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ARTICLE INFO ABSTRACT

Keywords: As adhesively bonded layered devices scale down, micro-scale adhesive layers become common and play a key
Size effect role in the overall performance of micro devices. Herein, we use the strain gradient elasticity to characterize the
;\dhefswe layer micro-scale adhesive layers and propose an analytical size-dependent model to predict the mechanical behaviors
nterface

of adhesively bonded layered structures. The results indicate that the local interfacial tractions and the global
adherend displacement both show strong size effects, especially for soft adhesives with low modulus. When
the ratio of the adhesive layer thickness to its material characteristic length scale (on the order of microns),
representing the scale of the layered structures, decreases to unity, the interfacial tractions increase substantially
and the adherend displacement decreases significantly. Meanwhile, the adherend displacement is insensitive
to the adhesive modulus. The present study reveals the stiffening behaviors of layered structures, which are
attributed to the large strain gradients in the constrained micro-scale adhesive layers. The results can help us
predict the deformation of adhesively bonded layered structures, and achieve high performance of micro devices

Strain gradient
Layered structure

by adhesive bonding.

1. Introduction

The bonding with adhesive layers has many advantages, such as
the ability to join different materials, low mass density and low stress
concentration [1,2]. Thus, the adhesive bonding technology has been
widely used in layered devices, among which typical representatives
are smart structures with piezoelectric actuators/sensors [3-5], flexible
electronics [6,7] and micro-electromechanical systems (MEMS) [2,8].
The adhesive properties have been found to significantly affect the
strain transfer between the host structures and the piezoelectric actu-
ators/sensors [5,9]. In flexible electronics, the bonding by a thin layer
of polydimethylsiloxane (PDMS) can yield strong interfaces between
the silicon circuits and a wide range of substrates [10]. For three-
dimensional MEMS integration and packaging, the adhesive wafer bond-
ing is a crucial process [11]. Therefore, the adhesive layers play an im-
portant role in the overall performance of widely-used layered struc-
tures.

As the size of the layered structures is reduced, the adhesive layer
thickness correspondingly decreases from macro to micro scale. Remark-
ably, when the adhesive layer thickness is on the order of hundred mi-
crons, the size effects of interfacial strength and fracture energy have
been observed in many experiments [12-16]. For example, for the dou-
ble cantilever beam (DCB) specimens with epoxy adhesives, Ji et al.
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[12] showed that when the adhesive layer thickness decreases from
1 mm to 0.09 mm, the mode I interfacial strength increases while the
fracture energy decreases. Similar trends were also observed in Li et al.’s
experiments [13] on the scarf joints with silicone rubber adhesives, and
they found that when the adhesive layer thickness is reduced to 0.1 mm,
the interfacial tensile and shear strengths reach 2-5 times the adhesive
bulk strengths. As the layered devices scale down, the micro-scale ad-
hesive layers, deposited by spin-coating or other procedures, become
common. For example, spin-casted silicone layers with a thickness of
10 ym were used to bond a stack of lead zirconate titanate (PZT) me-
chanical energy harvesters [17]. And a layer of liquid skin adhesive with
a thickness of 3-4 ym was added to keep an electronic tattoo laminated
on human skin [18]. When Park et al. [19] fabricated Si ribbons on
plastic substrates, the thickness of the spin-coated epoxy adhesive layer
is about one micron. The spin-coated adhesive layers with thicknesses
of hundreds of nanometers can be seen in the adhesive wafer bonding
for the integration of MEMS [2] and nano-electromechanical systems
(NEMS) [20]. In many experiments, strong size effects of the mechani-
cal behaviors in micro-scale metals [21,22] and polymers [23-25] have
been observed. Thus, the mechanical behaviors of micro-scale adhesive
layers (most are polymers) should also exhibit apparent size effects due
to the increased importance of microstructure effects.
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Nomenclature

a distance from the plate end to the simple supports

b width of the layered structure

E Young’s modulus

E, Young’s modulus of the adhesive layer

E, Young’s modulus of the host beam

E, Young’s modulus of the bonded plate

fi body force vector

G, shear modulus of the adhesive layer

h, thickness of the adhesive layer

hy thickness of the host beam

hy, thickness of the bonded plate

L span length

L, plate length

l material characteristic length scale

M, bending moment in the host beam

M, bending moment in the bonded plate

Ny axial force in the host beam

Np axial force in the bonded plate

P concentrated force

q intensity of the distributed line load

r; double-stress traction vector

Tyjkimn isotropic projection tensor

t surface traction vector

u, displacement of the adhesive layer in the x direction

up displacement of the host beam in the x direction

Upg displacement of the host beam at the middle plane in
the x direction

u; displacement vector

U, displacement of the bonded plate in the x direction

Upo displacement of the bonded plate at the middle plane in
the x direction

%8 shear force in the host beam

Vp shear force in the bonded plate

w strain energy density (per unit volume)

w, displacement of the adhesive layer in the z direction

wp displacement of the host beam in the z direction (deflec-
tion)

Wn midspan deflection of the host beam in layered struc-
tures

Wno midspan deflection of the host beam without a bonded
plate

wp displacement of the bonded plate in the z direction (de-
flection)

Greek and special symbols

& strain tensor

Kijk strain gradient tensor

v Poisson’s ratio

Va Poisson’s ratio of the adhesive layer

ojj stress tensor

O exb axial stress in the host beam

Cxxp axial stress in the bonded plate

Tijk high-order stress tensor

@) dimensionless quantities

) dimensionless quantities divided by dimensionless force
O/P

Ai difference of dimensionless axial displacements @, — ity

Considering the wide use of the micro-scale adhesive layers, how
to characterize their size-dependent mechanical behaviors becomes es-
sential. In order to predict the interfacial stresses and global displace-
ments of layered structures with macro-scale adhesive layers, many re-
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searchers adopted the shear-lag model [26,27] and the two-parameter
elastic foundation model [28-30], where the latter considers the ad-
hesive layer as continuously distributed tangential and normal springs.
Nevertheless, these widely-used models are not applicable to describ-
ing the size-dependent behaviors of micro-scale adhesive layers, since
they are within the framework of classical continuum mechanics, which
is inherently scale-free. In contrast, size effects can be captured by the
high-order continuum mechanics theories, which incorporate the intrin-
sic length scale parameters related to the microstructure, such as couple
stress theories [31-33] and strain gradient theories [24,34-36]. On the
basis of couple stress theories or strain gradient elasticity theories, many
researchers investigated the size-dependent behaviors of layered struc-
tures, such as composite laminated beams [37,38], micro beams with
piezoelectric actuators/sensors [39,40] and partially covered laminated
micro beams [41]. However, these researchers mainly focused on the
micro beams whose thicknesses are on the order of microns, and their
models did not include the adhesive layers. To the best of our knowl-
edge, Ascione’s work [42] is one of the few studies which considered
the size effects of micro-scale adhesives with high-order continuum me-
chanics theories, but the results were obtained from finite element sim-
ulations. Therefore, an analytical model accounting for the size effects
of micro-scale adhesive layers is still lacking.

In a previous work [29], we studied the layered structures with
macro-scale adhesive layers by the classical two-parameter elastic foun-
dation model. Herein, we establish a size-dependent model of the lay-
ered structures with micro-scale or macro-scale adhesive layers, where
the thin adhesive layer constrained between the adherends is character-
ized by strain gradient elasticity. This model can capture the size effects
of the mechanical behaviors of layered structures, and is especially ap-
plicable to the layered structures with micro-scale adhesive layers.

The remainder of this paper is organized as follows.
Section 2 presents the analytical formulation of the size-dependent
model, including the governing equations and the solutions to dis-
placements and interfacial tractions. The results of the size-dependent
model for layered structures at different scales and the micro scale are
respectively discussed in Section 3. Section 4 summarizes the main
conclusions.

