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We constructed a three-dimensional fractal acoustic metamaterial using the combination of zigzag channels and
Menger fractal structures that had high structural symmetry and could extend into 3D space easily. Reflection
and transmission coefficients were numerically calculated and experimentally measured, and the results
matched well with each other. Using the finite element method and the S-parameter retrieval method, the
band structures, the equivalent frequency surface and the effective parameters of the acoustic metamaterial
were calculated. The results showed that the 3D acoustic metamaterial had double negative property in the nor-
malized frequency range of 0.205-0.269 and density-near-zero property in the normalized frequency vicinity of
0.356. A plate lens model and a quarter-bending model were constructed to demonstrate the double negative
property and the density-near-zero property of the acoustic metamaterial, respectively. These results showed
that the 3D acoustic metamaterial could achieve excellent acoustic properties and would be promising to con-
struct the 3D double negative structure and control acoustic waves on a subwavelength scale within a single unit.
© 2020 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Metamaterials are artificial composite materials, own extraordinary
physical properties such as negative refraction [1,2] and perfect lens
[3,4], and are beyond those readily available in nature. This kind of
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materials have aroused great interests among researchers and demon-
strated huge potential in many exciting applications. In the last ten
years, metamaterials have been applied to the most diverse areas, in-
cluding antennas [5,6], couplers [7,8], filters [9,10], cloaks [11,12], artifi-
cial black holes [13,14], tunneling [15,16] and super-resolution imaging
[17,18].

In acoustics, control of sound waves on a subwavelength scale was
difficult because of the limitations of the mass law until the develop-
ment of acoustic metamaterials [ 19-23]. Artificially engineered acoustic
metamaterials can not only break the mass law, but also can produce
some excellent and unusual acoustic properties, including negative re-
fraction [23-28], acoustic focusing [29-32], and extraordinary transmis-
sion [33-34], and have thus attracted the interest of many scientists and
researchers. To date, there are several possible ways to design acoustic
metamaterials, which are mainly based on locally resonant mechanisms
[19-30] and space-coiling mechanisms [31-47]. With regard to the lo-
cally resonant mechanism, in 2000, Liu et al. first constructed a locally
resonant metamaterial and achieved control of acoustic waves on a sub-
wavelength scale [19]. Lee et al. designed a double negative acoustic
metamaterial through introduction of a periodic arrangement of Helm-
holtz resonators [21]. Yang et al. proposed membrane metamaterials to
enable control of low-frequency waves [22]. However, these locally res-
onant metamaterials can only control waves at their resonant fre-
quency, which causes high losses and leads to narrow operating
bandwidths. Furthermore, to achieve the double negative property in
locally resonant metamaterials, it is necessary to combine structures
with a negative mass density and a negative bulk modulus, which
causes construction difficulties and poor structural robustness
[29-30], thus limiting the engineering application of these materials.

Unlike the locally resonant mechanism, metamaterials that are de-
signed based on space-coiling mechanisms can achieve excellent acous-
tic properties and broadband control of acoustic waves within a single
unit; these materials have labyrinthine structures and high refractive in-
dexes when compared with that of the background medium. Liang et al.
first reported space-coiling acoustic metamaterials with extreme acous-
tic parameters [34]. Liu et al. proposed an ultra-sparse metasurface
based on Mie resonance units for high-level reflection of low-
frequency sound [39]. Fu et al. designed a 3D space-coiling metamaterial
with both negative mass density and negative bulk modulus [44]. How-
ever, it is noteworthy that space-coiling metamaterials with a double
negative property have been restricted to simple 2D structures to date
[34,39] and there have been no reports on 3D space-coiling fractal meta-
materials with a double negative property. Furthermore, the structures
of the 3D space-coiling fractal metamaterials reported to date are com-
plex and make construction of these metamaterials difficult [44-47].
Therefore, it will be important to develop an easier method to construct
3D space-coiling fractal structures with extreme acoustic properties.

To date, the 3D metamaterials still exists some problems, which have
limited their application in engineering. Aiming at these problems, we
adopt an easier way to construct the 3D space-coiling fractal structure
through the combining of Menger fractal structure with zigzag channels,
and our study has two outweighing strengths: The new designed 3D
fractal structure can not only extend easily into 3D space easily, but
also have greater symmetry, thus effectively reducing the difficulty of
material construction. Furthermore, the new designed 3D fractal struc-
ture can also achieve sound tunneling property and double negative
property simultaneously with a single unit on a subwavelength scale.
This work could be helpful in reducing the construction difficulty and
provide a promising way to construct the 3D double negative structure
with a single unit on a subwavelength scale (Supplementary Materials).

