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New closed form notch tip stress calcu-
lation method based on cyclic plastic
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Proposed damage evolution model for Effective area
notch fatigue life prediction

Notch tip stress relates with both the
notch geometry and material property.
Proposed model yields better predic-
tions of three materials than other two

models.
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reliability of major equipment. In notched components, the concept of cyclic plastic zone (CPZ) is commonly uti-
lized for fatigue cracking analysis, in which the CPZ size normally relates to the material strength. In particular,
materials with higher yield stress have shown smaller CPZ size and vice versa. According to this, a new approach
for determining closed-form stress at the notch tip is proposed by considering the size of cyclic plastic zone,
which can be used for the notch tip stress evaluation along the load direction under cyclic loadings. By
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under fatigue loadings, and the proposed model yields better correlation of fatigue life predictions with experi-
mental results of the three materials than other two models.
© 2020 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://
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1. Introduction

For engineering structures/components subjected to cyclic loadings,
their structural strengths ordinarily degrade with the process of fatigue
damage accumulation. In general, fatigue damage is the main source of
subsequent failures of these components [1-6], in which the process of
fatigue failure includes crack initiation and propagation till eventual

* Corresponding author.
E-mail address: zspeng2007@uestc.edu.cn (S.-P. Zhu).

https://doi.org/10.1016/j.matdes.2020.108639

fracture [7-11]. Fatigue crack propagation life is usually estimated by
the following solutions, including: i) models relate the stress intensity
range with crack growth rate like the Paris-Erdogan model [12-14], ii)
models monitor crack tip opening displacement in which crack propa-
gation occurs when the crack tip is fully opened [15] and iii) models re-
late advancement of crack tip deformation in the damage evolution
model [7,16-19].

Until now, various fatigue life prediction methods have been devel-
oped, including methods based on continuum damage mechanics
(CDM) [2,4,12,20], fracture mechanics using the theory of critical
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Nomenclature
a notch depth
b fatigue strength exponent
c fatigue ductility exponent
D damage variable
E elastic modulus
E, error distribution
F geometric factor
g damaged notch depth to damaged notch radius factor
K circulation strengthening coefficient
K cyclic strength coefficient
Om mean stress
K; stress concentration factor
AK stress intensity factor range
M, material constant
N fatigue life
Ny fatigue fracture life
I\ estimated fatigue life
[ experimental fatigue life
n stain hardening index
n cyclic stain hardening coefficient
P loading condition parameter
D damage notch depth to nominal radius ratio
q loading condition parameter
r notch radius
r/ cyclic plastic zone size
Ae total strain range
Ag, elastic stain range
Ag, plastic stain range
g yield strain
g fatigue ductility coefficient
o applied stress
Omax maximum stress
Omin minimum stress
Oy stress amplitude
o nominal stress
oy yield stress
of fatigue strength coefficient
o material constant
6 crack (notch) extension coefficient
A undamaged to damaged area radius ratio
Y material constant
R specimens' outer radius
FEA finite element analysis
LSM least square method
MPZ monotonic plastic zone
CPZ cyclic plastic zone

distance (TCD) [3,21], stress gradient [3,22,23] and strain energy
[24-26]. Among them, Manson-Coffin equation has been extensively
used for fatigue life prediction under uniaxial loading conditions
[27-29]. Liu et al. [2] introduced a model for life prediction of the
whole cracking process. By coupling the TCD and stress gradient con-
cepts, Andrea et al. [3] developed an approach for fatigue life prediction
of notched components. Based on non-linear CDM theory, Dattoma et al.
[1] elaborated a model for fatigue life prediction under variable ampli-
tude loadings which considers the effect of load sequence. Aleksander
et al. [30] presented an algorithm to describe the variability of coeffi-
cients which vary with the applied cycles when applying the critical
plane-based approaches for multiaxial fatigue life prediction. Recently,
Aid et al. [4] conducted fatigue damage accumulation modeling and
life prediction under variable amplitude loadings.

