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The instabilities of thermocapillary liquid layers with two free surfaces are examined by linear stability
analysis. The surface tension is big enough to keep the liquid surfaces non-deformable. The effect of ver-
tical temperature difference between two interfaces (Q) is considered. The critical parameters of preferred
modes are determined, which depend on the Prandtl number (Pr) and Biot number (Bi). When Q=0, the

preferred modes are the oblique wave at small Pr and the streamwise wave at large Pr. The perturba-
tion is symmetric and anti-symmetric at small and large Pr, respectively. When Q>0, the preferred mode
changes from the oblique wave to the streamwise wave, and finally the spanwise stationary mode with
the increase of Pr. The instability mechanism is discussed. Comparisons are made with the liquid layer
with a single free surface and previous results by numerical simulations and experiments.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

Thermocapillary convection refers to the fluid motion driven by
the temperature-induced surface tension gradient. It has received
much attention due to its great practical importance in crystal
growth [1], inkjet printing [2], droplet migration [3], microfluidics
[4] and additive manufacturing [5]. The flow becomes unstable
once the temperature gradient exceeds a threshold. A great deal
of theoretical and experimental works on thermocapillary instabil-
ities have been carried out in the last four decades, which have
been reviewed by Davis [6], Schatz & Neitzel [7] and Lappa [8].

In theoretical studies, the model of thermocapillary liquid layer
proposed by Smith & Davis [9] is widely used. They suggest that
there are two kinds of thermocapillary instabilities. The first one is
the convective instability, which is driven by mechanisms within
the bulk of the layer and does not depend on the surface de-
formation [6]. The stationary rolls and travelling waves of con-
vective instability predicted by the modal stability theory have
been observed in both experiments [10] and numerical simulations
[11]. The energy analysis shows the convective instability at small
Prandtl number (Pr) is purely hydrodynamic, while that at large Pr
is hydrothermal [12-13].

The second one is related to the surface deformation. Smith &
Davis [14] have considered the two-dimensional traveling waves
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that couple the interfacial deflection to the underlying shear flow.
It was found that the surface-wave instability is most prominent
at low Pr and hydrodynamic in nature [G]. This work has been
generalized to three-dimensional waves by Patne, Agnon & Oron
[15]. The general linear stability analysis they performed reveals
a stabilization effect of the imposed horizontal component of the
oblique temperature gradient (OTG) on the long-wave instabilities
introduced by the vertical component of the OTG.

In recent years, some authors have investigated thermocapil-
lary instabilities in some new fields, such as non-Newtonian fluid
flows [16-19], the layer on an inclined plane [13], non-modal sta-
bility [20], droplet migration [21], sideband thermocapillary insta-
bility [22] and bifurcation routes to chaos [23-24|. However, the
above works mainly focus on the liquid layer with a solid bound-
ary, which only has a single free surface.

There have been a few studies devoted to the thermocapillary
instability in the liquid layer with two free surfaces. NASA astro-
naut Pettit [25] has performed a series of microgravity experiments
of oscillatory thermocapillary flows on the International Space Sta-
tion, where a liquid film of water in a ring is exposed to a non-
uniform temperature distribution. These experiments suggest that
the free liquid film has a potential to obtain a new kind of crystal-
lization process of materials [26]. Ueno & Torii [27] have examined
the thermocapillary-driven flow in a thin liquid film sustained in a
rectangular hole by numerical and experimental approaches. Lim-
sukhawat et al. [28] have performed three-dimensional numerical
simulations on a thermocapillary-driven flow in a free liquid film
sustained in a hole. Messmer et al. [29] have reported the exper-
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Fig. 1. Schematic of the thermocapillary liquid layer with two free surfaces. Here, d
is half the depth of layer, ty3 is the shear stress on the surface and Uy is the velocity
field.

iments on double free-surface films with thermocapillary forcing,
which show two basic flow structures at low Marangoni Numbers.
Yamamoto et al. [30-31] have carried out numerical simulations
of oscillatory thermocapillary flows under zero gravity in a cir-
cular liquid film with concave free surfaces. They found that the
water film geometry is an important parameter and gives rise to
three oscillatory flow structures in the film. Watanabe, Kowata &
Ueno [26] have experimentally investigated the thermocapillary-
driven flow in a free liquid film with two gas-liquid interfaces,
which shows that the flow exhibits a transition from the two-
dimensional steady flow state to the three-dimensional oscillatory
state. The above works have presented many unique flow patterns
which cannot be found in the layer with a single free surface.

