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Adhesion of biological cells is mediated by the specific binding of receptors and ligands which are

typically large proteins spanning through the plasma membranes of the contacting cells. The receptors

and ligands can exhibit affinity for nanoscale lipid clusters that form within the plasma membrane. A

central question is how these nanoscale lipid clusters physically affect and respond to the receptor–

ligand binding during cell adhesion. Within the framework of classical statistical mechanics we find that

the receptor–ligand binding reduces the threshold energy for lipid clusters to coalesce into mesoscale

domains by up to B50%, and that the formation of these domains induces significant cooperativity of

the receptor–ligand binding. The interplay between the receptor–ligand binding cooperativity and the lipid

domain formation manifests acute sensitivity of the membrane system to changes in control parameters.

This sensitivity can be crucial in cell signaling and immune responses.

1 Introduction

Adhesion of cell membranes is essential for many biological
processes (such as tissue formation, signal transduction, and
immune responses) and results from the specific binding of
membrane-anchored receptor and ligand proteins, as illu-
strated in Fig. 1a. This receptor–ligand binding is restricted
to the two-dimensional (2D) membrane interface. A central
quantity characterizing the binding is the equilibrium constant
K = [RL]/([R][L]) that involves the area concentrations of receptor–
ligand complexes [RL], free receptors [R], and free ligands [L].
Various techniques have been used to measure K.1–8 However, in
contrast to protein binding in solution, the receptor–ligand
binding at the membrane interface can be determined not only
by specific protein–protein interactions but also by physical

properties of the membranes.9–12 Moreover, if the binding is a
cooperative process, the value of K alone is insufficient to
quantify the binding equilibrium.

Cooperative binding of biomolecules is a common phenomenon.
Prominent examples include the cooperative binding of oxygen
molecules to hemoglobin13 and the cooperative binding of
calcium ions to calmodulin.14 Theoretical modeling,15–18 com-
puter simulations9,17,18 and recent experiments10,11 have shown
that the binding of membrane adhesion proteins can be a
cooperative process due to membrane-mediated interactions. A
physical picture is that the formation of the receptor–ligand
complexes suppresses fluctuations in the distance between the
two membranes which, in turn, facilitates formation of addi-
tional receptor–ligand complexes. The feedback between the
suppression of membrane fluctuations and the formation of
receptor–ligand complexes gives rise to cooperativity in the
process of receptor–ligand binding, which can be quantified
by the Hill coefficient nH defined as the slope of binding curves
in the Hill plot of log([RL]/[R]) versus log([L]). For flexible
membranes and typical concentrations of the receptor and
ligand proteins in cell adhesion zones, the membrane-
mediated binding cooperativity is reflected in a modified law
of mass action [RL] p [R]2[L]2.15,29

The membrane-mediated binding cooperativity has been
studied so far in model membranes with rather uniform lipid
distributions. Cell membranes, however, are multicomponent
and heterogeneous supramolecular systems, containing the
so-called lipid rafts, which are fluctuating nanoscale molecular
clusters enriched in sphingolipids and cholesterol.19–24 Lipid
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rafts have larger rigidity and hydrophobic thickness than the
membrane matrix. The surface area and length of protein
transmembrane domains as well as protein palmitoylation are
the major factors determining the affinity of membrane proteins
for lipid rafts.25 Interestingly, lipid rafts have been observed to
associate with adhesion receptors of immune system cells.26–30

For example, recent studies provide evidence for the role of lipid
rafts in B-cell receptor signaling and a plausible mechanism of
B-cell receptor activation via receptor clustering.31 Many impor-
tant questions about lipid rafts remain,22 e.g., how the inter-
cellular receptor–ligand binding influences the spatial
distribution of lipid rafts and how, in turn, the properties of
lipid rafts affect the binding affinity and cooperativity.

