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Abstract
Cryogenic cooling helps to improve the machining performance and reduce the tool wear. Cryogenic condition could activate
these substructures such as deformation twins and dislocation cells. The effects of the substructures are not taken into consid-
eration in the conventional machining models. The conventional models cannot characterize the dynamics in cryogenic machin-
ing, i.e., the evolutions of cutting force and temperature with time. Here, considering the effect of the substructures, a new
analytical model for metal cutting was proposed to predict the dynamics in cryogenic orthogonal machining. To validate the
applicability of the proposed model, the experiments of orthogonal cutting copper at liquid nitrogen temperature and room
temperature were conducted. Transmission electron microscope observations show that nanotwins formed in cryogenic cutting
copper. The comparisons between experimental cutting forces and the proposed model or the conventional models validate the
rationality of the nanotwin-based analytical model. Numerical calculations were further carried out to reveal the underlying
mechanism. The periodic oscillation of cutting force in liquid nitrogen condition is a phenomenon of Hopf bifurcation resulting
from the formation of nanotwins.
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Nomenclature
t0 precut thickness
tc chip thickness
w workpiece thickness
ϕ shear angle

V cutting speed
Fc cutting force
ρ mobile dislocation density
t time
d mean grain size
τy shear yield strength
RTW mean radius of nanotwin
hTW thickness of nanotwin
ka annihilation constant
ρ0 initial dislocation density
γSF stacking fault energy
b modulus of Burgers vector
G shear modulus
T temperature
τ flow shear stressbt dimensionless timebd dimensionless grain size
a11(T), a12(T), a13, a14, b11,
b12, b13

dimensionless coefficients

fnt volume fraction of nanotwin
NTW concentration of active twins
η fraction of plastically dissipated

energy
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εD energy of dislocation line per
unit length

Δ mean distance of nanotwins
Vnt speed of nanotwin formation
VD dislocation motion velocity
n0 total number of twinning

system
ρanh annihilation rate of dislocation
τg shear yield strength of de-

formed grains
τnt shear yield strength

of nanotwinned grains
A1 coefficient 1 for

deformed grains
A2 coefficient 2 for

deformed grains
B1 coefficient 1 for

nanotwinned grains
B2 coefficient 2 for

nanotwinned grains
τ0 dislocation gliding

frictional stress
α dislocation interaction term
kTW coefficient of

twinning strengtheningbτ dimensionless flow shear stressbρ dimensionless
dislocation densitybρ* equilibrium dislocation density

f *nt equilibrium nanotwin volume
fraction

1 Introduction

In machining process, excessive heat due to shearing and friction
affects the machined surface quality and cutting tool life [1, 2].
Lower temperature in cutting zone benefits the metal cutting
process. Compared with the machining at ambient temperature,
cryogenic cooling could decrease the cutting temperature below
the recrystallized temperature of the machining metals [3, 4].
Sharma et al. found that cryogenic cooling could reduce heat at
the cutting zone and improve productivity of the process [5].
Some other advantages of cryogenic cooling have been reported,
e.g., improving the tool life [6, 7], surface integrity [8–10], and
hardness of machined surface [11, 12]. In order to promote the
application of cryogenic cooling, Zhang et al. systematically
researched the effects of cooling condition on cutting force and
tool life during cryogenic milling H13 steel [13]. Recently, a
review on cryogenic machining was published to evaluate the
effects of cooling fluids on the machining outputs [14]. The
experimental researches on cryogenic machining have been
widely conducted. However, because of the complicated

mechanical behavior at cryogenic machining, the cryogenic ma-
chining mechanisms have not been comprehensively under-
stood. Better understanding of the cryogenic machining mecha-
nisms helps to increase the technology readiness level of cryo-
genic machining and provide a good foundation of cryogenic
machining optimization.