2. Analytical formulation of the size-dependent model
2.1. Problem statement

In micro devices, it is common to see host structures bonded with
small-size piezoelectric actuators/sensors [4,43], and the substrate par-
tially covered with inorganic electronic films [19]. Thus, the layered
structure considered here consists of a host beam adhesively bonded by
a partially covered plate (the plate length L, is smaller than the span
length L), as illustrated in Fig. 1. The layered structure with symmet-
rical geometry is subjected to three-point bending. However, we can
extend the following analysis to the cases of more complicated geome-
try configurations and loading conditions. Hereafter, subscripts ‘b’, ‘a’
and ‘p’ refer to the host beam, the adhesive layer and the bonded plate,
respectively. The thicknesses and the Young’s moduli of the three layers
are denoted by h; and E; (i = b, a, p), respectively. The Poisson’s ratio of
the adhesive layer is represented by v,.

The assumptions adopted in the present study are summarized as
follows:

(1) The host beam, the adhesive layer and the bonded plate are
isotropic and linearly elastic materials. The adhesive fracture and
interface delamination are not considered.

(2) Only the mechanical behaviors of the plate are considered, and
the electric-mechanical coupling behavior is not involved, since
mechanical loads are inevitable whether for piezoelectric actua-
tors/sensors or flexible electronics.
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x = 0: plate end

Fig. 1. Schematic diagram of the adhesively bonded layered structure under
three-point bending. The plate length and the span length are denoted by L,
and L, respectively. And we have L = L, + 2aq, where a is the distance from the
plate end to the simple supports. Parameters E and h represent Young’s modulus
and thickness, respectively, with subscripts ‘b’, ‘a’ and ‘p’ referring to the host
beam, the adhesive layer and the bonded plate, respectively. The Poisson’s ratio
of the adhesive layer is denoted by v,. All three layers have rectangle cross-
sections with the same width (denoted by b). Under the Cartesian coordinate
system shown above, the left end of the plate (or the adhesive layer) situates at
x = 0 and the left end of the host beam situates at x = —a.

(3) The adherends, i.e., the host beam and the plate, are modeled by
the classical Euler-Bernoulli beam theory, while the thin adhe-
sive layer is characterized by the strain gradient elasticity. Simi-
lar to the classical analyses [28-30], the deformation of the ad-
hesive layer is simplified as the combination of shear and ten-
sion/compression. Since the adhesive layer thickness is smaller
than its length (i.e., h, < Lp), and the adhesive layer modulus is
also much smaller than those of the adherends, we only consider
the strain gradient components along the adhesive thickness di-
rection, referring to [50].

2.2. Governing equations

2.2.1. A brief review of the simplified strain gradient theory

The simplified strain gradient theory presented here is mostly within
the framework of Mindlin’s strain gradient elasticity theory [35], but the
constitutive relations are directly obtained from Wei-Hutchinson strain
gradient theory [44], where both the elastic and plastic strain gradients
are considered. For solids in elastic deformation, Wei-Hutchinson strain
gradient theory [44] has a simplified form [45,46], and it is introduced
briefly as follows.

For a given displacement field u;, the strain tensor ¢; and the strain
gradient tensor x; are defined respectively as

& = 5(”@/ ), Kije = Kjik = U &

The variation of the strain energy density (per unit volume)
W(eij, Kijk) gives

OW = 0;;0€;; + 710K, jk» 2)

where oy is the stress tensor and 7, is the high-order stress tensor. The
stress tensor and the high-order stress tensor are expressed respectively
as
ow ow
Cii = —, Tijp =T;ip = —. 3
ij agij ijk Jik 0Kijk ( )

When the line loads along the surface edges are ignored, the principle
of virtual work can be written as [35,47]

S (0,88, + 50K, )AV = [ f;6u,dV + [1,6u,dS + [r;D(bu;)dsS, @)
14 14 s s

where dV and dS are the volume and boundary area elements, f; is the
body force, t; is the surface traction and r; is the double-stress traction.

On the boundary S, the gradient of displacements can be divided into
two independent parts:

u; j =n;Du; + Dju;, 5)

where D = n0; is the normal derivative operator and D; = J; — n;D is
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the surface-gradient operator.
From Eq. (4), we can obtain the equilibrium equations:

Ciki — Tijkij T fx =0, (6)
and the boundary conditions:

= ”i(o'ik - Tijk,j) + n,-nj'rijk(Dpnp) -D; (niTijk)’ (7a)

P = nn;T, (7b)
where t; is the surface traction and ry is the double-stress traction.
For strain gradient elasticity, the simplified constitutive relations of

Wei-Hutchinson strain gradient theory can be written as [46]

Ev
e — 6 + —¢;., 8.
% = T+ o)1 = 20) 4k T T3 6 @)
hd 2
_ DY
Tijk = 2E 21 [l( )] I:'jklmnKlm"’ (8b)
I=

where E is the Young’s modulus, v is the Poisson’s ratio and I are the
material characteristic length scales, and T are isotropic projection
ijklmn

4
tensors (see Ref. [44]). When I® = [ (I = 1-4), considering Izl Ti(jlk)lmn =

(816 + 8:m8;)81n/2, EQ. (8b) can be further simplified as [45]
Tk = 2E K. ©)

Although a simplified strain gradient elasticity theory involving only
one non-classical parameter has also been proposed by Altan and Aifan-
tis [34], its constitutive relations are different from the present ones.

2.2.2. Governing equations of the adhesive displacements and the
interfacial tractions

The motivation for exploring the strain gradient effects in the con-
strained adhesive layers derives from the experiments about the inter-
facial strength of adhesively bonded layered structures. Previous exper-
imental results [12,13,16] showed that the interfacial strength, depen-
dent on the adhesive layer thickness, can reach several times the ad-
hesive bulk strength when the adhesive layer thickness decreases to the
order of hundred microns. For example, for the aluminum alloy/silicone
rubber adhesive layer/aluminum alloy system, at the adhesive layer
thickness of 0.1 mm, the average interfacial tensile and shear strengths
(about 1.8 MPa [13]) are several times the adhesive bulk strengths (the
tensile and shear strengths of the bulk silicon rubber are 0.33 MPa and
0.55 MPa, respectively [16]). When we further decrease the adhesive
layer thickness (below a hundred microns), we expect that the interfa-
cial strength measured in the experiments will be much higher, as Ji
et al. [12] have pointed out. This phenomenon can hardly be explained
by the classical continuum mechanics, and its explanation may require
the application of the strain gradient theory, on the basis of which the
peak separation tractions above 10 times the yield stress can be attained
[44]. Thus, we use the strain gradient elasticity to characterize the thin
adhesive layer, which leads to the results distinct from those of the clas-
sical model (e.g., adhesive displacements and interfacial tractions).

Under the Cartesian coordinate system shown in Fig. 1, the displace-
ments of the adhesive layer in the x and z directions are u,(x,z) and
w,(x,2), respectively. Similar to the classical two-parameter elastic foun-
dation model [28] or the adhesive layer theory [48], the soft adhesive
layer mainly undergoes shear and lateral tension/compression deforma-
tions, corresponding to the strain components €3; and £33, respectively.
From Eq. (1), the strain gradient components along the thickness direc-
tion include k337 and k333. Thus, from Egs. (8a) and (9), the nonzero
stress and high-order stress components can be expressed by
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q(x)
M, My + dM,
/’T | \ Host beam
Mo \ | l / Hprtalip (classical)
0 - —>—>
X A Vp + dI,
z t3(x)

t; (%) % Adhesive layer
>+ 11 (%) (strain gradient)
vy
t3(x)

M, o2t M, +adm,
Ny 4 -1\ N. + dy. Bonded plate
sl / P P classical
f—s ( )
o bt

Fig. 2. Free-body diagram of an infinitesimal element with a length of dx in the
adhesively bonded layered structure. We use parameters N, M, and V to denote
axial force, bending moment and shear force, respectively, with subscripts ‘b’
and ‘p’ referring to the host beam and the bonded plate. The shear and normal
tractions at the interfaces are t; (x) and t;(x), respectively. The intensity of the
distributed line load is g(x).

