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Unraveling strongly entropic effect on β-relaxation in metallic glass: Insights from enhanced
atomistic samplings over experimentally relevant timescales
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The Johari-Goldstein secondary (β) relaxation is an intrinsic feature of glasses, which is crucial to many
properties of disordered materials. One puzzling feature of β-relaxation is its wide relaxation peak, which could
imply a critical role of entropy. Here we quantify the activation entropy related to the β-relaxation in metallic
glass via well-tempered metadynamics simulations. The activation free energy of the β-relaxation drastically
decreases with increasing temperature, indicating a strongly entropic effect that may contribute a multiplication
prefactor up to several orders of magnitude to the frequency. We further argue the entropic effect by linear
extrapolation of the temperature-dependent activation free energy to 0 K, which gives rise to activation energy, in
agreement with the barrier spectrum explored by the activation-relaxation technique. The entropic effect signifies
the multiplicity of activation pathways which agrees with the experimentally found wide frequency domain of
the β-relaxation.
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I. INTRODUCTION

While it is well known that the dynamic processes in
crystalline materials are accommodated by the motion of de-
fects like vacancy, dislocation, boundary, etc., such a scenario
breaks down in amorphous solids [1–4]. Since its discovery
half a century ago in rigid-molecule glasses, the Johari-
Goldstein β-relaxation [5], or the secondary relaxation, has
been an intriguing subject in the broad community of glass
physics and condensed-matter physics [6–11].

As the primary α-relaxation is frozen below the glass tran-
sition temperature, β-relaxation dominates the dynamics of
amorphous solids. It plays important roles in several dynamic
properties of metallic glasses (MGs), including relaxation
and aging [12], rejuvenation [13,14], and elastoviscoplas-
tic deformation [15–18], as well as α-relaxation [19], glass
transition [10,20,21], etc. However, the structural origin of
β-relaxation still remains elusive [22,23]. A prevalent phys-
ical mechanism of β-relaxation originates from the potential
energy landscape (PEL) theory [24], which regards it as lo-
cal barrier crossing events between neighboring basins. The
β-relaxation is also believed to be associated with the shear
transformation zone, as the β process involves rearrangement
of local atom groups [25–27].

The conventional wisdom of β-relaxation is from the depth
of local basins of the PEL [24] while omitting another im-
portant aspect—the width of the PEL, or the multiplicity of
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pathways in the sense of entropy [28–30]. Omitting entropy
is inadequate. It may lead to incomplete descriptions of β-
relaxation. For example, a single-barrier description cannot
be straightforwardly associated with the experimentally ob-
served wide frequency domain of β-relaxation spanning up
to five to six orders of magnitudes [7,8]. In contrast, there
are only two to three orders of magnitude in the frequency
of α-relaxation [12,31,32]. From a structural perspective,
the structural rearrangement is usually collective, which is
stabilized by configurational entropy via structural order-
ing [33]. Therefore, clarifying the role of entropy played in
β-relaxation is critical yet little touched.

Two challenges to understanding β-relaxation remain. One
is that in situ experimental observation is hindered by ex-
tremely fine spatiotemporal resolution requirement [2]. The
other is that the timescale of classic molecular dynamics (MD)
is several orders of magnitude shorter than that of experi-
ments [7,8]. Other saddle point exploration methods like the
activation-relaxation technique (ART) can enumerate possible
activation energies at 0 K [34–36] but miss the temperature
effect and hence the entropic contribution. Recently, slow dy-
namics simulations of the deformation and rheology of glass
under experimental conditions shed light on overcoming the
timescale limitation [37–39].

Here we conduct enhanced sampling of a local structural
excitation in Cu50Zr50 MG via well-tempered metadynamics
(WT-MetaD) simulations [40,41] at the experimentally rel-
evant temperature range of 200–450 K and experimentally
relevant timescales, which is usually a forbidden regime for
classic MD. A strongly entropic effect is uncovered via such
slow dynamics modelings, which may contribute a prefactor
of several orders of magnitude to the absolute frequency of
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β-relaxation. The origin of activation entropy is rationalized
in terms of the anharmonic feature of the local potential en-
ergy basin.

II. WELL-TEMPERED METADYNAMICS

We perform well-tempered metadynamics [40,41] sam-
plings via the COLVARS package [42] implemented in the
LAMMPS code on an archetypical binary Cu50Zr50 metal-
lic glass model containing 4000 atoms interacting with
the Finnis-Sinclair embedded-atom method empirical poten-
tial [43]. The glass is prepared by gradual quenching from
an equilibrium liquid at 2000 K to the targeted temperatures
with a cooling rate of 1010 K/s, plus a sub-Tg annealing at
700 K for 500 ns. The classic MD time step �t = 2 fs. MD
simulations are performed in an isothermal-isobaric ensem-
ble with periodic boundary conditions applied in all three
directions.

