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The surface roughness induced by geometric irregularities (asperities) has substantial
influence on the contact stiffness, which further affects the working performance and
service life of mechanical equipment. In this study, an elastic–plastic contact law between
a sinusoidal asperity and a rigid smooth flat is first studied, which is then applied on a
statistical model to simulate the contact behavior of a pair of 18CrMo4 steel surfaces to
investigate the influences of morphology parameters on the contact stiffness. The analysis
shows that smaller shape ratios ξ and larger wavelengths λ induce larger normal contact
stiffness Kn for surfaces with identical roughness, wherein the roughness is defined by
the mean value of asperity heights Ra and the standard deviation of asperity heights Rq .
The normal contact stiffness increases as Ra decreases under the same loading conditions,
while the normal contact stiffness increases as Rq decreases for surfaces with a fixed Ra.
Besides, the normal pressure and normal contact stiffness derived from the proposed
contact model are validated. The results demonstrate the potential of the proposed
model in contact design due to its ability of establishing the relations between the normal
contact stiffness and surface morphology parameters.

Keywords: Sinusoidal asperities; contact stiffness; elastic–plastic statistical model;
18CrMo4 steel interface; morphology parameters.

1. Introduction

Contact behaviors exist widely in mechanical–electrical and biomedical engineer-
ing [Du et al., 2011]. Contact stiffness is one of the important factors affecting
the contact behavior, since it can substantially influence the overall static and
dynamic characteristics of mechanical equipment, and thus the working performance
of mechanical equipment.

‡Corresponding author.
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A large number of studies on contact stiffness have been reported, which can be
classified into two groups: experimental studies and theoretical studies. The technol-
ogy used in experiments mainly includes ultrasonic assessment [Xiao and Sun, 2018],
digital image correlation [Kartal et al., 2011], model analysis [Boscolo and Baner-
jee, 2012] and virtual field methods [Giraudeau et al., 2010]. Theoretically, contact
stiffness can be studied by Hertz theory [Hertz, 1882], statistical theory [Greenwood
and Williamson, 1966] and fractal theory [Mandelbrot, 1983]. Numerical methods
provide another efficient way to investigate the single asperity contact, which have
been widely adopted in contact studies. Based on finite element model (FEM), the
contact deformation of a sphere was divided into four distinct phases by Kogut
and Etsion [2002] (i.e., the KE model). To further study the contact stiffness of a
rough surface, FEM was combined with fractal theory and statistical theory. Pan
et al. [2017] established a fractal model based on 3D FEM, and the normal contact
stiffness calculated by the model agreed well with experimental results. Under the
condition of shoulder–shoulder contact between spheres, Zhao et al. [2015] proposed
a statistical model for contact stiffness based on elastic–plastic FEM.

Many researchers [Saha et al., 2016; Saha and Jackson, 2016; Wang et al., 2017;
Liu, 2014; Liu and Proudhon, 2014, 2016] have adopted sinusoidal (wavy) asperities
in FEMs to study the contact behavior of rough surfaces since the sine function is
foundational for Fourier series or Weierstrass–Mandelbrot function, which can be
used to describe real surfaces in engineering [Jackson and Streator, 2006; Wilson
et al., 2010; Ciavarella et al., 2000]. Westergaard [1939] firstly obtained the elastic
analytical solution for the contact between two slightly wavy surfaces in 1939. Gao
et al. [2006] studied the effects of geometric and material parameters on plastic
deformation and residual stress based on the contact between a wavy surface and
a rigid flat surface. Johnson et al. [1985] established an elastic asymptotic solution
(i.e., the JGH model) for the contact of a 3D sinusoidal surface. Saha et al. [2016]
developed an elastic contact model under the condition of complete contact between
a perfectly elastic 3D sinusoidal surface and a rigid flat surface. Saha and Jackson
[2016] then extended it to an elastic–plastic contact model, and the results indicated
that the deformation of a sinusoidal asperity was completely elastic when the ampli-
tude was below a certain critical value. Moreover, Wang et al. [2017] also pointed
out that a sinusoidal asperity was completely elastic when the amplitude was below
a certain critical value under full stick contact conditions. Liu [2014] used FEM
to study the effects of the geometrical parameters of sinusoidal asperities on the
contact behavior under fully plastic deformation. Then, Liu and Proudhon [2014]
divided the deformation of a sinusoidal asperity into elastic phase and plastic phase.
For a more accurate description of the deformation evolution of a sinusoidal asper-
ity, Liu and Proudhon [2016] further divided sinusoidal asperity deformation into
five phases; however, the expression of critical deformation and the relation between
deformation and force for each phase were not provided.
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The problem of sinusoidal and wavy surface contact has been studied for over
80 years. The shape ratio, defined as the ratio of asperity height to wavelength,
was generally less than 0.40 [Saha et al., 2016; Saha and Jackson, 2016; Liu, 2014;
Liu and Proudhon, 2014, 2016; Gao et al., 2006]. However, the actual surfaces usu-
ally contain asperities with ratios greater than 0.40, and the error affects the con-
tact pressure [Liu, 2014; Liu and Proudhon, 2014]. Moreover, most of the previous
reports concentrate on elastic and plastic solutions of sinusoidal contact for elastic
and elastic-perfectly plastic materials [Saha et al., 2016; Saha and Jackson, 2016;
Wang et al., 2016], and few works account for strain hardening in sinusoidal or wavy
surfaces. Liu and Proudhon [2014, 2016] recently established a force–deformation
law for sinusoidal asperities (with shape ratio ξ ∈ [0.01, 0.20]) before and after the
onset of plastic deformation [Liu and Proudhon, 2014], and they distinguished the
contact evolution characteristics of a sinusoidal asperity with a shape ratio of 0.10
[Liu and Proudhon, 2016]. In their work, the contact behavior of sinusoidal asperities
with shape ratios greater than 0.40 was investigated as a complementary study for
the simulation of rough surface contact; besides, for alloy surfaces, the five empir-
ical equations of force–deformation were established according to the deformation
evolution characteristics of sinusoidal contact [Liu and Proudhon, 2016], and the
actual surfaces were simulated by a contact model with the consideration of the
statistical height distribution of surface asperities.

