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ABSTRACT

We refine the derivation of the Boltzmann equation by considering that the molecules passing through the interfaces of a volume element
of physical space and velocity space exhibit different velocity distribution functions and number densities. The resulting equation has a time
parameter close to the relaxation time and degenerates into the conventional Boltzmann equation when this parameter takes a value of zero. By
considering the macroscopic averaging of mass, momentum, and energy, the corresponding continuity, momentum, and energy equations are
obtained. Compared with the extended Navier-Stokes equations, the momentum and energy equations contain additional terms to represent

the external forces.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5139501

I. INTRODUCTION

The Navier-Stokes (NS) equations govern macroscopic fluid
flows. An increase in the Knudsen number (the ratio of the mean
free path of the molecule to the characteristic scale) causes the NS
equations to gradually fail. This situation often occurs when con-
sidering rarefied gases and microfluids. Brenner' suggested that the
definition of convection velocity in the NS equations is not suitable
for such cases and proposed a bi-velocity hydrodynamic model in
which the governing equations account for mass diffusion.” ® Durst
et al.” argued that the NS equations are thermodynamically incom-
patible and attempted to derive new governing equations.”” Alterna-
tive equations have been formulated to account for the contribution
of mass diffusion ignored by the macroscopic convection velocity of
the NS equations, with the resulting system known as the extended
NS equations.'’™"”

Many mass diffusion continuum flow models have been inves-
tigated."""” These models have different continuity equations,
momentum equations, and energy equations compared with the
NS equations.'”'® However, most equations still use the clas-
sic Newton-Fourier constitutive model. This causes the angular
momentum theorem to fail for the local angular momentum."’
Therefore, alternative momentum transport constitutive models

were developed.” It is generally believed that, when the fluid den-
sity gradient is large, the contribution of mass diffusion to motion
cannot be ignored. Greenshields and Reese”' obtained better results
by considering this factor when simulating shock waves. In addi-
tion, such equations have been extensively used to investigate micro-
flows, resulting in more desirable results than existing models.”” *’
Therefore, for micro-flows, the extended NS equations provide an
improvement over the conventional NS equations.

However, these equations fall short of a physical basis, and phe-
nomenological methods and the concept of the molecular mean free
path are used in the derivation. For the molecular motion of gas,
the Boltzmann equation is a more rigorous theory, and can, there-
fore, help with the accurate derivation of the continuity equation,
momentum equation, and energy equation of the NS equations.
To provide a more rigorous basis for the extended NS equations,
Dadzie et al.”” modified the Boltzmann equation by adding a
phenomenological term, whereas Abramov’” revised the interaction
term of the Liouville equation. However, these modifications pro-
duced different results. Overall, a rigorous basis for the extended NS
equations remains an open problem.

This paper describes a refinement of the conventional deriva-
tion of the Boltzmann equation, resulting in a modified Boltzmann
equation. On this basis, the macroscopic mean values of conservative
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quantities during molecular collision, i.e., mass, momentum, and
energy, are studied, and the continuity equation, momentum equa-
tion, and energy equation of the extended NS equations are
obtained.

Il. DERIVATION OF THE MODIFIED BOLTZMANN
EQUATION

The velocity distribution function f of a single-component gas
molecule is a function of the spatial position vector r(x, y, z), the
molecular velocity vector §(&x, &), &), and time ¢. Let nf(r, §, t)drdg
denote the number of molecules in the velocity element d§ at § and
the volume element dr near the point r at time #, and let #n be the
molecular number density, that is, the number of molecules per
unit volume near point r at time f. Let mF be the force acting on
each molecule, where m is the mass of the molecule. For simplic-
ity, we assume that F is independent of §. After some time inter-
val dt, the number of molecules in the element drd§ increases by
%dtdrdi for two reasons. The first is the movement of molecules.
The molecular velocity changes the molecule’s position, and the
external force changes the velocity of the molecule. The second rea-
son is that the collision of molecules changes the velocity of the
molecules. The change in the number of molecules due to collisions

is [653"{ ) ]w”dtdrdi.