We use methods of classical statistical mechanics and
computational physics to study systems of adhering mem-
branes in which the receptor and ligand proteins have affinity
for lipid rafts, as illustrated in Fig. 1a. To capture the relevant
physics of such systems, we take into account several generic
phenomena, including (i) 2D diffusion of the membrane-
anchored receptor and ligand proteins, (ii) formation and
dissociation of the receptor–ligand complexes, (iii) diffusion,
coalescence and fission of lipid rafts, (iv) elastic deformations
of the two membranes, (v) the difference in bending rigidities
between the membrane matrix and lipid rafts, and (vi) the
affinity of the receptor and ligand proteins for lipid rafts. We
find that, in a biologically relevant range of model parameters,
the receptor–ligand binding can stabilize lipid rafts and make
them to coalesce and grow into mesoscopic domains. As the
domains are formed, the values of both K and nH increase

abruptly, indicating a significant amplification of both the
affinity and cooperativity of the receptor–ligand binding. The
interplay between the domain formation and the binding
amplification manifests acute sensitivity of the system to small
changes in such molecular factors as the lipid composition of
the membranes or the binding sites of the receptor and ligand
proteins. This sensitivity can be crucial in cell signaling,
especially in the context of immune system cells.

2 Model and methods

The adhesion of cell membranes involves multiple length
scales ranging from Angstroms (specific binding of the receptor
and ligand proteins) to micrometers (lateral size of a typical
adhesion zone). To deal with such complexity, it is necessary to
use simplified theoretical models and apply suitable approxi-
mations. We employ a modeling approach that has been widely
used to study both the equilibrium properties32–34 and the
dynamics35,36 of biomembranes. It is based on representing
membranes by 2D surfaces with the elastic energy given by the
Helfrich Hamiltonian,37 and then discretizing these surfaces
into ‘patches’ of linear size a larger than the membrane
thickness (Fig. 1b). The shapes of two apposing membranes
can be described in the Monge parameterization by their local
heights ho

i from a reference plane, where the superscript o = +, �
distinguishes the upper and lower membranes and the index i =
(ix,iy) labels sites on a 2D square lattice. To prevent the two
membranes from overlapping, one considers only configurations
with h+

i 4 h�i . For two tensionless membranes that have no

Fig. 1 Illustration of the system under study. (a) Cartoon of two membranes that adhere via receptor–ligand binding. Lipid rafts are shown in orange,
membrane-anchored receptors in blue, and membrane-anchored ligands in purple. (b) and (c) Two snapshots from Monte Carlo simulations of adhering
membranes. The roughness of the adhering membranes reflects thermal fluctuations. Lipid rafts, receptors and ligands are indicated by square patches
with the same color code as in panel (a). Each receptor or ligand occupies a single membrane patch and exhibits weak affinity for lipid rafts, as reflected
by colocalization of the blue and purple patches within the orange patches. One receptor only binds to one ligand if they are opposite each other and if
their distance is within the binding range. Both the adhesion proteins and lipid rafts diffuse laterally within the membranes. The snapshot in panel
(b) illustrates a homogeneous state in which many small rafts are distributed more-or-less uniformly in the membranes. The snapshot in panel
(c) illustrates a phase-separated state in which lipid rafts form stable mesoscale domains.
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spontaneous curvature, the bending energy is then given by32,33

Hme ¼
X

o¼þ;�

X
i

koi
2a2

Ddh
o
i

� �2
(1)

where ko
i is the bending rigidity of a patch of membrane o = +, �

at lattice site i, and Ddho
i is the discretized Laplacian of the height

field {ho
i }. We assume that ko

i = ko
r if the patch of membrane o at

lattice site i contains a lipid raft, and ko
i = ko

m otherwise.
The membrane-anchored receptor (R) and ligand (L) pro-

teins occupy single membrane patches and bind specifically to
form R–L complexes with 1 : 1 stoichiometry. The spatial dis-
tribution of R’s in the upper membrane is described by the
composition field {m+

i } with values m+
i = 0 or 1 indicating the

absence or presence of R at patch i. Likewise, {m�i } with values
m�i = 0 or 1 describes the spatial distribution of L’s in the lower
membrane. One R only binds one L if R and L are located at
opposite membrane patches and their distance li = h+

i � h�i is
within the binding range, i.e., lc � lb/2 o li o lc + lb/2, where lc

is the length of R–L complex and lb is the width of the binding
potential. The total energy of R–L complexes is15,32,33,38