The mechanisms of metal cutting have been extensively
researched in the past decades. In the 1950s, several classical
theoretical models were put forward to characterize the cutting
force and shear strain during machining [15]. After that, consid-
erable studies focus on the stability of shear deformation in ma-
chining: the onset of serrated chip flow [16–18], the shear
banding spacing [19, 20], the critical cutting speed for serrated
chip [21, 22], the suppression of serrated chip [23, 24], and the
sinuous flow [25, 26]. In recent decade, the effect of material
microstructure on the machining theory has attracted intensive
scientific interests. The chip formation process was modeled by
considering the microstructure of compacted graphite iron [27].
Lee et al. analyzed the effect of crystallographic orientation on
shear angle and cutting force by implementing crystal plasticity
in the finite element modeling of chip formation [28]. Rahman
et al. constructed a flow stress model for metal cutting by corre-
lating the material grain size and chip thickness [29]. An analyt-
ical model based on strain-induced martensitic transformation
kinetics was developed to predict the microstructural changes
in machining austenitic stainless steel [30]. The deformation
mechanism of machining single crystals was revealed with the
aid of transmission electronmicroscopy [31]. Recently, Ning and
co-workers proposed a series of analytical modeling for ultra-
fine-grained materials to predict the machining temperatures
and forces [32–35]. The above studies focus on the machining
mechanisms at room temperature or high temperature; neverthe-
less, the model for cryogenic machining remained mysterious.

In particular, severe plastic deformation in cryogenic condi-
tion could promote the formations of deformation twins and
dislocation cells [36], which challenges the previous theory
frame. Therefore, it is imperative to establish a new theoretical
model considering the effect of deformation twins and disloca-
tion cells. In this work, the experiments of cryogenic orthogonal
cutting copper were conducted. Microstructures of chips were
characterized by means of electron backscatter diffraction
(EBSD) and transmission electron microscope (TEM). Based
on the experimental results, a nanotwin-based analytical model
was proposed to predict the dynamical behavior in cryogenic
orthogonal machining. Using the proposed model, numerical
calculations were further carried out to reveal the underlying
mechanism of cryogenic orthogonal machining.

2 Experimental procedure

Copper with the composition (wt%): Cu (99.95%), Fe
(0.004%), S (0.004%), Pb (0.003%), Zn (0.003%), Sn
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(0.002%), was annealed at 773 K for 60 min before machining.
As shown in Fig. 1, the initial microstructure of copper is ho-
mogeneous coarse grains with few dislocations inside.
Referring to ASTME112 method [37], the grain size is defined
by the distance between two adjacent intersection points on the
test line segment that crosses the grain at any location due to
random placement of the test line. Figure 1a illustrates the def-
inition of grain size. The grain size distribution is shown in Fig.
1c. The average grain size is about 200 μm. Using the orthog-
onal cutting equipment in Fig. 2, the copper workpiece was cut
at liquid nitrogen temperature. In comparison, cutting copper at
room temperature was conducted. The cutting parameters are as
follows: the precut thickness of 200 μm, the chip thickness of
600 μm, the workpiece thickness of 25 mm, the cutting speed
of 2 mm/min, and the rake angle of 10°. During cutting copper,
the cutting force was recorded at the frequency of 30 Hz.

Chips were collected for further microstructural characteriza-
tion when the processes of cutting copper were finished. Electron
backscatter diffraction (EBSD) on chips was conducted by
employing JEOL JSM-7800F. Chips were polished down to
2000 grit and then vibratory polish was performed for 8 h. The
samples for EBSDwere tested by using the following parameters:
15 kV operating voltage and 0.2 μm scanning step length.
Transmission electron microscope (TEM) was further conducted
by using JEM 2010. After polishing down to ~ 70 μm, the thin
specimens for TEMwere obtained in solution with the following
composition (vol%): H3PO4 (17%), C2H5OH (17%),H2O (66%).
TEM test was carried out at 200 kV operating voltage. The se-
lected area electron diffraction (SAED) pattern and high-
resolution TEM images were recorded during TEM observations.

3 Experimental results

The cutting forces of orthogonal cutting copper at different
temperatures are shown in Fig. 3. Periodic oscillation of cut-
ting force happens during cutting copper at liquid nitrogen

temperature. The average amplitude of oscillation is ~ 1.5
kN. The average period of oscillation is ~ 2.5 s. In contrast,
the cutting force of orthogonal cutting copper at room temper-
ature is also plotted in Fig. 3. There is no distinct cutting force
oscillation for room temperature cutting copper. Experimental
results in room temperature machining show that continuous
chip can minimize the oscillation in cutting force data [18, 38,
39]. The chip morphology is continuous in machining copper
at the cutting speed of 600 m/min [40]. Low cutting speed
helps to the formation of continuous chip [20]. Here, the low
cutting speed of 2 mm/min results in the formation of contin-
uous chip, which explains the minimal oscillation of cutting
force in room temperature machining copper. Based on the
experimental results [41, 42], the yield strength of copper at
liquid nitrogen temperature is higher than that at room tem-
perature. Therefore, the cutting force at liquid nitrogen tem-
perature is larger than that at room temperature.

