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A B S T R A C T   

A semianalytical model was proposed to study the vertical impact of a slender rod striking a rigid flat surface. 
Within the semianalytical model, we considered the longitudinal vibration of the rod by using continuum me
chanics while employing a plastic contact model, an equivalent spring model, to describe the contact of the 
linear hardening hemispherical tip and a rigid flat surface. The predicted displacement and velocity histories 
along the rod agreed well with the corresponding finite element simulations. In addition, from the proposed 
semianalytical model, we determined that there was a critical length/diameter ratio that can be used for any 
plastic contact of a linear hardening rod. The critical length/diameter ratio was approximately 17 for a rod made 
of 316 stainless steel. Below this critical length/diameter ratio, the rod behaved as a rigid body, i.e., the velo
cities of different sections of the rod reversed simultaneously during the impact. Above this critical length/ 
diameter ratio, the velocity of the top section reversed much earlier than the other sections of the rod; hence, the 
slenderness effect should be accounted for in these conditions.   

1. Introduction 

Understanding rod contact and impact is important in structural 
design [1–4]. For instance, as discussed in the literature [5], rod contact 
will cause fretting failure when heat exchanger tubes contact loose 
baffle plates. Another typical rod impact case is the drop-induced 
failure of nuclear fuel rods during transportation and lifting [6]. The 
contact or impact loads on the rod produced by these transient colli
sions can create significant risks for the safe operation of the system. 
Generally, these impacts occur over a short time interval of micro
seconds to milliseconds, and complex dynamic responses occur during 
these short periods. Because these contacts are often accompanied by 
geometric, material, and contact nonlinearities, the rod responses 
which have a significant effect on structural safety, are very hard to 
predict. 

Various experimental [7–12], numerical [13,14], and analytical 
[10,15,16] studies have been employed to assess the impact of rods 
with flat surfaces. Due to the cost of experiments, many studies have 
focused on determining theoretical solutions to impact problems. Al
though the finite element method (FEM) can be used to simulate these 
dynamic impact events, it is only able to deal with specific situations, 
and there are also additional problems with non-convergence of the 
solutions using numerical simulations. Other studies, as discussed in 
references [9,10], have coupled the rigid body motion of rods with the 

contact forces produced at the interfaces of the rod tips and rigid sub
strates and solved Newton's equations to describe the motion of the 
rods. 

The contact between a hemisphere and a flat surface has been in
vestigated through the use of various classical continuum models. For 
fully elastic impacts, the contact is assumed to follow the Hertz theory 
of elastic contact [17]. For elastic-plastic contacts, different models 
have been employed depending on the particular problem. In the 
Kogut-Komvopoulos (KK) [18], Ye-Komvopoulos (YK) [19], Brake [20], 
Stronge [21], Thornton [22], and modified Jackson-Green (MJG) [9] 
models, a rigid hemisphere in contact with a deformable half-space was 
considered. In the Jackson-Green (JG) [23] and Kogut-Etsion (KE) [24] 
models, the contact of an elastic-plastic hemisphere with a rigid flat 
surface was considered, but the latter formula is simpler. The KE con
tact model divides the contact into two subphases during loading: the 
fully elastic phase when δ/δc≤1, where δ is the interference and δc is 
the interference at which the yields start, and the elasto-plastic phase 
when 1<δ/δc≤110. For these models, the deformable material was 
assumed to be elastic-perfectly plastic. In references [25,26], strain 
hardening effects were employed, Hertz contact theory was used for the 
elastic phase, and Meyer's hardness was used for the plastic phase. 
However, for some impact problems, such as long rod impacts, δ/δc 

may be greater than 110, and strain hardening plasticity cannot be 
ignored; thus, further efforts are required to establish new impact 
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models. 
Other discrete models are also used to study the dynamic impact of 

a rod. In reference [27], a rod was discretized using a rigid body system 
connected by either spiral springs or a pair of linear springs. In addition, 
the impact was assumed to be frictionless, and the structural response 
was modeled by solving Newton's law. In references [28,29], a discrete 
model of a rod was proposed to obtain the equations of motion during 
impact by discretizing the rod into n segments connected through vis
coelastic links between neighboring pairs of segments. The internal 
vibrations of the rod and multiple impacts were observed to be primary 
factors associated with variations in the motion parameters. 