1.1. Design of the 3D space-coiling fractal structure
Space-coiling structures can achieve extreme acoustic properties

with a single unit, however, the way to coil up space straightly into 3D
space are complex, causing the difficult construction of 3D space-

coiling structure. As known, the Menger fractal structure involves ex-
tension of the Sierpinski blanket into 3D space and provides a better
way to extend structures from 2D space into 3D space. Furthermore,
the Menger structure has high symmetry and multiple resonant
modes, making it not only easy to construct, but also with excellent
acoustic properties such as double negative and sound tunneling within
a single unit. Zigzag channels provide a classical way to coil up space;
using this approach, we can effectively extend the transmission routes
of the sound waves and construct a structure with a high relative refrac-
tive index, which is helpful in controlling acoustic waves on a subwave-
length scale. In this study, to simplify the material structure and achieve
the desired extreme acoustic properties, we attempt to construct a 3D
space-coiling fractal structure by combining the Menger fractal struc-
ture with zigzag channels to form a structure that has high symmetry
and offers extreme acoustic properties on a subwavelength scale within
a single structural unit.

The design process is shown in detail in Fig. 1. Fig. 1(a) shows a sche-
matic diagram of the zigzag channels (height d), where identical plates
(height L = 3/4d and thickness t) are embedded into the channel,
which can effectively extend the transmission routes of fluids. Fig. 1
(b) shows the acoustic tunnels of the Menger fractal structure (lattice
constant a = 72 mm), in which there are two different sound channel
sizes (with height d; = a/3 and height d, = a/9), and the sound chan-
nels are arranged in a simple manner. By combining the Menger fractal
structure with the space-coiling structure, we construct the new 3D
space-coiling fractal structure with high structural symmetry and excel-
lent acoustic properties on the subwavelength scale; the structure is il-
lustrated in Fig. 1(c). Fig. 1(d) shows the cross-section of the 3D fractal
structure and helpfully shows the inner structure clearly. An experi-
mental sample (radius r = 49.5 mm) was also fabricated to test the re-
flection and transmission coefficients of the material using the
impedance tube, as shown in Fig. 1(e). When compared with the previ-
ously reported 3D space-coiling structure, the newly designed 3D fractal
structure is easy to extend from 2D space to 3D space. Furthermore, the
structure has high symmetry, which is helpful in reducing the construc-
tion difficulty and increasing the robustness of the structure and thus
shows promise for engineering applications.

2. Double negative property

To enable further study of the acoustic properties of the new de-
signed 3D fractal structure, the band structures and the equivalent fre-
quency surface (EFS) of the structure were calculated, wave equation
in the 3D structure can be expressed as:

v-< ! Vp)—wzp 0 (1)

00 ") poco

Here, p is the air pressure, w is the angular frequency, pois the den-
sity of the air, and cois the speed of sound in the air. Sound-hard bound-
ary conditions are set at the air-solid interfaces, and Floquet-Bloch
periodic conditions are applied at the boundaries of the unit cells:

g;ﬁ ~0 ?)
p(x+a) = pxje ™ 3)

Here, n is the normal vector of the air-solid interface, and k is the
wave vector. In this work, the band structures and the equivalent fre-
quency surface were calculated using the finite element method via
COMSOL Multiphysics software. By solving for the eigenfrequencies of
the designed structures and the w-k dispersion relationships, we obtain
the band structures and the equivalent frequency surface the 3D fractal
acoustic metamaterials, which are shown in Fig. 2.
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Fig. 1. (a) Schematic diagram of the space-coiling structure. (b) Acoustic tunnels of the Menger fractal structure. (c) Newly designed 3D fractal structure. (d) Cross-section of the 3D fractal
structure (e) The eigenmode of the 3D fractal structure (f) Experimental sample of the proposed 3D structure.

Fig. 2(a) shows the band structure results, where the horizontal axis
represents the values of the wave vector k along the borders (R-M-T-
X-R) of the irreducible Brillouin zone of a cubic periodic lattice. In
order to show the property of controlling subwavelength scale acoustic
waves, we choose the normalized frequency (fa/cy) in the vertical axis,
where fis the frequency, a is the lattice constant and ¢, is the speed of
sound in air. There is clearly a negative slope in the second line in the
I'X direction, thus indicating that the newly designed 3D fractal struc-
ture has double-negative properties within the normalized frequency
range of 0.205-0.269. Furthermore, the normalized frequency is much
less than 1, thus proving that the designed 3D fractal structure has a
double-negative property on the subwavelength scale.

To study the double-negative property of the designed 3D fractal
structure further, the EFS is also calculated and is shown in Fig. 2(b).
The EFS result shows that the frequency declines in the I'X direction,
and according to the formulation vy = V,w(k), the gradient direction
is in the direction of the group velocities; therefore, the group velocities
(S) in the 3D fractal structure are oriented in the XTI direction. However,

(a) 0.4___\/ g~

Frequency(fu/c)

the wave vector (k) is oriented in the I'X direction, which is in the oppo-
site direction to the group velocities; as a result, S - k < 0, which further
verifies the double-negative property of the proposed 3D fractal struc-
ture. In this way, we provide a strong demonstration of the double neg-
ative property of the designed 3D fractal structure.

3. Effective parameters

To aid in further understanding of the acoustic properties of the pro-
posed 3D fractal structure, the effective parameters of the structure
have also been calculated using the S-parameter retrieval method
[48], with results as shown in Fig. 3. The effective mass density and
the refractive index of the 3D fractal metamaterial are calculated as
follows:

Peg =€x1 (4)
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Fig. 2. (a) Band structures of the 3D fractal acoustic metamaterial. (b) EFS of the 3D fractal acoustic metamaterial.
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Fig. 3. (a) Experimental setup. (b) Simulation model. (c) Reflection coefficient (R) and transmission coefficient (T). (d) Refractive index. (e) Acoustic impedance. (f) Effective mass density.