Figures 4 and 5 show respectively EBSD and TEM images
of chips processed by orthogonal cutting copper at different
temperatures. Compared with the initial microstructure, grains
in chips fragment after orthogonal cutting. As shown in Fig. 4,
fragmentation of grains results in the formation of fiber-
shaped grains. The <111> axis of fiber-shaped grains skews
the normal direction. The phenomenon of grain fragmentation
is similar to that in the experiments of severe plastic deforma-
tion [43]. Figure 4c and f show that the {100}<001> texture is
distinct in copper chips processed by orthogonal cutting at
room temperature or cryogenic temperature. Deformed twins
can be formed during orthogonal cutting copper at liquid ni-
trogen temperature by comparing Fig. 4 a and d. It is illustrat-
ed in Fig. 5a, c that high dislocation density could be stored in
chips after orthogonal cutting. Similar to the statements [44,
45], the plastic deformation in chip results from the gliding of
mobile dislocations. It is indicated in Fig. 5c that nanotwins
can be produced during orthogonal cutting copper at liquid
nitrogen temperature. The spacing of nanotwin boundary is
~ 5 nm from the local magnification in Fig. 5d.

Fig. 1 a EBSD image quality map of initial copper workpiece: grain
boundary and twin boundary labeled in black and red respectively. b

TEM micrograph: the inset showing SAED pattern. c Grain size
distribution
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Fig. 3 Cutting force
measurements during cutting
copper at different temperatures:
the inset showing the local
magnification

Fig. 2 a Actual experimental setup. b Schematic of orthogonal cutting at cryogen temperature. c Local magnification of b. d Illustrations of extrusion
machining parameters

3192 Int J Adv Manuf Technol (2020) 111:3189–3205



4 Theoretical model

4.1 Governing equations

According to the conventional models [16, 24], the curve of
cutting force should be smooth in the case of 2 mm/min cut-
ting speed. However, the experimental results (Figs. 3 and 5)
show that the formation of nanotwins leads to the oscillation
of cutting force. Because the effect of nanotwins is not taken
into consideration in the conventional models, it is improper
to use the conventional model for interpreting the experimen-
tal results. Thus, a new theoretical model, considering the
effect of nanotwins, is needed to characterize the nonlinear
dynamics of cryogenic cutting copper.

As illustrated in Fig. 5, mobile dislocations form during
machining. Extensive investigations have shown that machin-
ing can be treated as plane shear stress state [15]. The mobile
dislocation density in machining can be calculated by the fol-
lowing kinetics equations [46]:

dρ
dt

¼ ηρ0VDb
εD

τ y−
VD

d
ρ−kaVDb f ntρð Þ: ð1Þ

In Eq. (1), ρ, t, τy, and fnt are mobile dislocation density,
time, shear yield strength, and nanotwin volume fraction re-
spectively. η is the fraction of plastically dissipated energy
because of dislocation motion. ρ0 is the initial dislocation

density in copper workpiece. VD is the velocity of dislocation
motion. b is the modulus of Burgers vector. εD is the energy of
dislocation line per unit length. d is the mean grain size of
initial copper workpiece. ka is annihilation constant.

Here, nanotwins are supposed to be a cylindrical form. The
volume fraction of nanotwin fnt can be simply calculated:

f nt ¼ πR2
TWhTWNTW ; ð2Þ

where RTW is the mean radius, hTW is the thickness, and NTW

is the concentration of active twins.
The kinetics equation of the concentration of active twins is

as follows:

dNTW

dt
¼ −

1

Δ
þ 1

d

� �
VntNTW þ εDρanh

πR2
TWγSFn0

: ð3Þ

In Eq. (3), Δ is the mean distance of nanotwins, Vnt is the
speed of nanotwin formation, γSF is the stacking fault energy,
and n0 is the total number of twinning system. ρanh is the
annihilation rate of dislocation per unit volume, which can
be expressed as:

ρanh ¼
VD

d
ρþ kabVDρ

2: ð4Þ

Substituting Eq. (2) and Eq. (4) into Eq. (3), the evolution
of nanotwin volume fraction is in the following form:

Fig. 4 EBSD images of chip at room temperature: a image quality map, b orientation imagingmap, c pole figure. EBSD images of chip at liquid nitrogen
temperature: d image quality map, e orientation imaging map, f pole figure
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d f nt
dt

¼ −
1

Δ
þ 1

d

� �
Vnt f nt þ

εDhTWVD

γSFn0d
ρþ εDhTWkaVDb

γSFn0
f ntρð Þ2:

ð5Þ

Equation (5) indicates three different physical processes
affecting the volume fraction of nanotwins: self-diffusion of
nanotwins (the first term of the right side), nanotwin genera-
tion due to dislocation annihilation (the second term), cou-
pling effect between nanotwin, and dislocation gliding (the
third term).

