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ABSTRACT 
Hydraulic fracturing is an efficient way to improve the 

conductivity of the tight oil or gas reservoirs. Proppant 
transportation in hydraulic fractures need to be investigated 
because the proppant distribution directly affects the oil or gas 
production. In this paper, the dense discrete particle model 
(DDPM) combined with the kinetic theory of granular flow 
(KTGF) are used to investigate the proppant transportation in a 
single fracture. In this model, the effects of proppant volume 
fraction, proppant-water interaction, proppant-proppant 
collision, and proppant size distribution are considered. The 
proppant-proppant collision is derived from the proppant stress 
tensor. This model is applicable from dilute to dense particulate 
flows. The simulated results are similar to the experimental data 
from other researchers. In further study, the two-phase flow in 
the cross fractures will be considered for engineering 
application. 

Keywords: Proppant transportation, Hydraulic fracturing, 
Two-phase flow, DDPM-KTGF model 

NOMENCLATURE 

  u velocity 
  α volume fraction 
  P pressure 
  τ shear stress tensor 
  g gravity acceleration 
  D momentum exchange coefficient 
  dp proppant diameter 
  Cd drag coefficient 
  μ viscosity 
  ρ density 
  FKTGF proppant collision force 
  FVM virtual mass force 
  FPG pressure gradient force 
  τr proppant relaxation time 
  Ip moment of inertia 

1 Contact author: zhangxuhui@imech.ac.cn 

  ωp proppant angular velocity 
  Cω rotational drag coefficient 
  Θ granular temperature 
  kΘ diffusion coefficient 
  γΘ collision dissipation of energy 
  t time 

INTRODUCTION 
The increase in the worldwide demand of energy causes 

great concern on the development of the unconventional 
resources such as low-permeability, shale oil and gas [1, 2]. 
Hydraulic fracturing is an efficient way to improve the 
conductivity of the tight reservoirs. First, the high pressure water 
is injected into the reservoirs to form cross fractures. Then, the 
mixture of proppant (silica sand or ceramsite) and water is 
pumped into the fractures to prevent their closure. The propppant 
distributed in the fractures forms a high permeable porous 
medium where the oil or gas transport efficiently. 

The proppant transportation in the fractures was 
investigated by the physical experiments and the numerical 
simulation [3-6]. Li et al. [7, 8] studied the proppant movement 
in a single fracture and cross fractures based on the Euler-Euler 
two-phase flow model combined with the kinetic theory of 
granular flow (KTGF). Zhang et al. [9] used a couple CFD-DEM 
approach to model the proppant-water interaction. In this paper, 
the dense discrete particle model (DDPM) is used to simulate the 
proppant transportation in a single vertical fracture. The particle 
collision is described by the KTGF approach. The presented 
model is called DDPM-KTGF model.  

In the DDPM-KTGF model, the water phase is described 
with an Eulerian framework while the proppant phase is treated 
as the discrete particles dispersed in the water. The model 
extends the application of the discrete particle method from 
dilute to dense granular flows. The effects of proppant volume 
fraction, proppant-water interaction, proppant-proppant 
collision, and proppant size distribution are taken into 
consideration. The interaction between the proppant and water is 
treated with the momentum exchange. The proppant-proppant 
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interactions are fundamentally non-conservative unlike 
molecular interactions due to the dissipation of fluctuating 
energy from the inelastic deformation and the friction of particles 
with the water. Hence, the energy transport includes the kinetic 
transport during free flight between collision and collisional 
transport during collisions. This model is suitable from both 
dilute and dense particulate flow with different particle size 
distribution. 

In the Section 1, the DDPM-KTGF model is introduced. 
Then, in the Section 2, the numerical simulation results are 
discussed and compared with experimental data of previous 
studies [4, 10]. In section 3, some future work prospects are 
given tentatively. 

 
1 FORMULATION OF PROBLEM 
 
1.1 Model Equations 
 
1.1.1 Water Motion Equations 
 

The water continuity equation is 
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The momentum conservation equation of the water is 
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where up is the proppant velocity, uw is the water velocity, αw is 
the volume fraction of the water, P is the water pressure, ρw is the 
water density, τw is the water shear stress tensor, g is the gravity 
acceleration, and D is the momentum exchange coefficient. 

The momentum exchange coefficient is expressed as [11]: 
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where αp is the proppant volume fraction, which satisfies 
αw+αp=1, dp is the proppant diameter, and Cd is the drag 
coefficient,. The proppant volume fraction in a grid cell is 
calculated by dividing the total volume of the proppant by the 
grid cell volume. 
 