The element drd§ has six pairs of boundaries (x, x + dx), (y,
Y4 ), 22+ do), (6 &+ dE), (5, & + dEy), and (&, & +
d&;). By calculating the number of molecules passing through these
six pairs of planes during time interval dt, the change in the num-
ber of molecules in element drd§ during dt because of molecular
motion can be obtained. First, consider the number of molecules
entering element drdg through the plane dydzd€,d&,d&, during time
interval dt (Fig. 1). These molecules must be located in the cylin-
der standing on the base dydzd.d&,d&, with the axis §(¢x, ), &),

scitation.org/journal/phf

which has a slant height of &.dt. The number of molecules in this
cylinder is ( Jiea nfdx')dydzdfxdfydfz (to distinguish it from dx,
when calculating the number of molecules flowing into the element
volume from the boundary, we use dx’ to represent the differen-
tial along the x-direction; the notations dy’, dz’, déj, dfy', and d¢,
are similarly defined). This is the number of molecules entering ele-
ment drd§ through the x-plane during time interval dt. Notably,
this method differs slightly from conventional derivation methods.
We consider the molecular number density and velocity distribution
f as a function of position. When flowing through dydzd&,d&,d¢,
these molecules may be forced out of (§, § + d§) through colli-
sions with other molecules. However, other molecules may be forced
into (§, & + d§) through a similar collision process. In addition,
the time interval dt is very short and the gas is rarefied. There-
fore, there is a weak change in the distribution of molecular velocity
following a collision. Similarly, the number of molecules that pass
out of drd§ through the x + dx plane during time interval dt is

( r:iji’; dx nfdx')dydzdfxdfydfz, where e, represents the unit vector

in the x direction. The net number of molecules entering element
drdg through a pair of planes x and x + dx is

r r+e,dx ,
( i M )dydzdfxdfyd& - ( | s )dydzdfxdfydfz

_ _%( / _;dt nfdx')dxdydzd{xdfydfz. ()

According to a similar method, the net number of molecules
entering drd§ through a pair of planes & and &x + d¢ in time interval
dt is

£
) g(fzd !, )y, . @

Therefore, the net number of molecules entering drd§ through
the six pairs of planes in time interval dt is

(x.y+dy.z+dz.&, +dE & +dE,. &, +dE,)

([, s ) vz di

3 dydzd¢g dg,dg,

— 0

|(x.3.2.6,.¢,.¢.)

drde

(x+6bC,y,Z,¢fx»§y’é)

FIG. 1. Explanatory figure for the molecular motion into an
element volume of physical space and velocity space (as
six-dimensional space cannot be represented graphically,
the area element dydzdé,dé,d&; is represented by a line
segment).
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Because the macroscopic quantities are all based on the average
of a volume that is sufficiently large in microscopic terms but suffi-
ciently small in macroscopic terms, it takes time to reach the local
equilibrium. This time is represented by dt in Eq. (3), which should
be close to the relaxation time. Considering that it cannot be equal to
0, dt is replaced by the symbol 7. As there is no chance of confusion,
the differential symbols dx’, dy’, dz’, d&;, d&), and d&; are replaced by
dx, dy, dz, d&,, d&,, and d&,, respectively, in Eq. (4). Thus, we obtain
the following equation:

(f) T@x(f fx) 8)/([ fy) T@z(fr-rzrnfdz)
i Tgfx( E-Fr nfd fx) afy(/ Tnfdfy)

Taafz( nfd EZ) - [a(gtf : Ll,' )

Equation (4) is the modified Boltzmann equation. The first
term on the left-hand side represents the change in the velocity dis-
tribution function over time, and the other terms on the left-hand
side represent the variation due to molecular motion and external
forces. The change due to molecular collisions is represented on
the right-hand side. The main difference between Eq. (4) and the
conventional Boltzmann equation is that our formulation consid-
ers the variational property of the molecules passing through the
boundaries of the control volume from different positions and times.
There is a time parameter 7 in the modified Boltzmann equation.
When this parameter approaches 0, the Boltzmann equation can be
obtained. Although the exact value of this parameter is not known, it
is certainly close to the relaxation time of the local equilibrium. This
time should not be too short; otherwise, the local equilibrium can-
not be reached. It also cannot be too long; otherwise, the properties
of the surrounding molecules will have changed significantly.

