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Abstract The knowledge of crack type and dislocation orientation is helpful for the lifetime pre-

diction of thin plates on aircrafts. The moment-tensor inversion utilizes the Acoustic Emission (AE)

signals to detect cracks and the source mechanisms can be interpreted by the decomposition of

moment tensors. Since the traditional moment-tensor inversion is implemented for the AE sources

inside infinite elastic bodies, the inversion needs to be modified for the cracks in thin plates. In this

study, the moment tensors of cracks in thin plates are derived and the inversion equation is pro-

vided based on the Green’s function of second kind. A method of modifying the moment tensors

to adapt to the existing decomposition processes and source-type plots is provided. By employing

the Finite Element Method (FEM), the wave fields generated by the AE sources are computed. The

AE sources continuously changing from pure tensile type (Model I) to shear type (Model II) are

achieved in the FE models and the moment tensors are recovered. By the comparison between

the reference values and recovered solutions, the source type can be accurately identified in the

source-type plot and the applicability of the moment-tensor inversion for cracks in thin plates is

confirmed.
� 2020 Chinese Society of Aeronautics and Astronautics. Production and hosting by Elsevier Ltd. This is

an open access article under the CCBY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The structure on aircrafts is subjected to fatigue in their service

lives and the application of cyclic load causes fatigue cracks to
initiate and advance. The structure healthy monitoring is
extremely important for predicting the remaining fatigue life

of aircraft structure.1,2 Aircraft metallic structures can be
inspected by many methods, such as visual inspection, radiog-
raphy,3 eddy current testing,4 optical and ultrasonic method.5
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Fig. 1 Model of a crack.
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However, these methods require the aircraft to be taken out of
service and can be quite time consuming.6 Consequently, a
method of real-time nondestructive monitoring is needed.

The Acoustic Emission (AE) monitoring is a convenient
method for a quick and continuous inspection of the structures
with possible cracks. It can nondestructively detect crack

growth in metals7–9 and has been applied in many structures,
such as wind turbine blade,10 steel bridge11 and aircraft.12

The parameters used to assess the remaining fatigue life of

structures can be obtained by the AE analysis and include
crack length, crack growth rate and stress intensity.11 The prin-
ciple of AE monitoring is to establish the relationships between
the crack parameters and AE parameters, which can be cumu-

lative events, hits, duration, average frequency and rise
time.9,13 Because each material has its own crack growth
behavior, the establishment of these relationships requires

the studies of different representative constructions and can
be quite miscellaneous and toilsome. In addition, the tradi-
tional AE monitoring can hardly provide the exact informa-

tion of dislocation orientations and crack types, which are
quite useful for life monitoring. Specifically, during fatigue
crack growth, the transition between the tensile and shear

modes can be evident, especially in thin sheet material.14,15

However, the crack growth behavior to the tensile mode is dif-
ferent from that to the shear mode16,17 and specific propaga-
tion criteria are needed for each mode. Consequently,

identifying crack types is valuable for the prediction on fatigue
crack growth and estimation of fatigue life. In addition, crack
types are related to some factors, such as loading types14 and

environment.18 The knowledge of crack types can help to
assess the working conditions of structures.

For identifying the dislocation orientations and types of

cracks, the moment-tensor inversion can be introduced. The
moment-tensor inversion uses the radiation pattern of AE
waves to identify the crack type19 and the corresponding inver-

sion equation is only dependent on the parameters of materi-
als.20 Compared with the traditional AE monitoring method,
the moment-tensor inversion can provide explicit geometric
descriptions of cracks and the interpretation of source mecha-

nisms. The moment-tensor inversion is originally used to inter-
pret the source mechanisms of earthquakes21–23 and has also
been applied to the AE monitoring in rocks.24–26 A moment

tensor contains 9 components, in which 6 components are
independent and each one represents a moment.20 The
moment tensor can be computed by the amplitudes of AE

waves obtained by sensors. For physically interpreting source
mechanisms, the decompositions and source-type plots of
moment tensors were studied.27–29 In the traditional applica-
tions of the moment-tensor inversion, body waves30,31 are

more commonly used, because its expression is quite simple.
It is proved that the reliability of the moment-tensor inversion
is independent of the absolute size of the model.32 which means

the moment-tensor inversion can be applied to small
structures.