HR�L ¼ �Ub

X
i

mþi m
�
i y

lb

2
� jli � lcj

� �
(2)

where y(� � �) is the Heaviside’s step function. We assume that
lb= 1 nm, lc= 15 nm,15,38 and the binding energy Ub is in the
range of 3 to 6 kBT.39,40

The spatial distribution of lipid rafts is described by the
composition fields {n+

i } and {n�i } with values no
i = 0 or 1

indicating, respectively, the absence or presence of lipid rafts
in membrane o = +, � at lattice site i. The association of
adhesion proteins with lipid rafts is taken into account by the
coupling energy39,41

Hr�p ¼ �Ua

X
i

nþi m
þ
i þ n�i m

�
i

� �
(3)

If R or L is moved from the membrane matrix to a lipid raft,
the energy of the system decreases by Ua, which captures the
affinity of R’s and L’s for lipid rafts. The raft-protein association
energy Ua is chosen to be between 3 and 4kBT so that the
protein concentration within lipid rafts is in the experimental
range of around 103 to 104 mm�2.42

By analogy to the 2D lattice-gas model, the propensity of
lipid rafts to coalesce is captured by a contact energy U between
the nearest-neighbor raft patches. The total raft-raft contact
energy is then41

Hr�r ¼ �U
X
hi;ji

nþi n
þ
j þ n�i n

�
j

� �
(4)

where the sum runs over all pairs of nearest-neighbor patches
hi, ji. This short-ranged attraction (U 4 0) drives the formation
of raft domains, whereas the entropy of the lattice-gas-type
system favors homogeneous states with many separate rafts.

The values of interaction parameters that enter eqn (2) and
(3) are based on available experimental data and earlier com-
putational studies.15,38–40,42 In contrast, the contact energy U
that enters eqn (4) is a variable in our model, which is varied

systematically in our numerical calculations and simulations
from 0 to U�0 , where U�0 is the contact energy of the 2D lattice-
gas model at the critical point.

The Hamiltonian of the membrane system, Had = Hme +
HR–L + Hr–p + Hr–r, is a sum of the energy contributions given
by eqn (1)–(4). The lattice spacing is taken to be a = 10 nm to
match the average exclusion radius of membrane proteins.43

Without loss of generality, we assume a symmetry of the two
membranes, i.e., (i) the area concentration of R’s in the upper
membrane is equal to the area concentration of L’s in the lower
membrane, cp ¼

P
i

mi
þ=a2 ¼

P
i

mi
�=a2; (ii) the area fraction of

raft patches is the same for the upper and lower membrane,
x ¼

P
i

nþi =N ¼
P
i

n�i
�
N, where N is the total number of patches

in each membrane; (iii) the two membranes have the same
bending rigidities kr = kr

+ = kr
� of the raft patches and km =

km
+ = km

� of the membrane matrices. In our Monte Carlo (MC)
simulations and mean field (MF) theory, cp is varied between
0 and 0.2a�2, which corresponds to a maximal concentration of
2000 mm�2;9 x is varied up to 0.3;44 and km attains the typical
value of 10kBT.9,39,40

We employed the MC method with the standard Metropolis
criterion to explore the equilibrium properties of the membrane
system. The system configuration was evolved via three types of trial
moves: (i) vertical displacements of membrane patches to capture
thermally-excited shape fluctuations of the membranes, (ii) lateral
translations of R’s and L’s to mimic their diffusion, and (iii) lateral
translations of raft patches. To prevent the two membranes from
overlapping, trial moves of type (i) leading to li o 0 were rejected.
The trial moves of type (i) led to variations in Hme and HR–L, type (ii)
in HR–L and Hr–p, and type (iii) in Hme, Hr–r and Hr–p. The
proportion of these trial moves in each MC sweep (MCS) was chosen
according to the physical timescales as in our earlier work.39