031 = 2G5
du, Jw,
=G, ==+,
a( oz  0x
033 = E €33
ow
- 52, (10a)

331 = 2Ea12K331
u,
E’
T35 = 2B, K333
0w

_ 2 a
= 2522, (10b)

=2E,?

where G, = E,/[2(1 + v,)] is the shear modulus of the adhesive layer. If
the high-order stresses are omitted, the strain gradient model degener-
ates into the classical model. The term ow,/dx in Eq. (10a) was neglected
in some classical studies [28-30], but it is considered here for complete-
ness, similar to [26,49]. If w, = 0 and we only consider the shear defor-
mation (e3; and «337), the present model can degenerate into the strain
gradient shear-lag model aimed at the staggered bio-structure materials
[50].

From Eq. (6), the equilibrium equations in the adhesive layer are
given by

6313 — 733133 = 0, (11a)

0333 — 733333 = 0. (11b)

Since the host beam and the bonded plate are characterized by clas-
sical elasticity, they cannot be subjected to the double-stress traction
transferred from the interfaces. Thus, we only consider the transfer of
surface tractions at the interfaces, as shown in Fig. 2. From Eq. (7a), the
tractions at the interfaces (z = 0, h, ) are given by

1(x, 2=0)= (03 = T3313) g 1306 2=0) = (033 —73333) o (122

11(xs z=h, ) = (631 - T331.3)z:ha’ ta(x’ z=h, ) = (‘733 - T333,3)z:;,a-
(12b)
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From Egs. (11), we can know that 037 — 73313 and o33 — 7333 3 are
independent of z. Thus, the interfacial tractions at the upper and lower
interfaces (z = 0, h, ) are equal, as shown in Fig. 2, and they can be
written as

1, z=0)=t,(x, z=h, ) =063 — 13313 = 1;(x), (13a)

130x, z=0)=1t3(x, z=h, ) =633 — T3333 = 13(x). (13b)

The equal interfacial tractions at the upper and lower interfaces di-
rectly result from the equilibrium of the adhesive layer. And this does
not mean that the stress state is uniform across the adhesive layer
thickness. Since we consider the strain gradient effects in the adhesive
layer, the stress components (37, 033) and the high-order stress compo-
nents (7337, 7333) vary with the coordinate z. Only their combinations
031 — 7331,3 and o33 — 73333 are independent of z, according to Egs.
11).

Substitution of Egs. (10) into Egs. (11) gives

*w, 1 0w,
oz* 212 972

=0, (14a)

d*u, 1 0%u, 1 Qw,

—__ —2 = —2, 14b
0z%  4(1+v,)12 022 4(1+v,)12 0xoz (140)

We assume that no work is done at the interfaces z = 0, h,, and thus
according to the virtual work principle Eq. (4), the displacement u; and
its normal gradient Du; are continuous at the interfaces [50]. Therefore,
we can obtain the following boundary conditions about w,:

w, Jwy,

wa(z = 0) = Wy, Elz:o = glz=0 =0, (15a)
ow, ow

wy(z = hy) = wp, —lop, = =L, =0, (15b)

where wy, = w(x) and wp = wp(x) are the deflections (displacements in
the z direction) of the host beam and the bonded plate, respectively.

Similarly, the boundary conditions about u, can also be obtained. Be-
fore that, we should give the adherend displacements from the classical
Euler-Bernoulli beam theory:

hy \ dwy,

Uy = Upg — Z+7 E, —hhs z<0, (16a)
hy +2h, \ dw,

up:upo— (z_T>E, has Zsha+hp, (16b)

where u;, and uj, are the displacements of the host beam and the bonded
plate in the x direction, respectively. At the middle planes, we have
U, = Uy for z = —h,/2 and u, = uy for z = h, + h,/2. Therefore, the
boundary conditions about u, can be expressed by

hy, dwy,  Odu, ouy, dw,
u,(z =0) = up(z =0) = upy — 3 A Elz:O = Elz:O =T (17a)
h, dw, ou ou dw
p “Wp . p p
uy (2= hy) =uy(z=hy) = up + 2 a_;|z=ha = $|z=na =
(17b)

If the dimensionless quantities are denoted by overlined letters, we
have X = x/hy, z2=z/h,, W, = Wy/hy, W, =w,/hy, W, =w,/hy, Gy =
o/ hos By = [ hy, gy = ttpg /iy iy = By [ By, By = By [, Ty =1,/ By, Ty =
t3/Ey, E, = E,/E, and G, = G,/ E,. Then, Egs. (13)-(17) can be rewrit-
ten in a dimensionless form.

Solving Egs. (14) in the dimensionless form, we can obtain the ad-
hesive displacements as follows:

w, = C, cosh (Az) + C, sinh (AZ) + C32+ Cy, (18a)
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ii, = Cscosh (Bz) + Cgsinh (Bz) + C;2 + Cy+

Bh,__(dmy 4%
(gz_gz)A_ dx dx

ay (dw, iy
_Gy (A, T o 18b
zha< & dax )t (18b)

) [‘111 sinh (AZ) + ay) cosh ( _2)]

where A = ha/(\/il), B= h,/14/1 + v,) and C; (i = 1-8) are integration
constants determined by the boundary conditions of Egs. (15) and (17):

G ap —ay
C a —a w
2| _ |91 20| W), (192)
G as) —az; [\Wp
Cy 1 —ay apy
17
Cs as;  —as as3  ds4 b0
C a —a a a Upo
6 _ 61 61 63 64 | (19b)
& an —an a3 Ay Ik
b
& l—as; as agy  agy -

The expressions of dimensionless coefficients q
Appendix A.

Substituting Egs. (10) and (18) into Egs. (13), we can obtain the
interfacial tractions:

ij are given 1n

7 _G Al + & dw"+§ 92y (20a)
1= 7, a A+ ¢ dx 274z ) a
_ E

75 =a3lh—a(wb—wp), (20b)

a

where A# = fiy — iy, & = ay3 + (1 = ay)h, and & = ayy + ay, h,. The in-
terfacial tractions can be completely determined only when we obtain
the displacements Az, i, and @y, which will be given in the next sec-
tion.

Although the governing equations of the deformation of the adhe-
sive layer have been proposed, we should be concerned with the lim-
itations of the present model. Firstly, as shown in Fig. 2, the moment
equilibrium of the adhesive layer is not satisfied, similar to the classi-
cal analyses [28-30]. In this case, the adhesive layer mainly transfers
forces rather than moments, and the strain gradient effects make the
force transfer more efficient. When the adhesive layer thickness is small
compared with the adherend thicknesses, the approximation of ignor-
ing the moment equilibrium condition can always meet the accuracy
requirements. Secondly, the free boundary conditions at the ends of the
adhesive layer (x = 0, L,, see Fig. 1) are not satisfied. It should be
noted that this limitation also exists in the classical models [28-30],
since the boundary conditions at some edges are hard to be taken into
account in the one-dimensional (1D) analysis. However, the interfacial
stresses obtained from the two-dimensional (2D) finite element method
(FEM) [51] have shown close agreement with those of the classical an-
alytical solutions [52], except in a narrow region near the plate end.
In the present model, the strain gradients along the adhesive thickness
direction, the dominated strain gradient components, are incorporated.
Thus, we can think that the present model captures the key factors of the
problem. Besides, we should also note that previous analytical solutions
and finite element simulations [53,54] have revealed the boundary lay-
ers for the 1D strain gradient bars/beams. Therefore, possible boundary
layer effects, corresponding to the boundary conditions at the adhesive
ends, are ignored in the present model, and the results near there are
inaccurate. For more accurate local results near the adhesive ends, we
should resort to 2D FEM.
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2.2.3. Governing equations of the adherend displacements

Since the layered structure is symmetrical about the midspan, as
shown in Fig. 1, we only need to consider the left half of the struc-
ture. And the left half of the host beam can be divided into two parts:
one part bonded with a plate (0 < x < L,/2, L, = L,/hy), and the other
part without a bonded plate (-a < x <0, a =a/hy).

