can be seen that Keq =Kmn requires veg=vm or to=0. Since
Vcg =Vm has been proved before, the equality of Keq =K is guar-
anteed whether t; is zero or not.

Appendix B. The power-law damage and catastrophic failure
model

A brief introduction of the power-law damage and catastrophic
failure model (Hao et al., 2013; Liang et al., 2016) is given as fol-
lows.

The damage variable of the system is defined by normal-
ized transverse crack length: D = [ /lf(T) (or normalized interfa-
cial crack length: D = 1D /If(l) ). The initial damage variable and the
complete damage variable are Dy = l[()T) /lf(T) (or Dg = lél) /lf(l) ) and
D¢ =1, respectively. Subscripts 0 and f imply the damage initiation
and complete failure, respectively. A controlling variable is defined
by the normalized loading displacement: A =w/wy;. Similarly, the
initial controlling variable and the complete controlling variable
are given by Ay =wg/ws and As=1, respectively. If the controlling
variable is continuous and derivative for damage variable, it can be
expressed as the Taylor expansion of the damage variable at the
failure point:

1d2A
2dD?

When it is close to the catastrophic failure point, the increasing
rate of damage tends to infinity, i.e., )}i_)rr)}de/dk = +o0. Substitut-

b= hit S 1D~ D + 3 G 1o (D Dy)? +0l(D - Dp?] (B1)

ing this relation into Eq. (B.1) and ignoring the terms that higher
than the second-order, D can be expressed as (Liang et al., 2016):

D=1-C(1-x)% (B.2)

where C is the damage coefficient. Considering when A=A,
D=D,, we can get the damage coefficient C = (1 — Dg)/+/1 — Ag.
From Eq. (B.2), we can know that the damage variable D with the
controlling variable A obeys the power-law relation with the expo-
nent of 0.5.

The damage rate is given by (Liang et al., 2016)

db C _05

R= = 5(1 —A)

It can be seen that the damage rate increases rapidly and has
the singularity of order 0.5 near the catastrophic failure point. And
the larger the damage rate or damage coefficient is, the faster the
system damages.

(B.3)
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