We performed the MC simulations in the canonical ensemble,
i.e., the number N of membrane patches, the protein concen-
tration cp, and the fraction x of raft patches were fixed in single
simulation runs. We applied periodic boundary conditions in the
x- and y-directions and simulated membranes with a size of up to
N = 100 � 100 patches, which corresponds the membrane area of
1 mm2. In each of the MC simulations, a relaxation run of 5 � 107

MCS was performed for thermal equilibration and a subsequent
run of 5 � 107 MCS for statistical sampling. The simulation
parameters were chosen according to existing literature data as
specified in preceding paragraphs. To reveal the influence of
membrane shape fluctuations and of bending rigidity contrast
between the membrane matrix and lipid rafts, we considered two
types of adhering membrane systems: (a) infinitely rigid and
planar membranes with kr = km= N and li = lc at any lattice site
i; (b) flexible and fluctuating membranes with different values of
the bending rigidity modulus, i.e., kr = km= 10kBT, kr = 3km =
30kBT, and kr = 5km = 50kBT. In the MC simulations of planar
membranes, the trial moves of type (i) were omitted in order to
totally suppress the membrane shape fluctuations.

To identify phase transitions in the membrane system, we
monitored how the heat capacity per lattice site, CV = (hHad

2i �
hHadi2)/(NkBT2), was changing when the model parameters were
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varied. The angular brackets h . . . i denote the ensemble average.
We also measured the R–L binding constant K = [RL]/([R][L]) by
simply computing the area concentration [RL] of the R–L com-
plexes, [R] of free R’s, and [L] of free L’s in the simulations.

We also used the mean field theory to explore the phase
behavior of the system under study. The mean field calculation
can be summarized as follows. Firstly, we introduce a grand-
canonical Hamiltonian, as given by eqn (S1) in the ESI,† and
perform all subsequent calculations in the grand-canonical
ensemble. Secondly, we apply the mean filed approximation to
the composition fields {n+

i } and {n�i }. Thirdly, by integrating out
the degrees of freedom of R’s and L’s in the grand-canonical
partition function, we map the model defined by eqn (1)–(4) onto
a model of two homogeneous membranes interacting via an
effective potential as described by eqn (S5) and (S6) in the ESI.†
Fourthly, we derive a self-consistent equation for free-energy
minima, see eqn (S9) in the ESI.† Next, we use MC simulations to
determine the contact probability Pb of the homogeneous mem-
branes, which is a quantity that enters eqn (S9) (ESI†). In the case
of planar membranes, we set Pb = 1. Finally, we solve the self-
consistent equation numerically to identify phase transition
points and critical points.

3 Results and discussion
3.1 Receptor–ligand binding induces formation of membrane
domains

Monte Carlo simulations of the lattice model show that for
relatively small contact energies, U, the system is homogeneous

with many small rafts distributed more-or-less uniformly in the
membranes (Fig. 1b), whereas at sufficiently large values of U
the system is phase separated with rafts forming stable mesos-
cale domains (Fig. 1c). To explore the phase behavior of the
system, it is constructive to consider first a limiting case of
planar and infinitely rigid membranes (kr = km = N) without
R’s and L’s (cp = 0). In this limit, the membrane model reduces
to the 2D lattice-gas model whose phase behavior is described
by the exact solution of the 2D Ising model on the square
lattice.45 The phase separation can take place only above
the critical point, i.e., at U4U�0 , where the critical contact

energy U�0 ¼ 2 ln 1þ
ffiffiffi
2
p� �

kBT . Within the MF theory, however,
U�0 ¼ kBT .