When 0 < x < ip /2, from Egs. (16), axial stresses in the host beam
and the plate can be obtained:

duy, duyy h\ w,
O = By oo =By |- = -2+ 5 o | (21a)
ou du hy +2h,\ d?w
- P _ LY e P
oo =By =6 [ dx (z 2 ) dx? ] (10)
Then, the axial forces in the two layers are
No=b | opdz = dig
b=b [ Oxadz= Eybhy—=. (222)
—hy X
hﬂ+hp d”p()
Np=b [ gz = Ebhy—=. (22b)

a

The bending moments about the respective middle planes can be
expressed by

Mb:b;g N Z+ﬂ dz:_Mdzwb, (23a)
—hy, xx 2 12 dx?2
hy+hy h, +2h E bh > 2w
P a PP P
M, =b -2 C)dz=- —. 23b
P ’{. 6xxp<z P > z 12 dx2 ( )

From Fig. 2, we can obtain the equilibrium equations of the host
beam:

dN,

—— =-1,(x)b, (242)
dx

av,

—— = —q(x) — 13()b, (24b)
dx

dMm, hy

W = Vb - tl(x)bj, (24C)

Similarly, we can also obtain the equilibrium equations of the
bonded plate:

dN,

—L =1, (x)b, (25a)
dx

av,

—2 — 1008, (25b)
dx ‘

dM, hy

F = V]J - tl(x)bT, (25C)

where V;, and V,, are the shear forces in the host beam and plate, respec-
tively. And q(x) is the intensity of the distributed line load.

Substituting Egs. (20), (22) and (23) into Egs. (24) and (25) and
reformulating them, we obtain the governing equations about displace-
ments Uy, Upg, W, and wy:

Py = Pl

w2 B =0 (26a)

iy, divy d2Aa _
flg + fzg =-4 o a; A, (26b)
d4lZ)b E _ _ dSAﬁ o

dz4 - 12;7:“31 (wb - wp) + 4 d%3 =124(%), (26¢)
ﬂd4wP——}, w_a w+§}»(l+h)d3Aa_12§q()‘c) (26d)

3 g5 1 4m N4 142 p 14(%),

dx3



H. Long, H. Ma, Y. Wei et al.

E h h 6E h
A = PPe ,=—2r (27a)
(1+ E,hy)G, 1+ E,h,
by=& - ER3E = BL"*‘B[(hﬁm) - E,R(1 +ha)], @7b)
P 2K, P

where K, is expressed by Eq. (A.4). According as whether the coefficient
A3 in Eq. (26d) is zero or not, two cases should be discussed separately:
the balanced case (43 = 0) and the unbalanced case ( A3 # 0). From
Eq. (27b), the balanced case (43 = 0) indicates a balanced state of the
geometry and material parameters, and it includes the special case of
identical moduli and thicknesses for the adherends, i.e., Ep = 1and ﬁp =
1. In the balanced case, Eq. (26d) reduces to a five-order linear ordinary
differential equation (ODE) about Ai. While in the unbalanced case, Ai
and w, are coupled in Eq. (26d). The detailed discussions will be given
in Section 2.3. If h, <1 and h, < h,,, the balanced case is reduced to
Ephg = 1, which is consistent with the classical studies [29,55].

When —a < x < 0, the governing equation of the host beam deflection
is
v, 1 dhw,
dx 12 dx

In order to give the boundary conditions, we should firstly express
the internal forces in terms of displacements. From Egs. (22)—(25), the
dimensionless axial forces, bending moments and shear forces in the
host beam and the bonded plate can be expressed by

=0. (28)

o Ny diyy - Np - - digg
Ny = = —, = =E h,—, 29
b T bhgE,  dx P bhgE, PP dx (292)
N I Ephy &, (29b)
*" bhlE,  12.de2 P pplE, 12 de?
I Boy, 1. - W Eyhy dPw
v, = b o __ 1 _b+ltl(>’c),V= p__ r
bhE, | 12 d© 2 7 by E, 12 4%
hy, _
+2H). (29¢)

Equations (29) are also valid for —a < x < 0 since 7;(X) = 0.
The boundary conditions are proposed as follows. At the simple sup-
ports (x = —a), the deflection and the bending moment are zero, i.e.,
d?w,

F|X=7a = 0 (30)

Wy (% = —a) =0,

At the plate end (x = 0), the axial forces in the host beam and the
plate are zero. The deflection, the slope, the bending moment and the
shear force in the host beam are continuous. Besides, the bending mo-
ment and the shear force in the plate are zero. From Egs. (29), these
conditions yield

di Upo

d_?"":o =0, d—;h:o =0, (31a)
o diy, dim,,

(X =07) = iy, (X = 07), E'fmo’ = Ekﬁm, (31b)
2w, 2w, dw, 3wy, ;

T2 5= = g =0t 3 le=0m = 5 le=0r ~6010), @3lo)
d*w, __ dw, 7

FES) lz=0 =0, E,h; S z=0 — 67,(0) = 0. Gld

At the midspan (x = L, /2), the axial displacements and slopes in the
host beam and the plate are zero. The dimensionless shear force in the
host beam is V;, = P/2, where P = P/(E,bhy), and the shear force in the
plate is zero. From Egs. (29), these conditions can be expressed by

- I_‘P = I_‘P
Upo 7 =O, upo 7

0, (32a)
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dwy, dw,,
Tl ls=£,2 =0, Elfﬂp/z =0, (32b)
a1, _ dw,

d)_c3 |i=£p/2 = 6P, F |;€=zp/2 =0. (320)

2.3. Solutions to displacements and interface tractions

2.3.1. Balanced case
For the balanced case (13 = 0), considering g(x) = 0 for three-point
bending, Eq. (26d) reduces to a five-order linear ODE:
dAa m L d3Ai
x5 ' ax3

where m; is the parameter defined by

=0, (33)

2o GBS B L34 hy) (144 | > 0. (34)
h,K;, Php

m

Solving Eq. (33), we can obtain
Ali = D cosh (m %) + Dy sinh (m;%) + D3%> + D% + Ds, 35)

where Aii = Aii/P. In Eq. (35) and the following equations, D;( = 1-
14) are integration constants.
From Egs. (26b), 26¢) and ((35), we have

dw, . -
P + 4m24d_5cb =mjy [Dl cosh (mla‘c) + D, sinh (mlx)]

+ my(D3%* + DyX) + ms, (36)

where @y, = i, /P and

3(1+ 67 & 72E,(1+hy)a
myt = —*pp_—aagl >0, my=—Adym* + = a( — _p) _31 , (37a)
EhS hy ) hy(1+ E,hy)h2
f 24E h,E
my = 2o 200l m,Ds. (37b)
h,& (1+ E,hy) &G,
Solving Eq. (36), we can obtain
Wy, = cosh (m,%) [Dg cos (m,X) + Dy sin (m, )]+
sinh (m,%) [Dg cos (m,X) + Dy sin (myX) ]|+
m3 - . -
W [DZ cosh (mlx) + Dl sinh (mlx)]+
my 3 Mg 5 Ms .
T2, Dsx” + WD4X + 4m24x +Dyp,0<x < L,/2. (38)

From Eq. (26¢), the deflection of the plate w, = i,/ P is given by
h, < d*ib, B3AG
12E,ay \ dx* 7 dx?
From Egs. (26a) and (35), the axial displacements in the host beam
and the plate can be expressed by

>,05>‘c<ip/2. 39)

———(E,h,Aii+ Dy ;X +Dy,),0< % < L,/2, (402)

I’:lhO =
1+ E,h,

— =

ity = ——=—=(—Ai+Dy;x+Dy,),0<x < L,/2, (40b)
L+ E,h,
where iy = /P and i = i,/ P.
For the part of the host beam not bonded with a plate, its deflection
can be obtained from Egs. (28) and (30):

W, =D3(X+ 3 +Dyy(X+a),-a<x<0. @1

At this moment, the solutions of all displacements have been ob-
tained, i.e., Egs. (38)—(41), where the integration constants Dj(j =1-
14) can be determined by the boundary conditions (i.e., Egs. (31) and
(82)). Then, the interfacial tractions can be obtained by substitution of
Egs. (35), (38) and (39) into Egs. (20).
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2.3.2. Unbalanced case