Then we switch to a canonical ensemble to perform the
well-tempered metadynamics in order to boost a rare event—
local structural excitation or β-relaxation—which usually
experiences essential nonaffine displacements. As such we
use the root-mean-square displacement (RMSD) of a group of
atoms with respect to their reference positions as the collective
variable (CV) to distinguish the energy minimum, saddle, and
final configurations, which is a crucial requisite of a physically
sound CV. The RMSD is formulated as

RMSD
({Xi(t )}, {Xref

i

})

=
√√√√ 1

N

N∑
i=1

∣∣U [Xi(t ) − Xcog(t )] − (
Xref

i − Xref
cog

)∣∣2
,

(1)

where N is the number of sampled atoms and U represents
an optimal rotation from the reference coordinates {Xref

i } to
the instantaneous positions {Xi(t )} at time t . Xcog(t ) and Xref

cog
are the corresponding centers of geometry. RMSD is a dis-
placement quantity that is similar to the nonaffine squared
displacement D2

min but easier to implement in metadynamics.
The bias potential �V is deposited every 1000 MD steps, with
a CV width of 0.35 Å. A fictive temperature �T = 2700 K is
used to decay the adding rate of the bias potential which starts
with Gaussian height from 0.002 to 0.03 eV, depending on the
depths of free-energy basins.

An example of WT-MetaD sampling of β-relaxation at
300 K is shown in Fig. 1. Figure 1(a) shows two jumps in the
CV trajectory besides thermal fluctuation. The first jump cor-
responds to a looplike motion, which is one of the basic mech-
anisms of β-relaxation [23]. Here we deem it the major event.
The second jump indicates a pair exchange. Reminiscence of
the bias potential [inset of Fig. 1(b)] reproduces the original
free-energy profile, from which the Helmholtz activation free
energy �F (T ) is estimated as the energy deference between
the initial minimum and saddle configuration at temperature
T . Local minima at 0.25 and 1.46 Å and a saddle point at 1.05
Å demonstrate the validity of RMSD as an effective CV in
describing β-relaxation.

FIG. 1. WT-MetaD sampling of β-relaxation. (a) Time evolution
of RMSD. The insets show the first two events, indicated by the
sudden jump in CV. Only the atoms with displacement larger than 2
Å are shown. Green and bronze spheres represent Zr and Cu atoms,
respectively. The arrows denote the displacement vectors. (b) Free-
energy profile versus RMSD. The inset shows the bias potential.

Then the frequency of β-relaxation is calculated according
to transition state theory (TST) [44],

ν = ν0 exp

(
−�F (T )

kBT

)
, (2)

where kB is Boltzmann’s constant. ν0 = 2 × 1012 Hz is an
attempt frequency derived as the curvature of the initial energy
minimum. Considering activation entropy �S, �F is further
expressed as

�F (T ) = �Q − T �S, (3)

with �Q being activation energy at T = 0 K and null pres-
sure.

In addition to metadynamics at finite temperature, the ex-
haustive exploration of possible saddle configurations of the
same group of atoms at 0 K is conducted with ART [34–36],
which is capable of highly efficient exploration of local activa-
tion events and deducing a complete distribution of activation
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energies. The details of ART calculations were reported in our
previous studies [45,46].

III. CONVERGENCE OF A FREE-ENERGY BARRIER
TO CLUSTER SIZE

Before extensive sampling of the free-energy profiles, there
is still a question left, which is how large the perturbed
atom cluster should be to represent a physically relevant β-
relaxation, as a local structural rearrangement may involve
a few to several hundred atoms, depending on the feature
of local structures [47]. To test the convergence of radial
distance, several cutoff radiuses of the boosted clusters are
chosen according to the characteristic positions of the radial
distribution function (RDF), as shown in Fig. 2(a). The arith-
metic free-energy barrier �F after 50 independent samplings
for each cluster size, and the effective frequency based on
Eq. (3) is shown in Fig. 2(b). Here we take the case of 300 K as
an example. The atom groups are centered on a Cu atom. Once
the cutoff distance is larger than 4.0 Å (including 12 atoms),
the frequency starts to increase sharply, which indicates the
artificial introduction of a soft mechanism other than the sur-
veyed local excitation. Therefore, we choose the atom group
with a cutoff distance of 4.0 Å in following the samplings.