The flexibility of the adhering membranes as well as the
presence of the R’s and L’s that associate with lipid rafts modify
the phase behavior of the system. Fig. 2a–c show MC simula-
tion results for three membrane systems with different bending
rigidities kr and km. In each of the three systems, the area
concentration of adhesion proteins cp = 500 mm�2, the fraction
of raft patches x = 0.2, the R–L binding energy Ub = 6kBT, and
the protein-raft association energy Ua = 3kBT. The triangles
show the heat capacity per lattice site, CV, as a function of
contact energy U. We identify the maxima in the CV versus U
plots with phase transition points (vertical dashed lines).
Importantly, the transitions from homogeneous to separated
phases occur in each of the three system at contact energies
UoU�0 , which indicates that the adhesion of membranes
induces phase separation. The dots show the binding constant,
K, as a function of U. Interestingly, K increases abruptly in the

Fig. 2 Phase behavior of the adhering membranes with the R–L binding energy Ub = 6kBT and the protein-raft association energy Ua = 3kBT. Bending
rigidities of the membrane matrix km and lipid rafts kr are specified in each panel. (a)–(c) Heat capacity CV (triangles) and binding constant K (dots) versus
contact energy U as obtained from MC simulations with protein concentration cp = 500 mm�2 and raft area fraction x = 0.2. The vertical dashed lines indicate
the location of maximum CV, which determines the phase transition points. (d) Phase diagram in the (cp, U) coordinates for x = 0.2. The regimes
corresponding to the homogeneous and phase-separated membrane states are indicated. The dots indicate the phase transition points determined in the
MC simulations from the CV versus U plots as in panels (a)–(c). The lines show the MF calculation results. (e) Critical contact energy U* and (f) critical raft area
fraction x* versus cp. The lines show predictions of the MF theory and the dots indicate the MC simulation results. The color code is as in panel (d).
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vicinity of the phase transition points, implying an interplay
between the R–L binding and the phase transition.

3.2 Flexibility of membranes and rigidity of lipid rafts
facilitate the formation of membrane domains

The simulation data in Fig. 2a–c show that the phase transition
point shifts from U ¼ 0:88U�0 for infinitely rigid membranes
(kr = km = N, Fig. 2a) to U ¼ 0:81U�0 for flexible membranes
with uniform bending rigidity (kr = km = 10kBT, Fig. 2b) to U ¼
0:71U�0 for flexible membranes with bending rigidity contrast
between the membrane matrix and lipid rafts (kr = 5km = 50kBT,
Fig. 2c). These results indicate that the R–L binding together
with the association of R’s and L’s with lipid rafts shift the
phase transition point below U�0 . Membrane fluctuations and
an increased rigidity of lipid rafts further decrease the value of
contact energy U at which the phase transition occurs.

In the case of flexible membranes, the formation of R–L
complexes suppresses membrane fluctuations and induces an
effective, membrane-mediated, lateral attraction between the
R–L complexes.16,46,47 This lateral attraction acting between the
raft-associated R–L complexes promotes coalescence of lipid
rafts.41 In the case of planar and infinitely rigid membranes, in
contrast, the formation of R–L complexes obviously does not
impose any restrictions on membrane conformations and,
thus, there is no membrane-mediated, lateral attraction
between the raft-associated R–L complexes. Therefore, phase
separation in the fluctuating membrane system (Fig. 2b) can
take place at smaller contact energies U than in the planar
membrane system (Fig. 2a). Membrane fluctuations induce also
long-ranged attraction between lipid rafts that are more rigid
than the membrane matrix.48–50 These fluctuation-induced
attractive interactions give rise to clustering and coalescence
of lipid rafts, which explains why the bending rigidity contrast,
kr 4 km, facilitates the phase separation (Fig. 2c).

To explore the phase behavior further, we performed sys-
tematic MC simulations with cp ranging from 0 to 2000 mm�2,
U
�
U�0 between 0.4 and 1.2, and x in the range from 0 to 0.3. We

identified the phase transitions based on the Cv versus U plots,
as illustrated in Fig. 2a–c. The resulting phase diagrams in the
(cp, U) coordinates for x = 0.2, Ub = 6kBT and Ua = 3kBT are shown
in Fig. 2d. By comparing the results obtained for infinitely rigid
membranes (kr = km = N; black dots) and flexible membranes
(kr = km = 10kBT; blue dots) we conclude that membrane
flexibility and fluctuations lower the values of U at which the
phase transitions occur. This effect is qualitatively confirmed by
the MF calculations (black and blue lines). For the sake of
comparing the MC and MF phase diagrams in Fig. 2d, we rescale

U by U�0 ¼ 2 ln 1þ
ffiffiffi
2
p� �

kBT for the MC data and by U�0 ¼ kBT

for the MF results. Analogous phase diagrams for other values of
x, Ub and Ua are shown in Fig. S3a–c and S4a–c (ESI†).