However, to the best of our knowledge, the stability of thermo-
capillary layer with two free surfaces has not been discussed the-
oretically. The instability mechanism in such flows is also not well
understood. In order to study its physical properties and mecha-
nism, we perform three-dimensional linear stability analysis on the
convective instability in the thermocapillary layer with two gas-
liquid interfaces in this paper. The temperature difference between
two interfaces is considered. The results at different Prandtl num-
bers and Biot numbers are presented.

The paper is organized as follows. The physical model and
mathematical formulations are presented in Section 2. The di-
mensionless governing equations and boundary conditions are de-
rived. Section 3 is dedicated to the modal analysis. The preferred
modes are displayed and the energy mechanism is studied. Then,
Section 4 is devoted to the instability mechanism and comparisons
with previous works. Finally, the conclusions are summarized in
Section 5.

2. Problem formulation

We consider the thermocapillary liquid layer displayed in Fig. 1,
where a layer with two free surfaces is subjected to a constant
temperature gradient b= —dT/dx > 0 on its upper and lower sur-
faces. We choose the reference frame where the flux in the x di-
rection is zero. x, y, z are the streamwise, spanwise and normal di-
rection, respectively. The surface tension & changes with the tem-
perature T as 6 = 69 — Y (T — Ty), where y = —d6/dT > 0. Thus, a
convection is driven by the Marangoni forces on the free surfaces
while the surface tension is big enough to keep two surfaces flat.

2.1. Governing equations

Suppose the liquid is an incompressible Newtonian fluid, whose
viscosity Ej, density 3.37 x 10°, thermal diffusivity 4.10 x 103,
thermal conductivity Er and unit thermal surface conductance
2.74 x 10~ are constants. We choose the scales of length, velocity,
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stress and temperature difference as d, Uy = by d/u, yb and bd, re-
spectively. The Reynolds number, Marangoni number, Prandtl num-
ber and Biot number are defined as R = pUpd/, Ma = byd2/(ux),
Pr=u/(px) and Bi = hd/k, respectively. The relation between Ma
and R is: Ma=R-Pr.

The dimensionless governing equations are given below, which
are the continuity equation, momentum equation and energy
equation, respectively.

V.u=0, (2.1)
Ju

R W+U~Vu =-Vp+V.1, (2.2)

aT 1,

§+u~VT_WV T. (2.3)

Here, u, p, T and 7 stand for the velocity, pressure, temperature
and stress tensor, respectively. For Newtonian fluid,

=S5, (2.4)

where S = Vu + (Vu)T is the strain-rate tensor.

In the present work, we neglect the surface deformation and
restrict our attention to the convective instability. The magnitude
of the surface deformation can be measured by the capillary num-
ber: Ca = u0y/6y. The assumption of non-deformable surfaces is
reasonable when Ca<<1. In reality, this can be satisfied for many
liquid layers, such as the liquid silicon [9] (Pr=0.023, O(Ca) ~ 10~4)
and the silicone oil [10] (Pr=13.9, 0(Ca) ~ 10-3).

The boundary conditions of stress and velocity on the upper
surface (z=1) are

aT 0
3+ gy =0 T3+ 50 =
Here, the first two equations stand for the relation between the
temperature gradient and the shear stress caused by thermocapil-
lary effect [6], while the last is due to no surface deformation. The
balance of heat flux on the surface leads to [9]

aT

9z
Similar equations can be obtained on the lower surface (z =
-1),

(2.5a)

Bi-(T—T%) + Q. (2.5b)

aT aT
T13 — ﬁ 0, T3 w =0,w=0, (25C)
aT . d ~
5, =Bi- (T-T) + Q. (2.5d)
Here, T, T4 are the temperatures of bounding gas near the upper

and lower surfaces, respectively. Q;, , are the imposed heat fluxes
to the environment, which are introduced for the energy balance
and can be determined by the basic-state solution.