The majority of the theoretical models discussed here are only ap
plicable to relatively short and thick rods. For instance, in references 
[9,10], the rod had a length of 304 mm with a diameter of 17.6 mm. 
However, the aspect ratio (i.e., length/diameter ratio) of a long rod 
under various conditions cannot be ignored, and a typical rod used for a 
nuclear assembly has an aspect ratio of approximately 40, as discussed 
in references [30,31], and the vibration response during impact cannot 
be ignored. In the present study, a theoretical model was developed to 
assess the vertical impact of 316 stainless steel (SS316) rods with a 
large aspect ratio. The proposed semianalytical model considered both 
the plastic contact of the rod tip and the vibration effect within the rod. 
Moreover, motion parameters such as displacement, velocity, and ve
locity reversal time were considered in the present study. 

2. Dynamics of vertical impact of rods 

2.1. Impact configuration 

Fig. 1 shows a schematic of a rod vertically dropping onto a flat 
rigid surface with an initial striking velocity of v0. The rod has a total 
length of L=l+d and consists of three parts, a straight section with a 
length of l, and two hemispherical ends, each with a radius of R such 
that d=2R. In Fig. 1, a coordinate system s is defined along the rod axis, 
where s=0 is the top end of the straight section of the rod neglecting 
the hemispherical top, s=l/2 is the center point, and s=l is the bottom 
of the straight section of the rod neglecting the hemispherical bottom. 
The rod was assumed to be SS316, for which the true tensile stress- 
strain relationship is given in Fig. 2. This true stress versus strain curve 
was obtained using a commercial mechanical testing system (MTS) and 
illustrates that SS316 has an elastic modulus of 162.67 GPa, a yield 
strength of 247.26 MPa, and a plastic linear hardening modulus of 1.93 
GPa. 

2.2. Long rod impact model 

In Section 2.2.1, the dynamic vertical impact of a rod with an initial 
striking velocity of 4 m/s was simulated using ABAQUS Explicit FEM to 
model a drop height of 0.8 m. In Section 2.2.2, the static flattening of 
hemispheres with a flat rigid surface was simulated using ABAQUS 
Standard, for which the details are given by Fig. A.1 in Appendix A, and 
the interference was obtained from the dynamic impact simulations in  
Section 2.2.1. Based on the fact that both the dynamic impact and the 
static flattening simulations exhibited a linear relationship between the 
contact force and interference, an equivalent linear spring model was 
proposed to describe the contact of the hemispherical end with the rigid 
flat surface. From this result, a theoretical model for the vertical impact 
of a slender rod with hemispherical ends was developed in  
Section 2.2.3. 

2.2.1. Dynamic vertical impact of rods 
The dynamic vertical impact of a rod with a length l between 4 mm 

and 1500 mm and hemispherical ends with a constant radius of R=8.8 
mm were simulated. The initial striking velocity was set to 4 m/s, and 
the variations in the energy, vertical velocity, and vertical displacement 
for rods with lengths of 1500 mm and 4 mm are shown in Fig. 3. Once 
the 1500-mm-long rod contacted the rigid flat surface, the velocity of 
the hemispherical contact point rapidly dropped to zero and reversed at 
approximately 0.75 ms, the velocity of the bottom point of the rod 
reversed at approximately 0.65 ms, and the center and top points re
versed earlier than the other two sections, as illustrated in Fig. 3b. 

List of symbols  

v0, v, vTop Initial striking velocity, velocity, and velocity at the top 
point 

v0, KE Maximum initial striking velocity applicable for the KE 
model 

Δv Velocity difference between the top and bottom points 
l Length of the straight section of the rod 
lc Critical length of the straight section of the rod (for l >lc, 

the vibration effect must be considered) 
R, d=2R Radius and diameter of the rod and hemispherical tip 
L=l+d Total rod length 
s Coordinate system along the rod axis 
F Contact force 
δ Interference 
δc Critical elastic interference 
δm Maximum nonlinear interference 
δu Ultimate interference 
k Equivalent stiffness 

K Equivalent modulus 
u Longitudinal motion of the rod 
t Time 
tBottom-tTop Difference in velocity reversal time between the bottom 

and top points 
c One-dimensional longitudinal wave velocity 
E Young's modulus 
A=πR2 Cross-sectional area 
ω, ωn Natural frequency and n-order natural frequency 