In this paper, a rough contact model is proposed to study the interfacial behavior
of 18CrMo4 steel surfaces. An elastic–plastic contact behavior of one sinusoidal pair
is firstly built, and then the contact stiffness of rough surfaces is calculated using
statistics, based on which, the effects of asperity parameters on interface stiffness
are further discussed. The proposed model can be applied on the design of a required
interface by manipulating roughness parameters.

2. Statistical Model of Normal Contact Stiffness

2.1. 3D sinusoidal asperity

In microscopic observation, the roughness of an actual surface can be simplified
into a composition of a large number of cones [Hisakado, 1975], cylinders [Li et al.,
2018], spheres [Greenwood and Williamson, 1966; Kogut and Etsion, 2002; Zhao
et al., 2015; Lu et al., 2017, 2018], ellipsoids [Liu et al., 2015], sinusoidal (or wavy)
asperities [Saha et al., 2016; Saha and Jackson, 2016; Wang et al., 2017; Liu, 2014;
Liu and Proudhon, 2014, 2016; Westergaard, 1939; Gao et al., 2006; Johnson et al.,
1985] and other shapes. For small load, the contact occurs at the tip of an asperity,
and a spherical model can be used to simulate the contact behavior of asperities
on a rough surface. For large load, some researchers [Shah et al., 2011; Jackson
et al., 2008] suggested that sinusoidal contact can describe the surface asperity
contact more accurately. Besides, Poon and Bhushan’ surface measurements show
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Flange plate 

Flanged connection 

(b)

(c)

Substrate 1 

Cross-section 

Equivalent surface

Rigid flat 

Contact surface

(a)

Pipeline 

Substrate 2 

Substrate 

Substrate 

Sinusoidal asperity

Fig. 1. Sketch of contact between two rough surfaces: (a) contact between two rough surfaces,
(b) equivalent contact of two surfaces, and (c) 3D profile of sinusoidal asperity.

that the sinusoidal shape is close to the profile from surface measurement [Poon and
Bhushan, 1995], and actual surfaces can be represented by either a Fourier series or
a Weierstrass–Mandelbrot function [Jackson and Streator, 2006; Wilson et al., 2010;
Ciavarella et al., 2000], whose basic function is sinusoidal. Therefore, a sinusoidal
(wavy) model is more practical than a spherical model.

Interfacial contact, such as flange connections shown in Fig. 1, is a common
engineering problem. The contact behavior between flange plates is essentially the
contact between the microstructures (i.e., asperities) on the substrates 1 and 2 (i.e.,
the flange plates 1 and 2) as in Fig. 1(a). Studies have demonstrated that the contact
behavior between two rough surfaces is equivalent to that between an equivalent
rough surface and a rigid flat as in Fig. 1(b) [Greenwood and Tripp, 1970; Yu and
Polycarpou, 2004]. Sinusoidal asperities are introduced to simulate the equivalent
surface in this study. The 3D profile of a sinusoidal asperity is shown in Fig. 1(c).

The contact between a single sinusoidal asperity and a rigid flat is shown in
Fig. 2. The profile curve of a sinusoidal asperity (2D) can be represented in Eq. (1):

z(x) =
h

2
[cos(2πx/λ) + 1] for (−λ/2 ≤ x ≤ λ/2), (1)
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Fig. 2. Contact between a single asperity and a rigid smooth flat (oxz is a Cartesian coordinate
system, o is the coordinate origin at the top of the substrate): where r denotes the radius of the
contact; d denotes the distance from the rigid flat to the top surface of the substrate; δn denotes
the normal deformation of asperity, δn = h–d.

where h and λ are the height and wavelength (or width) of a sinusoidal asperity,
respectively.

2.2. Power-law hardening property

When 18CrMo4 steel undergoes plastic deformation, the plastic behavior obeys the
J2 flow theory and satisfies a power hardening law represented by the classical
Ramberg–Osgood function [Ramberg and Osgood, 1943]. The relationship between
the strain ε and the stress σ is as follows:

σ =

{
Eε

σy[(E/σy)ε]n
when

σ ≤ σy

σ > σy

, (2)

where E and σy are the Young’s modulus and yield strength of the material, respec-
tively; and n is the strain hardening exponent, ranging from 0 to 1. The mechanical
properties of 18CrMo4 steel are: Young’s modulus E = 197.60GPa, yield strength
σy = 0.469GPa, Poisson’s ratio ν = 0.29 and strain hardening exponent n = 0.15
[Zhao et al., 2015].

2.3. Finite element model

The following three assumptions are made in this study for the efficiency of the
simulation:

(a) Substrate deformation is not taken into account (see Appendix A).
(b) Interactions between adjacent asperities on the rough surface are ignored.
(c) Friction and adhesion between contact surfaces are not considered.