The traditional moment-tensor formulas are only suitable

for the cracks inside elastic bodies, such as micro-
earthquakes33,34 and AE events in rocks.26 However, on the
aircraft, thin plates are quite common12 and the cracks in thin

plates can be a form of penetration.35 Ohtsu et al.36 investi-
gated the moment-tensor inversion in two-dimension models,
but the cracks in this study were still regarded as point sources
inside the body and different from the penetrating cracks. Fur-
thermore, the waveform in thin plates is different from body
waves, which means the inversion equation needs some modi-
fications. In this study, we derive the moment tensors of the

cracks in thin plates and modify the inversion equation. In
addition, a method is proposed to adapt the moment tensors
of the cracks in thin plates to the existing decompositions

and source-type plot. The numerical models of crack opening
are established and the AE wave fields are computed. The
moment-tensor inversion is applied to the numerical tests for

validating its performance and effectiveness.

2. Formulas

2.1. Moment tensor of cracks in thin plates

According to Aki and Richards,20 AE waves due to the dis-
placement discontinuity on crack surface are represented by
the integral representation as:

unðx; tÞ ¼R ½ui�vjcijpq � Gnp;qdR ð1Þ
where un(x, t) is the nth component of the waveform at posi-

tion x, t is the time, [ui] represents the relative displacement
between the two crack surfaces. vj is the component of the nor-
mal vector to the crack surface (as shown in Fig. 1). [u] is the
relative dislocation vector of the crack surfaces. v is the normal

vector to the crack surface.
cijpq are the elastic parameters of the medium and represent

the linear relationship of Eq. (2). sij is the component of stress

tensor and epq is the component of strain tensor. Gnp,q is the
Green’s function of second kind and

P
is the crack surface.

sij ¼ cijpqepq ð2Þ

Since [ui]vjcijpq has a dimension of moment per unit area, the
component of moment density tensor is defined as:

mpq ¼ ui½ �vjcijpq ð3Þ
Then Eq. (1) can be simplified as:

unðx; tÞ ¼R mpq � Gnp;qdR ð4Þ

In engineering applications, the sizes of sources are always
much smaller than wavelengths, then the sources can be
regarded as points and the moment-tensor component can be

written as:

Mpq ¼ ui½ �vjcijpqS ð5Þ

where S is the crack size. Moment-tensor components have the
dimension of moment.
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Based on Eq. (5), a crack is transformed to a group of
equivalent forces acting at the position of the crack. The
dynamic response of the group of forces is the same as that

of the crack opening. Every two forces in the group form a
couple or a vector dipole with forces and arm in the same
direction. Nine couples and vector dipoles can be obtained

and the corresponding values are orderly arranged as a
moment tensor. Then, the inversion for crack parameters is
transformed to the inversion for moment tensors, because

the elastic waves induced by crack opening can be easily
expressed in terms of moment tensors according to the Green’s
function of second kind.20 In other words, moment tensors and
the elastic waves induced by crack opening are mainly deter-

mined by the global dislocations of crack surfaces. Moment
tensors can be regarded as the mathematical expressions of
cracks and indicators of the stress fields around cracks.19

Moreover, explicit dislocation orientations and crack types
can be obtained by further decomposition of moment tensors27

and help to evaluate the fatigue life.

In thin plates, the crack with a form of penetration is quite
common (as shown in Fig. 2).

Considering the plate is very thin, it is logical to assume

that the crack surface is vertical to the plate and the displace-
ment of the element on the crack surface is unchanged with
thickness. In other words, the normal vector to the crack sur-
face and the dislocation vector of the crack surface are located

in the plane. Then the thin plate can be regarded as a plane-
stress model and the elastic constants are expressed as:

C ¼
4l kþlð Þ
kþ2l

2lk
kþ2l 0

2lk
kþ2l

4l kþlð Þ
kþ2l 0

0 0 l

2
664

3
775 ð6Þ

where k and l are the Lame’s constants. The moment-

tensor components M11, M12, M21 and M22, which represent
the in-plane couples and vector dipoles, can be calculated by
Eqs.- and the other 5 components are zero according to the

plane-stress hypothesis. The moment tensor of cracks in thin
plates can be written as:

M ¼
M11 M12 0

M21 M22 0

0 0 0

2
64

3
75 ð7Þ

It should be noted that the moment tensor M is symmetri-
cal and M12 =M21. Consequently, three of the four non-zero
components are independent and need to be solved.
Fig. 2 Crack i
2.2. Moment-tensor inversion for cracks in thin plates

Actually, it is difficult to solve for the displacement set up by a
unidirectional point body force acting with time-varying mag-
nitude at a fixed point in thin plates. Consequently, referring to

the Green’s function of second kind in unbounded media, we
are concerned about the in-plane part of the three-
dimensional radiation pattern and hope that it can character
the spatial dependence of the amplitudes of AE first motions.

According to the analysis in Section 2.1, only three indepen-
dent components need to be solved and the other six can be
computed by the three components. Consequently, at least

three sensors are needed for the inversion of one AE source.
Each sensor can provide an equation containing three
unknown moment-tensor components as follows:

AnðxÞ ¼ Cs � rnffiffiffiffi
R

p � ½ r1 r2 �
M11 M12

M12 M22

� �
� r1

r2

� �
ð8Þ

where, An(x) is the amplitude of the first motion of AE sig-
nal at x. Cs is the physical coefficient containing sensor sensi-
tivity. R is source-sensor distance. rn is the direction cosine

from the source to the sensor. Then a linear algorithm contain-
ing at least three equations is obtained and can be written as:

A ¼ Gm ð9Þ
where A is a vector containing the amplitudes of first

motions. G is a matrix determined by the Green’s function
and the positions of sensors. m denotes the moment tensors
in vector format. This equation can be solved by the least-

squares method:22

m ¼ ðGTGÞ�1
GTA ð10Þ

In thin plates, the waveform changes from spherical wave

to cylindrical wave, then the waves attenuate as R�1/2, in which
R is the propagation distance. In addition, the dispersion of
waves is ignored in the inversion, because only the first motion
of AE waves is used in the inversion. This simplification has no

influence on the moment-tensor inversion, which can be vali-
dated in the numerical tests.

2.3. Decomposition of moment tensor

After the moment tensor of a crack is obtained, the orientation
of dislocation and type of source can be calculated by the

decomposition of the moment tensor. The principle of the
decomposition is to restructure the moment tensor to a combi-
n thin plate.



Fig. 3 Source-type plot determined by relative scale factors of

ISO, DC and CLVD [27].
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nation of the three basic sources: the Isotropic (ISO), Double-
Couple (DC) and Compensated Linear Vector Dipole (CLVD)
sources. The source type can be clarified by the proportions of

the three sources in moment tensors and the dislocation orien-
tation can be calculated by the eigenvectors of moment ten-
sors. However, in thin plates, the basic sources of ISO and

CLVD do not exist, because the out-of-plane motion of the
crack surface is zero. In addition, the physical mechanisms
of the eigenvalues and eigenvectors of the moment tensor are

different between the cracks in thin plates and those in
unbounded media. For the cracks in unbounded media, the
methods of moment-tensor decomposition and source-type
interpretation are very complete and mature. It will be quite

beneficial to modify the moment tensors of cracks in thin
plates to adapt to the existing methods.

Here, the method of modification is provided and the

moment tensor of Eq. (7) can be transformed to the corre-
sponding form that can be processed. Based on the difference
of the tensile axis, the moment-tensor components should be

multiplied by different coefficients, which can be obtained by
the comparison of the elastic constants between unbounded
media and thin plates. The modification is written as:

Mt ¼

aM11 M12 0

M21 abM22 0

0 0 abM22

2
64

3
75 M11j j > M22j j

M11 M12 0

M21 M22 0

0 0 M22

2
64

3
75 M11j j ¼ M22j j

abM11 M12 0

M21 aM22 0

0 0 abM11

2
64

3
75 M11j j < M22j j

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð11Þ

where a and b are two constants and defined as:

a ¼ 1
4

ðkþ2lÞ2
lðkþlÞ

b ¼ 2ðkþlÞ
kþ2l

8<
: ð12Þ

By the modification of Eq. (11), the moment tensors of

cracks in thin plates are transformed to the corresponding
forms that can be processed. Then the dislocation orientation
and source type can be calculated by the existing formulas,
which have been studied in detail.27,37