For the unbalanced case (13 # 0), we need to solve Egs. (26) simul-
taneously to obtain all the displacements. From Egs. (26b)—(26d), we
can obtain the following nine-order linear ODE (g(x) = 0 for three-point
bending):

& Ai d’Ai A A
- + - =0, 42
o Max T g % “2)
where a;(j = 1-3) are positive parameters defined as
G, o _ o
P [6(52 + By ) = any(1+ Ephp)], 43a)
hyE,h
12E,
a2=—_—“a3‘<1+ _1_3>, (43b)
h, E,h
12E,Gua3, T - - - _ R
o = —ﬁ[éEphp(l +hy) (&1 + &) = (1+ Ephy) (14 EjR) Jari .
app

(43¢c)

For typical material and geometry parameters, the characteristic
equation of Eq. (42) has two nonzero real roots, two pairs of conjugate
complex roots and three zero roots (see Appendix B). Thus, the solution
of Eq. (42) can be expressed by

Aii = D cosh (111)?) + D, sinh (;112) + cosh (ylfc) [D3cos(y25<) + D4sin(y2)‘c)]+

sinh (7, %) [Dscos(7,%) + Dgsin(7,%)| + D;%> + DgX + Dy, (44)

where 7, y; and y, are positive parameters given by Egs. (B.6) and
(B.7).

Afterwards, from Egs. (26b)-(26d), we can obtain the deflections of
the host beam and the bonded plate for 0 < x < IZP /2:

- A dAa a7z a= - (dSAE d3AE>
wy, = — —_— - Ai dx + - + Dy,
T Hs d&x g +5 Jo Aidx+ay & 10
(45)
- AL dA@ e = <d5AE d3AE>
w, = — —_— - Aadx —ay| —— —a;———— | + Dy,
P & +é dx & +4 Jo *\ axs M ax3 10
(46)
with parameter a, defined as
E2h*h2g,
a Pre 47)

12(1+ Eyhy) (& + &) a3 3G, E,

For the unbalanced case, Egs. (40) and (41) are also valid, but the ex-
pression of Ai is different. Substituting Eq. (44) into Egs. (40), (45) and
(46), we can obtain the solutions of all displacements, and the integra-
tion constants D;(j = 1-14) can be determined by the boundary con-
ditions (i.e., Egs. (31) and (32)). Then, the interfacial tractions can be
obtained by substitution of Egs. (44)—(46) into Egs. (20).

3. Results and discussions

In this section, we focus on the solutions of the local interfacial trac-
tions and the global host beam deflection. And referring to previous
literature, we can take typical values of the geometry and material pa-
rameters. For aluminum beams bonded with PZT actuators [56], the
adhesive layer thickness varies from 20 ym to 1 mm. And we have
E, = E, = 70GPa, E, = 3GPa, v, = 0.4, h, = 1 mm and h;, = 1-
100 mm. In flexible electronics [19], Si ribbons with thickness vary-
ing from 100 nm to 10 ym are bonded to a poly(ethyleneterepthalate)
(PET) substrate (50 ym or 175 pm thick) with a thin epoxy adhesive
layer (about 1 ym thick). The Young’s moduli of the Si ribbons and the
substrate are 130 GPa and 4 GPa, respectively. The Young’s modulus
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and Poisson’s ratio of the adhesive layer are 4.4 GPa and 0.44, respec-
tively. Besides, the adhesive layer can be very soft. For example, the
Young’s modulus of silicone layers (adhesives, E, = 60 kPa) is about
five orders of magnitude smaller than that of the polyimide layers (ad-
herends, E = 2.5 GPa) [57]. Considering these facts, the ranges of pa-
rameters in the following discussions are h,/I = 0.1-100, h,/h; = 1072,
h,/hy, = 0.1-1, L,/L = 0.01-1, L/hy, = 20, E,/E, = 107°-107%, v, = 0.4
and E,/Ey, = 0.1-50. In the strain gradient theories, the material charac-
teristic length scale is always on the order of microns (I = 0.1-10 ym)
[21,24,45,58]. Thus, typically, for [ ~ 1 um, the host beam thickness is
hy, ~ 100 ym and the minimum plate thickness is h, ~ 10 ym.

In the following discussions, we will firstly compare the strain gra-
dient solutions of layered structures at different scales, which will de-
generate into the classical solution for the macro scale. Then, we will
focus on the layered structures at the micro scale (with micro-scale ad-
hesives). Here, since the geometry parameters span several orders (e.g.,
h,/hy, = 1072), we use the adhesive layer thickness, the smallest geom-
etry parameter, to represent the scale of the layered structure.

3.1. Results of adhesively bonded layered structures at different scales

3.1.1. Distributions of interfacial tractions
From the strain gradient model, the dimensionless interfacial trac-
tions can be expressed as

by _ N xR b Py Ly n By Bl 48)
_P i Lp, i shbshbsL’hbyEb’ a’Eb > s
N e N— —
scale geometry metarial

Asillustrated in Fig. 3, for adhesively bonded layered structures with
similar geometry and material properties (i.e., the geometry and mate-
rial parameters in Eq. (48) are identical), the parameter h,/l charac-
terizes the structure scale (including the scale of the adhesive layer).
When h,/l increases from 1073 to 103 (1 is a micron-scale parameter),
the order of the adhesive layer thickness varies from nanometers to mil-
limeters. Correspondingly, the geometry parameters vary in equal pro-
portion. When h, /I tends to infinity, Eq. (48) degenerates into the clas-
sical solution. It should be noted that from the classical solution, the
dimensionless interfacial tractions are the same for similar geometry
and material properties, regardless of the structure scales.

Distributions of interfacial tractions (i.e., interfacial stresses,
t; = 04; (i = 1, 3)) for layered structures at the macro scale, obtained
from the classical solution, are shown in Fig. 4. Similar classical re-
sults have been presented by Long et al. [29], but they ignored the
term ow,/ox in Eq. (10a) for small thickness ratios of adhesive layer
to adherends. We can also obtain an approximate strain gradient solu-
tion by ignoring this term in Eq. (10a) (see Appendix C). From Fig. 4(a),
the shear traction reaches its maximum at the plate end, and then de-
creases to zero at the midspan due to its antisymmetry distribution. From
Fig. 4(b), high tensile traction occurs at the plate end, and the normal
traction decays to zero somewhere far away from the plate end. And
a compression zone can be observed next to the tension zone, which
is reasonable considering that the resultant force of the normal trac-

tion is zero. Actually, we have /OL o/2 13(x)dx = Vi (L, /2) = V,(0) = 0 from
Eq. (25b), indicating the force equilibrium in the z direction for the
plate. Influences of dimensionless adhesive layer thickness h,/hy, a ge-
ometry parameter, are also shown in Fig. 4. With the decrease of h,/hy,
interfacial shear and normal tractions increase in a wide region of the
interface. The previous study [51] has shown that the approximate an-
alytical solutions [52] are in good agreement with the results of FEM,
except in a narrow region near the plate end (approximately x/L;, <
0.1%).