The reason for crack initiation at the notch region is the continuous
buildup of cyclic plastic zone (CPZ) [31]. In general, fatigue crack growth
is integrally controlled by the plastic zones which exists both in the vi-
cinity of a propagating crack and around (tip) of the adjoining surfaces
[7,9,31-36]. Numerous studies have shown that failure points of struc-
tures generally locates at their geometric discontinuities, which present
severe local plastic deformations after cyclic loadings [37-45]. Accord-
ing to this, various studies on CPZ-based fatigue analysis have been con-
ducted. Among them, Shi et al. [39] established a theoretical model for
low cycle fatigue (LCF) analysis based on plastic strain energy ahead
of the crack tip and the effective CPZ. By conducting FE simulation
under plane strain condition, Surajit [40] came up with a numerical
model to describe the effect of inclusions presence on size and shape
of monotonic plastic zone (MPZ) and CPZ at the crack tip. In the study
of deformation in the crack tip plastic zone and its role in crack propaga-
tion, Gao et al. [41] found that heterogeneous slip and secondary micro-
cracks are the main features of the fatigue crack tip plastic zone.
Vallellano et al. [42] provided a micromechanical description of small
crack propagation based on the successive blocking of the MPZ and
CPZ at the microstructural barriers.

In addition, various researches have been carried out to establish a
link between fatigue life and notch tip stress by finite element analysis
(FEA) [46-49], more recent advances on notch analysis in metal fatigue
can be found in [50]. Gates and Fatemi [22] pointed out that accurate
modeling of the material stress-strain response at critical locations is
the main factor for accurate fatigue life predictions, in which the notch
tip stress is determined based on known nominal loads, notch geome-
tries and load histories. However, it is worth noting that CPZ alters the
notch geometry and dimensions under fatigue loadings [31,32,51]. Be-
sides, notch tip stress also varies with the notch geometry. Therefore,
the influence of CPZ on the notch tip stress and fatigue life deserves
an intensive study for fatigue analysis of engineering components.

This study attempts to present a damage mechanics model with new
closed-form notch tip stress for fatigue life prediction of notched com-
ponents. In particular, a novel approach on determining the notch tip
stress is elaborated by considering the effect of CPZ size on the crack ex-
tension factor and notch geometry. The damage evolution process is
modeled under uniaxial loadings together with the proposed notch tip
stress and Massing's hypothesis. Experimental results of 304 stainless
steel, 40Cr steel, Ti-6Al-4V alloy are utilized for model validation and
comparison. The rest of this work is structured as follows: Section 2
gives a brief review on the CPZ, damage evolution, Manson-Coffin equa-
tion and Liu's model; Section 3 elaborates the derivation of the new
model based on CPZ size and damage evolution; Section 4 conducts
model validation by experimental results of notched specimens; Finally,
Section 5 draws the conclusions.

2. Theoretical background
2.1. Cyclic plastic zone

As aforementioned, various studies have been conducted to explain
how notched parts fail due to CPZ which forms accumulation of dam-
aged blocks during cyclic loadings [16,31,32,52-54]. When a material
block is fully damaged, then final failure of the material block and fa-
tigue crack propagates see Fig. 1. Therefore, it is essential to understand
the mechanism of cyclic plastic deformation at the crack tip and choose
or develop a proper damage accumulation model for fatigue crack
growth analysis.

Fig. 2 depicts the plastic zone concept at the tip of an advancing
crack, in which the plastic zone size is developed when the load reached
the maximum tension and compression at the points D and E per load-
ing cycle (see Fig. 2(a)). Meanwhile, Fig. 2(b) shows the notch tip stress
distribution in the monotonic plastic zone (MPZ), when the axial load
reduces to its minimum (the compression load point E), the local stress
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Fig. 2. Schematic of the plastic zone at the tip of an advancing crack. (a) loading cycle, (b) monotonic plastic zone, (c) cyclic plastic zone.

reduces to the value less than MPZ. This cyclic loading process causes
the development of CPZ [7-9], see Fig. 2(c).