For computing the dislocation orientation of the crack sur-
face, themoment tensorMt canbedecomposedusingeigenvalues
and anorthonormal basis of eigenvectors in the followingway:37

Mt ¼ M1e1e1 þM2e2e2 þM3e3e3 ð13Þ
where M1 �M2 � M3, and vector e1, e2 and e3 define the T

(tensile), N (intermediate or neutral) and P (pressure) axes,
respectively. The dislocation and normal vectors of the crack

surface can be computed by Eq. (14).

v ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
M1�M2

M1�M3

q
e1 þ

ffiffiffiffiffiffiffiffiffiffiffiffi
M3�M2

M3�M1

q
e3

ud ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
M1�M2

M1�M3

q
e1 �

ffiffiffiffiffiffiffiffiffiffiffiffi
M3�M2

M3�M1

q
e3

8><
>: ð14Þ

where ud is the dislocation orientation and defined as ud =
[u]/|[u]|. For interpreting the source type, the moment tensor
Mt can be diagonalized and restructured into a combination

of three basic sources: ISO, DC and CLVD as follows:
Mt ¼ MISOEISO þMDCEDC þMCLVDECLVD ð15Þ
where EISO, EDC and ECLVD are the ISO, DC and CLVD

elementary tensors.27 Then the relative scale factors CISO,

CDC and CCLVD are defined as:

CISO

CDC

CCLVD

2
64

3
75 ¼ 1

M

MISO

MDC

MCLVD

2
64

3
75 ð16Þ

where M is defined as:

M ¼ MISOj j þ MDCj j þ MCLVDj j ð17Þ
Based on the relative scale factors, the positions of sources

can be located in Fig. 3,27 which is called the diamond CLVD-
ISO plot and put forward by Vavryčuk,27 and the source type
can be determined visually.

3. Numerical tests

3.1. Models

In order to illustrate the effectiveness of the moment-tensor

inversion for cracks in thin plates, we study a group of cracks,
which the normal vector v is unchanged and the dislocation
vector [u] is continuously changing (as shown in Fig. 4). The

wave fields induced by those cracks are needed for verifying
the inversion approach proposed in this study. In laboratory
environment, crack types are dependent on various factors14,18

and different crack types with specific dislocation orientations
are complicated to generate. Thus the Finite Element Method
(FEM) is used in this study to compute the wave fields induced
by crack opening.

In Fig. 4, h is the angle between the normal vector v and dis-
location vector [u]. The normal vector v is unchanged and the
angle h changes from 0� to 90�, then the crack type changes

from pure tensile (Mode I) to shear (Mode II). Although the
dislocation type near a crack tip can be affected by many fac-



Fig. 4 Cracks with unchanged normal vector v and various

dislocation vector [u].

Table 1 Material parameters in FE models.

Parameter Elastic module Poisson ratio Density

Value 70 GPa 0.27 2700 kg/m3

Fig. 6 Configuration of source-time function.
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tors, such as grain shapes, sizes and deformation levels, the

elastic waves induced by crack opening are mainly dependent
on the global dislocations of crack surfaces.20,36 Consequently,
in FE models, the opening of cracks can be achieved simply by

the time-dependent forces acting on the crack surfaces (as
shown in Fig. 5 (a)). As long as the dislocations of crack sur-
faces in FE models are the same as those of real cracks, the

elastic waves computed by FEM are reliable and the complex-
ity of crack tips can be ignored in FE models. In addition,
more proper parameters will be set for FEM to ensure the cor-
rectness of the simulation.

