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A B S T R A C T

Comparing to the continuum-based method such as the finite element method (FEM), particle–spring method
can relatively easily simulate the cracking processes of brittle materials such as rocks by deactivating or
adjusting springs/contacts. However, it is still challenging for building the equivalence between particle–spring
system and the original continuous media, then capturing the whole continuous–discontinuous processes. In
this work, a simple particle–spring system is proposed in which different types of springs are introduced
including normal, tangential, pure shearing and Poisson’s springs. The stiffness of the springs are obtained
by bridging the proposed model and triangular FEM element. Moreover, novel mixed type failure criteria for
the breakage of the springs are also provided. By numerical studies the reliability and robustness of the model
are proven which gives comparable results to the conventional FEM model. With the new model, progressive
failure processes of rock-like material can be properly captured.
1. Introduction

Failure processes of brittle materials such as rocks, ceramics are
characterized by suddenness and considerable strain softening, which
is accompanied by strong discontinuities and high localization [1,2].

Many sophisticated numerical models are presented in the last
decades, either in a continuum or discrete framework [2–4]. For exam-
ple, in the framework of Finite Element Method (FEM), some models
smear the crack across several elements with limited width [5–8].
Some combine interface elements and remeshing techniques [9,10].
Some use nodal or elemental enrichments such as Extended Finite
Element Method (XFEM) [11–15], Numerical Manifold Method [16–
20], Strong Discontinuity embedded Approach (SDA) [21–24] and
Cracking Elements (CE) [25–29]. These models mostly consider the
domains with and without cracks are different, which shall be mod-
eled with different methods. When multiple cracks appear, complex
strategies such as crack tracking [30–32], multiple remeshing [33,34]
and complicated enrichments [35,36] or mathematical covers could be
inevitable, bringing computing efforts.

On the other hand, when modeling a continuous media with dis-
crete particles, the cracking processes can be modeled by breaking
the connections of particles, which could be numerically more ef-
ficient. Such approaches include classic meshfree models [37–40],
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Cracking particles [41–44], lattice elements [45–47] and peridynamic
models [48–51]. Recently, the dual-horizon peridynamics and the
Nonlocal Operator Method (NOM) show great potential in modeling
complex fracture. These two methods inherit the advantages of PD in
modeling fracture, but allow for adaptive refinement and modeling
coupled problems. The dual-horizon peridynamics [52,53] optimizes
the requirements for horizon-size and regular particle discretization,
and improves computational efficiency greatly. NOM [54,55] does
not require shape functions and has high-order continuity for solving
higher-order problems. In addition, Particle Discrete Element Method
(PDEM) is a widely used particle–spring method [56,57]. Based on the
force-chain crack model [58], the spring element method (SEM) [59,
60] is developed to describe the deformation of continuous solid media.
Extend Discrete Element Method (EDEM) [61] can describe the process
of crack propagation and fracture of concrete members. The Applied
Element Method (AEM) [62] assumes that the micro-element body
is rigid and all the deformation is concentrated on the connecting
spring between the micro-elements, which can accurately describe the
propagation of cracks. The challenges of particles methods include:
(i) efficiently build equivalence between the particle–spring and the
original continuum domain, (ii) equivalent failure criterion for the
springs.
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This work proposes a novel particle–spring method. Several types
of springs are introduced for accounting the mechanical responses of
continuum media, such as normal, tangential, pure shearing and Pois-
son’s effects. The stiffness of the springs are obtained by considering
the stiffness of corresponding FEM grids with simple and efficient
numerical procedures. A failure criterion is also built by taking into
account the particle stress and contact areas. Several numerical exam-
ples reproducing indoor experiments are provided for demonstrating
the reliability of the model which is very suitable for simulating rock
failure.

The remaining parts of the paper are organized as follows: In
Section 2, the particle–spring method is proposed including the new
spring system for accounting the mechanical responses of continuous
material. The stiffness matrix are deduced and provided in details.
Then, mixed type failure criteria are given, taking into account tensile
and compressive-shear failures. In Section 3, several numerical exam-
ples are given. The continuous and discontinuous behaviors of rock-like
material are simulated by the proposed method, comparing to the FEM
results. The paper closes with concluding remarks given in Section 4.