Distributions of interfacial tractions for layered structures at differ-
ent scales (represented by h,/l) are shown in Fig. 5. All these results
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Adhesive layer Fig. 3. Schematic diagram of adhesively bonded layered struc-
tures with similar geometry and material properties at different
—— m scales. The structure scale can be represented by the parameter
Bonded plate h,/1, where h, is the adhesive layer thickness and [ is the mate-
| ] ] rial characteristic length scale of the adhesive (I is a micron-scale
nm h parameter).
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Fig. 4. Distributions of interfacial tractions for layered structures at the macro scale (obtained from the classical solution) for different values of dimensionless
adhesive layer thickness h,/h;,: dimensionless (a) interfacial shear traction t; bh,/P and (b) interfacial normal traction t;bh; /P versus normalized distance from the
plate end x/L,. The values of other parameters are fixed at h,/h, = 0.1, L,/L = 0.5, L/hy, = 20, E,/E},, = 104, v, = 0.4 and E,/E, = 10.
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Fig. 5. Distributions of interfacial tractions for layered structures at different scales (represented by h,/I): dimensionless (a) interfacial shear traction t, bh,/P and
(b) interfacial normal traction t;bhy,/P versus normalized distance from the plate end x/L,. The values of other parameters are fixed at h,/h;, = 1072, h,/hy, = 0.1,
L,/L=0.5, L/h, = 20, E,/E, = 10~*, v, = 0.4 and E,/E;, = 10. The limiting case of h,/l — +oo (dashed curves) corresponds to the classical solution.

correspond to the unbalanced case (43 # 0 from Eq. (27b)). The impor-
tance of the strain gradient solution (solid lines) can be seen by compar-
ing it with the classical solution (dashed lines). As mentioned before, the
parameter h,/l characterizes the structure scale. From Fig. 5, with the
decrease of h,/l, the strain gradient solution deviates more significantly
from the classical solution. Moreover, the interfacial shear and normal
tractions increase in a relatively wide region of the interface, since the
constrained adhesive layer undergoes obvious nonuniform deformation
and large strain gradients exist. Therefore, the interfacial tractions show
an apparent size effect when the layered structure scales down (h,/I
decreases). It is noteworthy that when h,/l = 1 (correspondingly, the
adhesive layer thickness is h, = 0.1-10 ym), the interfacial tractions
increase substantially, indicating the stiff interface bonding created by
the micro-scale adhesive layers. It should be noted that the results in a

narrow region near the plate end (x/Lp — 0) are inaccurate since we
ignore the boundary conditions near the adhesive ends. Previous exper-
iments [13] have shown that the average interfacial tensile and shear
strengths are several times the adhesive bulk strengths when h, is about
100 um, and the local strength should be much higher. Thus, the experi-
mental results provide qualitative evidence for high interfacial tractions
predicted by our model.

Although the increased interfacial tractions with varying parameter
are both observed in Figs. 4 and 5, the underlying reasons are totally
different. In Fig. 4, the variation of interfacial tractions with thickness
ratio h,/h;, shows geometry effects for layered structures at the macro
scale (h,/l — +0). In contrast, in Fig. 5, the variation of interfacial
tractions with structure scale h, /I for fixed h,/hy, reflects the size effects
for layered structures at different scales (correspondingly, the adhesive
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Fig. 6. For layered structures at different scales (represented by h,/I), variations of the normalized midspan deflection of the host beam wy/wy;, with the di-
mensionless (a) plate thickness hp/hb, (b) plate length L,/L, (c) adhesive modulus E,/E, and (d) plate modulus E,/E}. The midspan deflection is normalized by
Wy = L3/(4E,bh,,?), the midspan deflection of the host beam without a bonded plate. For all curves, h,/hy, = 1072, L/h, = 20 and v, = 0.4. The limiting case of

h,/l — +oo (dashed curves) corresponds to the classical solution.

layer thickness varies from macro to micro scale). The geometry effects
at the macro scale can be studied by the classical model, while the size
effects should be captured by the present strain gradient model.

From Fig. 4, interfacial tractions tend to infinity near the plate end
when h,/h;, — 0. And similar phenomenon can also be observed in
Fig. 5 when h,/l — 0. On the one hand, these results are rigorous solu-
tions to our analytical model. On the other hand, the traction singularity
near the plate ends is not surprising if we consider the ends as the crack
tip of the interface cracks (90° interface crack for host beam/adhesive
interface and 180° interface crack for plate/adhesive interface). Actu-
ally, referring to the classical results about the stress singularities in bi-
material wedges [59], we can know that the interfacial stresses would
have a power singularity at the plate ends if we treat the adherends
and the adhesive layer as elastic continua. Generally, the 1D analysis
based on the beam theory and adhesive layer theory cannot predict the
stress singularities (i.e., interfacial stresses are bounded everywhere).
However, interfacial stresses can tend to infinity near the plate ends
when the adhesive layer thickness decreases to zero [29], due to infin-
ity stiffnesses of the springs simplified from the adhesive layer (spring
stiffnesses are inversely proportional to the adhesive layer thickness).
Similarly, in the present strain gradient solution, as shown in Fig. 5,
infinite interfacial tractions near the plate ends can be observed when
h,/l — 0, indicating that the adhesive layer becomes very stiff owing to
large strain gradients.

3.1.2. Midspan deflection of the host beam
Herein, the midspan deflection of the host beam in layered structures
is denoted by wy; = wb(Lp/Z), and the midspan deflection of the host

beam without a bonded plate is represented by wy;,. Due to the stiffening
effects of the bonded plate on the host beam, which are transferred by
the adhesive layer, the midspan deflection of the host beam becomes
smaller for the same applied load, i.e., wy; < wyyo.

Fig. 6 plots the normalized midspan deflection wy;/wy;, for layered
structures at different scales. Generally, these results correspond to the
unbalanced case, and only a particular combination of the geometry and
material parameters corresponds to the balanced case. For example, in
Fig. 6(a), we can know that 13 = 0 (the balanced case) is satisfied only
when hy,/hy, ~ 0.32 from Eq. (27b). From Fig. 6, if the stiffening effects of
the plate can be neglected (e.g., L,/L — 0), wy /Wy tends to unity. And
whatever the structure scale is, the midspan deflection decreases when
the plate thickness, plate length, adhesive modulus and plate modulus
increase, which indicates that the stiffening effects of the plate increases.
Here, free boundary conditions at the adhesive ends are ignored, even
for L,/L — 1. For large values of plate length, the size of the regions
affected by the adhesive ends is much smaller than the plate length.

The variation of the normalized midspan deflection with the dimen-
sionless plate thickness is presented in Fig. 6(a). In Fig. 6(a), when h,/I
decreases from infinity to 100, the strain gradient solution is almost the
same as the classical solution, implying that the strain gradient effects
can be ignored. However, when the structure scale further decreases
(h,/l decreases), the deflection exhibits an obvious size effect. As the ad-
hesive layer thickness reaches the micron level (h,/I = 1), the midspan
deflection of the strain gradient solution decreases significantly com-
pared with that of the classical solution, arising from the stiff interface
bonding of the micro-scale adhesive layers due to large strain gradients.
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Fig. 7. For layered structures at different scales (represented by h, /D), variations of the normalized midspan deflection of the host beam w);/wy, with the dimension-
less adhesive modulus E, /E;, for different dimensionless span lengths L/hy: (a) L/h, = 100 and (b) L/h;, = 200. For all curves, h,/h, = 1072, h,/h, = 0.1, L,/L = 0.5,
v, = 0.4 and E,/E, = 10. The limiting case of h,/l — +oo (dashed curves) corresponds to the classical solution.

For h,/l = 0.1, the midspan deflection further decreases. Similar trends
can also be found in Fig. 6(b)-(d).

As illustrated in Fig. 6(c), the difference between the strain gradient
solution and the classical solution is apparent when the adhesive mod-
ulus is small. Furthermore, it is worth noting that when the adhesive
layer thickness is on the same order of magnitude as the material char-
acteristic length scale or even smaller (h,/l < 1), the midspan deflection
is almost independent of the adhesive modulus in a wide range, due
to the strong strain gradient effects. Therefore, the adhesive modulus
becomes unimportant in this case. This phenomenon is quite different
from the behavior of macro-scale layered structures, where the adhesive
layer with low modulus leads to flexible bonding and the host beam de-
flection becomes larger (the dashed line in Fig. 6(c)). Therefore, we can
use very soft micro-scale adhesive layers (with low modulus) to realize
a stiff interface bonding, which is crucial to achieving excellent per-
formance for micro devices, such as high accuracy and repeatability of
signal detection.

The above discussions are aimed at layered structures with a span
length (or aspect ratio of the host beam) of L/h;, = 20, similar to some
previous studies [38,41,60]. For larger span lengths, which are com-
mon in flexible electronics [19,26], the variation of midspan deflection
with adhesive modulus is shown in Fig. 7. Combining Fig. 6(c) with
Fig. 7(a), (b), we can see that with the increase of span length, the dif-
ference between the classical solution and the strain gradient solution
decreases. However, the trends in midspan deflection are similar. And
even for L/hy = 200 and E,/E, = 107> (Fig. 7(b)), the deflection of the
strain gradient solution (h,/l = 0.1) can be 32% smaller than that of the
classical solution.