= =l l,c n c
n Parameters related to natural frequency and n- 

order natural frequency 
a1, a2, b1, b2 Constants that depend on the boundary and initial 

conditions 
a1n, b1n, b2n, cn=a1nb2n n-order constants that depend on the 

boundary and initial conditions 
m Mass of the rod 
ρ Material density of the rod 
ν Poisson's ratio of the rod   

Fig. 1. Schematic diagram of the vertical rod impact.  
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During the entire impact, the kinetic energy decreased with an increase 
in strain energy followed by the accumulation of plastic dissipation. The 
strain energy was observed to be largest when the velocity at the top 
point reversed (i.e., vTop=0). After this point, the strain energy de
creased with an increase in kinetic energy. When the contact point 
separated from the rigid flat surface, the dissipated plastic energy 
reached a maximum. A comparison of Fig. 3b (1500-mm-long rod) and  
Fig. 3e (4-mm-long rod) showed that the velocity of the 1500-mm-long 
rod was different than that of the 4-mm-long rod, where the velocity of 
all points for the 4-mm-long rod reversed at the same time. Ad
ditionally, the 4-mm-long rod only exhibited a small amount of strain 

energy after impact, and more than 70% of the energy was dissipated 
by plastic deformation, as illustrated in Fig. 3d. In contrast, the longer 
rod exhibited a smaller portion of irreversible plastic deformation but a 
much larger amount of recoverable strain energy. 

When the contact points separated from the rigid flat surface, plastic 
strain in the rods reached a maximum, and its distribution for four 
different rod lengths is shown in Fig. 4. Here, the plastic deformation 
was concentrated in the hemispherical section of the rods, as indicated 
by the gray areas corresponding to equivalent plastic strains greater 
than 0.06%. Therefore, for a striking velocity of 4 m/s, the plastic re
gion only occurred in the hemispherical region, and the rest of the rod 
deformed elastically. The relationship between the impact force and the 
displacement of the hemispherical tip is illustrated in Fig. 5. The force 
was essentially linear with respect to the displacement and can be fitted 
with a slope of k=(5.61 ± 0.04) × 104 N/mm. 

2.2.2. Equivalent spring model for the contact of the hemispherical tip 
In this subsection, we compared the contact stiffness of the previous 

dynamic test with the value of the static flattening test, in which the 
quasistatic loading and unloading of a hemispherical tip with a radius 
of 8.8 mm were simulated (the model and corresponding details are 
shown in Fig. A.1). According to the displacement amplitude from the 
dynamic simulation in Section 2.2.1, we applied a interference of 
0.1–0.617 mm in this static simulation. To further check the model in 
the nonlinear region, we also simulated the flattening of a hemisphere 
with a smaller interference of 0.05 mm. For a linear hardening material 
such as SS316, the static flattening simulations showed that the contact 
force (F) versus interference (δ) curves also had a linear relationship in 
the interference range of 0.1 mm to 0.617 mm (Fig. 6). The difference 
in equivalent stiffness k between the dynamic impact and static flat
tening model was less than 2.0%. From this comparison, we can 

Fig. 2. True stress versus true strain for SS316.  

Fig. 3. Variation in energy, vertical velocity, and displacement during the impact for rods with lengths of (a, b, c) 1500 mm and (d, e, f) 4 mm.  
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conclude that the inertial effects can be neglected at these striking ve
locities so that the quasistatic relationship F=kδ is applicable for dy
namic impacts for striking velocities less than 4 m/s. In addition, re
ferences [32,33] implied that rate sensitivity was negligible for striking 
velocities of 4 m/s; hence, in the present model, we neglected the rate 
sensitivity of the material. However, when the impact velocity was very 
small and the interference was less than 0.05 mm, the FEM results (the 
inset in Fig. 6) showed that the KE model should be used because 
nonlinear behavior occurred. Hence, the present equivalent spring 
model was not accurate for impacts with very low velocity. Thus, the 
scope of our model will be discussed in Section 3.6. 