2. The model

2.1. Equivalence of continuum and particle–spring systems

In order to correctly describe the mechanical response of continuous
medium materials, it is necessary to ensure that the total energy of the
particle–spring system is equal to that of the continuous medium. For
solving the deformation problem of continuous linear elastic medium
under given boundary conditions, the material deforms under external
load, and the external force work is equal to the deformation energy
stored in continuous medium. Therefore, the particle–spring method
requires that the elastic potential energy of the spring system is equal
to the elastic strain energy of the continuum. On the constructed
particle–spring system, the expression of spring stiffness in a specific
spring system can be obtained by variation of elastic strain energy
of continuum. The deformation energy of the continuous media and
particle–spring system could represent as

𝛱𝑐 = ∫
1
2
𝜎𝑖𝑗𝜀𝑖𝑗𝑑𝑉 (1)

𝛱𝑑 =
𝑁
∑

𝑖=1
𝐾𝑖𝛥𝑢𝑖 (2)

where, 𝛱𝑐 and 𝛱𝑑 denote the deformation energy of continuous media
and particle–spring system respectively, 𝜆 and 𝐺 are Lame constants
and shear modulus, 𝜃 and 𝜀𝑖𝑗 means the bulk strain and strain tensor,
and 𝛿𝑖𝑗 is Kronecker delta. For isotropic linear elastic continuous media,
c could be expressed as

𝛱𝑐 = ∫
1
2
(𝜆𝜃𝛿𝑖𝑗 + 2𝐺𝜀𝑖𝑗 )𝜀𝑖𝑗𝑑𝑉 (3)

To ensure the equivalence of these two deformation energies, Eq. (4)
should be satisfied.

𝛱𝑐 = 𝛱𝑑 (4)

By comparison each component in Eq. (4), the stiffness of each
spring in particle–spring system could be obtained. According to the
construction procedure of particle–spring system, it is easy to extend
this method to higher order elements or three dimensional elements,
and it is also easy to deal with anisotropic elasticity, nonlinear material
behavior. Here, we take linear elastic constant strain triangular finite
element for an example. Considering the continuum system, each ele-
ment owns its stiffness matrix, which is built based on the material and
geometric properties. With the stiffness matrix 𝐊𝑓𝑒𝑚, the linear elastic
relationship accounting the nodal forces 𝐅 and displacements 𝐔 can be
obtained

(5)
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𝐅 = 𝐊𝑓𝑒𝑚𝐔
Fig. 1. Stiffness transform from finite element to particle–spring system.

On the other side, considering a particle–spring system, each con-
tact pair is composed by two particles. The force and displacement
relationship of this pair is controlled by normal and tangential springs
connecting the two particles as
{

𝐹𝑛 = 𝐾𝑛𝛥𝑢𝑛
𝐹𝑡 = 𝐾𝑡𝛥𝑢𝑡

(6)

where 𝐹𝑛 and 𝐹𝑠 denote normal tangential contact forces, 𝐾𝑛 and 𝐾𝑟 are
the corresponding normal and tangential stiffnesses, 𝛥𝑢𝑛 and 𝛥𝑢𝑟 denote
the normal tangential relative displacements between the contacted
particles. When properly transmitting 𝐊𝑓𝑒𝑚 into 𝐾𝑛, a constant strain
particle–spring system can also represent a continuum system, see
Fig. 1.

Different from traditional DEM, in particle–spring method, the con-
tact pairs are constructed via finite elements, shown in Fig. 2. Firstly,
a tightly packed particle system is created by particle generation algo-
rithm. Then, by treating centroid of particles as the nodes of the ele-
ments, triangular finite elements are constructed by Delaunay method.
At last, by considering the edges of the finite elements as the contact
bond, the contact pairs for each particle are created.

The mass of each particle in particle–spring system is computed by
corresponding triangular finite elements, as

𝑚𝑖 =
𝑁
∑

𝑗=1
𝜌𝑗𝑆𝑗 𝑡∕3 (7)

where, 𝑚𝑖 is the mass of 𝑖th particle, 𝜌𝑗 and 𝑆𝑗 are the density and
area of 𝑗th triangular element related to 𝑖th particle, and 𝑡 is the
thickness (1.0 m is adopted in this paper). In elastic stage, with the
appropriate spring stiffness, the particle–spring could represent feature
of continuous media. Once the particle spring failure, the mesoscopic
effect will appear, and the particle shape and particle configuration will
affect the result greatly.