According to microstructural observations in Fig. 5, there
are two types of grains in materials: severe plastic deformed
grain and nanotwinned grain. The rule-of-mixture equation is
used here to characterize shear yield strength τy:

τ y ¼ τg 1− f ntð Þ þ τnt f nt; ð6Þ

where τg and τnt are respectively shear yield strength of severe
plastic deformed and nanotwinned grains. A linear relation-
ship between shear yield strength and temperature is used:

τg ¼ A1T þ A2; ð7Þ

and

τnt ¼ B1T þ B2: ð8Þ

In Eqs. (7) and (8), T is temperature,. A1 and A2 are
the coefficients for severe plastic deformed grain, and
B1 and B2 are the coefficients for nanotwinned grain.
For severe plastic deformed grains, A2 is related with
the strain hardening and strain rate hardening, i.e., A2

is expressed by:

A2 ¼ A21 þ A22
γffiffiffi
3

p
� �A23

" #
1þ A24ln

γ̇ffiffiffi
3

p
ε̇0

 !" #
: ð9Þ

In Eq. (9), A21, A22, A23, and A24 are the coefficients, γ is

shear strain, γ̇ is shear strain rate, and ε̇0 is reference strain
rate. Shear strain is affected by the depth of cut [15, 47]. Shear
strain rate is calculated by 2 × 104γV0 [48, 49] where V0 is
cutting speed.

According to the microstructures in Fig. 5, an expression
considering dislocation density and nanotwin volume fraction
is employed for calculating flow shear stress τ:

Fig. 5 a TEM micrographs of
chip at room temperature (inset
showing SAED pattern). b Local
magnification of a. c TEM
micrographs of chip at liquid
nitrogen temperature (inset
showing SAED pattern). d Local
magnification of c
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τ ¼ τ0 þ
αGb

ffiffiffi
ρ

pffiffiffi
3

p þ kTW
ffiffiffiffiffiffi
f nt

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3hTW 1− f ntð Þp ; ð10Þ

where τ0 is dislocation gliding frictional stress, α is a disloca-
tion interaction term, G is shear modulus, and kTW is constant
coefficient of twinning strengthening.

Concluding the above derivation, the ordinary differential
equations (ODEs) for the nanotwin-based analytical model are
as follows:

dρ
dt

¼ ηρ0VDb
εD

A1T þ A2ð Þ 1− f ntð Þ þ B1T þ B2ð Þ f nt½ � − VD

d
ρ−kaVDb f ntρð Þ2

d f nt
dt

¼ −
1

Δ
þ 1

d

� �
Vnt f nt þ

ε
D hTWVD
γSFn0d

ρþ ε
D
h
TW

kaVDb

γSFn0
f ntρð Þ2

τ ¼ τ0 þ
αGb

ffiffiffi
ρ

pffiffiffi
3

p þ kTW
ffiffiffiffiffiffi
f nt

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3hTW 1− f ntð Þp

:

8>>>>>>>>>><>>>>>>>>>>:
ð11Þ

The initial conditions for solving Eq. (11) are in the follow-
ing form:

ρ 0ð Þ ¼ ρ0
f nt 0ð Þ ¼ 0

�
: ð12Þ

If the values of parameters in Eqs. (11) and (12) are given,
the nonlinear dynamics of cryogenic cutting, i.e., the evolu-
tions of dislocation density, nanotwin volume fraction, and
flow shear stress, can be calculated. In particular, the present-
ed model is based on the formation of nanotwins. If nanotwins
cannot form in the machining materials, Eq. (3) and Eq. (5)
cannot be set up. In this case, the presented model may be
useless. Therefore, the current work is only useful for
predicting the dynamics of machining where the formation
of nanotwin is one of deformation modes. Meanwhile, the
presented model focuses on the steady-state machining dy-
namics and it is only capable of prediction under steady-
state conditions.

