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High efficient and quiet propulsion of flying and swimming animals promotes the 
investigations on acoustic scattering and flow-induced noise. One challenge for aero/hydro-
acoustic simulation is the treatment on complex and moving solid boundaries, with retaining 
high-order accuracy. In this paper, a sharp interface immersed boundary method (IBM) was 
implemented in both fluid dynamics and aero/hydro-acoustics, within a hybrid approach. The 
hybrid approach combined a high-fidelity DNS solver for flow field and a low-dispersion, low-
dissipation acoustic solver, with optimized computational aeroacoustic schemes, using the 
acoustic perturbation equations (APEs). A series of benchmark problems on aeroacoustic 
propagation and scattering acoustic fields with a cylinder or sphere scatterer were computed 
to validate the accuracy and boundary condition treatments of the acoustic solver, in two 
dimension and three dimension. Following this, the flow field and flow-induced noise of flow 
past a stationary cylinder, with Reynolds number 200 was presented. With the hybrid 
approach proposed in the paper, the potential for dealing with bio-inspired problems in flying 
and swimming animals is indicated. 

Keywords: acoustic perturbation equations, immersed boundary method, acoustic scattering, flow-induced noise 

I. Introduction 
 Flying and swimming animals with propulsion of high efficiency and quietness promote the 

investigations on acoustic scattering and flow-induced sound. Through two decades and recently, many 
works have been done on the hydro/aero-dynamics inspired by fast and efficient propulsion, in flying and 
swimming [1, 2], specified fish fins [3, 4] and bird/insect wing [5, 6]. However, the study on aero/hydro-
dynamic noise has received less attention. The studies on acoustic scattering and flow-induced noise 
problems play an important role in underwater navigation system and ocean acoustics. Besides, the studies 
of flow-induced noise can be applied to the design of quiet underwater vehicles and bio-inspired robots. 

The theoretical method [7, 8], experimental measurement [9-11] and numerical simulation [12-20] 
were used to investigate the acoustic scattering and flow-induced noise in previous studies. Comparing with 
the former two methods, numerical simulation has its particular advantages on multiple aspects, such as 
parametric study and mechanism research. Currently, the numerical techniques of acoustic simulation 
including direct numerical simulation (DNS) [14, 17] and hybrid method, later is widely applied due to the 
high cost of DNS [21]. The hybrid method can be mainly classed into acoustic analogy method [18-20], 
linearized Euler Equations (LEEs) [16, 22] and hydrodynamic/acoustic splitting approach [12, 13, 23, 24]. 
Comparing with acoustic analogy method, the other two methods could obtain the noise source information 
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and consider the convection and refraction effects of a non-uniform flow field, which is more suitable for 
mechanism analysis of sound generation and propagation. 

In previous researches, Hardin and Pope [12] proposed an acoustic/viscous splitting technique for the 
numerical analysis of aerodynamic noise generation and validate the approach by the oscillating sphere and 
sound generation by flow over a two-dimensional cavity. Bailly and Juve [22] studied the acoustic 
propagation problems by solving LEEs with various source terms and compared with analytical solutions 
to check accuracy of numerical simulations. In order to suppress the instability of LEEs from entropy and 
vorticity waves, Ewert and Schröder [13] formulated a family of acoustic perturbation equations for the 
simulation of flow-induced acoustic fields and predicted the trailing edge noise [25] by this method. Seo 
and Mittal [26] studied the acoustic wave scattering and low-Mach number flow-induced sound by solving 
linearized perturbed compressible equations (LPCEs) with immersed boundary method (IBM). This method 
was then applied to study the effect of wing flexibility on sound generation of flapping wings [27]. 