Therefore, it is worth discussing the scope of different models. The 
classic Hertz contact model is only applicable for elastic deformation. In 
the KE model [24], the hemisphere is fully elastic when δ/δc≤1, where 
δc is the critical interference at which the yield starts. We call this 
parameter the critical elastic interference (δc); for example, when the 
hemisphere has a radius of 8.8 mm, δc=0.108 μm and Fc=0.79 N 
(Fig. A.2a). As δ increases, the KE model implies a power-law 

relationship for an elastic-perfectly plastic hemisphere [24], wherein 
F∝δ1.425 for 1<δ/δc≤6, and F∝δ1.263 for 6<δ/δc≤110, where 
110δc~12 µm. However, in this study, for a linear hardening hemi
sphere, we find that when δ=50 µm (δ/δc~460), the contact force- 
interference curve still conformed to the relationship F∝δ1.263, as shown 
in the inset in Fig. 6. This means that the use range of the KE model can 
be extended to δ/δc=460. For clarity, we define it as the maximum 
nonlinear interference (δm). Here, it is approximately 460δc (50 μm) 
(Fig. A.2b). When δ>δm, there is a good linear relationship between the 
contact force and interference (F∝δ). Hence, the relationship F=kδ is 
suitable for the deep flattening model of SS316, a typical linear hard
ening material. This linear relationship was also suitable for linear 
hardening materials with different hardening moduli. When δ con
tinued to increase until the hemisphere was fully plastic (Fig. A.2c), and 
we call the corresponding deformation the ultimate interference (δu). 

To verify whether this linear relationship was generally applicable 

Fig. 4. Plastic strain distribution in the rods (cross-sectional views) when the contact points rebounded from the rigid flat surface during the impact (constant tip 
radius=8.8 mm): (a) l=4 mm, (b) l=300 mm, (c) l=1000 mm, and (d) l=1500 mm. 

Fig. 5. Relationship between the dynamic contact force and the displacement of 
the bottom point for rods with lengths of 4–1500 mm. Fig. 6. FEM results for a hemisphere with a radius of 8.8 mm and an inter

ference of 0.05–0.617 mm. The inset presents a comparison of the FEM results 
and the KE model results with an interference of 0.05 mm. 
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for different sizes, the static loading and unloading of the hemispherical 
tips with radii ranging from 4.4 mm to 13.2 mm were also simulated, 
and the results are shown in Fig. A.3. The quasistatic interferences were 
taken as a fraction of the tip radius R, as illustrated in Fig. A.3a. The 
equivalent stiffness k was obtained from fitting the linear relationship 
F=kδ, and values of k are given for four different radii between 4.4 mm 
and 13.2 mm: (1) R1=4.4 mm and k1=28485 N/mm, (2) R2=6.6 mm 
and k2=42751 N/mm, (3) R3=8.8 mm and k3=57095 N/mm, and (4) 
R4=13.2 mm and k4=86146 N/mm. The results show that the hemi
sphere stiffness and radius also exhibited good linearity (Fig. A.3b), and 
the stiffness versus radius can be fit to k=KR, where K is the equivalent 
modulus of 6555.3 MPa for SS316. 

2.2.3. Vibration theory of a slender rod with the proposed contact model 
Section 2.2.1 indicates that the straight part of the rod was elastic 

during the vertical impact with an initial striking velocity of 4 m/s. 
Thus, based on Fig. A.4, a theoretical model for the vertical impact of an 
elastic rod was proposed. The longitudinal motion of a rod u(s,t) is 
governed by the one-dimensional wave equation, which is expressed as 

=u
t

c u
s

2

2
2

2

2 (1) 

where c is the one-dimensional longitudinal wave velocity in the rod 
and t is time. From Fig. A.4, the boundary and initial conditions are 
given as follows:  

1) The force boundary condition at s=0 is expressed as 

=
=

u
s

0
s 0 (2)   

2) The contact boundary condition at s=l is expressed as 

=
=

EA u
s

F
s l

e
(3)  

where = =F ku l t KRu l t( , ) ( , )e , E is the Young's modulus of the rod, and 
A is the cross-sectional area of the rod, which has a value of πR2.  

1) The initial displacement condition is expressed as 

=u s( , 0) 0 (4)   

2) The initial velocity condition is expressed as 

=
=

u
t

v
t 0

0
(5)  

By considering the free vibration of an elastic rod as discussed in 
references [34,35], the displacement field of the rod can be decom
posed through the separation of variables. 