In general, fatigue crack growth is integrally controlled by the plastic
zone. CPZ has shown a direct and vital role in controlling both fracture
and crack growth [8,9]. Wang [31] and Liu et al. [55] put forward that
the CPZ facilitates fast growing of cracks and controls mechanical driv-
ing force for crack propagation. The size of the CPZ depends on the
strength of the material. Specifically, materials with high yield stress
normally have small CPZ size and vice versa [8,9,51].

Irwin [51] found that the formation of a CPZ affects the crack geom-
etry when it is longer than its physical size, and then he estimated the
size of the CPZ by:

2
roo (AR o plane stress condition (1)
v 8m\ oy
r __L(aK 2for lane strain condition (2)
Yy 24m\ oy P

Note that the CPZ size depends on the applied stress, yield stress of
the material and notch geometries [56-59]. Until now, various empirical
formulas on the size of CPZ [56-62] have been developed, some of them
are summarized in Table 1. Note that these empirical formulas yield dif-
ferent CPZ sizes. Among them, both Bathias et al. [60] and Pineau et al.
[57] formulations predict oversized CPZ, while Park's et al. [59], Chapatti
et al. [61] and Edmunds et al. [62] ones for smaller size of CPZ.

In Fig. 3(a), the effective area is depicted as the cross sectional area at
the notch point. Fig. 3 plots the damaged effective area and extended
notch radius by CPZ, in which a 3D schematic diagram of cyclic plasti-
cally damaged cross section is depicted in Fig. 3(a) by subtracting the
plastically damaged area from the notch cross section and a 2D sche-
matic diagram in Fig. 3(b). When the plasticity alters the geometry
around the perimeter of the notch tip, the effective area reduces in rela-
tion to the size of CPZ under cyclic loadings. In earlier works, Irwin [51]
pointed out that CPZ changes the notch geometry and size. However,

Gates and Fatemi [22] found that notch tip stress greatly depends on
the notch geometry and its dimensions. Thus, the size of CPZ affects
the notch tip stress. Accordingly, this study attempts to investigate the
effect of CPZ on the notch tip stress and fatigue life prediction.

2.2. Damage evolution model

During fatigue life evaluation, it is important to link the formulation
between fatigue damage accumulation and the material properties
[1,12]. Lemaitre [20] and Liu et al. [2] correlated fatigue damage with
the strain of damaged material and applied loads. Chaboche [63] devel-
oped a damage evolution expression which associates the fatigue life
with the total stress amplitude and material constants, and a constitu-
tive formula showing the two damage relations are presented as fol-
lows:

0 =E(1-D)¢ 3)

Table 1
Empirical formulas for the cyclic plastic zone size.

Reference Cyclic plastic zone size
Nicholls and Martin [56] , ( O )
r,=a
Y 05—l
Bathias and Pelloux [60] , AK 5
ry = 0.1(0—y)
Pineau and Pelloux [57] , AK 5
r, = 0.053(O—y)
Saxena and Antolovich [58] [ (ﬁ 245
Y oy
Park et al. [59] , m AK 2
v=144'G,
Chapetti et al. [61] ;1 AK,
Y 12moy
Edmunds and Willis [62] , 1 (AK>2
v =24,

Ogpp Tepresents the applied stress, o and s denotes correlation and variation coefficients,
respectively.
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Fig. 3. Schematic diagram CPZ around the perimeter of notched specimen and cross sectional effective area (a) 3D view and (b) 2D view of the Notch radius (extended due to CPZ).

where E is the elastic modulus of material of interest, ¢ is the strain of
damaged material and D donates the cumulative damage:

Oq B
ﬁ(l—bO'm)(]_D) 6N (4)

D = [1—(1—D)‘*“]

(O max,Ormin) |:

1 . .
where 0, = 5 (Omax—Omin) is the stress amplitude, b, 3 and M, are ma-

terial constants, Op,qx and O, are respectively the maximum and mean
stress, and the exponent o depends on the loading parameters
(Gmaxvgm)-

Under fully reversible loadings (R = — 1), the following relation
holds with 0, = Oyax:

dD=(1-D)" 1—(1—[))‘*“}‘x <ﬂ> "N (5)

[

2.3. Manson-Coffin equation

Manson-Coffin equation has been widely used in fatigue life predic-
tion under constant amplitude loadings, which establishes an intact re-
lationship between the total strain range and fatigue life [2], [27-29]. In
particular, as presented in Eqs. (6)-(8), the total strain range of the
Manson-Coffin equation is the summation of elastic and plastic parts:

Ae  Ag,  Ag

2272 ®)
Ag, U} b

- =5 (N (7)
Ag

P =g;(2Ny)° (8)

The plastic and elastic strain range can be obtained from the elasto-
plastic stress-strain response at the critical location (like the notch tip).
Ae OF b c
5 = (@Ng)" +&;(2Ny) 9)
where Ag is the total strain range, Ag, is the elastic strain range, Ag, is
the plastic strain range, Nyis the fatigue life, oy and b are respectively fa-
tigue strength coefficient and exponent, &/ and c are the fatigue ductility
coefficient and exponent, respectively.

24. Liu's model

Liu et al. [2] predicted the whole fatigue life of notch components
based on CDM, in which fatigue lives of notched specimens with

different stress concentration factors can be estimated by (just the Liu
model for short):

On(2K; +3)(R—a)2} - (10)

Ny =P
d { 5ER?

where P and vy are respectively parameters related to loading condition
and material constant; R and a are the outer radius and notch depth of
the specimen, respectively.

3. Proposed model
In this section, a new approach for closed-form stress at the notch tip

is put forward by considering the size of CPZ and comparing with FEA
results during notch tip stress calculations. Specially, Fig. 4(a) plots FE

(b) 400 T T T T T T
Ti-6Al-4V alloy
350
g
S 300
>
©
250
200 B
I I I I I I
0.00 0.80 1.60 2.40 3.20 4.00 4.80

Distance from the notch tip (mm)

Fig. 4. (a) FE mesh, (b) oxcomponent stress distribution along the radial direction on the
minimum cross section of notched specimen under cyclic loadings.
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Fig. 5. Dimensions and details of notch tip parameters.

meshing elements of the notch specimen and Fig. 4(b) for the stress/
strain distribution near the notch tip by elastic FE modeling. Note that
the stress-strain response varies with the distance from the notch tip
to the center. The geometry, dimensions and notch parameters of the
notched specimens are given in Fig. 5, which are manufactured from
304 stainless steel, 40Cr steel and Ti-6Al-4V alloy [2].

Then, a new method for notch tip stress calculation is proposed as
follows, by considering the size of CPZ in the notch depth, notch radius
and effective area, as indicated in Fig. 3.

For the notched specimen given in Fig. 5, the notch tip stress can be
expressed by a function as follow:

Omax = f(0,AK,0y,a,R) (11)

The geometry factor and parameters for the specimen is indicated in
Fig. 6:

AK = Foyma (12)
Fo 1 1+1B+§Bz—0363/33+073134 13)
=~/ *3P g . . (

where F is the geometry factor [8].

a a=a R
=1l-a
\‘;//

Fig. 6. Geometry factor and parameters for round bar circumferential crack (notch).