From aforementioned references, researches in aeroacoustics have seen been renewed activity in recent 
years. However, one challenge of acoustic simulation is the boundary treatment, especially for complex and 
moving boundary. The unstructured grids and overset grids are two methods that can be applied to deal 
with this condition. Unstructured grids are difficult to extend to high-order accuracy and overset grids 
method usually require high order interpolation and large data exchange. An important method to deal with 
complex geometry and moving boundary in computational fluid dynamics (CFD) is immersed boundary 
method. These methods have been successfully applied to solve CFD problems with complex geometry and 
moving boundary. 

In this work, the main work is concerned with a unique combination of APEs with immersed boundary 
method treatment and its numerical implementation to simulate the acoustic scattering and flow-induced 
noise problems. The APE system [13] is used to solve acoustic field based on flow field, with proper 
optimized computational aeroacoustic (CAA) schemes and techniques. The sharp interface immersed 
boundary method is used to in both the CFD and CAA solver. Benchmark two-dimensional and three-
dimensional problems in acoustic scattering are shown in order to test the present acoustic code. Following 
this, the flow-induced noise of flow past cylinder is computed and compared with reference solutions. An 
outline of the chapters is as follows. Sec. II describes the detailed computational method including 
governing equations, numerical methodology and boundary treatment. In Sec. III, a series of cases were 
shown. Firstly, the validation cases of CAA solver are presented. Secondly, the flow-induced noise of a 
cylinder was simulated to test the present hybrid CFD/CAA approaches. The summary is given in Sec. IV. 

II. Computational method 

A. Governing equations 
In this paper, a hybrid method is applied to simulate the fluid and acoustic field, the flow field is first 

simulated to obtain the acoustic sources, then the acoustic field is computed by solving acoustic equations. 
The governing equation for fluid is incompressible Navier-Stokes equations, written in a vector form as, 

∇ ∙ 𝑼 = 0  (1) 

𝜕𝑼

𝜕𝑡
+ (𝑼 ∙ ∇)𝑼 = −

1

𝜌଴

∇𝑃 + 𝜈଴𝛻ଶ𝑼  (2) 

where 𝜌଴ , 𝑼, P are the incompressible flow density, velocity vector and pressure. 𝜈଴  is the kinematic 
viscosity of fluid.  

The acoustic perturbation equation (APE) system is applied to solve the acoustic variables based on 
incompressible flow field. It is shown [13] that the excitation of instabilities in global unstable mean flows 
is prevented due to the properties of the APE system. The governing equations can be written in a vector 
form as, 
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𝜕𝒖ୟ

𝜕𝑡
+ ∇(𝒖ഥ ∙ 𝒖ୟ) + ∇ ቆ

𝑝ᇱ

ρത
ቇ = 𝑺௠௢௠  (3) 

𝜕𝑝ᇱ

𝜕𝑡
+ 𝑐̅ଶ∇ ∙ (ρത𝒖ୟ + 𝒖ഥ

𝑝ᇱ

𝑐̅ଶ
) = 𝑆௖௢௡௧   (4) 

where 𝑝 is the fluid pressure, 𝜌 is the density of the fluid, 𝒖 is the fluid velocity, 𝑐 is the speed of sound, 
𝒖ୟ is an irrotational acoustic perturbation. Primed quantities denote perturbation quantities, while the bar 
symbol denotes time-average of flow quantities. The right-hand terms  𝑆௖௢௡௧ and 𝑺௠௢௠ are respectively 
acoustic sources in the continuity and momentum equation(s). The left-hand sides of APE system describe 
the wave propagation and refraction in a non-uniform mean flow. For the low-Mach number flow noise 
problems, when entropy effects are discarded and only vortex sound is considered, the major source term 
is ∇𝑃ᇱ/𝜌଴ [13], where 𝑃ᇱ = 𝑃 − 𝑃ത is the incompressible perturbation pressure, and  𝜌଴ is the constant mean 
flow density. 

B. Numerical methodology 
A second-order central difference based on sharp interface immersed boundary method solver [28] is 

employed to solve the incompressible Navier-Stokes equations, this method has been successfully applied 
in solving bio-inspired problems [3, 4] and internal flow problems [29], the detailed numerical can be found 
in reference [28].  