For most engineering surfaces, the roughness amplitude (asperity height h) is
smaller than the width (wavelength λ), resulting from the surface spectrum of the
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h/4 

Zone I

Zone IΙ

Rigid flat

Symmetry 
axis 

o

Applied displacement δ
n

x

z

The bottom

Fig. 3. FEM of sinusoidal asperity (Shape ratio ξ = 0.20, λ = 1mm).

representative part. Generally, ξ ∈ [0.02, 0.20] [Gao et al., 2006], and for a pol-
ished alloy ξ ∈ [0.01, 0.40] [Yastrebov et al., 2011]. Since surfaces with larger ratios
ξ widely exist, asperities with different shape ratios are adopted to simulate the
contact behavior of rough surfaces in this study, including ξ = 0.20, 0.40, 0.60,
and 1.00.

As shown in Fig. 3, a line and a half-sinusoidal plane (0 ≤ x ≤ λ/2, 0 ≤ z ≤ h)
is used to represent a rigid flat and a deformable 3D sinusoidal asperity according
to the axisymmetry of sinusoidal asperity. The origin o, x-axis, and z-axis of the
Cartesian coordinate system are the center, bottom, and symmetry axis of the
sinusoidal asperity, respectively.

For a small load, contact area between rough surfaces occurs firstly at the tip
of an asperity. To ensure the numerical accuracy and further improve the compu-
tational efficiency, the half-sinusoidal plane is divided into two zones, as shown in
Fig. 3. Zone I within a distance of h/4 from the sinusoidal tip is the focal mon-
itoring area with mesh size of λ × 10−4. Zone II outside the distance of h/4 is
coarsely meshed with the element size of 3λ × 10−3. Detail of the mesh sensitiv-
ity analysis is presented in Appendix B. Then, the half-sinusoidal plane is dis-
cretized by eight-node PLANE183 axisymmetric elements on the finite element
software platform ANSYS R16.0. The contact is simulated with 2D surface-to-
surface contact elements (CONTA172) and a single nonflexible two-node target
element (TARGE169). Finally, the resulting mesh consists of 179403 PLANE183 ele-
ments and 503 CONTA172 elements. Compared with the normal Lagrange method
and multipoint constraint method, the augmented Lagrange method is more suitable
for contact problems without friction or adhesion and has a more efficient conver-
gence rate for the contact calculation, which is thus used to calculate the contact in
this study. In the numerical simulation, the force–deformation response of the sinu-
soidal asperity model needs to be consistent with that of an actual loaded asperity,
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and the boundary conditions of the asperity model [Kogut and Etsion, 2002; Zhao
et al., 2015] in this study are:

(a) The nodes at the bottom of the sinusoidal asperity are fixed in the z-direction,
i.e., Uz(x, 0) = 0.

(b) An axisymmetric boundary condition is applied at the axis of symmetry, i.e.,
Ux(0, z) = 0.

(c) Using the contact wizard, a pilot node is generated at the right end of the rigid
flat to control the degrees of freedom of the rigid flat.

(d) The vertical displacement δn is applied to the pilot node.

2.4. Numerical results

2.4.1. Dimensionless results

To make the empirical equation simple and available, the simulated normal defor-
mation δn and simulated normal force fn are normalized by the critical deformation
δn,c and critical force fn,c, respectively, when the sphere just yields, i.e., δ∗n = δn/δn,c

and f∗
n = fn/fn,c. According to the Hertz theory [Hertz, 1882], the critical defor-

mation can be calculated by Eq. (3):

δn,c =
(

3πpm

4E∗

)2

Rs. (3)

The critical force is shown in Eq. (4):

fn,c =
4E∗

3
(Rsδ

3
n,c)

1/2 =
(

3Rs

4E∗

)2

(πpm)3, (4)

where pm is the average contact pressure; Rs is the curvature radius of the asperity
summit; H is the hardness of the softer material in contact; and E∗ is the effective
modulus of elasticity: 1/E∗ = (1−v2

1)/E1+(1−v2
2)/E2, where E1, E2, ν1, and ν2 are

the Young’s moduli and Poisson’s ratios of material 1 and material 2, respectively.
For the contact between a surface of a sinusoidal asperity and a rigid flat with

E2 → ∞, the curvature radius of the sinusoidal asperity summit is Rs = λ2/(2π2h).
When the asperity just yields, the maximum Hertz contact pressure can be as high
as pmax = 0.60H, i.e., pm = 2pmax/3 = 0.40H [Tabor, 1951]. The hardness of a metal
material H = 2.80σy [Kogut and Etsion, 2002; Tabor, 1951; Jamari and Schipper,
2006], and the hardness of 18CrMo4 steel is 1313.2MPa.

For real surfaces, the areal contact deformation is determined by the parameters
of the surface morphology and the mechanical properties of the material, which can
be represented by the plasticity index in Eq. (5) [Greenwood and Williamson, 1966]:

ψ =
E∗

H

(
σz

Rs,m

)1/2

, (5)

where σz is the standard deviation of the asperity heights and Rs,m is the mean
curvature radius of the asperity summits on the rough surface.
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2.4.2. Deformation

a. Analysis of deformation The von Mises yield criterion is used during the
contact. Liu and Proudhon [2016] characterized the deformation by the plastic zone
inside the asperity, as shown in Fig. 4. The five deformation phases of a sinusoidal
asperity are illustrated in Fig. 5. It can be seen from Figs. 4 and 5 that the four
transitional boundaries between the deformation phases are:

(i) At the moment when plastic deformation occurs inside the asperity, the plastic
region is surrounded by elastic regions, corresponding to the first elastic–plastic
critical point T1, for which the value δ∗n,1 is listed in Table 1. The equivalent
plastic strain field [Kogut and Etsion, 2002; Liu and Proudhon, 2016] at this
instant is shown in Fig. 4(a).