4.2 Experimental validation

For face centered cubic (FCC) copper, there are 12 twinning
systems, i.e., n0 = 12. The modulus of Burgers vector b is
0.256 nm. The energy of dislocation line per unit length
εD ≈ 8eV/b. Based on the experimental results in Fig. 5, the
nanotwin thickness hTW and the mean nanotwin distance are
~ 5 nm and ~ 500 nm respectively. The mean grain size of
200 μm is measured in initial copper workpiece (Fig. 1). The
coefficients for Eqs. (7) and (8) are calculated by using the
available experimental results [41, 42, 50]. The values for
other parameters are referred to the related references.

Substituting the values from Table 1 into Eqs. (11) and
(12), the nonlinear dynamics is analyzed. Figure 6 shows the
evolutions of dislocation density, nanotwin volume fraction,

and flow shear stress. The curves for dislocation density,
nanotwin volume fraction, and flow shear stress are smooth
at room temperature; however, periodic oscillations happen at
liquid nitrogen temperature. These tendencies are in good
agreement with the experiments in Fig. 3. The calculated
nanotwin volume fraction at liquid nitrogen temperature is
much larger than that at room temperature, which explains
that twin boundary can be easily characterized in Fig. 4. The
calculated flow shear stress at liquid nitrogen temperature is
higher than that at room temperature, which indicates that
smaller cutting force is needed during room temperature cut-
ting (Fig. 3).

The cutting force Fc can be calculated by means of
Merchant circle [15]:

Fc ¼ τ t0w
sinϕcosϕ

; ð13Þ

where t0, w, and ϕ are respectively precut thickness, work-
piece thickness, and shear angle. Based on the expression
[58], the shear angle is calculated ϕ = 19.2°.

By means of Eq. (13), the predicted cutting forces are
shown in Fig. 7. At the beginning of the cutting process (time
< 120 s), the deviation between theoretical prediction and

Table 1 Values of parameters for copper

Parameters Value Reference

n0 12 Constant

b 0.256 nm Literature from [51]

G 42.1 GPa Idem

d 200 μm Experiments in Fig. 1

εD 5 × 10−9J/m Literature from [52]

η 0.1 Idem

ρ0 8 × 1013m−2 Literature from [53]

hTW 5 nm Experiments in Fig. 5

Δ 500 nm Idem

A1 − 1.17 MPa/K Calculation based on [40–42, 50]

A21 175 MPa Idem

A22 168 MPa Idem

A23 0.31 Idem

A24 0.06 Idem

B1 -0.41 MPa/K Idem

B2 424 MPa Idem

γSF 45mJ/m2 Literature from [54]

ka 10 Literature from [55]

VD 50 μm/s Assumption based on [46]

Vnt 9.3 μm/s Idem

α 0.5 Literature from [56]

τ0 17.3 MPa Literature from [57]

kTW 1 × 105N m−3/2 Idem
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experimental results is more than 15%. Because the proposed
model focuses on the steady-state machining dynamics, it
failed to predict the cutting forces at the beginning of machin-
ing process. As for the steady-state machining, i.e., time > 180
s, the presented model is accurate to predict the cutting force.
For the prediction of crest, the deviation between theory and
experiment is 1.1%. The deviation is 1.7% for the prediction
of trough. The predicted cutting force periodically oscillates at

liquid nitrogen temperature but is smooth at room tempera-
ture. For orthogonal cutting at room temperature, there is no
distinct difference of the average cutting force between theo-
retical prediction and experimental result. As for orthogonal
cutting at liquid nitrogen temperature, the amplitude and peri-
od predicted by theoretical model capture well the experi-
ments. The proposed model is reasonable to characterize the
nonlinear dynamics in cryogenic cutting copper.

Fig. 6 Evolutions of dislocation density, nanotwin volume fraction and flow shear stress: a–c are for orthogonal cutting copper at room temperature; d–f
are for orthogonal cutting copper at liquid nitrogen temperature

Fig. 7 Comparison between
theoretical prediction and
experimental results at different
temperatures
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5 Discussion

5.1 Comparison with conventional model

In order to reveal the feature of the present model, the pro-
posed model is compared with the conventional models. As
shown in Fig. 8, in the case of orthogonal cutting copper at
liquid nitrogen temperature, shear-band-based model [16] and
fracture-based model [24] cannot capture the periodic oscilla-
tion of cutting force. Shear-band-based model is based on
thermal-plastic instability. It is valid to predict the dynamical
behavior of high-speed machining where shear bands emerge
periodically. A fracture-based model is put forward by intro-
ducing fracture-induced instability. It is rational to character-
ize the mechanical behavior in low-speed machining where
fracture-type segments are dominated deformation pattern. As
for machining at liquid nitrogen temperature, formation of
nanotwins is an important deformation pattern (Fig. 5c).
Because the effect of nanotwins is not taken into consideration
in both shear-band-basedmodel and fracture-basedmodel, the
two models are useless to predict the dynamical behavior of
machining at liquid nitrogen temperature.