2.2. Equivalent spring system

For building the equivalent spring system. A linear triangular finite
element with arbitrary shape is shown in Fig. 3, with three nodes
1(0,0), 2(b,0), 3(c,w), respectively. The corresponding three edges are
denoted as 𝑑12, 𝑑23 and 𝑑13. Then, three other nodes are introduced as
the intersection points of the altitudes and the edges as nodes 4, 5 and
6. The altitudes are denoted as ℎ34, ℎ26 and ℎ15. The polar angles of
𝑑23, 𝑑13, ℎ26 and ℎ15 to the 𝑥-axis are 𝛼̂, 𝛽, 𝛾̂ and 𝜔̂.

Then, for a corresponding particle–spring system, totally nine
springs are introduced including three conventional springs and six
unconventional springs, see Fig. 4. Each conventional spring has normal
and tangential components, where the force and deformation are
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Fig. 2. Construction of particle–spring system.
Fig. 3. Triangular element in the local coordinate system.

controlled by linear elastic relationship:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

𝐹1𝑛 = 𝑘1𝑛(𝑢2 − 𝑢1)

𝐹1𝑠 = 𝑘1𝑠(𝑣2 − 𝑣1)

𝐹2𝑛 = 𝑘2𝑛
[

(𝑢3 − 𝑢2) cos 𝛼 + (𝑣3 − 𝑣2) sin 𝛼
]

𝐹2𝑠 = 𝑘2𝑠
[

−(𝑢3 − 𝑢2) sin 𝛼 + (𝑣3 − 𝑣2) cos 𝛼
]

𝐹3𝑛 = 𝑘3𝑛
[

(𝑢1 − 𝑢3) cos 𝛽 + (𝑣1 − 𝑣3) sin 𝛽
]

𝐹3𝑠 = 𝑘3𝑠
[

−(𝑢1 − 𝑢3) sin 𝛽 + (𝑣1 − 𝑣3) cos 𝛽
]

(8)

where 𝐹1𝑛 ∼ 𝐹3𝑛 and 𝐹1𝑠 ∼ 𝐹3𝑠 denote normal and tangential forces of
springs 𝑠1 − 𝑠3 respectively. 𝑘1𝑛 ∼ 𝑘3𝑛 and 𝑘1𝑠 ∼ 𝑘3𝑠 denote normal and
tangential stiffnesses of springs 𝑠1−𝑠3 respectively. 𝑢 and 𝑣 denote node
displacements in 𝑥 and 𝑦 directions. 𝛼 and 𝛽 denote position angles,
obtained by

{

𝛼 = 𝛼̂
𝛽 = 𝛽 + 180◦

(9)

Each unconventional spring contain also two stiffness components
as Poisson’s stiffness and pure shearing stiffness. Poisson’s stiffness is
introduced for accounting the Poisson effect and pure shearing stiffness
is used for accounting the momentum effect of continuous media. The
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spring forces are determined by

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝐹4𝑛 = 𝐾𝑥𝑦
𝑝 (𝑣3 − 𝑣4)

𝐹4𝑠 = 𝐾𝑥𝑦
𝑠 (𝑢3 − 𝑢4)

𝐹5𝑛 = 𝐾𝑥𝑦
𝑝 (𝑢2 − 𝑢1)

𝐹5𝑠 = 𝐾𝑥𝑦
𝑠 (𝑣2 − 𝑣1)

𝐹6𝑛 = 𝐾𝑥𝑦
𝑝

[

(𝑢1 − 𝑢5) cos𝜔 + (𝑣1 − 𝑣5) sin𝜔
]

𝐹6𝑠 = 𝐾𝑥𝑦
𝑠

[

−(𝑢1 − 𝑢5) sin𝜔 + (𝑣1 − 𝑣5) cos𝜔
]

𝐹7𝑛 = 𝐾𝑥𝑦
𝑝

[

(𝑢3 − 𝑢2) cos 𝛼 + (𝑣3 − 𝑣2) sin 𝛼
]

𝐹7𝑠 = 𝐾𝑥𝑦
𝑠

[

−(𝑢3 − 𝑢2) sin 𝛼 + (𝑣3 − 𝑣2) cos 𝛼
]

𝐹8𝑛 = 𝐾𝑥𝑦
𝑝

[

(𝑢2 − 𝑢6) cos 𝛾 + (𝑣2 − 𝑣6) sin 𝛾
]