(ii) The moment that the plastic zone reaches the contact surface for the first time
marks the elastic limit of the contact surface, which is indicated by the second
elastic-plastic critical point T2, for which the value δ∗n,2 is listed in Table 1.
The equivalent plastic strain field is shown in Fig. 4(b).

(iii) The moment that the whole contact surface experiences plastic deformation
for the first time is indicated by the first plastic critical point T3, for which the
value δ∗n,3 is listed in Table 1. The equivalent plastic strain field is shown in
Fig. 4(c).

(iv) The moment that the mean contact pressure reaches the hardness of the mate-
rial is indicated by the fully plastic critical point T4, for which the value δ∗n,4

is listed in Table 1. The equivalent plastic strain field is shown in Fig. 4(d).

b. Empirical equations According to the four transitional boundaries above, the
deformation of a sinusoidal asperity is divided into five deformation phases: the
elastic, the first elastic–plastic, the second elastic–plastic, the first plastic and fully
plastic deformation. The deformation ranges for each phase are δ∗n ≤ δ∗n,1, δ

∗
n,1 <

δ∗n ≤ δ∗n,2, δ
∗
n,2 < δ∗n ≤ δ∗n,3, δ

∗
n,3 < δ∗n ≤ δ∗n,4 and δ∗n > δ∗n,4.

Before the sinusoidal asperity undergoes plasticity, the force–deformation
response follows a power law relation, as reported in previous studies [Liu and
Proudhon, 2014]. Namely, under the condition of the deformation δ∗n ≤ δ∗n,3, the
empirical equation can be expressed by Eq. (6):

f∗
n = eiδ

∗ci
n , (6)

where ei and ci are the coefficient and exponent of a power law function, respectively.
The values of ei and ci are listed in Tables 2 and 3, respectively.

After the strain on the entire contact region exceeds the yield strain, the asperity
completely goes into the plastic phase, i.e., the entire contact zone is plastic. How-
ever, the mean contact pressure on the contact surface has not reach the hardness
value of the metal material. As δ∗n increases, the plastic zone continues to expand.
When the mean contact pressure reaches the hardness, the sinusoidal asperity enters
the fully plastic phase. The force-deformation response follows a linear relation,

2050009-8

In
t. 

J.
 A

pp
l. 

M
ec

ha
ni

cs
 2

02
0.

12
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
B

IR
M

IN
G

H
A

M
 o

n 
04

/1
2/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



March 25, 2020 20:47 WSPC-255-IJAM S1758-8251 2050009

Influences of Morphology Parameters on the Contact Behavior of a Steel Interface

ANSYS Release 16.0  

A

B
C

A
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F
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A

A
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F
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A

A   =.184E-05    
B   =.551E-05    
C   =.919E-05    
D   =.129E-04    
E   =.165E-04    
F   =.202E-04    
G   =.239E-04    
H   =.276E-04    
I   =.312E-04    

(a)

ANSYS Release 16.0  

A

B
A

C
D B
E C A
F D
G BEH

F C
I G D A

HI
E

BHG FGFE CD AC D EB A CB
A   =.310E-03    
B   =.929E-03    
C   =.001549     
D   =.002168     
E   =.002787     
F   =.003407     
G   =.004026     
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(b)

Fig. 4. Schematic of evolution of equivalent plastic strain field when λ = 1mm and ξ = 0.20:
(a) The moment that the plastic zone appears in the sinusoidal asperity for the first time, T1

(δn,1/h = 3.76 × 10−5), (b) The moment that plastic zone just reaches the contact surface,
T2(δn,2/h = 3.29 × 10−4), (c) The moment that the whole contact surface experiences plastic
deformation, T3(δn,3/h = 6.32 × 10−3), and (d) The moment that the mean contact pressure
reaches the hardness, i.e., full plastic deformation occurs, T4(δn,4/h = 1.81 × 10−2).
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Fig. 4. (Continued)
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Fig. 5. (Color online) Variation of normalized normal force f∗
n with normal deformation δ∗n (the

solid vertical arrows indicates transitional moments, and the content in the green frame is amplified
in the upper left panel).

Table 1. The value of the critical deformation δ∗n,i.

The critical deformation, δ∗n,i Slope, ai Intercept, bi R2

δ∗n,1 −0.98 1.10 0.99

δ∗n,2 3.63 6.77 0.92

δ∗n,3 27.23 148.57 0.92

δ∗n,4 42.83 425.36 0.99

Note: δ∗n, i = aiξ + bi, i = 1, 2, 3, and 4. R2 is the coefficient of determination,
which is used to evaluate the fitting degree, and R2 > 0.90 is desirable.

Table 2. The value of the coefficient ei.

ei Mi Ni Gi R2

e1 0 −0.86 1.10 0.97
e2 0 −1.09 1.25 0.99
e3 −1.19 0.04 1.75 0.99
e4 0 −0.08 7.21 0.92
e5 0 −0.12 7.80 0.96

Note: ei = Miξ
2 +Niξ+Gi, i = 1, 2, 3, 4, and 5. R2 is the coefficient of determination,

which is used to evaluate the fitting degree, and R2 > 0.90 is desirable.

as shown in Fig. 5, as reported in previous studies [Liu and Proudhon, 2014]. Namely,
under the condition of the deformation δ∗n > δ∗n,3, the empirical equation can be
expressed by Eq. (7):

f∗
n = eiδ

∗
n + ci, (7)

where ei and ci are the coefficient and intercept of a linear function, respectively.
The values of ei and ci are listed in Tables 2 and 3, respectively.
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Table 3. The value of the coefficient ci.

ci Pi Qi Oi R2

c1 0.69 0.58 1.39 0.99
c2 0.38 0.03 1.39 0.99
c3 0.26 −0.11 1.25 0.99
c4 0 −341.63 −156.39 0.92
c5 0 −402.15 −377.28 0.95

Note: ci = Piξ
2 + Qiξ + Oi, i = 1, 2, 3, 4, and 5. R2 is the coefficient of determination,

which is used to evaluate the fitting degree, and R2 > 0.90 is desirable.