In this analysis, damaged notch depth to nominal radius ratio p is de-

fined by

a+2r’y
- R

(14)

Moreover, damaged notch depth to damaged notch radius factor g is

formulated as

a-+ 2r,

= 2 (15)
— -/
r—2r,
Notch effect factor u can be given by
p=(1+pg) (16)
Crack (notch) extension coefficient 6 is:
a
5= 17
a-+2r, (17)
Undamaged to damaged area radius ratio A is:
R—a
A= 18
R—a—2r, (18)
Table 2
Mechanical properties of the three materials [2].
Material 0, (MPa) 0, (MPa) E (GPa)
Ti-6Al-4V alloy 948 1017 118
40Cr steel 805 915 202
304 stainless steel 310 577 201
Table 3
Fatigue properties of 304 stainless steel [2].
& c of (MPa) b n’ K’ (MPa) E (GPa)
0.096  —0.446 798 —0.055 012332 10654 201
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(20)

(21)

(22)

Table 4 By recalling and rearranging Massing's hypothesis (Ramberg-
Experimental lives of the three materials [2]. Osgood) in Eq. (20) and let.
Material 0, (MPa) 199 178 167 158
Ti-6Al-4V alloy K:=1.32 5792 10,593 20,713 33,665 l
K=137 4255 7652 22793 21413 O, — EAg, and 28t _ A0x  (A0x\ 1
Ki=1.46 2917 6935 7071 22,467 t t 2 2E 2K’
40Cr steel K=132 4350 11,623 19,785 33,082
K=1.37 3829 6886 23,866 21,109 . .
K=1.46 2624 7083 6067 23,029 with the correlations
304 stainless steel K=132 4346 7597 14,575 24,445
K:=1.37 2715 5182 15,528 15,020 b o
K:=1.46 1799 4653 4692 14429 w="andK = _f
c b
Through combining Eqgs. (12)-(18), the notch tip stress can be for- (8}) ¢
mulated as:
3 1
OR
Oxg = ——————5[l6:A] (19) Ao\’
R—a—2r O = A0y + 2E( —;
y K
T T
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Fig. 7. Comparison of notch tip stress calculation between FEA result and proposed model predictions for (a) 304 stainless steel (b) 40Cr steel and (c) Ti-6Al-4V alloy.

Applied stress (MPa)

700



A.T. Taddesse et al. /| Materials and Design 191 (2020) 108639 7

Substituting Eq. (21) into Eq. (7), it yields:

R SR B Y N
Nf - B + 1 ]_(XMO [O_t} (23)
_ 1 1 l; . . . .
Let g = o] mM"' then a new fatigue life prediction model

based on the CPZ and damage evolution process can be derived as fol-
lows:

177
2.0R oR? n
Ny =q Wi 24)

(R—a—Zr;,)g[u.&)\] o K (R—a—2r§,)3[

4. Model validation and comparison
4.1. Experiments

In this section, experimental data of three materials [2], namely Ti-
6AI-4V alloy, 40Cr steel and 304 stainless steel, are collected for model
validation and comparison with Manson-Coffin equation and Liu's
model. Tables 2 and 3 list the mechanical properties of the three mate-
rials. The specimens were processed according to ASTM E606-92, GB/
T15248-94 and GB3075-82 standards. Stress controlled uniaxial fatigue
tests are conducted at room temperature. Moreover, the loading path is
triangular waveform with stress ratio R= — 1 and 1 Hz frequency. Ex-
perimental results are listed in Table 4.

4.2. Results and discussions

By coupling the concept of CPZ for notch fatigue analysis, a new
notch tip stress calculation model is formulated by considering the
size of CPZ in the notch depth, notch radius and the cross sectional
area of specimen. Fig. 7 plots the size of CPZ for different applied loads
with the stress response of notched specimens. For the 304 stainless
steel, the CPZ size is larger than that of 40Cr steel and Ti-6Al-4V alloy.

For the proposed model, Eq. (19) estimates the notch tip stress in the
direction of the applied load under cyclic loadings. However, comparing
with FEA results, it clearly shows the effect of CPZ on the notch tip stress.
Fig. 7 shows a comparison between the proposed model predictions and
FEA calculations for the three materials, respectively. The blue and red
stars indicate the point at which the notch tip stress reach the yield
stress of the material. Meanwhile, the predicted values using the pro-
posed model is almost the same with FEA results till the notch tip stress
close by and pass the material yield point. As seen from Fig. 7(a), under
the same load, the effect and size of CPZ for 304 stainless steel is rela-
tively larger than that of another two materials as indicated in Fig. 7
(b) and (c). By comparing results in Fig. 7, it's worth noting that due
to large plasticity damage induced at the notch tip, the notch tip stress
reaches the material yield point earlier than the FE simulation. Under
cyclic loadings, for materials with lower yield stress, the plasticity dam-
age greatly affect the stress build up at the notch tip.