=u s t U s q t( , ) ( ) ( ) (6)  

After substituting Eq. (6) in the one-dimensional wave equation 
(Eq. (1)), solving for U(s) and q(t) gives the general solution, which can 
be expressed as 

= +
= +

U s a s a s
q t b t b t

( ) cos sin
( ) cos sin

c c1 2

1 2 (7) 

where ω is the natural frequency of the rod. In Eq. (7), a1, a2, b1, and b2 

are constants that depend on the boundary and initial conditions. 
The boundary condition given by Eq. (2) gives a2=0, whereas the 

boundary condition given by Eq. (3) gives 

=
c

l
c

l KR
EA l

tan
/ (8)  

If = lc , Eq. (8) can be reduced to 

= K
E

l
d

tan 2
(9) 

which depends on the rod aspect ratio l/d. 
Additionally, because the trigonometric solutions are periodic,  

Eq. (8) satisfies = =c l n/ , 1, 2, 3n n , from which the dis
placement is given by Eq. (10). 

= +
=

u s t a
c

s b t b t( , ) cos ( cos sin )
n

n
n

n n n n
1

1 1 2
(10)  

The βn terms are obtained numerically from Eq. (9). The initial 
conditions for the problem are given by Eqs. (4) and (5). As shown in  
Eq. (4), b1n=0, and Eq. (11) is obtained from Eqs. (5) and (10). 

= =
= =

a b
c

s c
c

s vcos cos
n

n n n
n

n
n n

n

1
1 2

1
0

(11) 

where the constant cn=a1nb2n. The orthogonality condition of the ei
genfunctions is expressed as 

= =s
c

s
c

ds m n m ncos cos 0, , , (modenumber) 1, 2, 3, ...
l n m

0

(12)  

We integrated the left and right ends of Eq. (11) from 0 to l, and 
values for the constant cn are obtained as 

= =
+

c
v l

c s ds
v l

c
sin

(cos )
2 sin

( sin cos )n
n

n n

n

n n n n

0
2

0
1 2

0

(13)  

Using the results from Eq. (13) in Eq. (10) gives the vertical dis
placement at any point in the rod (determined with Eq. (14)), and 
differentiating Eq. (14) gives the values for the vertical velocity at any 
point in the rod (determined with Eq. (15)). 

Fig. 7. Vertical displacement during the impact: (a) l=300 mm, (b) l=1000 mm, and (c) l=1500 mm.  
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=
+=

u s t
v l

c
s
l

t( , )
2 sin

( sin cos )
cos( )sin( )

n

n

n n n n
n n

1

0

(14)  

= =
+=

v s t u s t
t

v s
l

c t
l

( , ) ( , ) 2 sin
sin cos

cos( )cos( )
n

n

n n n
n n

1

0

(15)  

For the problems considered in this study, we examined the number 
of terms required in Eqs. (14) and (15) for the displacement and velo
city of the rod, as discussed in Appendix A, and found that accurate 
results were obtained by retaining only the first two terms of the cor
responding infinite series, as given by Eqs. (16) and (17). 

=

+

+

+

( ) ( )
( ) ( )

u s t c

c

( , ) cos sin

cos sin

v l
c

s
l

t
l

v l
c

s
l

t
l

2 sin
( sin cos ) 1 1

2 sin
( sin cos ) 2 2

0 1
1 1 1 1

0 2
2 2 2 2 (16)  

=

+

+

+

( ) ( )
( ) ( )

v s t c

c

( , ) cos cos

cos cos

v s
l

t
l

v s
l

t
l

2 sin
sin cos 1 1

2 sin
sin cos 2 2

0 1
1 1 1

0 2
2 2 2 (17) 

where the parameters = + +l d0.29 0.3 ln ( / 3.12)1 and 
= + +l d0.18 0.68 ln ( / 74.19)2 are numerically fitted from Eq. (9) in  

Fig. A.5. For rods with any specific geometry, the history of displace
ment and velocity can be calculated by Eqs. (16) and (17), respectively. 

Fig. 8. (a) Velocity histories of nine different sections of the rod and (b) the velocity reversal time as a function of the location on the rod (the x and y axes were 
reversed to maintain consistency with Fig. 9). 