2.4.3. Elastic–plastic contact law of a single asperity

According to the Hooke’s law, normal contact stiffness is the derivative of normal
contact force, which is a function of δn, as shown in Eq. (8):

kn(δn) =
dfn(δn)
dδn

. (8)

Based on the simulation results of the contact between a single sinusoidal asperity
with a height of z and a rigid smooth flat, an empirical equation of the normal
contact force fn can be derived as in Eq. (9):

fn =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fn,c ×
[
e1 ×

(
δn
δn,c

)c1
]

0 < δn ≤ δn,1

fn,c ×
[
e2 ×

(
δn
δn,c

)c2]
δn,1 < δn ≤ δn,2

fn,c ×
[
e3 ×

(
δn
δn,c

)c3]
when δn,2 < δn ≤ δn,3

fn,c ×
[
e4 ×

(
δn
δn,c

)
+ c4

]
δn,3 < δn ≤ δn,4

fn,c ×
[
e5 ×

(
δn
δn,c

)
+ c5

]
δn > δn,4.

(9)

Therefore, the normal contact stiffness kn of a sinusoidal asperity can be expressed
as in Eq. (10):

kn =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

fn,c ×
[
e1 × c1
δn,c

×
(
δn
δn,c

)c1−1
]

0 ≤ δn ≤ δn,1

fn,c ×
[
e2 × c2
δn,c

×
(
δn
δn,c

)c2−1
]

δn,1 < δn ≤ δn,2

fn,c ×
[
e3 × c3
δn,c

×
(
δn
δn,c

)c3−1
]

δn,2 < δn ≤ δn,3

fn,c × e4
δn,c

δn,3 < δn ≤ δn,4

fn,c × e5
δn,c

δn > δn,4,

(10)
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where δn = z − d, wherein d denotes the separation distance between two contact
surfaces; δn,1, δn,2, δn,3 and δn,4 are the first elastic-plastic, the second elastic–
plastic, the first plastic and the fully plastic critical deformation of the sinusoidal
asperity, respectively.

2.5. Statistical contact model of a rough surface

Morphology measurements show that asperity heights follow a Gaussian distribution
for many surfaces [Greenwood and Williamson, 1966]. According to the probability
density function ϕ(z), the total number of asperities participating contact at height
z on a rough surface can be calculated by Eq. (11):

Ncon = ηAsur

∫ ∞

d

ϕ(z)dz = ηAsur

∫ ∞

d

1
σz

√
(2π)

exp

[
−1

2

(
z − μz

σz

)2
]
dz,

(11)

where Asur is the area of a whole rough surface; η is the surface density of asperities;
μz and σz are the mean value of the asperity heights and the standard deviation of
the asperity heights, respectively; μz and σz are replaced with the average roughness
Ra and the root mean square roughness (i.e., RMS) Rq in Secs. 3.2, 3.3, and 3.4,
respectively.

The normal pressure Pn and normal contact stiffness Kn of the whole contact
surface are determined by combining the elastic–plastic contact response of a single
asperity in Eqs. (9) and (10), as well as the total number of asperities participating
contact in Eq. (11). The normal contact force and normal contact stiffness of the
whole surface are divided by the area Asur, and the normal pressure Pn of a rough
surface is expressed in Eq. (12):

Pn(d) = η

{∫ d+δn,1

d

fn,eϕ(z)dz +
∫ d+δn,2

d+δn,1

fn,ep,1ϕ(z)dz +
∫ d+δn,3

d+δn,2

fn,ep,2ϕ(z)dz

+
∫ d+δn,4

d+δn,3

fn,p,1ϕ(z)dz +
∫ +∞

d+δn,4

fn,fpϕ(z)dz

}

= η

{∫ d+δn,1

d

fn,c × e1

(
z − d

δn,c

)c1

ϕ(z)dz

+
∫ d+δn,2

d+δn,1

fn,c × e2

(
z − d

δn,c

)c2

ϕ(z)dz

+
∫ d+δn,3

d+δn,2

fn,c × e3

(
z − d

δn,c

)c3

ϕ(z)dz
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+
∫ d+δn,4

d+δn,3

fn,c ×
[
e4

(
z − d

δn,c

)
+ c4

]
ϕ(z)dz

+
∫ +∞

d+δn,4

fn,c ×
[
e5

(
z − d

δn,c

)
+ c5

]
ϕ(z)dz

}
. (12)

Furthermore, the normal contact stiffness Kn of a rough surface is expressed in
Eq. (13):

Kn(d) = η

{∫ d+δn,1

d

kn,eϕ(z)dz +
∫ d+δn,2

d+δn,1

kn,ep,1ϕ(z)dz +
∫ d+δn,3

d+δn,2

kn,ep,2ϕ(z)dz

+
∫ d+δn,4

d+δn,3

kn,p,1ϕ(z)dz +
∫ +∞

d+δn,4

kn,fpϕ(z)dz

}

= η

{∫ d+δn,1

d

[
fn,c × e1 × c1

δn,c
×

(
z − d

δn,c

)c1−1
]
ϕ(z)dz

+
∫ d+δn,2

d+δn,1

[
fn,c × e2 × c2

δn,c
×

(
z − d

δn,c

)c2−1
]
ϕ(z)dz

+
∫ d+δn,3

d+δn,2

[
fn,c × e3 × c3

δn,c
×

(
z − d

δn,c

)c3−1
]
ϕ(z)dz

+
∫ d+δn,4

d+δn,3

[
fn,c × e4

δn,c

]
ϕ(z)dz

+
∫ +∞

d+δn,4

[
fn,c × e5

δn,c

]
ϕ(z)dz

}
. (13)