The proposed model verifies that the notch tip stress is closely re-
lated to the material strength. Since 304 stainless steel owns relatively
lower yield stress, its damaged CPZ size is larger than that of another
two materials. In addition, the notch tip stress shows more than 10%
variation with FE results as shown in Fig. 7. Moreover, plasticity in-
creases drastically if the stress induced in material is close-by and be-
yond yield points for those materials with lower yield stress. However,
for 40Cr steel and Ti-6Al-4V alloy, the variation is less than 5% till it ex-
ceeds their yield points as shown in Fig. 7.

By using Mansson-Coffin equation, Liu's model and proposed model
in Eq. (24), a comparison of predicted fatigue lives of the three models

and experimental lives are shown in Fig. 8. It's worth noting that fatigue
lives of the three materials are predicted within the +1.5 scatter band of
experimental results.

In order to quantitatively distinguish the prediction capabilities of
the three models, an error index, namely model prediction error E,, is in-
troduced to evaluate the deviation between evaluated and tested results
[6,21,64].

E = lanp— ll’let (25)
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Fig. 8. Comparison of model predictions with experimental lives for (a) Ti-4Al-6 V alloy,
(b) 304 stainless steel and (c) 40Cr steel.
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Fig. 9. Comparison of model prediction errors for (a) Ti-4Al-6 V alloy, (b) 304 stainless steel and (c) 40Cr steel.

Em=13"E, (26)
where Nj, and Ny; are model predicted and tested lives, respectively, Ey;
is the deviation for the ith data, E,, is the mean prediction error. A
model prediction is viewed as conservative when the error in Eq. (26)
is negative and nonconservative for a positive one, the lower mean
and standard deviation of model prediction errors correspond to higher
model prediction accuracy. Model prediction errors of the three mate-
rials are plotted in Fig. 9.

Notice from Fig. 9, the proposed model yields lower mean and stan-
dard deviations of E,, namely, it provides better life predictions compared
with Manson-Coffin equation and Liu's model. Results confirm that all
predictions made by the proposed model are more acceptable according
to experimental fatigue lives. The proposed model in Eq. (19) can be ap-
plied to locate stress concentration regions of engineering components

during closed form design and structural analysis, and Eq. (24) for notch
fatigue life prediction. However, more experiments on notched speci-
mens with different scales are desired to further verify the robustness of
the proposed model for notch fatigue analysis.

5. Conclusions

In this study, the influence of CPZ on the notch tip stress and fatigue
life prediction of metals are investigated based on damage evolution
model. Experimental results of 304 stainless steel, 40Cr steel and Ti-
6Al-4V alloy are utilized for model validation and comparison, and the
following conclusions can be drawn:

1) Using concepts of CPZ and damage mechanics, a new model for
determining closed-form stress at the notch tip is proposed by
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considering the CPZ in terms of notch depth, notch radius and
effective area.

2) The proposed model can accurately estimate the notch tip stress in
the direction of applied loads, and CPZ increases the notch tip stress
by altering the notch geometry due to the effect of damaged CPZ.
Thus, notch tip stress, beside the geometry and size of the notch, is
greatly dependent on the material strength, i.e. the CPZ size is larger
for the material with lower yield stress and vice versa.

Fatigue life prediction of notched specimens of the three materials
have been conducted combining damage evolution model with the
notch tip stress calculation. Results indicate that the proposed solu-
tion yields better fatigue life predictions of the three materials than
other two models.

3
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