5.2 Hopf bifurcation

The proposed theory is further employed to reveal the mech-
anisms underlying orthogonal cutting. According to ODEs
(11), orthogonal cutting at different temperatures is a nonlin-
ear autonomous dynamical system. Using the dimensionless

variables: bτ ¼ τ
τ0
;bρ ¼ ρ

ρ0
;bt ¼ ffiffiffiffiffi

ρ0
p

VDt;bd ¼ ffiffiffiffiffi
ρ0

p
d, ODEs

(11) are transformed into the following non-dimensional
equations:

dbρ
dbt ¼ a11 Tð Þ þ a12 Tð Þ f nt−a13bρ−a14 f 2ntbρ2
d f nt

dbt ¼ −b11 f nt þ b12bρþ b13 f 2ntbρ2
;

8>>>>><>>>>>:
ð14Þ

where bρ≥1 and fnt ≥ 0. The coefficients in Eq. (14) are as
follows:

a11 Tð Þ ¼ ηb A1T þ A2ð Þ
ε
D

ffiffiffiffiffi
ρ0

p ; a12 Tð Þ ¼ ηb B1T þ B2−A1T−A2ð Þ
ε
D

ffiffiffiffiffi
ρ0

p ; a13 ¼ 1

d
ffiffiffiffiffi
ρ0

p

a14 ¼ kab
ffiffiffiffiffi
ρ0

p
; b11 ¼ Δþ dð ÞVnt

ΔdVD
ffiffiffiffiffi
ρ0

p ; b12 ¼
ε
D
h
TW

ffiffiffiffiffi
ρ0

p
γSFn0d

; b13 ¼
ε
D
h
TW

kab
ffiffiffiffiffi
ρ0

p
ρ0

γSFn0

8>>>><>>>>: :

ð15Þ

Here, temperature T is chosen as a bifurcation parameter to
discuss the effect of temperature on the nonlinear autonomous
dynamical system. Using the values in Table 1, the solutions
of Eq. (14) are plotted in Fig. 9. Periodic solutions appear in
phase plane at low temperature. The area of solutions de-
creases with increasing temperature. If temperature exceeds
a critical value, the solutions of Eq. (14) converge towards a
certain point. As shown in Fig. 9, there is a transition of solu-
tion stability. In order to reveal the stability of Eq. (14), the
equilibrium point is further calculated. The equilibrium pointbρ*; f *nt� �

for Eq. (14) is determined by:

Fig. 8 Comparisons of different
theoretical models for orthogonal
machining at liquid nitrogen
temperature
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a11 Tð Þ þ a12 Tð Þ f *nt−a13bρ*−a14 f *ntbρ*� �2

¼ 0

−b11 f *nt þ b12bρ* þ b13 f *ntbρ*� �2

¼ 0

:

8>>><>>>: ð16Þ

Solving Eq. (16) in the case of bρ≥1 and fnt ≥ 0, the equilib-
rium point is given:

bρ* ¼ −b12 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b212 þ 4b11b13 f *nt

� �3q
2b13 f *nt

� �2 :

f *nt ¼
a11b12

a13b11−a12b12

8>>>><>>>>: ð17Þ

In order to know the stability of Eq. (14), the Jacobian
matrix J for Eq. (14) is calculated at equilibrium point:

J ¼ −a13−2a14 f 2ntbρ a12−2a14bρ2 f nt
b12 þ 2b13 f 2ntbρ −b11 þ 2b13bρ2 f nt

24 35 bρ*; f *nt� �: ð18Þ

The eigenvalues of Jacobian matrix (18) are determined by
a second-order eigenvalue equation:

λ2 þ pλþ q ¼ 0; ð19Þ
where the polynomial coefficients are

p ¼ a13 þ b11 þ 2a14 f *nt
� �2bρ*−2b13 f *nt bρ*� �2

q ¼ a13b11−a12b12 þ 2 a14b11−a12b13ð Þ f *nt
� �2bρ* þ 2 a14b12−a13b13ð Þ f *nt bρ*� �2

8>>><>>>: :

ð20Þ

The stability of Eq. (14) is determined by two eigenvalues
(λ1, λ2) of Eq. (19).