We assume that the basic flow is fully developed, so the veloc-
ity distribution of basic flow is parallel while the temperature is
linear in x plus a distribution in z,

u= (Uy(2),0,0), To(X,2) = —x + Ty (2). (2.6a)

Here, the subscript O stands for the basic flow and T}, is the verti-
cal temperature distribution. Similar to the layer in Ref. [9], TY, T4
have

T = x+T,(1), TS = —x + T, (—1). (2.6b)

Substituting (2.6) into governing equations, the solutions of the ba-
sic flow can be derived as Uy(z) = C;z% + G,z + C3, where Cy, G, G3
are constants. Because yb is chosen as the scale of stress, the di-
mensionless value of shear stress on the upper surface t3(1) for
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Fig. 2. The temperature distributions in the vertical direction for basic flow at
Ma=100.

the basic flow is 1, which can also be derived by substituting the
second equation of (2.6a) into the first equation of (2.5a). Thus, the
boundary conditions of velocity Uy are DUy(1) =1 = —DUy(-1),
where D =d/dz. In addition, there is zero mass flux in the ver-
tical section f(} Up(z)dz = 1. Then, the solution of Uy(z) can be
determined in (2.7). T,(z) is obtained in (2.8) by the equation
—Uy(z) = 1-D2Ty(z) and its boundary conditions in (2.5).

= Ma
1/, 1
U@ =5(2 - 3)- (27)
T,2) —Ma( lalp 1 Qz) (2.8)
b= 247 "1 24 ’ :
Here, Q = T%,;,Z; is a measure of vertical temperature difference

betweer1~tw9 surfaces and we assume that T, (1) = 0 when Q = 0.
Finally, Q;, Q, are derived by (2.5),

Q1 = —Q2 = MaQ. (2.9)

The distributions of velocity and temperature are displayed in
Figs. 1&2. It can be seen that when Q =0, T, is symmetric with
respect to z=0 and the surface is hotter than the interior. The in-
crease of Q leads to the asymmetry of T,. When Q > 0.075, T, al-
ways decrease with z.

2.2. Modal analysis

Suppose an infinitesimal perturbation in the normal mode form
is added to the basic flow,

(ll, T, P, ‘L') = (uo, To, Po, To) + 5, (2108)

§ = (iz, v, w,T,P, %) exp [i(—wt + ax+ BY)]. (2.10b)
Hereafter, the variables without subscript 0 stand for the pertur-
bation. The mode has a complex frequency w = wr + iw; and the
wave numbers «, 8 in the x and y directions, respectively. The
total wave number k = /a2 + B2 and the propagation angle 6 =
tan~1(B/a) are used in the following. ¥ = —wt + ax + By is the
perturbation phase and ¢ = |wr|/k is the phase speed of perturba-
tion wave.

We can obtain the linearized perturbation equations by substi-
tuting (2.10) into the governing equations (2.1)-(2.4) and boundary
conditions (2.5),

icu +iBv+Dw =0, (2.11)
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R[ﬁ (WDUO + Uoiaﬁ) —a (uoia{;)]

—,B(l'O{‘E]l + iﬂ%lz + D'EB) + 0{(1'06%12 + iﬁ%zz + D%zg,) (2]2)
= Riw(ﬂﬁ - af/),
Ra <D17v - DUy + wD?Uy + DUy - iccu + Upice Du
+RB (DU0 v+ Uoioszz) _Rik? (Um'om?v)
(2.13)

—(i()lzD'E11 + 2i0€ﬂD%12 + 0(D2'E13 + i,BzD'Ezz + ﬁDz'Ezg)
+ik2 (iOl‘Z'B + l',B'I?23 + D'E33)
— Rio (oszl + BDv— ikzﬁz),

Ma (ﬂaTO + W% + Ugiai"> + (012 + ,62)7: — D?T = MaiwT.