IV. RESULTS

A. Temperature-dependent activation energy

The raw data and box-and-whisker plot of �F (300 K) are
summarized in Fig. 3(a) with respect to sampling numbers.
The mean value and standard deviation become stable after
50 samplings. By comparing the histograms after 50 and 100
samplings, shown in Figs. 3(b) and 3(c), we believe that 50
samplings capture the key features of barrier distribution.

For experimentally relevant temperatures ranging from 200
to 450 K, the histograms of �F are illustrated in Fig. 4(a).
Several features can be drawn from the distribution. First, the
distribution becomes narrower as temperature increases, indi-
cating reduced dynamic heterogeneity, which is in agreement
with the consensus from experiments. Second, the spectra
follow a log-normal distribution, which has been widely
assumed from theoretical perspectives [48,49] and verified
experimentally by the distribution of local plastic strains in
steels recently [50]. We report on the distribution of the free-
energy barrier at finite temperature, whereas the 0 K case is
what is usually discussed [47,49,51]. Last but not the least, the
distribution of activation free energy shifts to smaller values at
higher temperature, suggesting an entropic effect.

Yet mapping the spectrum to a physically sound mean-
field-sense effective �Feff is nontrivial. If one writes the
probability distribution function as P(�F ), then there are two
ways to extract a single-value barrier [49,52]. One is a parallel
mechanism where the total frequency is the summation of
individual frequencies (or probabilities), i.e., exp (− �F

kBT ) =∫ ∞
0 P(�F ) exp (− �F

kBT )d�F . Hence, the parallel single barrier

�Fpara = −kBT ln

[∫ ∞

0
P(�F ) exp

(
− �F

kBT

)
d�F

]
. (4)

FIG. 2. Dependence of frequency and activation free energy on
the size of perturbed atom groups. (a) RDF of the glass model. Sev-
eral characteristic positions are labeled. (b) The predicted frequency
as a function of the sampled cluster size. Once the cutoff distance is
larger than 4 Å (including 12 atoms), the frequency starts to increase
sharply, which indicates artificial introduction of a softer mechanism
other than the surveyed local structural excitation of looplike motion.
The insets denote the perturbed clusters along with their average
activation free energy.

The parallel mechanism assumes that low-barrier channels are
topologically connected and thus gives rise to a lower bound
of effective barrier, i.e., an upper bound of effective frequency.

The other is a sequential mechanism where the to-
tal time is the summation of individuals, i.e., exp ( �F

kBT ) =∫ ∞
0 P(�F ) exp ( �F

kBT )d�F , so that the sequential single bar-
rier

�Fseq = kBT ln

[∫ ∞

0
P(�F ) exp

(
�F

kBT

)
d�F

]
. (5)

The sequential mechanism assumes the activation channels
are interrupted by high-barrier walls and thus defines an upper
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FIG. 3. Convergence of activation free energy with respect to
sampling number. (a) Box-and-whisker plot of �F up to 100 sam-
plings. (b) and (c) Barrier spectra after 50 and 100 samplings,
respectively. The curves denote log-normal fits.

bound for the effective barrier and a lower bound for the
frequency.

The remaining problem is to assign an effective single
free-energy barrier that can be calibrated by experiments—the
frequency of β-relaxation. For a first approximation, we take
the effective activation free energy as the arithmetic mean of
parallel and sequential single barriers, i.e.,

�Feff = 1
2 (�Fpara + �Fseq). (6)

Finally, the temperature-dependent �F of different mech-
anisms are shown in Figs. 4(c)–4(e). The slope of the linear fit
yields activation entropy

�S = −∂�F (T )

∂T
. (7)

B. The role of activation free energy in β-relaxation

A strongly entropic effect of β-relaxation is noticed in
Figs. 4(c)–4(e). Quantitatively, �Spara = 5.8kB for the parallel
mechanism, �Sseq = 23.9kB for the sequential mechanism,
and �Seff = 14.8kB for the mixing mechanism. The combi-
nation of Eqs. (2) and (3) quantifies the role of activation
entropy, i.e.,

ν = ν0 exp

(
�S

kB

)
exp

(
− �Q

kBT

)
. (8)

With the estimated activation energy, we now have the
opportunity to quantitatively examine the role of activation
entropy in β-relaxation in MGs. First, activation entropy