The thickness of the plate is 0.01 m and the length of the
plate is 2 m. 4 sensors locate on the top surface of the plate
and the distance Rs is 0.7 m (as shown in Fig. 5 (b)), which

can avoid the effect of the wave reflection by the boundary.
In the synthetic tests, the thin plate is a 3-D FE model,

rather than a plane-stress model. The material of the thin plate

is aluminum and the material parameters are listed in Table 1.
The opening state of crack surfaces can be described by the

source-time function. A representative source-time function is
expressed according to Ohtsu30 as:

Sf tð Þ ¼
t
Tr
� 2

3p sin
2pt
Tr

� �
þ 1

12p sin
4pt
Tr

� �
t < Tr

1 t P Tr

(
ð18Þ

where Tr is the rise time. The configuration of the source-time

function is shown in Fig. 6.
In the FE models, the crack opening is induced by the

forces, thus the time-dependent forces can be expressed as:

F tð Þ ¼ FA � Sf tð Þ ð19Þ
Fig. 5 AE source in FE models and relative
where FA is the amplitude of the force and determines the
degree of crack opening. According to Cai et al.,38 the domi-

nant frequency of AE waves is about 105 Hz, then the value
of Tr is 10

�5 s.
Because the moment-tensor inversion is dependent on the

relative amplitudes of elastic waves in different directions,
the accuracy of inversion solutions is very sensitive to the
directional dependence of errors. Consequently, the plate is

meshed by pentahedral elements, which can almost remove
the directional dependence of numerical error.39

For the FEM of simulating wave propagation, the accuracy
of numerical solutions is dependent on the time and spatial dis-

cretization.40 For the stability of FEM, the time step is
required to be less than the time of wave passing through an
element.41 In the FE models, the time step is 1.5 � 10�7 s

and the shortest time of waves passing through an element is
about 3.5 � 10�7 s. In addition, for suppressing the effect of
numerical dispersion caused by spatial discretization, 15 ele-

ments are contained within one wavelength, then the maxi-
positions between AE source and sensors.



Fig. 8 Source-type plot of cracks changing from pure tensile

(Mode I) type to shear (Mode II) type. Each triangle represents a

source and the source type can be determined by the position of

the triangle.
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mum dispersion error is less than 0.5%.39 These measures can
ensure the correctness of the wave-propagation simulation.

Based on the same way of achieving crack opening, time-

and spatial-discretization criteria as above, the FEM was used
to compute the wave fields induced by the cracks inside
unbounded media.42 In unbounded media, the Green’s func-

tion of second kind can accurately describe the wave fields
induced by crack opening. The wave fields computed by the
FEM are in good agreements with the theoretical solutions,

which are computed by the Green’s function of second kind.
The maximum inversion errors of the moment tensors recov-
ered by the FE solutions are less than 3%, which can ensure
the reliability of FEM. Although the shape of thin plates is dif-

ferent from that of unbounded media, the way of achieving
crack opening, time- and spatial-discretization criteria are the
same. It is logical that FEM is still reliable in this study. Con-

sequently, in this study, the FE solutions are regarded as the
reference values to verify the accuracy of the simplified Green’s
function for thin plates.

3.2. Results

Because the moment-tensor inversion bases on the difference

of wave amplitudes in different directions to identify crack
types, it is more distinct to compare the wave amplitudes
between the derived results and reference values, and the
graphs showing the change of wave amplitudes in space are

called radiation patterns. According to Eq. (1), any crack
can be decomposed into a tensile (Mode I) and a shear (Mode
II) cracks, which are two basic types and independent of each

other.27 Consequently, the comparative patterns of Mode I
and II cracks are sufficient to verify the derived results for
any general condition with combined Mode I and II cracks.

The radiation patterns of pure tensile (Mode I) and shear
(Mode II) cracks with unit amplitudes are plotted in Fig. 7.

As stated in Section 2.2, the Green’s function in thin plates

is simplified from the Green’s function in unbounded media. In
Fig. 7, the radiation patterns of the reference values (repre-
sented by the asterisks) is the same as these of the derived
results (represented by the solid lines), which indicates that

the simplified Green’s function is applicable to the moment-
tensor inversion for cracks in thin plates and the moment ten-
sor can be recovered by Eq. (8). In order to illustrate the source
Fig. 7 Comparison of radiation patterns between the reference values

shear (Mode II) cracks are involved.
type visually, the source-type plot based on the modification
and decomposition of moment tensors is shown in Fig. 8.
The moment tensors are recovered based on the synthetic

waveforms.
As shown in Fig. 8, the decomposition of the moment ten-

sors modified by Eq. (11) can accurately indicate the source

types, which are visually illustrated by the corresponding posi-
tions of the triangles. Originally, the moment-tensor inversion
for cracks in thin plates ignores the out-of-plane motion of

crack surface and the moment tensor can not be decomposed
into ISO, DC and CLVD sources directly. By the modification
of Eq. (11), the moment tensor directly recovered by the AE
signals is transformed to the corresponding form that can be

decomposed by the existing methods. The decomposition
results can correctly indicate the type of the source, which
proves that the modification is correct and effective. It should
and derived results. Two source types of pure tensile (Mode I) and
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be noted that the modification is just a mathematic way to
adapt the moment tensors of cracks in thin plates to the
decomposition method for cracks in unbounded media.
4. Conclusions