1.1.2 Proppant Motion Equations 
 

The proppant force balance equation is 

( )p wp w p
KTGF VM PG

r p
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dt
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gu u u
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where ρp is the proppant density, ( )KTGF p p pα ρ= − ∇⋅F τ  

is the proppant collision force based on proppant stress tensor 
given by the KTGF, τp is the proppant shear stress tensor, FVM is 
the virtual mass force, FPG is the pressure gradient force, which 
is significant when the density ratio between the water and 
proppant approaches unity, and τr is the proppant relaxation time. 

The proppant torque balance equation is 
5
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where Ip is the moment of inertia, ωp is the proppant angular 
velocity , dp is the proppant diameter, Cω is the rotational drag 
coefficient [12].  
 
1.1.3 Kinetic Theory of Granular Flow 
 

The KTGF is taken to simulate the proppant collisions. 
Based on the KTGF approach, an additional equation, i.e. 
particle temperature equation, is solved to represent the 
fluctuations of the proppant. The fluctuations of the proppant 
represents the kinetic energy of the random motion of the 
proppant. The particle temperature equation is expressed as [13]: 
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where Θp is the granular temperature, Pp is the proppant pressure 
which represents the momentum exchange of particles per unit 
area and time, kΘp is the diffusion coefficient of the granular 
energy, γΘp is the collision dissipation of energy, and Φwp is the 
energy exchange between the water and proppant. The details 
about the KTGF can be found in Li et al. [8]. 
 
1.1.4 Parcels & Particles 
 

To simplify the computation of the proppant motion, several 
particles of same flow properties are put into one parcel, and then 
the parcel is tracked by a representative particle throughout the 
whole physical process. The number of particles in a parcel (Np) 
needs to be preset, and is constant during computation. It is 
assumed that the velocity of the parcel is the average value of the 
whole particles’ velocities in the parcel. The mass of the parcel 
is the sum of the each particle. The radius of the parcel is 
obtained from the mass of a parcel and the density of the parcel 
which is same as the particle density. In the numerical 
simulation, the properties of the parcels are analyzed, which is 
also called large “particles”. Hence, the kinetic properties of the 
particles in a parcel are regarded as the same. The results is not 
sensitive to the Np. It is noted that the diameter of the parcels 
should be less than the smallest grid size, getting rid of the 
convergence problems. Otherwise the volume fraction may be 
larger than 1. The rules on choosing the particle numbers in a 
parcel is based on the proppant diameter and the grid size. In 
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general, the diameter of the parcels is about half the size of the 
grid. 
 
1.2 Initial & Boundary Conditions 
 

The hydraulic fractures are always cross fractures with 
several primary fractures and many subsidiary fractures. Firstly, 
the DDPM-KTGF model is validated in simulating the proppant 
transportation in fractures. A single vertical fracture is used 
simplicity (Fig. 1). It is assumed that the height and width of the 
fracture remain constant in the proppant transportation. The 
length×height×width of the fracture is 380mm×76mm×
2mm. The field is divided into hexahedral structured cells for 
both the computation accuracy and convergence. Initially, the 
fracture is filled with water without proppant. The left is set as a 
velocity inlet and the right is set a pressure outlet (0 gauge 
pressure). The proppant is not allowed to leave the fracture. Inner 
walls is set as no-slip wall boundary condition. The parameters 
adopted in the numerical simulation are listed in Table 1.  

 

 
FIGURE 1: A SINGLE VERTICAL FRACTURE 
 
TABLE 1: PARAMETERS USED IN NUMERICAL SIMULATION 
 

Parameters Case 1 Case 2 Case 3 
Fracture size: length, 
height, width(mm) 380, 76, 2 380, 76, 2 380, 76, 2 

Grid size: length, 
height, width(mm) 2, 2, 2 2, 2, 2 2, 2, 2 

Grid number 7220 7220 7220 
Proppant 
density(kg/m3) 2650 2650 2650 

Proppant diameter(mm) 0.6 0.6 0.6 
Water density(kg/m3) 1000 1000 1000 
Water viscosity(Pa·s) 0.001 0.001 0.001 
Inlet velocity(m/s) 0.1 0.2 0.3 
Particle numbers in a 
parcel 5 5 5 

 
1.3 Solution Algorithms 

 
The phase-coupled SIMPLE method is adopted to solve the 

water motion equations. The Green-Gauss node based method is 
used for the gradient discretization. The QUICK scheme is used 
for the solution of the volume fraction equation. The momentum 
equation is discretized with second order upwind scheme. The 
first order implicit schemes are used for the temporal 
discretization. 