Fig. 9. Vertical velocity during the dynamic impact: (a) l=300 mm, (b) l=1000 mm, and (c) l=1500 mm.  
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3. Comparison of the theoretical model and numerical FEM 
simulations 

3.1. Vertical displacement of the points on the rod 

Variations in the vertical displacements at the top, center, and 
bottom points of the rod during impact for rods with lengths of l=300 
mm, l=1000 mm, and l=1500 mm are shown in Fig. 7. For the theo
retical displacement curves, the approximate solution from Eq. (16) was 
used. Fig. 7 shows that the theoretical model agreed well with the FEM 
simulations. In all cases, the maximum displacements of the top and 
center points were greater than that of the bottom point. The longer 

rods exhibited greater displacements in each of the three sections. 
Additionally, the time required for each section to reach its maximum 
displacement was different for each of the different rod lengths, and the 
top, center and bottom sections reached their maximum displacement 
in sequence. 

3.2. Variation in the vertical velocity of the rods 

Fig. 8a shows the FEM results for the velocity in nine different 
sections of a 1500-mm-long rod. The velocity reversal time at any lo
cation was obtained from its intersection with the point at which the 
velocity v=0. For the section where s=1480 mm, the corresponding 
velocity reversal time was at t=0.663 ms. Velocity reversal times for all 
of the other sections were determined in the same way. Additionally, 
the relationship between the location s of the rod and the reversal time 
is shown in Fig. 8b using both the FEM result and the theoretical model. 
Based on Eq. (17), the theoretical reversal time was obtained numeri
cally by solving the implicit equation given by 

=v s t( , ) 0 (18) 

where s varied between 0 and 1500 mm for the 1500-mm-long rod. As 
illustrated in Fig. 8b, the theoretical prediction from Eq. (18) agreed 
well with the FEM results. 

The evolution of the rod velocity is also illustrated in Fig. 9. In  
Fig. 9, the abscissa represents the time, whereas the ordinate represents 
the location on the rod. In Figs. 8a through c, the color of the cloud 
maps represents the magnitude of the velocity for rods with lengths l of 
300 mm, 1000 mm, and 1500 mm. The dashed lines in Fig. 9 show the 
velocity reversal times required at any location on the rod. For the 300- 
mm-long rod in Fig. 9a, the dashed line is essentially vertical, which 
indicates that the velocity reversal time at each point on the rod is 
approximately constant. For the other two rod lengths, as shown in  
Figs. 9b and c, the velocity reversal time gradually increased from the 
top point to the bottom point. Thus, the top points reversed first and 
then turned towards the bottom points. Additionally, the dashed line in  
Fig. 9c was the same as the curve in Fig. 8b, which implied that the 
proposed theoretical model can be used to predict the evolution of the 
velocity during impact. 

3.3. Velocity reversal time at each point of the rod 

As shown in Fig. 9, for rods with lengths l of 300 mm, 1000 mm, and 
1500 mm and a diameter d=17.6 mm, different trends were observed 
for the different rod lengths. In this subsection, rods with other lengths 
are also examined. Fig. 10 shows typical FEM results and theoretical 
predictions from Eq. (18) for rods with lengths between 50 mm and 
2000 mm. 

The results showed that when the rod length was greater than 300 
mm, the trend of the s versus velocity reversal time curves was similar, 
and the top point reversed earlier than the bottom point. When the rod 
length was less than 300 mm, the s versus velocity reversal time curves 
were nearly vertical, and the bottom and top points reversed simulta
neously. This implied the existence of a critical length that was ap
proximately lcr=300 mm, giving a critical aspect ratio of lcr/d=17.05 
for d=17.6 mm. Thus, the vibration effect must be considered for lcr/d 
>17.05, whereas for lcr/d <17.05, the rod can be modeled as a rigid 
body. 

This critical aspect ratio was also applicable for rods with other 
diameters. The βn terms from Eq. (9) were determined by two factors: 
2K/(πE), which was related to the material properties, and the aspect 
ratio l/d, which was related to the geometric configuration. The velo
city reversal time for any point on the rods can be calculated by setting 
the right side of Eq. (15) to zero. By analyzing the right side of Eq. (15), 
we find that for cases with the same initial striking velocity v0 and the 
same βn, the reversal time t/l depends solely on the relative position s/l. 
Furthermore, if we keep 2K/(πE) and l/d unchanged, the reversal time 

Fig. 10. Velocity reversal time of each point of the rods with lengths of 
50–2000 mm and a diameter of 17.6 mm. The FEM results are represented by 
open symbols, whereas the theoretical predictions are indicated by lines. 