For acoustic simulation, the governing equations are discretized with a high order finite-difference 
method. The spatial discretization is calculated with the fourth order (seven-point stencil) dispersion-
relation-preserving (DRP) scheme [30], the back DRP schemes are applied near the solid boundary and 
domain boundary [31]. In order to filter out spurious high-frequency grid-to-grid oscillations, the standard 
10th-order filters using 11-point stencils [32] is applied in the interior region and the size of the stencil is 
decreased to 3, 5 or 7points at the boundary. Temporal integration is carried out with the six-stage low 
dispersion–dissipation Runge–Kutta (LddRK6) scheme [33]. For non-reflecting boundary condition at the 
domain boundary, the radiation conditions proposed by Tam and Dong [34] and developed for 3D geometry 
by C. Bogey [35] are used.  

As the flow is assumed to be inviscid for acoustic simulation, the slip boundary conditions are used 
on the solid wall: 

𝜕𝜌ᇱ

𝜕𝑛
= 0,

𝜕𝑝ᇱ

𝜕𝑛
= 0, 𝒖ᇱ ∙ 𝒏 = 0  (5) 

where n is the unit wall-normal vector, and the initial conditions are 𝜌ᇱ = 0, 𝒖ᇱ = 𝟎 and 𝑝ᇱ = 𝑝଴
ᇱ . At the 

solid walls, one ghost point is used to satisfy the slip conditions in Equations 5. 

C. Immersed boundary treatment 
In this paper, both flow field and acoustic field boundary use the immersed boundary treatment based 

on ghost cells [28]. The treatment is described as follows. Firstly, the domain cells are classified as fluid 
cells, solid cells and ghost cells. The solid cells are the cells inside the solid body and fluid cells are outside 
the body. The ghost cells are defined as cells inside the solid body but has at least one neighbor fluid cell. 
Then a line segment is extended from the ghost cell into the fluid cell and intersects normal to the solid 
boundary. The position of image point is defined that the boundary intercept is midway between the ghost-
cell and the image-point, as shown in Fig. 1. The variables on the image point are then computed by 
bilinear/trilinear interpolation from surrounding fluid nodes. The values on the ghost cell then can be easily 
obtained by no slip boundary conditions for flow field and slip boundary conditions for acoustic simulation. 
The detailed boundary treatment can be found in reference [28]. 
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Fig.1 Schematic of the solid boundary treatment 

III. Results and Discussion 

In this section, the acoustic propagation in the free field and two benchmark problems in acoustic 
scattering are considered and compared with analytical solutions to test the present acoustic code and 
boundary treatment. A non-dimensional analysis is used to describe the unknown variables, the equations 
are non-dimensionalized by reference length l, the sound speed 𝑐଴ and the ambient density 𝜌଴. The time 
and pressure are non-dimensionalized with l/𝑐଴ and 𝜌଴𝑐଴

ଶ. 

A. Acoustic propagation in the free field 

In this case, the propagation of a two-dimensional Gaussian pulse in a uniform mean flow (Ma = 0.5) 
[36] is computed to test the numerical schemes and the far field non-reflecting boundary conditions. The 
computational domain is −50  (x, y) 50 and an artificial acoustic pulse is put in the center of the domain 
x = y = 0 with initial conditions: 

2 2

2
 = exp (ln2) ,  0

3

x y
p u v

      
 

 (6) 

The APEs are solved on a 100  100 uniform mesh with dx = dy = 1.0, and the time step is 0.5 with 
CFL-number is 0.75. The instantaneous pressure contours and pressure perturbations along y = 0 at t = 30, 
50 and 100 are presented in Fig. 2(a)-2(f). Results show that the pulse is propagating in all directions at a 
velocity equal to the sum of the sound speed and of the flow velocity. When the wave arrives at the right 
domain boundary (Fig. 2a), up and down boundary (Fig. 2b) and left boundary (Fig. 2c) the pulse leaves 
the computational domain without noticeable reflections. Pressure perturbations along y = 0 at 
corresponding time agrees well with analytical solutions, indicating the numerical schemes and radiation 
boundary conditions are well realized. 