𝐹8𝑠 = 𝐾𝑥𝑦
𝑠

[

−(𝑢2 − 𝑢6) sin 𝛾 + (𝑣2 − 𝑣6) cos 𝛾
]

𝐹9𝑛 = 𝐾𝑥𝑦
𝑝

[

(𝑢1 − 𝑢3) cos 𝛽 + (𝑣1 − 𝑣3) sin 𝛽
]

𝐹9𝑠 = 𝐾𝑥𝑦
𝑠

[

−(𝑢1 − 𝑢3) sin 𝛽 + (𝑣1 − 𝑣3) cos 𝛽
]

(10)

where 𝐾𝑥𝑦
𝑝 and 𝐾𝑥𝑦

𝑠 are the Poisson’s and pure shear stiffnesses. 𝑢4, 𝑣4,
𝑢5, 𝑣5, 𝑢6 and 𝑣6 are the displacements of interpolated nodes 4, 5 and
6. 𝛾 and 𝜔 are determined by
{

𝛾 = −𝛾̂
𝜔 = 𝜔̂ + 180◦

(11)

Nodes 4, 5 and 6 lie on the edges, which are interpolated points of
nodes 1, 2 and 3. Hence, their displacements can be determined by

⎧

⎪

⎨

⎪

⎩

𝑢4 = 𝑁1
4 𝑢1 +𝑁

2
4 𝑢2 𝑣4 = 𝑁1

4 𝑣1 +𝑁
2
4 𝑣2

𝑢5 = 𝑁1
5 𝑢2 +𝑁

2
5 𝑢3 𝑣5 = 𝑁1

5 𝑣2 +𝑁
2
5 𝑣3

𝑢6 = 𝑁1
6 𝑢1 +𝑁

2
6 𝑢3 𝑣6 = 𝑁1

6 𝑣1 +𝑁
2
6 𝑣3

(12)

where 𝑁1
4 , 𝑁2

4 , 𝑁1
5 , 𝑁2

5 , 𝑁1
6 and 𝑁2

6 are the interpolation coefficients.
It is worth mentioning that for unconventional springs the direction

of deformations and the direction of forces are perpendicular to each
other. For example, spring 4 shown in Fig. 4(b) is introduced for
providing the normal force between nodes 1 and 2 generated by the
relative normal displacement of nodes 3 and 4 (Poisson’s effect) and
tangential force between nodes 1 and 2 generated by the tangential
displacement of nodes 3 and 4 (pure shearing effect).

In Eqs. (8)∼(10) and (12)∼(17), there are eight indeterminate stiff-
ness coefficients, including three normal stiffness coefficients 𝑘1𝑛 ∼ 𝑘3𝑛,
three tangential stiffness coefficients 𝑘1𝑠 ∼ 𝑘3𝑠, one Poisson’s stiffness
coefficient 𝐾𝑥𝑦 and one pure shearing stiffness coefficient 𝐾𝑥𝑦.
𝑝 𝑠
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Fig. 4. Equivalent spring system.
2.3. Spring stiffness coefficients

The deformation energy function is

𝐸𝑑 = 1
2

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑘1𝑛(𝑢2 − 𝑢1)
2 + 𝑘1𝑠(𝑣2 − 𝑣1)2+