Fig. 11. Difference in velocity reversal time between the bottom and top points 
for rods with lengths of 50–2000 mm and a diameter of 17.6 mm. 

Table 1 
β1– β4 and |Δv|maxfor l=4 mm, 40 mm, 400 mm, and 4000 mm.       

Rod length (mm) 4 40 400 4000  

β1 0.07449 0.23361 0.68309 1.33509 
β2 3.14336 3.15919 3.30808 4.07933 
β3 6.28407 6.29202 6.37023 6.95733 
β4 9.42537 9.43067 9.48333 9.93492 
|Δv|max 0.02109 0.20825 1.82315 6.92247 
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of the same relative position is proportional to the rod length such that 
t∝l. Thus, as obtained from the previous paragraph, the critical aspect 
ratio (l/d)cr of 17.05 can be used for rods with different diameters. 
When (l/d)cr was larger than 17.05, the vibration of the elastic part of 

the rod must be considered. This conclusion was verified from four sets 
of rods with different aspect ratios (l/d=11.36, 17.05, 22.73, and 
34.09) using the FEM, as shown in Fig. A.6. 

3.4. Velocity reversal time difference between the bottom and top points 

By solving the implicit relation in Eq. (18), the theoretical difference 
in the velocity reversal time between the bottom and top points tBottom- 
tTop for different rods can be obtained. Considering rods with a diameter 
of 17.6 mm as an example, the theoretical relationship between tBottom- 
tTop and the rod length is plotted in Fig. 11. The results show that the 
theoretical prediction agreed well with the FEM results. For l>300 mm 
(l/d>17.05), tBottom-tTop was proportional to the rod length, whereas 
for l<300 mm (l/d<17.05), tBottom-tTop was essentially independent of 
the rod length and remained near zero. 

3.5. Velocity difference between the top and bottom points 

The velocity difference between the top (s=0) and bottom (s=l) 
points is considered and theoretically given by 

=
=

=

= + + +

= +

=

v v t v l t

f

f f f

(0, ) ( , )
(1 cos )cos

( )cos

( )cos ( )cos ( )cos ...

n
v

n
c t

l

n n
c t

l
c t

l
c t

l
c t

l

1
2 sin

sin cos

1

1 2 3

n
n n n

n

n

0

1 2 3
(19) 

Fig. 12. Vertical velocity difference between the top and bottom points: (a) l=4 mm, (b) l=300 mm, (c) l=1000 mm, and (d) l=1500 mm.  

Fig. 13. Application region of the present model for the SS316 rod with a tip 
radius of 8.8 mm. The blue circle and red square represent the upper and lower 
boundaries in the FEM simulations, respectively. 
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where the coefficient f (β) is given by 

=
+

f v( ) 2 sin
sin cos

(1 cos )0

(20)  

Considering rods with lengths l of 4 mm, 40 mm, 400 mm, and 4000 
mm as examples, their first to fourth orders (β1–β4) and 

= + + +v f f f f| | | ( )| | ( )| | ( )| | ( )|max 1 2 3 4 are given in Table 1, and f 
(β) is shown in Fig. A.7. Here, |f(β1)| and |f(β2)| are significantly larger 
than |f(β3)| and|f(β4)|; therefore, it can be concluded that the first two 
terms dominate the solution. 

For rod lengths l between 4 mm and 1500 mm, the theoretical 
predictions containing β1 and β2 agreed well with the FEM results, as 
shown in Fig. 12. We also compared the theoretical predictions with 
different orders and found that the difference was small, as shown in  
Fig. A.8, which indicated that only considering the first two orders was 
sufficient to accurately predict the velocity difference. Hence, Eq. (21) 
was used to determine the velocity difference between the top and 
bottom points during impact. 

= +v f
c t

l
f

c t
l

( )cos ( )cos1
1

2
2

(21)  

3.6. Scope of the proposed theoretical model 

The theoretical model proposed in Section 2.2.3 was based on two 
assumptions, which were the equivalent contact model and that the 
straight part of the rod was elastic. If the impact velocity was suffi
ciently low that the impact was purely elastic, then the interference was 
less than δc, and the Hertz contact model was applicable and should be 
employed. If the impact velocity was intermediate, the impact was 
elasto-plastic, the interference of the bottom hemisphere was less than 
δm, and the KE model should be employed. For high impact velocities, 
plasticity was dominant, and the interference of the bottom hemisphere 
was much larger than δm, and the proposed model in this study should 
be employed for the tip contact to predict the displacement and velocity 
histories. For this case, the maximum interference δm was related to the 
initial impact velocity and length of the rod by Eq. (22). 

mv Fd1
2 KE0,

2
0

m

(22) 

where m is the mass of the rod and the force is given by F=kδ. From  
Eq. (22), for a rod with a length of l, the maximum initial impact ve
locity applicable for the KE model is given by Eq. (23). 