FIG. 4. Temperature dependence of activation free energy.
(a) From top to bottom, the barrier spectra from 200 to 450 K. The
curves represent log-normal fits. A dashed curve across the panels
indicates decreased �F (T ) with increasing T . (b) Spectrum of acti-
vation energy at 0 K via ART. (c)–(e) Temperature-dependent barrier
by assuming a parallel mechanism �Fpara, sequential mechanism
�Fseq, and effective mechanism �Feff, respectively. The rhombus
symbol in (e) denotes ART data.

accelerates the β-relaxation frequency. For instance, the ef-
fective �Seff = 14.8kB contributes a multiplication factor
exp(�S/kB) of six orders of magnitude to the frequency.
Therefore, in the rate equation formulated by Eq. (2), besides
the conventional activation energy’s contribution, the activa-
tion energy term cannot be dismissed in the determination
of the frequency.

Next, the activation entropy indicates a collective nature of
β-relaxation. Here we find the entropic effect is pronounced
for the present looplike motion involving only four atoms.
For comparison, the activation entropy of a more collective
dislocation behavior in crystal is up to several tens of kB [53];
however, for the less collective lattice [54] or grain boundary
diffusion [55], the activation entropy is negligible or even
negative. Therefore, one may anticipate an even stronger
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entropic effect in a larger β-relaxation process involving tens
of atoms [47].

Then, the finite value of the activation entropy signifies the
multiplicity of activation pathways of a β event. Dynamic het-
erogeneity is frequently found in amorphous materials, which
is thought to be from the wide distribution of relaxation times
attributed to local structural heterogeneity. Here we further
clarify an entropic effect for a specific looplike event (i.e.,
the deformation pattern is fixed). Therefore, the multiplicity
nature of the relaxation pathways of local structural excita-
tions also leads to a spectrum of activation free energies. This
could be a hidden mechanism for the wide domain frequency
of β-relaxation in MGs.

Finally, the activation entropy implies the topological na-
ture of a local energy basin in the PEL of disordered materials.
If the local basin is anharmonic, the normal modes of the
inherent structures vary with temperature, contributing to dif-
ferent vibrational features and thus the entropic effect. The
origin of the entropic effect will be discussed further in the
remainder of the present work. Therefore, one may postulate
that the local topology of the energy basin may be a sig-
nature of the difficulty of β-relaxation. Strong anharmonicity
may be associated with a shallow basin.

C. Connection to experiment

To benchmark the WT-MetaD samplings and the validity
of activation entropy, we conduct an exhaustive exploration
of activation energies of the same group of atoms at 0 K
via ART. The histogram of 1000 ART explorations is dis-
played in Fig. 4(b). Figure 4(e) shows that the extrapolation
of �Feff(T ) to 0 K, which yields activation energy from
WT-MetaD samplings, is in good agreement with the average
activation energy 〈�Q〉 = 1.35 eV from ART.

Taking entropy into consideration, we have an opportunity
to compare enhanced sampling of β-relaxation with dynamic
mechanical spectroscopy (DMS) experiments. Figure 5 is
the Arrhenius plot of frequency against reciprocal tempera-
ture for both simulations and experimental MGs, including
La68.5Ni16Al16Co1.5 [17,27,56], Pd40Ni10Cu30P20 [57], and
the present experiment on Cu50Zr50. The metadynamics
samplings are in agreement with most of the experiments,
especially those measured in a similar temperature range
with simulations. The shaped regime bounded by the parallel
frequency νpara and sequential frequency νseq clearly demon-
strates the dynamical heterogeneity of β-relaxation, which is a
supplement to the single-barrier scenario of DMS experiment.

An interesting observation is from the direct comparison
of experimental and simulated frequencies of β-relaxation
in Cu50Zr50. In experiment, the mean-field activation energy
�Eβ = 1.41 ± 0.05 eV, which is from an apparent Arrhenius
relationship

f = f0 exp

(
−�Eβ

kBT

)
, (9)

where f is the frequency [namely, ν in Eq. (2)] and f0 is a
constant. Comparing Eqs. (8) and (9), one has �Eβ = �Q and
f0 = ν0 exp ( �S

kB
). The seemingly parallel Arrhenius lines for

Cu50Zr50 indicate that DMS and metadynamics coincidentally
have identical activation energies. In detail, metadynamics
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FIG. 5. Arrhenius plot of the occurring frequency of β-
relaxation from well-tempered metadynamics in comparison with
experimental data, including La68.5Ni16Al14Co1.5 [17,27,56] and
Pd40Ni10Cu30P20 [57] in the literature and Cu50Zr50 in the present
work.

predict �Q = 1.36 ± 0.03 eV, which indeed resembles the
experimental value �Eβ . They also match the ART data
〈�Q〉 = 1.35 eV. However, one cannot claim metadynam-
ics capture all features of experiment since simulations deal
with a specific form of activation, while DMS is an equiva-
lent expression with contribution from all possible forms of
excitations.