2.6. Calculation of normal pressure and normal contact stiffness

The procedure of calculating the normal pressure Pn and normal contact stiffness
Kn is shown in Fig. 6. First, morphology parameters μz (or Ra), σz (or Rq), η and
Rs,m are selected for the rough surface, with which the asperity heights follow a
Gaussian distribution. Second, as d decreases, the normal deformation of the contact
surfaces is determined by δn = hmax − d when (z− d) becomes larger than 0 for the
first time. The normal contact force and normal contact stiffness of the asperities
with a height of z on the whole contact surface are determined by combining the
contact law of a single asperity (Eqs. (9) and (10)) and the total number of asperities
participating contact in the interval z to z−Δz (Eq. (11)). A step-size of Δz = 0.001
(hmax − dcer) for the probability calculation can satisfy the computational accuracy
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Fig. 6. Procedure to determine the normal pressure Pn and normal contact stiffness Kn of the
contact surfaces.

of the normal pressure Pn and normal contact stiffness Kn of a rough surface. Then,
such calculation iterates from z = hmax to d. Finally, when the distance is d, the
normal pressure Pn and normal contact stiffness Kn of the whole contact surfaces
are determined by summing up Eqs. (12) and (13). The calculation of the normal
pressure Pn and normal contact stiffness Kn iterates from d = hmax to d = dcer,
where dcer is the terminal value of the calculation. The calculation is realized using
Matlab script, which is provided with the electronic version on line.

3. Results and Discussion

3.1. Contact behavior of rough surfaces with different shape

ratios ξ

The asperity shape ratio ξ has great influence on the normal pressure Pn and the
normal contact stiffness Kn of a rough surface. Four surfaces with shape ratios of
0.20, 0.40, 0.60, and 1.00 are selected, the mean height of which is 0.31μm with the
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standard deviation of 6.20μm, and the surface density of asperities is 40,194/mm2

[Zhao et al., 2015].
Figure 7(a) shows the relationships between the normal deformation δn and the

normal pressure Pn for rough surfaces with different shape ratios ξ. The normal
pressure nonlinearly increases with the increase of the normal deformation. For the
same δn, the normal pressure decreases as the shape ratio ξ increases. Figure 7(b)
shows the relationships between the normal pressure Pn and the normal contact
stiffness Kn for rough surfaces with different shape ratios ξ. The normal contact

(a)

(b)

Fig. 7. Contact behavior of rough surfaces with different shape ratios ξ: (a) the relationships
between the normal deformation δn and the normal pressure Pn and (b) the relationships between
the normal pressure Pn and the normal contact stiffness Kn.
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stiffness nonlinearly increases with the increase of the normal pressure. For the same
Pn, the normal contact stiffness decreases as ξ increases.

3.2. Contact behavior of rough surfaces with different

wavelengths λ

The asperity wavelength λ affects the normal pressure Pn and the normal contact
stiffness Kn of a rough surface. The wavelength range of asperities on the rough
surfaces is related to the surface treatment methods. In this study, the polished
alloy from the study of Timsit [2006] with the wavelength ranging from 50nm to
250nm is analyzed. When the asperity width λ = 250nm, the surface density of
asperities is at least η = 1.6× 107/mm2. Five surfaces with wavelengths of 50, 100,
150, 200, and 250nm are selected, for which the roughness are Ra = 0.01μm and
Rq = 0.0125μm (i.e., Rq/Ra = 1.25 [Thomas, 1999; Kumar and Rao, 2012; Vitanov
et al., 2014]).

Figure 8(a) shows the relationships of the normal deformation δn and the normal
pressure Pn for rough surfaces with different wavelengths λ. The normal pressure
increases with the increase of the normal deformation. For the same δn, the nor-
mal pressure increases as λ increases. Figure 8(b) shows the relationships between
the normal pressure and the normal contact stiffness for rough surfaces with dif-
ferent wavelengths λ. The normal contact stiffness increases as the normal pressure
increases. For the same Pn, the normal contact stiffness increases as the wavelength
λ increases.

3.3. Contact behavior of rough surfaces with different

roughness Ra

The roughnessRa influences the normal pressure Pn and the normal contact stiffness
Kn of a rough surface. The roughness grading requirements of mating surfaces in
engineering are as follows:

(a) For general gears, Ra = 1.60μm.
(b) For rough surfaces with centering and matching characteristics, Ra = 0.80μm.
(c) For rough surfaces with long-term stability, Ra = 0.40μm.
(d) For high-quality surfaces, Ra = 0.05μm.

For rough surfaces with asperity heights following Gaussian distribution, statis-
tics shows that the ratio of Rq to Ra should be 1.25 [Thomas, 1999; Kumar and
Rao, 2012; Vitanov et al., 2014]. Hence, four surfaces with Ra = 1.60μm and
Rq = 2.00μm, Ra = 0.80μm and Rq = 1.00μm, Ra = 0.40μm and Rq = 0.50μm
and Ra = 0.05μm, and Rq = 0.0625μm are selected, for which the mean curvature
radius of asperity summits Rs,m and the surface density of asperities η are 21.08μm
and 40,194/mm2 [Zhao et al., 2015], respectively.