The Liouville equation is a dynamic equation for the micro-
scopic motion of molecular groups. When the reduced velocity dis-
tribution function of one particle in a dilute gas is considered, the
Boltzmann equation can be obtained. The Liouville equation has dif-
ferent characteristic scales from the equations proposed here. The
spatial characteristic scale of the Liouville equation is the force range
of the molecular interaction, and the temporal characteristic scale
is the duration of a collision. The spatial characteristic scale of the
modified Boltzmann equation is the mean free path of the molecule.
The element drd§ must contain a sufficient number of molecules
while remaining macroscopically small. The temporal characteris-
tic scale is the relaxation time required to reach the local equilib-
rium. Therefore, the modified Boltzmann formulation is a meso-
scopic scale equation, which is the result of averaging the motion of
molecules governed by the Liouville equation on a mesoscopic scale.

) aiy (fijl‘dt e’y ) '

scitation.org/journal/phf

( —dt nfdz )
a% ( /:Fdr nfdflz)

dxdydzdé.d&,dE,. (3)

lll. EQUATIONS OF CONSERVED QUANTITIES AFTER
COLLISION

Multiplying both sides of Eq. (4) by ¢d&.d&,d&; in which ¢ is a
function that is only related to the molecular velocity and is indepen-
dent of the molecular position r and time £, and taking the integral
over d&,d&,d&, gives the following equation:

i f s [[( [ e o [ g
o e g e g [ ([ )
+6%/%(/r_;nfdyr)d&%f?(f&nfdz)

o(nf)
/ [ ot :IcolldE. (5)

In the derivation of this expression, we use the fact that the vari-
able ¢ is independent of position and time and apply integration by
parts. Equation (5) controls the transport of the molecular property
¢. When ¢ is conservative during a collision, the right-hand side of
Eq. (5) is 0. Obviously, the mass, momentum, and energy satisfy this
condition. Therefore, when ¢ = m, Eq. (5) can be transformed into

ot on ] UL pae)ae g ([ o)
gz f 1( f pfdz)d£ 0, ©)

where p = nm is the gas density. Equation (6) is the transport
equation for the gas mass. When ¢ = m§, Eq. (5) becomes

i~ (o e [C ot o [ e )at
v ) S et 5 [ )
882 [ 2( f pfdz)di 0, @)

where v = [ EfdE is the average molecular velocity, also called the
convective velocity of the fluid. Equation (7) is the transport equa-
tion of the gas momentum. Substituting ¢ = 3m& - § into Eq. (5), wi
obtain

pfdx) d€ +
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T Jg-Fr

+ 8% f %ET- E(fr;r pfdy)dg + % %i- § (/r;fpfdz)ds =0,
(8)

where ¢ = £ — v is the molecular thermal velocity and u = [ 1c- cfd§
is the thermal energy for the unit mass. Notably, the thermal energy
defined here only considers the translational kinetic energy of the
molecular thermal motion. Other molecular energies can easily be
added without affecting the derivation.

IV. DERIVATION OF THE EXTENDED NAVIER-STOKES
EQUATIONS

Taking the Taylor expansion of pg at r, and ignoring terms
above the first power, substitution into Eq. (6) gives the following
equation:

0

a—i+%-(pv)+%~jD:0, 9)
wherej” = - [ [%V(pf ) ‘ET] £dE. Equation (9) is consistent with the
continuity equation of the extended NS equations. In this expres-
sion, j° is caused by the heterogeneous molecular density and veloc-
ity distribution. Although this term includes the effect of the fluid
convection velocity, it is usually very small relative to the molec-
ular thermal velocity. Thus, it is mainly due to the mass diffusion
caused by molecular thermal motion. When the macroscopic con-
trol volume is large, the influence of mass diffusion is small, and the
NS equations are applicable. When the control volume is small, the
influence of the mass diffusion term cannot be ignored.

A similar treatment of pg at r and § enables us to transform
Eq. (7) into

P o 0 1
(V) = pF 4 o P (pv) +F/ S Ve(pf) - Frdg =0,
(10)

where P = P +1', P° = [ pecfdE, andt’ = — [ 18V (pf) - ErdE. Vi
represents the gradient with respect to the velocity §. Equation (10)
corresponds to the momentum equation of the extended NS equa-
tions. If the velocity distribution function f is an even function of c,
the stress P only has components along the three coordinate axes.
The term 1’ is caused by the heterogeneous molecular density and
velocity distribution, including momentum transport caused by het-
erogeneous convective velocity, commonly known as shear stress,
and mass transport caused by mass diffusion, that is, the additional
momentum transport of the extended NS equations over that of the
conventional NS equations. The conventional method of deriving
the viscosity of fluid is based on the momentum transport caused by
the uneven convection velocity on both sides of the interface. This is
reflected in the definition of T*. The momentum equation obtained
here differs from that of the extended NS equations reported in the
literature in that the last term of Eq. (10) is an additional term for the