As the trajectory of the proppant is computed, the effects of 
the proppant will be incorporated in the subsequent water phase 
calculations, such as the momentum exchange term in Eq.(2). 
The proppant variables, such as the density, and velocity, are 
mapped to the Eulerian framework to compute the water-
proppant interaction. Generally, the effects of the proppant are 
only applied to the grid cell that contains the proppant. In this 
paper, a grid node averaging method is used to distribution the 
proppant effects to neighbouring grid nodes. It reduces the grid 
dependency of DDPM simulations. The variables of the proppant 
is averaged by the following equation: 

( )node p node p
k

k
fϕ ϕ= −∑ x x   (7) 

where φp is the proppant variable, nodeϕ  is the accumulation of 
the proppant variable on the node for all the proppant k, f is a 
weighting function, p

kx  is the proppant position, and nodex  is 
the node position. The Gaussian weighing function is used and 
expressed as: 
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where Δx is a characteristic length of the grid cell. 
 

2 RESULTS & DISCUSSION 
 

Figure 2 shows the comparison of the proppant distribution 
in the fracture between the simulated results and experimental 
data [4] at the time of 20s. The inlet velocity of the proppant is 
0.1 m/s, 0.2 m/s, and 0.3 m/s, respectively. The experimental 
apparatus of the Tong and Mohanty [4] consisted of one primary 
fracture and one secondary fracture. In this paper, the proppant 
distribution in the primary fracture is compared. In Fig. 2, the 
proppant distribution is basically the same, the distance between 
the initial proppant bed front and the inlet increases with the 
increase of the inlet velocity. Figure 3 gives the comparison of 
the equilibrium height. The equilibrium height decreases with 
the increase of the inlet velocity and more proppant moves 
further in the fracture, because the carrying capacity of the water 
is greater at higher inlet velocity. It can be found that the 
simulated equilibrium height is slightly larger than the 
experiment data. This is because there is a secondary fracture in 
the experiment apparatus. Some proppant move into the 
secondary fracture. The comparison verifies the DDPM-KTGF 
model in the analysis on the proppant transportation in the 
fractures. 
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FIGURE 2: THE COMPARISON OF THE PROPPANT 
DISTRIBUTION IN THE FRACTURE BETWEEN THE 
SIMULATION RESULTS AND EXPERIMENTAL DATA [4] AT 
TIME OF 20s. THE INLET VELOCITY OF THE PROPPANT IS (a) 
0.1 m/s, (b) 0.2 m/s, AND (c) 0.3 m/s. 
 

 
FIGURE 3: THE COMPARISON OF THE EQUILIBRIUM 
HEIGHT 
 

The proppant quickly settles to the bottom of the fractures 
after entering into the fractures due to the self-gravity and the 
low viscosity of the water, and then form a proppant bed. The 
proppant bed will not be moved by the subsequent pumped 
mixture (proppant and water). The height of the proppant bed 
gradually grows and the flow cross section available for the 

mixture reduces. Consequently, both the mixture’s flow velocity 
and the water’s carrying capacity increase. The height of the 
proppant bed will be in an equilibrium status, which is called 
equilibrium proppant height. After the equilibrium proppant 
height is reached, the proppant bed moves far in the fractures 
under constant the height. Figure 4 gives the formation process 
of the proppant bed based on simulated results. It is similar to the 
experimental results of Alotaibi and Miskimins [10].  

 

 
FIGURE 4: THE FORMATION PROCESS OF THE PROPPANT 
BED: (a) 5 s, (b) 10 s, (c) 25 s, (d) 50 s 
 

Figure 5(a) shows the proppant movement time in the 
fracture. The early pumped proppant form the initial proppant 
bed and will stop moving. The subsequent pumped proppant 
flow over the bed surface and settles at the front of the bed. It 
affects the formation of the proppant bed. Figure 5(b) gives the 
proppant velocity. The velocity of the particles in the bed is 
almost zero while is very large above the bed surface due to the 
increase of the water velocity.  
 

 

Proppant bed

40s200 10 305 15 25 35
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FIGURE 5: (a) PROPPANT MOVEMENT TIME, (b) PROPPANT 
VELOCITY MAGNITUDE 
 
3 FUTURE WORK PROSPECTS 

 
In this paper, the DDPM-KTGF model and the problem of 

the proppant transportation in a single vertical fracture are 
present. In the future work, the proppant transportation in 
complex fractures will be considered. The critical condition for 
proppant deposition in the fractures and the mechanism of 
proppant from a primary fracture into the subsidiary fractures 
will be obtained. In addition, some improvement of the DDPM-
KTGF model can be made. For example, the rough wall model 
[14] can be used to capture more realistic behavior of the 
proppant interaction with the fracture wall.  
 
CONCLUSION 
 

The DDPM-KTGF model is introduced in this paper. The 
proppant transportation in a single vertical fracture is studied 
based on this model.  

From simulated results, the proppant quickly settles to the 
bottom and form a proppant bed after entering the fracture. The 
proppant bed will increase the water and proppant velocity due 
to the decrease of the flow cross section. The simulated results 
are similar to other researchers’ experimental data. 

This model can analyze the proppant transportation in given 
fracture geometries, while more efforts should be made to model 
the coupling process of the development of fractures and the 
proppant transportation.  
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