X 0z
(2.14)
Ty — 2iou =0, (2.15a)
Ty — (Ziﬁﬁ) =0, (2.15b)

Ti3+iaT = 0,793 +iBT =0, w=0,DT +BiT =0,z=1. (2.16)

Ti3—iaT = 0,793 —iBT =0,w=0,DT —BiT =0,z = —1.
(2.17)

Indeed, (2.12) & (2.13) are obtained by eliminating p from the
following equations, which are three components of the momen-
tum equation,

R(—I(J)a + \;\VDUO + UoiO[fl) = —l'Ol/[; + ioz?u + i,B?IZ + D,'L:13,

(2.18)
R(—iwv + Upiatv) = —ifp + i T 13 + i T2 + DTa3, (2.19)
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Fig. 3. The variation of Ma. with Pr at Q=0.The curves correspond to oblique
waves: (a), (c), (d), (g); and streamwise waves: (b), (e), (f), (h). Both axes are loga-
rithmic.
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R(—iw\7v+U0iozﬁ/) = —Dp+iaTi3+ifTs + DT, (2.20)

We compute « numerically by the Chebyshev collocation
method [32], where N. Gauss-Lobatto points are set in the flow re-
gion z = cos(,\,ﬁ%),]’: 1 ~ N¢ while 2 points z = +1 are set at the
boundaries. The perturbation quantities are expanded in Cheby-
shev polynomials, such as

Nc+2

w= Z ajHj,] (Z),

j=1

(2.21)

where H;_;(2) = cos((j - 1)cos~1(2)) is the (j — 1)—th Chebyshev
polynomial and a; is the coefficient. Substituting these Chebyshev
polynomials into (2.11)-(2.17), we can write the perturbation equa-
tions in the form of Wg = wZg, where W, Z are two matrices, w is
the eigenvalue and g = (ay, ay..., alONc+g)T is the eigenvector of co-
efficients. The eigenvalues are obtained by using the QZ algorithm
available in the Matlab-software package [33]. In present work, the
results are sufficiently accurate when 80~120 Chebyshev nodes are
used.

In order to valid our code, we have computed some critical pa-
rameters of thermocapillary liquid layers with a single free sur-
face, which can be realized by changing the boundary condition
of the lower surface. Comparisons are made with reference values
in Table 1. It is found that our results agree well with those in Ref.
[9]. Here, ¢ = 180° — 6, and ¢ = |wy|/k.

3. Numerical results

For the neutral mode (w; = 0), the Marangoni number May is a
function of «, 8, Pr,Q and Bi. The critical Marangoni number Mac
can be defined as the global minimum of May for all («, 8),

Mac(Pr, Q, Bi) = miﬁnMaN(oe, B; Pr, Q, Bi). (3.1)
o,

This means that all modes are stable (w; < 0) at Ma < Ma,. On
the contrary, there are unstable modes (w; > 0) for some («, 8)
when Ma > Ma.. When Q = 0, both the velocity and temperature
distributions are symmetric with respect to the central plane z=0.
We will discuss the cases at Q =0 and Q > 0 separately. Our com-
putation suggests that there are four kinds of preferred modes,
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Table 1
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Some critical parameters of the thermocapillary liquid layer with a single free surface. Here, “a” and “b” stand
for the results of Ref. [9] and present work, respectively, while “..” means the data is not available.

Ma k ¢ c
Fl P Bi
ow " ' a b a b a b a b
Linear flow 0.01 1 14.6 14.5 1.2 86° 0.0101
100 0 15.6 15.62 0.73 0.725 90° 90° 0 0
Return flow 0.01 1 19.3 19.4 1.20 82° 0.0150
100 0 376 375.3 2.50 248 7.6° 7.5° 0.0624 0.0622
200
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Fig. 5. The streamlines and isothermals of preferred modes at Q=0: (I) Pr=0.01,
Bi=0; (II) Pr=0.01, Bi=1; (Ill) Pr=100, Bi=1.
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which are the downstream streamwise wave (6 =0°), the up-
stream streamwise wave (6 = 180°), the spanwise stationary mode
(6 =90°, w = 0) and the upstream oblique wave (6 € (90°, 180°)).