Figure 9(a) shows the relationships between the normal deformation δn and
the normal pressure Kn for rough surfaces with different roughness Ra. For the
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(a)

(b)

Fig. 8. Contact behavior of rough surfaces with different wavelengths λ: (a) the relationships
between the normal deformation δn and the normal pressure Pn and (b) the relationships between
the normal pressure Pn and the normal contact stiffness Kn.

same δn, the normal pressure decreases as either Ra or ψ increases, as reported in
previous study [Zelasko et al., 2016]. According to Eq. (5), the areal plastic index
ψ exhibits a positive relationship with the standard deviation Rq, and here the
ratio of Rq/Ra = 1.25 [Thomas, 1999; Kumar and Rao, 2012; Vitanov et al., 2014].
Figure 9(b) shows the relationships between the normal pressure Pn and the normal
contact stiffness Kn for rough surfaces with different roughness values Ra. For the
same Pn, the normal contact stiffness decreases as either Ra or ψ increases.
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(a)

(b)

Fig. 9. Contact behavior of rough surfaces with different roughness Ra: (a) the relationships
between the normal deformation δn and the normal pressure Pn and (b) the relationships between
the normal pressure Pn and the normal contact stiffness Kn.

3.4. Contact behavior of rough surfaces with different standard

deviations Rq

Standard deviation Rq influences the normal pressure and the normal contact stiff-
ness of a rough surface. A surface with a roughness of Ra ≤ 0.40μm has long-term
stability, as required in most mechanical equipment. Five surfaces are selected, for
which the roughness Ra is 0.40μm and the ratios of Rq/Ra are 0.00, 1.00, 1.10,
1.25, and 1.50, respectively. Hence, the Rq of these surfaces are 0.00, 0.40, 0.44,
0.50, and 0.60μm, respectively. In addition, the five surfaces have identical mean
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(a)

(b)

Fig. 10. Contact behavior of rough surfaces with different standard deviations Rq : (a) the rela-
tionships between the normal deformation δn and the normal pressure Pn and (b) the relationships
between the normal pressure Pn and the normal contact stiffness Kn.

curvature radius of asperity summits Rs,m = 21.08μm and the same surface density
of asperities η = 40194/mm2 [Zhao et al., 2015].

Figure 10(a) shows the relationships between the normal deformation δn and
the normal pressure Pn for rough surfaces with different standard deviations Rq.
The normal pressure increases with the increase of the normal deformation. For the
four surfaces with Rq > 0, under the same δn, the normal pressure decreases as
either Rq or ψ increases, as reported in previous study [Zelasko et al., 2016]. For
the surface with Rq = 0.00μm, the relationship between the normal deformation

2050009-20

In
t. 

J.
 A

pp
l. 

M
ec

ha
ni

cs
 2

02
0.

12
. D

ow
nl

oa
de

d 
fr

om
 w

w
w

.w
or

ld
sc

ie
nt

if
ic

.c
om

by
 U

N
IV

E
R

SI
T

Y
 O

F 
B

IR
M

IN
G

H
A

M
 o

n 
04

/1
2/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



March 25, 2020 20:47 WSPC-255-IJAM S1758-8251 2050009

Influences of Morphology Parameters on the Contact Behavior of a Steel Interface

and the normal pressure is consistent with the contact behavior between a single
sinusoidal asperity and a rigid smooth flat.

Figure 10(b) shows the relationships between the normal pressure Pn and the
normal contact stiffness Kn for rough surfaces with different standard deviations
Rq. The normal contact stiffness increases with the increase of the normal pressure.
For the four surfaces with Rq > 0, under the same Pn, the normal contact stiffness
decreases as either Rq or ψ increases. For the surface with Rq = 0.00μm, the
relationship of the normal pressure and the normal contact stiffness is consistent
with the contact behavior between a single sinusoidal asperity and a rigid smooth
flat.

3.5. Comparison between the proposed model and the

Greenwood–Williamson (GW) model

Generally, two real contact surfaces in Zhao et al. [2015] are equivalent to a rough
surface and a rigid flat in theoretical calculation. In this study, the morphology
parameters of the equivalent surface are set as the parameters of the two real contact
surfaces, as described below: the mean value of the asperity heights μz = 0.31μm,
the standard deviation of the asperity heights σz = 6.20μm, the mean curvature
radius of asperity summits Rs,m = 21.08μm, and the surface density of asperities
η = 40194/mm2 [Zhao et al., 2015]. The areal plasticity index of the 18CrMo4 steel
interface ψ = 89.098 is calculated by Eq. (5). Asperity height h follows the Gaussian
distribution on rough surfaces. According to Poon and Bhushan’ results [Poon and
Bhushan, 1995], it is suggested that the sinusoidal shape is close to the profile from
surface measurement. Thus, we use the sinusoidal shape to represent the 18CrMo4
steel surface. The shape ratio ξ on sinusoidal rough surfaces can be calculated by
Eq. (14)

ξ =
h

λ
=

(
h

2π2Rs

)1/2

=
(

h

2π2Rs,m

)1/2

. (14)

The 18CrMo4 steel surface and the sinusoidal surface are connected by Eq. (14)
which contains the actual morphology parameters (i.e., h and Rs,m) and the shape
ratio ξ on the sinusoidal surface. These parameters are used in the proposed model
to predict contact law of an 18CrMo4 steel interface.