It can be also seen in Fig. 2d that as the rigidity of lipid rafts
increases from kr = km = 10kBT (blue dots) to kr = 3km = 30kBT
(green dots) to kr = 5km = 50kBT (red dots), the phase transitions
take place at successively smaller values of contact energy U.
This tendency is observed over a range of parameters cp and x

examined in the MC simulations (phase diagrams for other
values of x, Ub and Ua are displayed in Figs. S1, S3a–c and S4a–c,
ESI†). Therefore, the R–L binding together with the contrast
between kr and km facilitate the coalescence of lipid rafts into
mesoscopic domains.

In addition to the phase diagrams in the (cp, U) coordinates
(Fig. 2d and Fig. S1a–b, S3a–c, S4a–c, ESI†), we also constructed
phase diagrams in the (x, U) coordinates (an example is shown
in Fig. S2, ESI†) where we found two lines of transition points
meeting at the critical point (x*,U*). The phase diagrams in the
(x, U) coordinates are in fact analogous to classical binary
mixture phase diagrams in the coordinates of mole fraction
and inverse temperature. We determined the critical points
(x*,U*) for protein concentrations cp ranging up to 2000 mm2

and for different rigidities kr and km. Fig. 2e and f show,
respectively, U* and x* as functions of cp for Ub = 6kBT, Ua =
3kBT and different rigidities kr and km. Analogous depen-
dencies of U* on cp for other values of Ub and Ua are shown
in Figs. S3d and S4d (ESI†). The results of MC simulations
(dots) show that U* decreases with cp and that U* can be
reduced by up to B50% relative to U�0 for flexible membranes
with a substantial contrast between kr and km (red dots). The
MF theory (solid lines) gives the right trend but underestimates
the reduction in U* because it does not fully accounts for
thermal fluctuations in the membrane system. The dependence
of x* on cp is non-monotonic and x* can be much smaller than
0.5 due to the R–L binding (Fig. 2f). For infinitely rigid
membranes (kr = km = N) and flexible membranes with no
bending rigidity contrast (kr = km = 10kBT), the MF results are in
good agreement with the MC simulations. The results pre-
sented in Fig. 2e and f indicate that, in a biologically relevant
range of parameters, changes in protein concentration or lipid
composition can bring the system to criticality.

3.3 Association of adhesion proteins with lipid rafts increases
both affinity and cooperativity of the receptor–ligand binding

As indicated already in Fig. 2a–c, the binding constant K
increases abruptly when the membrane system undergoes the
phase transition. We performed extensive MC simulations to
explore how K depends on U for various choices of parameters
x, Ua, Ub, kr and km. The simulation results are presented in
Fig. 3 and Fig. S5, S6 (ESI†). They all show clearly that the rapid
increase in K coincides with the phase transition, regardless of
the specific values of model parameters. The binding constant
K therefore represents a general indicator of the phase transi-
tion in the system under study. Moreover, the rapid increase in
K indicates cooperativity of the R–L binding.