31.Q=0

The variation of Ma. with Pr at Q=0 is displayed in Fig. 3.
When Bi=0, there are two kinds of preferred modes, which are the
upstream oblique wave (0<(90°, 180°) at Pr<1.1 and downstream
streamwise wave (0=0°) at Pr>1.1. Generally, Ma. increases with
Pr. However, there is a slight decrease of Ma, at 1.1<Pr<1.4.

When Bi>0, Ma, increases with Bi. However, the increase is
more significant at small Pr. For example, when Pr=0.01, Ma. in-
creases from 2.01 at Bi=0 to 8.52 at Bi=1, while for Pr=100, Ma.
increases from 164 at Bi=0 to 181 at Bi=1. This property is similar
to that of return flow [9]. For the preferred mode, the streamwise
wave at large Pr changes from downstream [#=0°, curves (b) & (e)]
to upstream [#=180°, curves (f) & (h)] when Bi increases.

Fig. 6. The variation of Ma. with Pr at Q=0.05.The curves correspond to oblique
waves: (a), (d), (e); streamwise waves: (b), (f), (g); and spanwise stationary modes:
(c), (h). Both axes are logarithmic.

The wave number k, propagation angle 6, wave speed c and fre-
quency o corresponding to the preferred modes in Fig. 3 are dis-
played in Fig. 4. It can be seen that when Bi=0, k, c and w at large
Pr are much larger than those at small Pr. For Bi=5, the propaga-
tion angle of oblique wave increases from §=94° to §=180° when
Pr increases. On the contrary, the variation of 6 with Pr is not ob-
vious for the same mode at Bi=0 and Bi=1.

The streamlines and isothermals of preferred mode at Q=0 are
plotted in Fig. 5. It can be seen that the symmetry of basic flow
leads to the symmetry of perturbation. In Fig. 5 I & II, the pertur-
bations at Pr=0.01 are symmetric with respect to the central plane
z=0. There are four rolls in one cycle and the temperature changes
little in the vertical direction. On the contrary, the perturbation is
anti-symmetric at Pr=100 (Fig. 5 IlI). There are only two rolls in
one cycle, and the amplitude of temperature appears in the inte-
rior of flow region. When Bi>0, the perturbation temperature near
the surface decreases (Fig. 5 II & III) and the rolls at small Pr be-
come oblique (Fig. 5 II).

32.0-0

The variation of Ma, with Pr at Q=0.05 is displayed in Fig. 6.
When Bi=0, there are three kinds of preferred modes, which are
the upstream oblique wave at Pr<1.2, downstream streamwise
wave at 1.2<Pr<49 and spanwise stationary mode (8=90°, w = 0)
at Pr>49. For small Pr, Ma. increases with Pr, while the opposite
case appears at large Pr. The preferred modes are similar to those
in the linear flow for the liquid layer on the plane[9]. However,
the streamwise wave of the latter is upstream(6=180°), which is
opposite to the case of curve (b) in Fig. 6. When Bi=1, there are
two kinds of streamwise waves, which travel upstream[curve (f)]
and downstream[curve (g)], and two kinds of oblique wave[curves
(d) & (e)].
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Fig. 7. The (I) wave number, (II) wave propagation angle, (IlI) wave speed and (IV) frequency corresponding to the modes in Fig. 6.

The wave number, propagation angle, wave speed and fre-
quency corresponding to the preferred modes in Fig. 6 is displayed
in Fig. 7. When Pr<10, k significantly increases with Pr at Bi=0.
However, all wave numbers have the same order for all Pr at Bi=1.
Generally, both ¢ and w increase with Pr for the oblique waves and
streamwise waves.