𝑘2𝑛[(𝑢3 − 𝑢2) cos 𝛼 + (𝑣3 − 𝑣2) sin 𝛼]2+

𝑘2𝑠[−(𝑢3 − 𝑢2) sin 𝛼 + (𝑣3 − 𝑣2) cos 𝛼]2+

𝑘3𝑛[(𝑢1 − 𝑢3) cos 𝛽 + (𝑣1 − 𝑣3) sin 𝛽]2+

𝑘3𝑠[−(𝑢1 − 𝑢3) sin 𝛽 + (𝑣1 − 𝑣3) cos 𝛽]2+

2𝐾𝑥𝑦
𝑝 (𝑢2 − 𝑢1)(𝑣3 − 𝑣4)+

2𝐾𝑥𝑦
𝑠 (𝑢3 − 𝑢4)(𝑣2 − 𝑣1)+

2𝐾𝑥𝑦
𝑝 [(𝑢1 − 𝑢5) cos𝜔 + (𝑣1 − 𝑣5) sin𝜔][(𝑢3 − 𝑢2) cos 𝛼+

(𝑣3 − 𝑣2) sin 𝛼]+

2𝐾𝑥𝑦
𝑠 [−(𝑢1 − 𝑢5) sin𝜔 + (𝑣1 − 𝑣5) cos𝜔][−(𝑢3 − 𝑢2) sin 𝛼+

(𝑣3 − 𝑣2) cos 𝛼]+

2𝐾𝑥𝑦
𝑝 [(𝑢2 − 𝑢6) cos 𝛾 + (𝑣2 − 𝑣6) sin 𝛾][(𝑢1 − 𝑢3) cos 𝛽+

(𝑣1 − 𝑣3) sin 𝛽]+

2𝐾𝑥𝑦
𝑠 [−(𝑢2 − 𝑢6) sin 𝛾 + (𝑣2 − 𝑣6) cos 𝛾][−(𝑢1 − 𝑢3) sin 𝛽+

(𝑣1 − 𝑣3) cos 𝛽]

⎫

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎬

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎭

(13)

Based on the functional variation to node displacements 𝑢1, 𝑣1,
𝑢2, 𝑣2, 𝑢3 and 𝑣3, the relationship between node forces and node dis-
placements for the triangular-shaped particle–spring system is obtained
(Eq. (9)).

𝐅 = 𝐊𝑠𝑝𝐮 (14)

where 𝐊𝑠𝑝 is a 6 × 6 stiffness matrix of the equivalent particle–
spring system containing 8 indeterminate stiffness coefficients. By com-
paring 𝐊𝑠𝑝 and 𝐊𝑓𝑒𝑚 in Eq. (5), the 8 stiffness coefficients can be
obtained. Considering plane stress conditions, the stiffness coefficients
for equilateral triangle are

⎧

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎩

𝑘1𝑛 = 𝑘2𝑛 = 𝑘3𝑛 =
1
3

𝐸𝑡

(1 − 𝜈2)

ℎ
𝑑

𝑘1𝑠 = 𝑘2𝑠 = 𝑘3𝑠 =
1
3

𝐸𝑡
2(1 + 𝜈)

ℎ
𝑑

𝐾𝑥𝑦
𝑝 =

1
3

𝜈𝐸𝑡

2
(

1 − 𝜈2
)

𝐾𝑥𝑦
𝑠 =

1
3

𝐸𝑡
4 (1 + 𝜈)

(15)

where 𝐸 and 𝜈 denote elastic modulus and Poisson’s ratio, 𝑡 denotes
thickness, 𝑑 and ℎ denote the edge and altitude lengths. For arbitrary
224
shaped triangular element, the approximate solution is provided as

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝑘1𝑛 =
1
2

𝐸𝑡

(1 − 𝑣2)

ℎ34
𝑑12

[

1
3
+

𝑑13𝑑23
(𝑑12 + 𝑑13 + 𝑑23)𝑑12

]

𝑘1𝑠 =
1
2

𝐸𝑡
2(1 + 𝑣)

ℎ34
𝑑12

[

1
3
+

𝑑13𝑑23
(𝑑12 + 𝑑13 + 𝑑23)𝑑12

]

𝑘2𝑛 =
1
2

𝐸𝑡

(1 − 𝑣2)

ℎ15
𝑑23

[

1
3
+

𝑑12𝑑13
(𝑑12 + 𝑑13 + 𝑑23)𝑑23

]

𝑘2𝑠 =
1
2

𝐸𝑡
2(1 + 𝑣)

ℎ15
𝑑23

[

1
3
+

𝑑12𝑑13
(𝑑12 + 𝑑13 + 𝑑23)𝑑23

]

𝑘3𝑛 =
1
2

𝐸𝑡

(1 − 𝑣2)

ℎ26
𝑑13

[

1
3
+

𝑑12𝑑23
(𝑑12 + 𝑑13 + 𝑑23)𝑑13

]

𝑘3𝑠 =
1
2

𝐸𝑡
2(1 + 𝑣)

ℎ26
𝑑13

[

1
3
+

𝑑12𝑑23
(𝑑12 + 𝑑13 + 𝑑23)𝑑13

]

𝐾𝑥𝑦
𝑝 =

1
3

𝜇𝐸𝑡

2
(

1 − 𝜈2
)

𝐾𝑥𝑦
𝑠 =

1
3

𝐸𝑡
4 (1 + 𝜈)

(16)

For plane strain condition, the equations are still valid by consider-
ing unit thickness and replacing elastic modules 𝐸 and Poisson’s ratio
𝜈 with 𝐸2 and 𝜈2.