3.2. Results of layered structures with micro-scale adhesive layers

In this section, we will focus on the case of h,/l = 1, where the layered
structures are at the micro scale (with micro-scale adhesives). Besides,
the span length is fixed at L/h;, = 20 and the values of other parameters
are similar to those in Section 3.1.

3.2.1. Distributions of interfacial tractions

For layered structures with micro-scale adhesive layers, influences of
plate thickness on the distributions of interfacial tractions are presented
in Fig. 8. It can be seen that with the increase of the plate thickness, the
shear traction decreases while the normal traction increases in a wide
region. From Fig. 8(b), when the plate thickness increases, the compres-
sion zone enlarges and the maximum compression traction increases.

Fig. 9 shows the influences of the plate length on the distributions
of interfacial tractions. It can be seen that with the decrease of the plate

10

length, the shear and normal tractions increase in a wide region, since
the bending moment near the plate end increases for shorter plates.
From Fig. 9(b), for small plate length (LP/L = 0.2), the interface is al-
ways under compression when x/L;, > 0.1, which can be explained by
considering that the influence region of the plate end covers the whole
interface. In contrast, for larger plate lengths (L,/L = 0.5, 0.8), the in-
fluence region is limited to the vicinity of the plate end, and thus the
normal traction decreases to zero quickly.

The influences of the adhesive modulus on the distributions of inter-
facial tractions are shown in Fig. 10. As the adhesive modulus increases,
the interfacial shear and normal tractions increase substantially, indi-
cating that the adhesive layers with larger modulus can ensure stiffer
bonding between the plate and the host beam. For E,/E, = 1072, we
can observe large compression traction (Fig. 10(b)).

Fig. 11 shows the influences of the plate modulus on the distributions
of interfacial tractions. It can be found that with the increase of the plate
modulus, the shear traction increases. From Fig. 11(b), when the plate
modulus increases, the compression zone enlarges and the maximum
compression traction increases.

From the discussions above, we can find that with the increase of ad-
hesive modulus or the decrease of the plate length, the shear and normal
tractions increase in a wide region of the interface. Since high interfacial
tractions can cause interfacial delamination, the stress distribution com-
bined with a suitable failure criterion can be used to predict the strength
of adhesively bonded joints [1]. Therefore, the theoretical predictions of
the interfacial tractions presented here can help the strength prediction
and the optimal design of layered structures to avoid premature failure,
particularly for layered structures with micro-scale adhesive layers.

3.2.2. Midspan deflection of the host beam

For layered structures with micro-scale adhesive layers (h,/l = 1),
influences of the plate geometry on the normalized midspan deflection
of the host beam are presented in Fig. 12. From Fig. 12(a), the midspan
deflection decreases as the plate thickness increases, because the bend-
ing stiffness of the plate prhp3/12 increases. However, for short plate
(Lp/L = 0.2), the variation of deflection is insensitive to the plate thick-
ness. In this case, the bending stiffness of the short plate is large enough.
Thus the plate almost acts like a rigid body and only small deformation
occurs. Then, although the plate thickness is increased, its stiffening ef-
fect on the host beam cannot be further enhanced.

As shown in Fig. 12(b), with the increase of plate length, the midspan
deflection decreases at first and eventually tends to be stable, indicat-
ing the saturation of the stiffening effects of the plate. This saturation
phenomenon is related to the loading condition of three-point bend-
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Fig. 8. Influences of the dimensionless plate thickness h,/h;, on the distributions of interfacial tractions for layered structures with micro-scale adhesive layers
(h,/1 = 1): dimensionless (a) interfacial shear traction t;bhy,/P and (b) interfacial normal traction t;bh, /P versus normalized distance from the plate end X/Ly. The
values of other parameters are fixed at h,/h, = 1072, L,/L = 0.5, L/h;, = 20, E,/E, = 107*, v, = 0.4 and E,/E,, = 10.
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Fig. 9. Influences of the dimensionless plate length L,/L on the distributions of interfacial tractions for layered structures with micro-scale adhesive layers (h,/l=1):
dimensionless (a) interfacial shear traction t;bhy/P and (b) interfacial normal traction t;bhy /P versus normalized distance from the plate end X/Ly. The values of
other parameters are fixed at h,/h, = 1072, h,/hy, = 0.1, L/hy, = 20, E,/E, = 107%, v, = 0.4 and E,/E,, = 10.
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Fig. 10. Influences of the dimensionless adhesive modulus E,/E, on the distributions of interfacial tractions for layered structures with micro-scale adhesive layers
(h,/1 = 1): dimensionless (a) interfacial shear traction t;bhy, /P and (b) interfacial normal traction t;bh, /P versus normalized distance from the plate end X/Ly,. The
values of other parameters are fixed at h,/h, = 1072, h,/h, = 0.1, L,/L = 0.5, L/h;, = 20, v, = 0.4 and E,/E,, = 10.
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Fig. 11. Influences of the dimensionless plate modulus E,/E;, on the distributions of interfacial tractions for layered structures with micro-scale adhesive layers
(h,/1 = 1): dimensionless (a) interfacial shear traction t,bhy,/P and (b) interfacial normal traction t;bh, /P versus normalized distance from the plate end X/Ly,. The
values of other parameters are fixed at h,/h, = 1072, h,/h, = 0.1, L,/L = 0.5, L/h, = 20, E,/Ey, = 10~* and v, = 0.4.
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Fig. 12. Influences of the plate geometry on the normalized midspan deflection of the host beam wy;/wy,, for layered structures with micro-scale adhesive layers
(h,/1=1): (a) wy /Wy versus dimensionless plate thickness h,/h,, for different dimensionless plate lengths L,,/L; (b) wy /Wy, versus L, /L for different values of h,/hy,.
The values of other parameters are fixed at h,/hy, = 1072, L/hy, = 20, E,/E, = 107%, v, = 0.4 and E,/E;, = 10.
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Fig. 13. Influences of the material properties on the normalized midspan deflection of the host beam wy;/w, for layered structures with micro-scale adhesive layers
(h,/l=1): (a) wy /Wy versus dimensionless adhesive modulus E,/E, for different dimensionless plate moduli E,/E),; (b) wy/wyy versus E,/E,, for different values of
E,/Ey. The values of other parameters are fixed at h,/h, = 1072, hy/hy, = 0.1, L,/L = 0.5, L/h, = 20 and v, = 0.4.
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ing. With the increase of the distance from the midspan, the bending
moment decreases, and thus the influence of increasing plate length be-
comes weaker. If we want to minimize the deflection of the host beam, it
is economical and efficient to use a plate with the critical length, which
corresponds to the saturation of the stiffening effects.

Fig. 13 shows the influences of the material properties on the normal-
ized midspan deflection of the host beam. In Fig. 13(a), the deflection
almost remains constant for a wide range of adhesive moduli, which is
attributed to the strong strain gradient effects in the constrained micro-
scale adhesives, as discussed in Section 3.1.2. This phenomenon is simi-
lar for different plate moduli. From Fig. 13(b), when the plate modulus
increases, the midspan deflection of the host beam decreases dramati-
cally within the range of E,/E;, < 5. Afterwards, the deflection reaches
a plateau, indicating that the large bending stiffness of the plate leads
to the saturation of its stiffening effects on the host beam.

4. Conclusions

In summary, a size-dependent model for predicting the mechanical
behaviors of adhesively bonded layered structures is established. The
thin adhesive layer is characterized by the strain gradient elasticity
while the adherends, including the host beam and the bonded plate,
are described by the classical Euler-Bernoulli beam theory. The main
conclusions are summarized as follows:

(1) The proposed analytical model can predict the size effects of the
mechanical behaviors of adhesively bonded layered structures.
When the structure scale decreases (the adhesive layer thickness
also decreases), the interfacial tractions increase substantially
and the midspan deflection of the host beam decreases signifi-
cantly, especially for soft adhesive layers with low modulus. Al-
though the predicted interfacial tractions near the adhesive ends
are inaccurate, they are valid for the locations a little far away
from the adhesive ends.