Lemma 1 If p2 > 4q, then

When p > 0 and q > 0, all roots of Eq. (19) are negative.
The equilibrium point of Eq. (14) is stable node.
When p > 0 and q < 0, all roots of Eq. (19) are positive.
The equilibrium point of Eq. (14) is unstable node.
When q < 0, one of the roots of Eq. (19) is negative and
the other is positive. The equilibrium point of Eq. (14) is
saddle-node.

Lemma 2 If p2 < 4q, then

When p > 0, all roots of Eq. (19) have negative real parts.
The equilibrium point of Eq. (14) is stable focus.
When p < 0, all roots of Eq. (19) have positive real parts.
The equilibrium point of Eq. (14) is unstable focus.
When p = 0, Eq. (19) has a pair of purely imaginary
roots. The equilibrium point of Eq. (14) is center.

Fig. 9 Solutions of Eq. (14) at
different temperatures
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Lemma 3 If p2 = 4q, then

When p > 0, all roots of Eq. (19) are a pair of equal
negative real numbers. The equilibrium point of Eq.
(14) is stable critical node.
When p < 0, all roots of Eq. (19) are a pair of equal
positive real numbers. The equilibrium point of Eq. (14)
is unstable critical node.
When p = 0, all roots of Eq. (19) are zero. The equilibri-
um point of Eq. (14) is singularity.

Figure 10 shows the variations of p, q, and p2 − 4q with
increasing temperature. q is always greater than zero if tem-
perature ranges from 0 to 300 K. Both p and p2 − 4q increase
monotonously with the increasing temperature. As illustrated
in the inset of Fig. 10, there are two critical values, i.e., 89 K
and 157 K. If temperature is higher than 89 K, p is greater than
zero; otherwise, p is less than zero. 157 K is critical tempera-
ture to discriminate whether p2 is greater than 4q. The nonlin-
ear dynamics of the nonlinear autonomous dynamical system
is clearly exhibited in Fig. 11 by using Lemmas 1–3. The
stability of the solutions depends on the temperature. The
temperature range is divided into three parts by two critical
temperatures. One of the two critical temperatures is 89 K,
where the equilibrium point is center. The other is 157 K
where the equilibrium point is stable critical node. If the tem-
perature is less than 89 K, the solutions with an unstable focus
are obtained. In the case of T > 157 K, the solutions of the
nonlinear autonomous dynamical system is stable. As for the
temperature between 89 K and 157 K, the equilibrium point is

stable focus and the solutions can converge towards a stable
limit value.

Substituting the parameter values into Eq. (19), the varia-
tion of eigenvalue with increasing temperature is shown in
Fig. 12. When the temperature is higher than 157 K, both of
eigenvalues are real number. The eigenvalues are less than
zero, which indicates stable nonlinear dynamics. If the tem-
perature is less than 89 K, the eigenvalues are conjugate com-
plex numbers. The real part of the conjugate complex numbers
is positive; therefore, unstable nonlinear dynamics happens in
this case. For the temperature between 89 and 157 K, the
eigenvalues with negative real part mean that the deformation
in orthogonal cutting is stable. With the decreasing tempera-
ture, nonlinear dynamics of orthogonal cutting transforms
from stable to unstable. The temperature for this transition is
~ 89 K.

Figures 13, 14, and 15 show the calculated dynamical be-
haviors of orthogonal cutting at different temperatures.
According to the results in Figs. 13 and 14, dislocation density
and nanotwin volume fraction oscillate periodically at cryo-
genic cutting, and they gradually approach a fixed value with
the increasing temperature. Both the period and amplitude
decrease with increasing temperature. According to the trajec-
tories in Fig. 15, limit cycle appears in the phase space in
cryogenic cutting. Compared with Fig. 15a, higher tempera-
ture results in a smaller limit cycle (Fig. 15b). If the deforma-
tion temperature exceeds a certain temperature, the trajectory
approaches a fixed point (Fig. 15e, f). As for the moderate
temperature, the trajectory converges towards a stable limit
point (Fig. 15c, d). It is illustrated in Figs. 12 and 15 that there

Fig. 10 Variation of p, q, and p2

− 4q with the increasing
temperature
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are three dynamical behaviors during orthogonal cutting with
the increasing temperature. Periodic oscillation and limit cycle
happen in the case of the temperature less than 89 K. At the
temperature higher than 157 K, steady-state dislocation den-
sity and nanotwin volume fraction are achieved. As for tem-
perature between 89 and 157 K, solutions of Eq. (19) are
oscillations which decay in amplitude and converge towards
a stable limit point.