The normal pressure Pn and the normal contact stiffness Kn calculated by
the proposed model with the morphology parameters above are compared with the
experimental results of Zhao et al. [2015]. In addition, the normal pressure and the
normal contact stiffness obtained by the GW model [Greenwood and Williamson,
1966], which is based on the Hertz solution for spherical contact, are also plotted for
comparison in Fig. 11. The results of the proposed model are closer to the exper-
imental results than to the GW model, which overestimates both the real normal
pressure and the real normal contact stiffness. The reason for such overestimation
in the elastic GW model lies in that the areal plasticity index of the experimental
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(a)

(b)

Fig. 11. Comparison of (a) the normal pressure Pn and (b) the normal contact stiffness Kn

derived from different contact models and experimental results of 18CrMo4 steel interface by Zhao
et al. [2015].

18CrMo4 interface ψ(= 89.098) is substantially greater than 1, which means that
the experimental interface mainly experiences plastic deformation. The proposed
model is an elastic–plastic contact model with the consideration of plastic behavior
of the 18CrMo4 steel material. In addition, sinusoidal contact better approximates
the real situation than spherical contact. Hence, the proposed model agrees well
with the experimental results of the contact behavior for an 18CrMo4 interface.

When the contacting surface is subjected to a high load, the interaction of asper-
ities is obvious [Chandrasekar et al., 2013]. The FE contact model of Gaussian
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surface established by Chandrasekar et al. shows that: (1) when dsp/Rs,m ∈ [0.20,
1.50] and the contact deformation δn ≥ 0.85σz, the interaction of asperities can-
not be ignored; (2) when dsp/Rs,m ∈ [1.50,∞], the interaction of asperities can
be ignored [Chandrasekar et al., 2013]. Where dsp/Rs,m is the ratio of asper-
ity spacing dsp(= 1/(η)1/2) to curvature radius of asperity summit Rs,m, and
σz is the standard deviation of the asperity heights. According to the results
of Chandrasekar et al. [2013], the surface topography parameters of Zhao et al.
[2015] can be calculated that the asperity spacing on 18CrMo4 steel surface is
dsp = 1/(η)1/2 = 1/(40194)1/2 = 4.99μm and dsp/Rs,m = 0.24 ∈ [0.20, 1.50].
Therefore, the interaction of asperities is not significant when the deformation of
18CrMo4 steel surface δn ≤ 0.85 × 6.20 = 5.27μm. The maximum deformation
δn(= 3.00μm) of the proposed model in Sec. 3.5 is less than 5.27μm. Therefore, the
asperity on surface undergoes elastoplastic deformation and the interaction of asper-
ities is negligible. The proposed model is elastoplastic contact model which ignores
the interaction of asperities. Hence, the proposed model produces reasonable result,
and it agrees well with the experimental results of Zhao et al. [2015].

4. Conclusions

Based on finite element analysis, this work presents a statistical elastic–plastic con-
tact model between 18CrMo4 rough interfaces. The influences of the morphology
parameters on the contact behavior are studied, and the proposed model is com-
pared and validated with both the traditional elastic GW model and the experi-
mental results of Zhao et al. [2015]. The following conclusions can be derived from
this study:

• The proposed model agrees well with the experimental results, indicating the
reliability of the statistical model with the consideration of the elastic–plastic
contact behavior of single contact.

• For rough surfaces with identical roughness values Ra and Rq, a smaller shape
ratios ξand larger wavelengths λ induce larger normal pressure and larger normal
contact stiffness.

• For the same δn or Pn, the normal contact stiffness increases with the decrease
of roughness Ra. For the same roughness Ra, the normal pressure and normal
contact stiffness increase with the decrease of Rq.
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Appendix A. Effect of Width of Substrate on Sinusoidal Contact

Yastrebov et al. [2011] studied the effect of width of substrate on contact response of
force–deformation. The dimensions of the FE model are sinusoidal asperity width
λ = 10μm and height h = 1μm, thickness of substrate Hs = 72μm, width of
substrate is L, 2L and 4L, where L = λ/2, as shown in Fig. A.1. The results of FE
model show the width of substrate has a negligible effect in the range of 0–0.25h.

L 2L 

(a) (b)

Hs

4L

λ/2 
h

(c)

Fig. A.1. Different width of substrate.

Zone I 

(a) (b)

(c) (d)

Fig. B.1. FEM of sinusoidal asperity (Shape ratio ξ = 0.20, λ = 1mm), the mesh size of zone I:
(a) 3λ × 10−3; (b) λ × 10−3; (c) 5λ × 10−4; (d) λ × 10−4.
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The influence of width of substrate should be considered under high load. However,
in our work, small load or moderate load are applied to the rough surface. Therefore,
the present model without considering width of substrate is reasonable.

Appendix B. Mesh Sensitivity Analysis

The FE model of a sinusoidal asperity with shape ratio ξ(= h/λ) = 0.20 is used for
mesh sensitivity analysis, where λ = 1mm. The contact tip is the focal monitoring
area with refined mesh, the mesh size of zone I is 3λ × 10−3, λ × 10−3, 5λ× 10−4

and λ × 10−4, respectively, as shown in Fig. B.1. The mesh size of other areas is
3λ × 10−3. Figure B.2 shows the relationship between the normal deformation δn
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Fig. B.2. The relationship between the normal force fn and the normal deformation δn.
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and the normal force fn with different mesh size. The mesh size has little effect on
the normal force-the normal deformation relationship. The force-deformation curve
in the penetration range of 0–0.001mm and 0.004–0.005mm are enlarged, as shown
in Figs. B.2(a) and B.2(b), respectively. The force-deformation curves of mesh size
λ× 10−4 and 5λ× 10−4 are smoother and closer than that of mesh size of λ× 10−3

and 3λ× 10−3. Therefore, the mesh size of zone I is meshed by λ× 10−4.
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