Compared with other AE monitoring methods, the moment-

tensor inversion can provide more detailed descriptions of
cracks, such as explicit dislocation orientation and source type.
However, the traditional moment-tensor inversion is not suit-

able for the cracks in thin plates. In this study, we derive the
moment-tensor form for the cracks in thin plates and provide
the inversion equation based on the Green’s function in

unbounded media. In order to adapt the moment tensors of
cracks in thin plates to the existing decomposition method
and source-type plot, a method of modification for the

moment tensors is proposed. According to the modified
moment tensors, the dislocation orientation of the crack sur-
face can be computed by the eigenvectors and the source type
can be visually identified in the source-type plot. The inversion

method is also applied to the synthetic AE tests. The moment-
tensor solutions can visually and accurately interpret the
source types, which indicates the superiority of the moment-

tensor inversion for cracks in thin plates.
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11. Yu J, Ziehl P, Zárate B, et al. Prediction of fatigue crack growth in

steel bridge components using acoustic emission. J Constr Steel

Res 2011;67(8):1254–60.

12. Martin CA, Van Way CB, Lockyer AJ, et al. Acoustic emission

testing on an F/A-18 E/F titanium bulkhead. Proc SPIE

1995;2444:11.

13. Strantza M, Van Hemelrijck D, Guillaume P, et al. Acoustic

emission monitoring of crack propagation in additively manufac-

tured and conventional titanium components. Mech Res Commun

2017;84:8–13.

14. Schijve J. Fatigue of structures and materials. 2nd ed. Ber-

lin: Springer; 2009.

15. Pook LP, Greenan AF. Fatigue crack-growth characteristics of

two magnesium alloys. Eng Fract Mech 1973;5(4):935–46.

16. Daiuto R, Hillberry B. The effect of thickness on fatigue crack

propagation in 7475-T731 aluminum alloy sheet. Indiana: Purdue

University; 1984. Report No.172367.

17. Zuidema J, Blaauw HS. Slant fatigue crack growth in A1 2024

sheet material. Eng Fract Mech 1988;29(4):401–13.

18. Horibe S, nakamura M, Sumita M. The effect of seawater on

fracture mode transition in fatigue. Int J Fatigue 1985;7(4):224–7.

19. Eyre TS, van der Baan M. The reliability of microseismic moment-

tensor solutions: surface versus borehole monitoring. Geophysics

2017;82(6):KS113–25.

20. Aki K, Richards PG.Quantitative seismology. Sausalito: University

Science Books; 2002.

21. Burridge R, Knopoff L. Body force equivalents for seismic

dislocations. Bull Seismol Soc Amer 1964;54(6A):1875–88.

22. Sipkin SA. Estimation of earthquake source parameters by the

inversion of waveform data: synthetic waveforms. Phys Earth

Planet Inter 1982;30(2-3):242–59.

23. Spikin SA. Estimation of earthquake source parameters by the

inversion of waveform data: Global seismicity, 1981–1983. Bull

Seismol Soc Amer 1986;76(6):1515–41.

24. Zhang XP, Zhang Qi. Distinction of crack nature in brittle rock-

like materials: a numerical study based on moment tensors. Rock

Mech Rock Eng 2017;50(10):2837–45.

25. Zhang Qi, Zhang XP. The crack nature analysis of primary and

secondary cracks: a numerical study based on moment tensors.

Eng Fract Mech 2019;210:70–83.

26. Xu S, Li Y, Liu J. Detection of cracking and damage mechanisms

in brittle granites by moment tensor analysis of acoustic emission

signals. Acoust Phys 2017;63(3):359–67.
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