The streamlines and isothermals of preferred modes at Q=0.05,
Bi=0 are plotted in Fig. 8. For Pr=3 (Fig. 8 I), the hot spot appears
on the free surface and there are two rolls in one cycle. For Pr=100
(Fig. 8 II), the hot spot is in the interior and there are four rolls in
one cycle. However, due to the asymmetry of temperature distribu-
tion in the basic flow, the upper and lower rolls are not symmet-
ric. The perturbation fields at small Pr are similar to the cases in
Fig. 5.

It can be seen from the perturbation equations that Q is only
related to %—TQ in (2.14). Fig. 2 suggests that when Q > 0.075, the
variation of T, with z is monotonous, and a larger Q only leads to
a larger temperature gradient. In addition, our computation shows
that the critical modes at Q > 0.05 are similar to those at Q < 0.05
and there is no qualitative change for the instability. Thus, the re-
sults at larger Q are nor presented.

3.3. Energy analysis

We examine the energy growth of perturbation by the evolu-
tion equation of kinetic energy [16],

0E 1 N 2 3
5t = 3R (t.S)dr+R/u~r-nd r—/u-((u-V)uo)dr
=-N+M+1, (3.2)

where N is the viscous dissipation, M is the work done by
Marangoni forces on the surfaces and I is the energy from the
basic flow. Here, [ fd?r and [ fd>r stand for the surface and vol-
ume integrals, respectively. In Table 2, we list the terms in (3.2) at
different parameters, which are normalized by the kinetic energy
2E, = [ |u*d3r=1.

It can be seen that when Bi=0, most of the perturbation energy
comes from the Marangoni forces caused by perturbation tempera-
ture on the surfaces, while I is small enough to be neglected. How-
ever, when Bi > 1, I becomes the main energy source for the per-
turbation at Pr=0.01. The importance of I increases with Bi but de-
creases with Pr. The increase of Q has little effect on the energy
mechanism.
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Table 2
The terms in (3.2) for the preferred modes at different parameters.
Pr -N M 1 Preferred mode
Q=0, Bi=0 100 -2.446421 2.453128 -0.006698 streamwise wave
10 -0.789956 0.801094 -0.011134
1 -0.242951 0.242833 0.000119 oblique wave
0.01 -0.037253 0.037222 0.000033
Q=0, Bi=1 0.01 -0.004117 0.001158 0.002963
Q=0, Bi=5 0.01 -0.002118 0.000201 0.001919
Q=0.05, Bi=1 0.01 -0.004135 0.001157 0.002983
Q=0.05, Bi=0 100 -16.492175 16.477791 0.014385 spanwise stationary mode
Q=0.05, Bi=1 100 -12.426678 12.407012 0.019669

8
Perturbation Phase

N T | [

-0.8 -06 -04 02 0 02 04 06 08

(a) T:

8
Perturbation Phase

[ [ T

(b) 2

Fig. 8. The streamlines and isothermals of preferred modes at Q=0.05, Bi=0: (I)
Pr=3; (II) Pr=100.
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4. Discussion

In this section, first, we compare our results with the layer with
a single free surface. Then, comparisons are made with numerical
and experimental works. Finally, the instability mechanism is dis-
cussed.

4.1. Comparisons with the layer with a single free surface

The velocity distribution in Fig. 2 is similar to that of return
flow [9]. In addition, the vertical temperature distribution at Q=0
in Fig. 3 indicates that the surface is hotter than the interior region,
which is also the same as the case of return flow. So we would
like to compare the layer at Q=0 with the return flow. When Bi=0,
Ma, of the latter is about three times that in Fig. 3 for fixed Pr.
This is reasonable as the layer of return flow is placed on a rigid
plane, which increases the constraint and stabilizes the flow. The
wave number and frequency of the latter are also much larger than
those of the former. Meanwhile, the downstream streamwise wave
at large Pr [curves (b) & (e) in Fig. 3] cannot be found in the lat-
ter. For small Pr, the isothermals are nearly vertical lines in Fig. 5,
which are the same as those of the latter [33]. In Table 2, I is neg-
ligible at small Pr at Bi=0. On the contrary, I is the main energy
source for the latter[12,13].