 

Fluid point 

Image point 

Solid boundary   

Ghost point   

Solid point  

(a)   

 
(b)   

 
(c)   
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Fig. 2 Pressure perturbation contours at (a) t = 30, (b) t = 50, (c) t = 100 and corresponding pressure 
perturbation along y axis at (d) t = 30, (e) t =50 (f) t = 100 

The uniform grid with dx = dy = 1.0, 0.5, 0.25 and 0.125 are used to test the grid convergence. The 
time step is set as 0.005 to minimize the effects of time on the solution. The L2 norm error is defined as: 

2

1

1
 2 ( ' ' )

N
ana num
n n

n

L p p
N 

   (7) 

where 'ana
np  and 'num

np  are the analytical and numerical pressure perturbations at point n, N is the number 

of grids. The errors at t = 30 are presented in Fig. 3, results show that the convergence rate of the simulations 
are about 4.0, which is the order of DRP scheme.  

 
Fig. 3 Convergence curve of pressure perturbation. 

B. Acoustic wave scattering by a circular cylinder 

The second example is a two-dimensional acoustic wave scattered by a rigid circular cylinder [26, 37]. 
This case is used to test the effectiveness of immersed boundary method on solid boundaries by comparing 
with analytical solutions. A circular cylinder with diameter equal to 1 (reference length) is put in the center 
of domain, and the acoustic source is defined by a time harmonic Gaussian monopole source: 

 
2 2

2

( 4)
exp ln 2 sin(8 )

0.2con

x y
S t

  
  

 
 (8) 
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The simulation is carried out with a uniform mesh 𝛥𝑥 = 𝛥𝑦 = 0.01 and time step is 0.25. The total 
mesh is 1200  1200, and the computational domain is   −6  (x, y)  6. The pressure perturbation contour 
at the time of t = 42 is presented in Fig. 4(a) and the directivities, which are the root mean square (RMS) of 
acoustic pressure in the time-periodic state, at r = 0.55 and r = 5 are plotted along with the analytical solution 
[37] in Fig. 4(b) and 4(c). The figure clearly demonstrates the interference pattern between emitting acoustic 
wave and scattering wave from the cylinder. Besides, the directivities at two positions both are 
corresponding well with analytical solutions, indicating the treatment on solid boundaries is accurately 
demonstrated. 

 
(a) 

 
       (b)                                                                                   (c) 

Fig. 4 Pressure perturbation contour (a) at t = 40. Directivity of analytical and present solutions at r 
= 0.55 (b) and at r = 5 (c). 

C. Acoustic wave scattering by a sphere 

To test the numerical method on dealing with three-dimensional problems, the acoustic wave 
scattering by a stationary sphere [26, 38, 39] is simulated in this part. A sphere with diameter D = 1 is 
placed at the center of coordinate (0, 0, 0), and a periodic monopole Gaussian source is given by: 

   
2 2 2

2

4
exp  (ln 2)   sin 6

0.2cont

x y z
S t

   
  

  
  (9) 