(6)

where pegis the effective mass density, n is the refractive index and € is
the acoustic impedance.

From the formulation above, we see that the key step required to ob-
tain the effective parameters of the 3D fractal structure is to determine
the reflection coefficient (R) and the transmission coefficient (T). As
shown in Fig. 3(c), the reflection coefficient and the transmission coef-
ficient of the 3D structure were calculated via the finite element method
using COMSOL Multiphysics software and were also experimentally
measured using an impedance tube. In general, the tendencies of the

simulated and measured results are well matched, except for the simu-
lated location (0.2901) of the peaks being slightly higher than the ex-
perimental location (0.2753). More importantly, the results agree well
with each other within the range from 0.205-0.269, in which the 3D
fractal structure has its double-negative property. Furthermore, the
matching results also demonstrate the accuracy of the finite element
model that we adopted in this work. Because of the limitations of the
impedance tube's frequency range, which can only reach a maximum
of around 0.33, it cannot meet our measurement requirements. For fur-
ther study of the acoustic properties of the 3D structure, we therefore
calculate the refractive index, the acoustic impedance and the effective
mass density using the finite element method, with results as shown in
Fig. 3(d), (e) and (f), respectively. These results show that the refractive
index is negative within the frequency range from 0.205-0.269, which
agrees well with the band structure results, thus further proving the
double-negative property. Fig. 3(f) also shows a point in the vicinity of
0.356, which is much smaller than 1, where the effective mass density
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Fig. 4. Sound pressure pattern of an acoustic prism with a 3D fractal structure at a
normalized frequency of 0.2647.

is zero. When peg = 0, then according to the formulations ¢ = \/B/peg
and k = wy/c, the phase velocity ¢ will be infinite and the wave number k
will be zero, which indicates that waves can then travel through the 3D
fractal structure to achieve a zero phase difference. These results indi-
cate that the 3D fractal structure not only has the double-negative prop-
erty, but also has a density-near-zero property on the subwavelength
scale, which is promising for practical applications.

4. Extreme acoustic properties

The calculation results for the band structure and the effective pa-
rameters show that the newly designed fractal structure in this work
not only has a double negative property but also has a density-near-
zero property, which indicates its promise for applications in engineer-
ing. To provide a further demonstration of the 3D fractal structure's
double-negative property and density-near-zero property for engineer-
ing applications, we choose a plate lens model [49-53] and a quarter-
bending model [35]. In the study of the double-negative property, be-
cause of the high symmetry of the 3D fractal structure and the calcula-
tion limitations of our computer, we simplify the calculations in the x-
z planes and then mainly study the phenomena that occur in the x-z
planes. As shown in Fig. 4, the plate lens has a thickness of 4 units and
a height of 10 units, and Gaussian acoustic waves at a normalized fre-
quency of 0.2647 impinge on the lens at an angle of 45°; after passing
through the lens, these waves can still be transmitted along their origi-
nal direction, which strongly indicates the negative-refraction

Max

Min

phenomenon in the material and further demonstrates the double-
negative property of the 3D fractal structure.

To verify the density-near-zero property, we use a 3D fractal struc-
ture containing 81 units to design the quarter-bending model as
shown in Fig. 5(a), which represents an acoustic bending waveguide
with 90 bends. Plane acoustic waves are incident from the left side
and are transmitted along the x-direction; when the plane acoustic
waves travel through the quarter corner, they turn to be transmitted
along the z-direction and the outgoing waves in the pattern are still
plane waves. For comparison, in Fig. 5(b), the quarter-bending model
is constructed using ordinary structures; when acoustic waves pass
through these structures, they are strongly scattered and cannot be
transmitted in the plane wave pattern, thus providing further proof
that the 3D fractal structure has the density-near-zero property.

5. Conclusions

In conclusion, we have constructed a 3D fractal metamaterial with
high symmetry by combining a Menger fractal structure with a space-
coiling structure. The double-negative property of this structure is dem-
onstrated by calculating the band structures and the EFS. The reflection
coefficient and the transmission coefficient of the 3D structure are mea-
sured experimentally and calculated numerically and the results agree
well with each other. The calculated results for the effective parameters
show that the 3D fractal structure not only has the double-negative
property in the normalized frequency range of 0.205-0.269, but also
has a density-near-zero property in the normalized frequency vicinity
of 0.356, which is demonstrated via excellent phenomena such as neg-
ative refraction and quarter bending transmission. These results indi-
cate that the newly designed 3D fractal metamaterial has excellent
acoustic properties and will be promising for use in engineering
applications.
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Fig. 5. (a) Sound pressure distribution when acoustic waves propagate through a quarter-bending model with a 3D fractal structure at a normalized frequency of 0.3562. (b) Sound
pressure distribution when acoustic waves propagate through a quarter-bending model with an ordinary structure at a normalized frequency of 0.3562.
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