When Q > 0, the temperature distribution in Fig. 3 suggests
that the layer is heated from below, which is the same as the case
of linear flow [9]. Three preferred modes in the linear flow (oblique
wave, streamwise wave and spanwise stationary mode) are also

Lx

Hot wall

Side wall

Side wall 2d Cold wall

Fig. 9. The liquid film sustained in a rectangular hole.

detected in Fig. 6. However, the propagation directions of stream-
wise waves for two layers are opposite.

4.2. Comparisons with numerical simulations and experiments

There have been some numerical and experimental works on
the thermocapillary convection with the geometry shown in Fig. 9,
where a liquid film with two free surfaces is sustained in a rect-
angular hole. Ly is the distance between the different temperature
controlled end walls, while L, is the distance between two side
walls which are adiabatic. The flows with different aspect ratios
(Lx/2d, Ly/Lx) have been examined with numerical and experimen-
tal approaches [26-28]. When Ly, Ly >> 2d, the flow away from
walls corresponds to the case considered in Fig. 1. So we could
make a comparison of our results with theses works.

The numerical simulation by Limsukhawat et al. [28] shows
that the perturbation field at Pr=68.4, Ly/2d=6.67, L,[Lx=1.5 is anti-
symmetric about the central plane, and the hot spots are in the in-
terior of flow region. The distributions of perturbation temperature
agree well with those in Fig. 5(c). However, the critical Marangoni
number determined in the simulation has Ma¢ ~ 1900, which is
much larger than our results in Fig. 3. The reason may be at-
tributed to the difference in their geometries. The layer in this pa-
per is assumed to be infinite. However, the liquid film in the sim-
ulation is sustained in a hole with end walls in the streamwise
and spanwise directions. As compared with the depth of the layer,
the lengths in these two directions are not large enough. Thus, the
constraints of end walls are obvious, which significantly increase
Mae.

Watanabe, Kowata & Ueno [26] reported the experiment of
thermocapillary liquid film for silicone oil of 5 ¢St (Pr=68.4 at
25°C) at Ly/2d=3.33, Ly[Ly=6. It shows that Ma. ~ 368, and the hy-
drothermal waves propagate steadily from the cold wall to the hot
wall at 0 ~ 15°, k~ 2.5, ¢ ~0.15, f =w/(2m) ~ 0.06. This corre-
sponds to 0 ~ 165°, k ~ 1.25, ¢ ~ 0.3, w ~ 0.375 in our definition
(we define the length scale as half the depth of the layer). The
propagation angle is close to that at high Pr and Bi>0. Other pa-
rameters have the same orders as those in Fig. 4. The differences
of critical parameters can be attributed to not only the geometry,
but also the buoyancy effect in the experiment.
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4.3. Instability mechanism

431 Q=0

For small Pr, the propagation angle 6 ~ 90°. So we could con-
sider the spanwise wave for simplicity. When Bi=0, the energy
analysis indicates that the Marangoni force is crucial for the in-
stability while the inertial effect of basic flow is negligible. There-
fore, the key to the mechanism is the streamwise flow on the sur-
face, which heats the hot spot by convection(u% < 0). Here, u>0
for the hot spot on the surface, which is opposite to the case of
return flow [33]. The heat diffusion and viscous dissipation can
be significantly increased by the increase of wave number, which
stabilizes the flow. Thus, k is very small for curve (a) in Fig. 4(I).
When Bi>0, the perturbation temperature decreases while the im-
portance of I increases. When I becomes the main energy source,
the key to the mechanism changes to the inertial-driven stream-
wise flow [33], which has u<0 for the hot spot on the surface.

For large Pr, the instability is caused by the heat convection.
The hot spot in the flow region is mainly heated by the stream-
wise convection (UpT) at Bi=0 and the vertical convection (w%—TZO)
at Bi>0 (see Fig. 5(Il)). Then, the surface is heated by the interior
hot spot by conduction and the Marangoni force drives the insta-
bility.