To quantify the R–L binding cooperativity, we produced the
Hill plots by varying the area concentration cp of R’s and L’s up
to 2000 mm�2. Fig. 4 shows the plots of log([RL]/[R]) versus
log([L]) for Ub = 6kBT, Ua = 3kBT and different values of raft
fraction x, contact energy U and bending rigidities kr and km.
The resulting values of the Hill coefficient nH for each data set
are indicated in Fig. 4. A reference line is provided by the Hill
plot for infinitely rigid and planar membranes without lipid
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rafts (gray points). In this limiting case (kr = km = N and x = 0),
both the MF theory (gray squares) and the MC simulations (gray
dots) yield nH = 1, which means no binding cooperativity, as
expected. Another reference line is provided by the Hill plot for

flexible membranes without lipid rafts (light blue points). In
this special case (kr = km = 10kBT and x = 0), both the MF theory
(light blue squares) and the MC simulations (light blue dots)
lead to nH = 3, consistent with the modified law of mass action

Fig. 3 Binding constant K as a function of contact energy U as obtained from MC simulations with Ub = 6kBT, Ua = 3kBT, cp = 500 mm�2, and x = 0.1 (a),
0.2 (b), and 0.3 (c). Different colors correspond to different combinations of bending rigidities kr and km, as specified in panel (a). The vertical dashed lines
in different colors indicate the locations of maximum CV, as in Fig. 2a–c, for the corresponding membrane systems.

Fig. 4 Hill plots for the R–L binding. The contact energy U and area fraction x of lipid rafts are indicated in each panel. The data points marked as dots
and squares were obtained, respectively, from MC simulations and MF calculations with Ub = 6kBT and Ua = 3kBT. The different colors indicate different
combinations of bending rigidities kr and km, as denoted in panel (a). The filled and open dots correspond to homogeneous and phase-separated
membranes, respectively. Solid lines represent linear fits to the MC data points; their slopes are indicated and equal to the values of the Hill coefficient nH.
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[RL] p [R]2[L]2 for the binding of R’s and L’s anchored to
flexible and homogeneous membranes.9,15 Indeed, since the
total number of R’s is equal to the total number of L’s in the MC
simulations, and R’s bind L’s in 1 : 1 stoichiometry, the area
concentrations of free R’s and free L’s are equal, [R] = [L]. The
modified law of mass action, [RL] p [R]2[L]2, implies then [RL]/
[R] p [L]3, leading to nH = 3.

The presence of lipid rafts (x 4 0 and U 4 0) results in an
increase of the Hill coefficient (gray versus black points and
light blue versus dark blue points in Fig. 4). At U ¼ 0:5U�0 , no
phase separation occurs in the system (Fig. 2d) and the values
of nH remain constant as [L] is varied at fixed values of x, kr and
km (Fig. 4a and b). For infinitely rigid membranes (black dots),
the values of nH remain close to 1 as the area fraction of lipid
raft is increased up to x = 0.3. However, for flexible membranes
(red, green and dark blue dots), nH takes values larger than 3
and increases with x. Moreover, increasing the bending rigidity
of lipid rafts from kr = km = 10kBT (blue dots) to kr = 3km = 30kBT
(green dots) to kr = 5km = 50kBT (red dots) leads to successive
increase of nH. Taken together, these results indicate that
colocalization of R’s and L’s with lipid rafts facilitates the
formation of additional R–L complexes around the ones already
formed, whereas the effective, membrane-mediated attraction
between rigid rafts with kr 4 km further enhances the R–L
binding cooperativity.

At U ¼ 0:7U�0 , the phase separation can occur if the area
concentration of R’s and L’s is sufficiently large (Fig. 2d). As
shown in Fig. 4c and d, the transitions from homogeneous
(filled dots) to separated (open dots) phases involve about one
order-of-magnitude increase in nH. To rule out finite size
effects, we performed MC simulations of smaller membranes
with 60 � 60 lattice sites and obtained identical results (Fig. S7,
ESI†). The decrease in the slope for the last few data points in
Fig. 4c (red, green and dark blue) arises from the fact that, at
small fractions x and large concentrations cp, the rafts cannot
accommodate more proteins, leading to a decrease in K as
illustrated in Fig. S8 (ESI†).