In order to minimize the computational mesh, a set of non-uniform Cartesian grids are applied in this 
case. A uniform grid is still applied in the center of domain to capture the solid boundary, and stretching 
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mesh is used away from solid. However, it should be mentioned that the maximum mesh grid cannot larger 
than the acoustic resolution limit, which means there must be at least 6-8 mesh per wavelength for DRP 
scheme. For this case, the minimum uniform grid size near the boundary is set as 0.012 and the stretching 
ratio is set as 1.02. In order to keep the accuracy of DRP scheme, uniform grid is used when grid size 
increases to 0.04, which is about 8.3 points per wave length (PPW) for this case. The total grids are 431  
281  281 and the computation domain is about −6.4  x  6.4, −3.2  (y, z)  3.2. The time step is set as 
0.006. The snapshot of pressure perturbation field at t = 24 and the directivity at r = 2 on z = 0 section are 
shown in Fig. 5(a) and 5(b), good agreements are presented with the analytical solution [39], indicating that 
the present methods have quite good performance for three-dimensional case. Besides, results also show 
that the non-uniform grid is effectiveness in the code, which has great potential to deal with complex 
geometry problems. 

 

(a)                                                                        (b) 

Fig. 5 (a) Pressure perturbation contour at t = 24. (b) Directivity at r = 2 on z = 0 section. 

D. Flow-induces noise of flow past a circular cylinder 

All the acoustic sources of previous cases are artificial sources and the flow field is uniform for the 
first case. In this part, a real flow-induced noise problem is presented. The flow field is first simulated by 
incompressible DNS solver, with the sharp interface immersed boundary method [28], and the time-average 
flow and acoustic sources at every iteration are input into APEs. Both reference lengths for flow and 
acoustic simulation are cylinder diameter D. The Reynolds number based on cylinder diameter is 200 and 
the Mach number is 0.2 [26]. For the presented case, the same Cartesian grid is applied for flow and acoustic 
field. However, two grids can be different considering different requirements between flow field and 
acoustic simulation, and the mesh interpolation is necessary under this condition. The minimum uniform 
grid with dx = dy = 0.015D is used around the cylinder and stretching grid with 1.03 ratio is applied outside 
the uniform domain, the computational grids are shown in Figure 6. The total grids are 512×512 and the 
computation domain is about 0 ≤ (x, y) ≤ 104D. The time step of flow simulation is 0.005D/U∞, as the non-
dimensional time for flow field and acoustic field is different, the time step for acoustic simulation is 
0.005D/C∞, which is one fifth of flow time step. The acoustic sources at each acoustic iteration is computed 
by linear interpolation between two adjacent flow time steps. 
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         (a)                                               (b) 

Fig. 6 (a) Computational grids of flow and acoustic simulation. (b) Densified grids around the cylinder. 

The drag coefficient and lift coefficient time history are presented in Fig. 7, which are match well with 
reference solutions [26]. The vorticity field computed by incompressible flow solver behind the cylinder is 
presented in Fig. 8(a), where a clear von Kármán vortex street is observed in the cylinder wake. Besides, 
Fig. 8(b) shows the instantaneous acoustic pressure field, a dipole source caused by the periodic vortex 
shedding can be seen in the figure. The wavelength is about 25D, which is the expected wavelength based 
on vortex shedding frequency. 

 
                                              (a)                                                                     (b) 

Fig. 7 Time histories of drag (a) and lift (b) coefficients. 
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                                                       (a)                                                                    (b) 

Fig. 8 (a) The vorticity field of the flow. (b) Instantaneous acoustic field. 

IV. Summary 
In this paper, the sharp interface immersed boundary method is implemented to deal with acoustic scattering and 

flow-induced noise problems, within a hybrid computational aeroacoustic approach. An incompressible direct 
numerical simulation solver is first used to compute the flow field. The APEs are then solved based on sources from 
flow field to obtain the acoustic field. Both solid boundaries are treated by a sharp interface IBM based on a ghost-
point method. The acoustic code and numerical scheme have been validated by a Gaussian acoustic propagation 
problem. Besides, two benchmark acoustic scattering problems was used to validate the effectiveness IBM on two- 
and three-dimensional problems. Finally, a realized flow-induced noise of flow past a cylinder was computed, the 
wake vortex and acoustic field were simulated to validate the numerical method. More cases with moving boundaries 
are being worked on, which show essential potentials of the present methods. 
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