+( )v k
R R l

KE0,
m

2

4
3

3 2
(23) 

where ρ is the material density. For the case of a hemisphere with a 
radius of 8.8 mm, the lower boundary relationship between the striking 
velocity and rod length is shown in Fig. 13 and can be calculated by  
Eq. (23), in which δm=460δc. This lower velocity value in Fig. 13 was 
also obtained by FEM impact simulations of rods with different com
binations of length and striking velocity. The upper boundary of the 
proposed theoretical model depended on the distribution of plastic 
deformation in the rod and was determined using FEM simulations 
under the assumptions that the straight section of the rod was elastic 
and that plastic deformation only occurred in the bottom hemisphere of 

the rod (δ≤δu, where δ=δu represents the hemisphere entering full 
plasticity, as shown in Fig. A.2c). Within the blue hatched region, the 
proposed model and Eqs. (16) and (17) can be used. For long rods, the 
KE model will be out of its applicable range, even for varying low 
striking velocities. For instance, we should use the proposed model for a 
1000-mm-long rod with an initial striking velocity greater than 0.5 m/s, 
as shown in Fig. 13. 

4. Conclusions 

A semianalytical model was developed to model the plastic impact 
while considering both the contact of the rod hemispherical tip and the 
vibration effects generated in the straight portion of the rod. The major 
conclusions are as follows:  

1) The proposed semianalytical model can predict the vertical impact 
between a slender SS316 rod and a rigid flat surface before re
bounding by Eqs. (16) and (17). During this period, the velocity 
difference between the top and bottom points can be determined 
from Eq. (21).  

2) For the vertical rod impact, a critical length/diameter aspect ratio 
was obtained from the proposed theoretical model. The results 
showed that for l/d <17, the rod behaved as a rigid body. For l/ 
d>17, the vibration effects were significant, and the velocity of the 
top section of the rod reversed much earlier than the other sections 
of the rod.  

3) To illustrate the applicable region of the proposed model, a map 
associated with the initial striking velocity and the length of the rod 
was established. For SS316 rods with a hemispherical tip radius of 
8.8 mm, the proposed model can be applied within the blue hatched 
region shown in Fig. 13. 
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Appendix A 

The FEM models were established using ABAQUS Standard, wherein C3D8R solid elements were used to mesh the rod. The global mesh size was 
0.5 mm, and the mesh size of the hemisphere contact was 0.1 mm. Additionally, the mesh sensitivity of the contact between a hemisphere and a rigid 
flat surface was checked, and the results were found to be convergent. Eight figures (Figs. A.1-A.8) are provided in this section and are referenced 
throughout the main sections of the manuscript.  

Fig. A.3. (a) Static contact force-interference curves for hemisphere radii of 4.4–13.2 mm. (b) Relationship between the hemisphere stiffness and radius.  

Fig. A.1. FEM model for hemispherical flattening.  

Fig. A.2. Schematic diagram of the loading and deformation of a hemispherical tip. The blank and gray areas represent the elastic and plastic regions, respectively. 
=E E/(1 )2 , where ν is the Poisson's ratio. For a hemisphere with a radius of 8.8 mm, δc=0.108 μm, Fc=0.79 N, and k3=57095 N/mm. 
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Fig. A.4. Theoretical model for the rod impact.  

Fig. A.5. Theoretical relationship between β and aspect ratio (l/d). (a) Theoretical solutions for β1–β5. (b) Fitting β1 and β2 with the rod aspect ratio (l/d).  

Fig. A.6. FEM results of four sets of rods with different aspect ratios (l/d =11.36, 17.05, 22.73, and 34.09). The x-axis represents the ratio of the velocity reversal 
time (t) to the rod length (l). The y-axis represents the normalized s-coordinate position by rod length (s/l). 
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