4 Conclusions

We performed MC simulations and MF calculations to explore
collective and cooperative phenomena in systems of adhering
membranes in which the receptor (R) and ligand (L) proteins
have affinity for lipid rafts (Fig. 1). Our results show that the
R–L binding can induce coalescence of lipid rafts into mesoscale
domains (Fig. 1c). The mechanism for the formation of these
membrane domains involves collective, fluctuation-induced,
membrane-mediated interactions between the R–L complexes.
We quantified how the domain formation is influenced by
different physical properties of the membrane system, includ-
ing (i) flexibility of the membranes, (ii) propensity of lipid rafts
to coalesce, (iii) the amount of lipid rafts in the membranes, (iv)
the area concentration of R’s and L’s, (v) the strength of R–L
binding, and (vi) the affinity of the R’s and L’s for lipid rafts
(Fig. 2 and Fig. S1–S4, ESI†). Our results reveal that a key factor

that facilitates the domain formation is the contrast in bending
rigidities between the membrane matrix and lipid rafts.

Our results show also that the affinity of R–L binding
increases dramatically when phase separation occurs in the
system (Fig. 2a–c, 3 and Fig. S5, S6, ESI†). This effect can be
explained as follows. When lipid rafts coalesce into mesoscopic
domains, the area concentration of R’s and L’s in these
domains is significantly larger than in the homogeneous mem-
branes prior to the domain formation. This effective increase in
concentrations of R’s and L’s amplifies the R–L binding rate,
which in turn elevates the apparent binding constant. In
addition, aggregation of R’s and L’s in the domains smoothens
out the membranes locally, which facilitates the cooperative
binding of the adhesion receptors to their ligands. Importantly,
the amplification of binding affinity caused by the aggregation
of R’s and L’s within the raft-type domains is consistent with
experimental observations, namely, that lipid rafts control the
desmosome assembly and the strength of cell adhesion,51 and
that the lateral organization of lipids in endothelial cell
membranes modulates integrin adhesion, nascent adhesion
formation, and cell migration.52

The results of MC simulations show also that the cooperativity
of R–L binding is increased by association of R’s and L’s with lipid
rafts (Fig. 4 and Fig. S7, ESI†). The cooperativity of R–L binding
results from three distinct processes: (i) association of R’s and
L’s with lipid rafts exhibiting propensity for coalescence, (ii)
fluctuation-induced, long-ranged, attractive interactions
between lipid rafts with bending rigidity kr larger than rigidity
km of the membrane matrix,48–50 and (iii) suppression of
membrane fluctuations due to the formation of R–L complexes,
which facilitates the R–L binding.9,10,15 The former process is
predominant when lipid rafts form mesoscale domains, which
coincides with aggregation of R’s and L’s within these domains.
The cooperativity of R–L binding is then most significant, as
indicated by large values of the Hill coefficient ranging up to
80 in the MC simulations (Fig. 4).

The observed interplay between the formation of mesoscale
membrane domains and the amplification of the affinity and
cooperativity of the R–L binding displays acute sensitivity of the
membrane system to changes in such parameters as the amount
of raft-favoring lipids in the membranes or the concentration of
adhesion receptors, which can be actively tuned in diverse cellular
processes. Our studies quantify how the collective and cooperative
phenomena occurring in the model system depend on the
bending rigidities of the membrane matrix and lipid rafts, which
gives us a hint on how intercellular contacts can be influenced by
the flexibility of cell membranes, which can be modulated by such
microenvironmental factors as the acidity of tumors.10

The mesoscale model used in this study takes into account
several generic features of cell membranes. However, it cannot
capture molecular properties of specific receptor and ligand
proteins, which is a relevant limitation of the current study.
To overcome this limitation in future studies, one may use a
multi-scale approach in which a specific receptor–ligand
complex is simulated in molecular details and the resulting data
are taken as input to simulations of the mesoscale model.10
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Another limitation of the lattice model is an underlying
assumption that the total area of lipid rafts is a fixed quantity.
We note that this assumption does not have to be fulfilled
exactly when lipid rafts coalesce to form mesoscopic domains
upon membrane adhesion. This limitation of the lattice model
obviously does not pertain to molecular dynamics simulations
which, however, would be extremely time-consuming and chal-
lenging when used to explore adhesion of micrometer-size
membranes as studied here.
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