432. Q>0

For small Pr, the mechanism and perturbation flow field at Q>0
are similar to those at Q=0. For moderate Pr, Fig. 8(I) suggests that
the key to the mechanism is the hot spot on the surface, which is
heated by the streamwise convection (u%—f?). It can be inferred that
the temperature at the perturbation phase ¢ =5 will increase by
the convection. This makes the wave travelling downstream.

For large Pr, it seems that the spanwise stationary mode is sim-
ilar to the Marangoni convection in the layer heated from below.
However, the temperature distribution in Fig. 8(II) is very different
from that in the linear flow, which has vertical isothermals. This
can be explained as follows. The convection of the lower vortices
decreases the temperature below the hot spot. Meanwhile, |%O| is
relatively small at z>0, thus the effect of vertical convection be-
comes weak. This is the reason why the perturbation of tempera-
ture is not obvious in the upper and lower region of the hot spot.
Therefore, the instability is caused by the vertical convection in the
interior and the heat conduction near the surfaces.

In many applications of non-isothermic liquid layers, such as
solutions [34,35] and binary mixtures [36], the Marangoni stress
induced by the concentration gradient is comparable to that
caused by the temperature gradient. So the solutocapillary effect
is also important for the convection. The instability becomes very
complex due to the competing contributions of thermal and solu-
tal Marangoni stress [37]. In crystal growth, the crystal can play
an active role in coupled thermo-solutal capillary instabilities [38].
We plan to investigate the thermo-solutal capillary convection of
double free-surface film in future works.

5. Conclusion

We examine the convective instability in the thermocapillary
layer with two free surfaces by linear stability analysis. The param-
eters of preferred modes are obtained at different Prandtl numbers
(Pr) and Biot numbers (Bi). The effect of vertical temperature dif-
ference between two interfaces (Q) is considered.

When Q=0, the preferred modes are the oblique wave at small
Pr and the streamwise wave at large Pr. The former always trav-
els upstream while the propagation direction for the latter de-
pends on Bi and Pr. The perturbation flow fields at small Pr are
symmetric with respect to the central plane. There are four rolls
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in one cycle and the perturbation temperature changes little in
the vertical direction. On the contrary, the perturbation is anti-
symmetric at large Pr. There are only two rolls in one cycle and
the amplitude of perturbation temperature appears in the interior
of flow region. When Bi=0, the wave number, wave speed and fre-
quency at large Pr are much larger than those at small Pr. The key
to the mechanism is the streamwise convection. When Bi>0, the
perturbation temperature on the surface decreases and the rolls
become oblique. The instability is mainly caused by the inertial-
driven streamwise flow at small Pr and the vertical convection at
large Pr.

When Q>0, the preferred modes include the oblique wave at
small Pr, the streamwise wave at moderate Pr and the spanwise
stationary mode at large Pr. For Bi=0, the streamwise wave is
downstream, while for Bi>0, it can be either upstream or down-
stream. Due to the asymmetry of temperature distribution in the
basic flow, the perturbation fields are not symmetric. The hot spot
is on the free surface at moderate Pr and in the interior of flow
region at large Pr.

Energy analysis suggests that when Bi=0, the perturbation en-
ergy mainly comes from the Marangoni force while the energy
from the basic flow (I) is negligible. When Bi>0, the importance
of I increases with Bi but decreases with Pr. I becomes the main
energy source for small Pr when Bi is large enough. The increase
of Q has little effect on the energy mechanism.

Comparing the double free-surface layer with the single free-
surface one, we can find that the temperature distribution of the
former at Q=0 is similar to that of return flow. However, when
Bi=0, the critical Marangoni number, wave number and frequency
of the former are much smaller than those of the latter. In addi-
tion, their energy mechanisms at small Pr are totally different. The
temperature distributions at Q>0 is more similar to that of lin-
ear flow. However, there are many differences in their instability
mechanisms and perturbation flow fields.
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