Nevertheless, the samplings do provide physical insight
into β-relaxation. The intercept of the Arrhenius fit gives
the activation entropy, ln ν0 + �S/kB. Following the above
strategy, surprising data �S � −kB for experimental Cu50Zr50

is derived via the intercept of the Arrhenius fit to the high-
temperature limit (red line in Fig. 5). In this case, there is
almost no entropic effect, in analogy to that of lattice diffusion
in crystal [54]. This is possibly attributed to the thermody-
namic conditions of DMS—high temperature near the glass
transition Tg = 695 K. For other glasses that are measured
at lower temperatures far below Tg, large activation entropy
emerges as metadynamics predicted.

V. DISCUSSION: ORIGIN OF ACTIVATION ENTROPY

In principle, the activation entropy arises from either the
vibrational or configurational entropy difference between the
saddle and minimum energy configurations. Since the mode
of structural rearrangement is fixed in the sampling, the
former contribution is the major factor. The physical mean-
ing of activation entropy is clear in the framework of TST,

which expresses ν0 exp ( �S
kB

) =
∏3N

i ωini
i (T )∏3N−1

i ωsad
i (T )

, where ωini
i (T )

and ωsad
i (T ) are the non-negative normal-mode frequencies

of the initial energy minimum and saddle point configura-
tions, respectively, of the surveyed inherent structure inherited
from the parental temperature TP (Fig. 6). If the shape of
the local energy basin is thoroughly harmonic, then the
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FIG. 6. Schematic illustration of the topological feature of PEL
in terms of the anharmonic effect.

temperature-independent ν0 already represents a good ap-
proximation of the attempting frequency. Thus, no activation
entropy exists. However, if strong anharmonic component ex-
ists in the local basin, thermal or saddle softening (smaller
ωsad

i ) occurs and gives rise to an entropic effect with a re-
markable magnitude of �S. Since the parental temperature
of metadynamics samples is low, an obvious entropic effect
exists which is consistent with the DMS measurement of
La-based glasses at relatively low temperature. However, the
local basins of the inherent structure of experimental CuZr
glass at around 600 K are possibly more harmonic; therefore,
the activation entropy is trivial.

We further explain the entropic effect of β-relaxation due
to anharmonicity of the local basin, which is schematically
displayed in Fig. 6. At low parental temperature TP where the
stable inherent structure is inherited, the local basin where
β-relaxation resides is strongly anharmonic. Therefore, the
normal-mode frequency is temperature dependent. As a result,
there is a vibrational entropic effect since vibrational frequen-
cies are affected by temperature at either the initial energy
minimum or the saddle state. However, for the inherent struc-
ture prepared at high parental temperature (e.g., a supercooled

liquid), the local basin has been well described by the har-
monic approximation, and therefore, the vibrational entropy
is negligible. The topological feature of the PEL in terms
of the harmonic approximated is verified by the WT-MetaD
samplings at ambient temperature and the DMS experiment at
high temperature.

Combining the metadynamics and experimental results in
Fig. 5 shows that the entropic effect of local excitation is large
in the deep glass state, while in the supercooled or liquid state,
the contribution of vibrational activation entropy vanishes. In
this regime, the configurational entropy fluctuation governs
the dynamics. This picture was verified recently by success-
ful separation of configurational and vibrational entropy in
glass-forming alloys with both an inelastic neutron scattering
experiment [58] and molecular dynamics [59,60].

VI. CONCLUSION

Overall, enhanced samplings over experimental timescales
exploit the spectrum of temperature-dependent activation free
energy for the β-relaxation in metallic glass. The free-energy
barrier distribution provides insight into the critical role of
activation entropy in the β-relaxation. The magnitude of ac-
tivation entropy is estimated to be more than 10kB, which
may contribute significantly, with a multiplication factor of
several orders of magnitude, to the absolute frequency. This
work also provides a theoretical basis for understanding why
the β-relaxation frequency domain in glasses is usually much
wider than that of α-relaxation. The entropic effect provides a
complementary view to the usual idea of β-relaxation from
an energetic perspective. It is a step toward understanding
the multiplicity of activation pathways, beyond the insight
of difficulty in activation. In other words, it initiates further
discussions on the nature of the local PEL width beyond the
current knowledge established from the saddle configuration
height on the PEL of disordered materials.
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