5.3 Application conditions

Combining the experimental results from the literatures [48,
59, 60] and the presented microstructural observations, the
rationality of the presented model is discussed under different
cutting conditions. Figure 16 shows the comparisons of

experiments and theoretical predictions under different cutting
speeds. The comparisons between experimental observations
and theoretical results under different cutting depths are illus-
trated in Fig. 17. It is found from Figs. 16 and 17 that the
theoretical predictions are in agreement with the experimental
observations; therefore, the proposed model is valid under
different cutting speeds and cutting depths.

Compared with the conventional coarse grained materials,
nanocrystalline (NC) or ultra-fine-grained (UFG) materials
possess much higher strength but poorer ductility [61]. The
ductility of NC or UFG materials can be improved by intro-
ducing nanotwins (NTs) [62, 63]. Machining as a method of
severe plastic deformation (SPD) has been proved to be an
effective technique for producing UFG or NTs in metallic
materials [48, 59, 60]. In order to promote the application of

Fig. 12 Variation of eigenvalue
with the increasing temperature

Fig. 11 Stability of solution at different temperatures
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machining technique in material science, the corresponding
theoretical model is required for guiding the selection of ma-
chining parameters. The analytical models onmachining UFG
metals have been built [32–34]. In this work, the analytical
model on NT evolution in the machining process was pro-
posed. The proposed analytical model can be used to predict
whether NTs could appear in materials under the given cutting
conditions. Therefore, the analytical model helps to select
suitable machining parameters for NTed material production.
In particular, the proposed model is only useful for the ma-
chining materials where NT is one of the deformation modes.

In this case, the analytical model can be used for parameter
selection during producing NTed materials under the desired
cutting conditions.

6 Concluding remarks

In this article, cryogenic orthogonal cutting copper and micro-
structural observations were implemented to comprehensively
understand the deformation behavior during cryogenic cut-
ting. The role of temperature was investigated by comparing

Fig. 13 Evolutions of dislocation density at different temperatures: a 50 K, b 77 K, c 90 K, d 100 K, e 200 K, f 300 K

Fig. 14 Evolutions of nanotwin volume fraction at different temperatures: a 50 K, b 77 K, c 90 K, d 100 K, e 200 K, f 300 K
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Fig. 16 Comparisons of
experiments and theoretical
predictions under different cutting
speeds

Fig. 15 Trajectories in the phase plane at different temperatures: a 50 K, b 77 K, c 90 K, d 100 K, e 200 K, f 300 K

3202 Int J Adv Manuf Technol (2020) 111:3189–3205



the experimental results and theoretical models. The underly-
ing mechanism in cryogenic cutting was revealed with proper
numerical calculations. The following conclusions can be
drawn.

(1) Compared with the cutting force in room temperature
cutting, periodic oscillation of cutting force happens dur-
ing cutting copper at liquid nitrogen temperature.
Microstrucutral observations illustrate that the formation
of nanotwins induces the periodic oscillation of cutting
force in cryogenic cutting.

(2) The conventional orthogonal cutting models without
considering the effect of nanotwins cannot capture the
oscillation of cutting force in cryogenic cutting. A new
nanotwin-based analytical model was proposed to pre-
dict dynamics in cryogenic orthogonal cutting. The ex-
perimental results validate the rationality of the new
model. For the prediction of crest, the relative errors of
shear-band-based model, fracture-based model, and the
new model are respectively 4.1%, 9.8%, and 1.1%. For
the prediction of trough, the relative errors of shear-
band-based model, fracture-based model, and the new
model are respectively 21.8%, 14.7%, and 1.7%.

(3) Based on the proposed model, numerical calculations
further reveal that the periodic oscillation of cutting force
in cryogenic cutting is a phenomenon of Hopf bifurca-
tion. The explicit formula is derived to determine the
stability of the cryogenic cutting. With the decreasing
cutting temperature, three distinguished dynamical be-
haviors are obtained in orthogonal cutting.
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