scitation.org/journal/phf

external force. This is because the time required to define the aver-
age property of the control volume cannot be zero, and molecules
of different velocities are accelerated to the same velocity interval.
Assuming that Maxwell’s velocity distribution law is approximately
applicable, the last term can be easily calculated as —%F(w F1),
where k is the Boltzmann constant and T is the temperature in
Kelvin. This term is generally negligible compared with pF.

Similarly, applying the same method as above for Eq. (8), the
following can be obtained:

o 0 o . 0 o
5(pu)+&(%pv~v)+a-q +a-(puv)+a-(%pv-w)
+%-(Pc-v)—pF-v+/%[Vg(pf)-FT]F-EdE
1o}
o [ BT TR o, an

where ¢ = [ % pc - ccf d§ is the heat flow vector. If the velocity distri-
bution function f is even with respect to ¢, then q° = 0. Considering
that the macroscopic convection velocity v is much smaller than
its thermal velocity ¢, T/ ~ — [ 1cEV(pf) - ErdE. The last term of
Eq. (11) can be written as

[ VN &k = [ (e erven) V(o) - rled
+/%cﬁV(pf)-ErdE-v:—qD—TT, (12)

where q” = - [ i(c-c+v~v)[v(pf) -E7)EdE, q" = q° + q°. Here,
q° includes the transport of kinetic energy from molecular ther-
mal motion and the macroscopic average kinetic energy. The causes
of this transport include the heterogeneous convection velocity and
mass diffusion. By defining the energy density as E = u + 1v-v,
Eq. (11) can be modified to give

0 0 r 0 0
&(PE)Jra'q +a'(PEV)+a'(P'V)—PF'V
1
+ [ 3[Ve(of) - FrlF-Edg = . (13)

Equation (13) is the energy transport equation. Ignoring the
extra terms of the external force, i.e., the last term, Eq. (13) is con-
sistent with the extended NS equations. Assuming that Maxwell’s
velocity distribution law is approximately applicable, the last term
can be easily calculated as — £ZF - (P + pvv) - Fr, which is generally
negligible compared with pF - v.

Neglecting the extra terms of the external forces, the momen-
tum and energy equations of the extended NS equations are consis-
tent in form with those of the conventional NS equations. However,
in the extended NS equations, q" and the stress tensor P contain
additional transport components due to mass diffusion. The funda-
mental reason for the difference between them is that the extended
NS equations consider the difference in physical properties caused
by the molecules passing through the control volume interface com-
ing from different positions. On the molecular scale, the fluid is not
continuous, and the macroscopic quantities are defined as the aver-
age values of the molecules in a volume that is macroscopically suf-
ficiently small and microscopically sufficiently large. Thus, it takes
time to reach the local equilibrium. The molecules passing through
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the interface of the control volume during this time interval may
come from a certain distance away and have the physical properties
of the corresponding position. The conventional method of deriving
physical parameters such as viscosity and diffusion coefficients using
the primary theory of molecular motion is also based on such a view-
point. Thus, microscopic discontinuity is the essential reason for the
differences between the extended NS equations and the conventional
form.

V. CONCLUSIONS

We modified the Boltzmann equation by considering the tem-
poral and spatial variation in the velocity distribution function and
number density of molecules entering the volume element of phys-
ical space and velocity space. This equation has a time parame-
ter close to the relaxation time. As this parameter approaches 0,
this equation degenerates into the conventional Boltzmann equa-
tion. Determining the exact value of this parameter requires further
study. Based on the modified Boltzmann equation, the continuity
equation, momentum equation, and energy equation were obtained
by considering the macroscopic mean of mass, momentum, and
energy, respectively. Compared with the extended NS equations,
the momentum equation and the energy equation have additional
items related to the external force. Subsequent studies are required to
determine which equation is more realistic. Future work will attempt
to validate the proposed equations. To form a closed system of equa-
tions, it is necessary to investigate the constitutive relations of mass
diffusion, momentum, and energy transport. The proposed model
could then be used to investigate micro-flows.
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