(2) When the adhesive layer thickness is comparable to its mate-
rial characteristic length scale (on the order of microns), the host
beam deflection is insensitive to the adhesive modulus, indicat-
ing the stiff bonding due to the large strain gradients in the con-
strained micro-scale adhesive layer.

(3) For layered structures with micro-scale adhesive layers, when
the adhesive modulus increases or the plate length decreases, the
shear and normal tractions increase in a wide region of the in-
terface. With the increase of the plate thickness, plate length and
plate modulus, the midspan deflection decreases firstly and then
tends to saturate, corresponding to the saturation of stiffening
effects of the boned plate on the host beam.
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Appendix A. Expressions of the coefficients in Egs. (19)
A.1. The general case

The expressions of g;; in Eq. (19a) are given by

P coshA — 1 . _ _sinh4 _ _ AsinhA AD)
1= K, T Tk T T Tk .
where
K| = AsinhA — 2coshA +2 > K;(A=0) = 0. (A2)
The expressions of a; in Eq. (19b) are given by
coshB —1
—_coshB-1 A3
asy K, (A.3a)
(coshB —1) (B - sinhB)
sy = ——(by —b; — bs) + ————(b; — bs), A.3b
53 5 (b3 = by = bs) K, (b7 — bs) (A.3b)
(coshB — 1) (B - sinhB)
asy = ———— = (by — by — bg) + ———— = (bg — b¢ ), A3c
54 5 (by = by — bg) BK, (b — bg) (A.3¢)
sinh B
= —, A.3d
23 K, ( )
sinh B (coshB —1)
Aey = —— (b3 —b; — + — b, — bs), A3e
63 K, (b3 — by —bs) K, (b7 = bs) (A3e)
sinh B (coshB —1)
agy = — —— (by — b + — bg — s A3
64 K, (b = by — bg) BK, (bs — bg) (A.3)
Bsinh B
- _ BsinhB A3
any a (A3g)
Bsinh B (coshB —1)
apy = TZ(b3 —-b) - — K (b7 + bs), (A.3h)
Bsinh B (coshB —1) .
az = Tz(b4 —by) - 5 (b + bs), (A30)
agy = by — as3, agy = by — asy, (A3)
where
K, = Bsinh B —2coshB +2 > K,(B=0) =0, (A4)
b 1 b,, b BZha (A.523)
=—= =0, = —ay, Da
1 PRy Ty el
ha ilp
by = Stay = by, by =3 — by, (A.5b)
_ B’h,
b5 = —hﬂ - bﬁ, b6 = ma“, (ASC)
by = hyas; + bg. bg = —h, — b. (A.5d)
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A.2. Two limit cases
For h,/l — +co, the expressions of a; degenerate into those of clas-
sical solution. From Egs. (A.1)-(A.5), we can obtain
1-h, hp +h,
N
2 2

Other coefficients a; tend to zero. Therefore, interfacial tractions of
the classical solution can be obtained from Egs. (20):

(A.6)

1
a3 — -1, a7 > -1, a3 > > 083—’—§~

G, . _ 1+hdw, hy*h dn,\ _ E
“*fQW‘M+ T w2 ® )T
(A7)

For h,/l — 0%, the strain gradient effects cannot be enhanced any-
more. From Egs. (A.1)-(A.5), we can find a; — oo, and thus numerical
singularities are encountered. However, some relations can be obtained
by the following analysis. According to Egs. (19), we have
asy div, a5y diD,

53 SWo | 954 "%

as; dx

C :a”(u_)b—li)p), C5 :a51<ﬁb0_ﬁp0+ a5, ax > (A.8)
Since the coefficient C; and Cjs are finite, combining Eq. (A.8) with

Egs. (A.3a)-(A.3c) and (16), we can obtain

Dy (A9)
dx '

If h, — 0, the displacements of the lower surface of the host beam
and those of the upper surface of the bonded plate are equal. This case
can be called ‘perfect bonding’.

Wy, =, = 0, B (Z=0)—i,(Z=1) - h
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where i = v/—1 and

Bra= i/ﬂz +VAx {/ﬂz - VA

Generally, we have a;/3 + f3 > 0. Then, Eq. (B.1) has two nonzero
real roots, two pairs of conjugate complex roots and three zero roots:

(B.5)

o . .
Mo =4/ ?] + fs, M4 =71 E£0L 056 =~V 7L 789 = 0, (B.6)
where f5 and fg are positive parameters defined as
2 2
1 a P 3B4 a B
na=y 3y (5-5) + 5 =(5-5)) ®7

Appendix C. An approximate solution for small thickness ratios of
adhesive layer to adherends

Based on the complete shear strain expression in Eq. (10a), a rigorous
analysis is presented in the main text. If we ignore the term ow,/dx in
Eq. (10a), we can obtain an approximate solution following the analysis
in Sections 2.2 and 2.3. As a result, the adhesive displacement w, is still
expressed by Eq. (18a) while &, is given by

i* = Cs cosh (Bz) + C¢ sinh (Bz) + C,z + Cg. (C.1)
» = Cscosh (Bz) + Cg sinh (Bz) + C;2+ Cg

The integration constants C; (i = 1-8) can be expressed by Egs. (19),
and Egs. (A.1), (A.2), (A.3a), (A.3d), (A.3g) and (A.4) are still valid.
However, the coefficients a; (i = 5-8, j = 3, 4) should be replaced by

: - . coshB — 1 _ B —sinhB) _
Appendix B. Roots of the characteristic equation of Eq. (42) aly = ( — ) (1+2h,) + ( = ) h,, (C.22)
2 2
The characteristic equation of Eq. (42) can be expressed by _ _
. (coshB - 1) _ (B - sinhB) -
(n® = ayn* + ayn® —a3)n’ = 0. (B.1) dsq = 2K, hy = BK a’ (C.2b)
2
Thus, n = 0 or the expression in the parentheses is zero, i.e., _
sinh B _ coshB—1) _
E+36¢ =26, =0, (B.2) ai = - %(1 +2h,) + %ha, (C.2¢)
2 2
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For typical material and geometry parameters, the discriminant Bsinh B (coshB—1) _
A = f1% + 52 > 0, and thus Eq. (B.2) has one real root and two non-real a5, = K. X hy, (C.2¢)
complex conjugate roots: 2 2
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Fig. C.1. For layered structures at different scales (represented by h,/l), variations of the normalized midspan deflection of the host beam wy;/wy, with the
dimensionless adhesive modulus E,/E, for different values of h,/hy: (a) h,/h, = 0.01, (b)h,/h, = 0.1 and (c) h,/h, = 1.0. For all curves, hp/hb =0.1, L,/L = 0.5,
L/hy, =100, v, = 0.4 and E,/E, = 10. The dashed lines correspond to the approximate solution while the solid lines correspond to the rigorous solution. The
approximate solutions for h,/I — +oo refer to the classical solution of Long et al. [29].
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* 1 * * *

Qg3 = -3 ags, a (C2g)

Interfacial tractions are still expressed by Egs. (20), but &; = aJ, and
'52 = 0;4. -

From Egs. (A.3) and (C.2), we can find that al’.‘j — a;; = O(h,). Then,
we can know that @ — i, = O(h,) from Egs. (18b) and (C.1). Thus, the
difference between the rigorous solution and the approximate solution
is approximately on the order of &,. If h, < hy, hy, we can neglect the
term ow,/ox in Eq. (10a). However, the adhesive layer thickness can
be comparable to the adherend thickness in some micro devices such
as flexible electronics [10,26]. The comparisons between the global dis-
placements of the two solutions are presented in Fig. C.1. With the in-
crease of h,/hy, h,/l and E,/E;,, the approximate solution deviates more
significantly from the rigorous solution.
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