⎧

⎪

⎨

⎪

⎩

𝐸2 = 𝐸∕(1 − 𝜈2)
𝜈2 = 𝜈∕(1 − 𝜈)
𝑡 = 1

(17)

2.4. Failure criterion

For macroscopic damage, tensile failure can be modeled by Rankine
criterion and tangential failure can be modeled by Mohr–Coulomb
criterion as
⎧

⎪

⎪

⎨

⎪

⎪

⎩

If − 𝐹𝑛 ≥ 𝜎𝑡 𝐴𝑐
𝐹𝑛 = 𝐹𝑠 = 0, 𝜎𝑡 = 𝑐 = 0

If 𝐹𝑠 ≥ 𝐹𝑛 tan(𝜙) + 𝑐 𝐴𝑐
𝐹𝑠 = 𝐹𝑛 tan(𝜙), 𝜎𝑡 = 𝑐 = 0

(18)

where 𝐴𝑐 denotes equivalent contact area, 𝜎𝑡, 𝑐 and 𝜙 are tensile
strength, cohesion and inner friction angle, respectively. 𝐹𝑛 and 𝐹𝑠 are
the normal and tangential contact forces, obtained by
{

𝐹𝑛(𝑡 + 𝛥𝑡) = 𝐹𝑛(𝑡) − 𝑘𝑛 𝛥𝑑𝑛
𝐹𝑠(𝑡 + 𝛥𝑡) = 𝐹𝑠(𝑡) − 𝑘𝑠 𝛥𝑑𝑠

(19)

in which 𝑘𝑛 and 𝑘𝑠 denote normal and tangential contact stiffness, 𝛥𝑑𝑛
and 𝛥𝑑𝑠 are normal and tangential relative displacement increment, 𝛥𝑡
denotes time increment.
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Fig. 5. Three tensile models.
Fig. 6. Local and global spring forces and contact areas.
In the particle–spring system, the failure of springs can happen
along normal and tangential directions. However, unlike the continuous
media, there is no clear ‘‘cross sectional area’’ in particle–spring system.
Herein, we take 2D tensile models shown in Fig. 5 for an example
where there are two different particle models comparing to the original
continuous model. The tensile stress on the top side is 𝑃𝑡, the tensile
strength is 𝜎𝑡, The cross sectional area of the original continuous model
is 𝐴.

For continuous model, when 𝑃𝑡 reaches 𝜎𝑡 tensile failure will hap-
pen. Correspondingly, for the particle–spring models, the external force
𝐹𝑒𝑥𝑡 is

𝐹𝑒𝑥𝑡 = 𝑃𝑡𝐴 (20)

By decomposing 𝐹𝑒𝑥𝑡 along 𝑥 and 𝑦 directions. The horizontal and
vertical spring forces on the cross section are
𝑁
∑

𝑖=1
𝐹 𝑖𝑥 = 0

𝑁
∑

𝑖=1
𝐹 𝑖𝑦 = 𝐹𝑒𝑥𝑡 (21)

where 𝐹 𝑖𝑥 and 𝐹 𝑖𝑦 denote the spring force of the 𝑖th spring along 𝑥 and
𝑦 directions, 𝑁 denotes the total number of springs cut by the cross
section. In Fig. 5(b), 𝑁 = 5, and in Fig. 5(c), 𝑁 = 8.

Assuming the projection of spring force and the contact area of each
spring to the cross section are the same, the vertical force component
for each spring on cross section can be determined by

𝐹𝑦 = 𝐹𝑒𝑥𝑡∕𝑁 (22)

For each spring on cross section, 𝐹𝑦 is obtained in the local coordi-
nate system as

𝐹𝑦 = 𝐹𝑛 sin 𝜃 + 𝐹𝑠 cos 𝜃 (23)

where 𝐹𝑛 and 𝐹𝑠 denote normal and tangential components of the
spring forces in local coordinate system, 𝜃 denotes included angle
between spring and cross section, see Fig. 6.

Similarly for each spring, the projected contact area 𝐴𝑦 on the cross
section can be calculated by

(24)
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𝐴𝑦 = 𝐴∕𝑁
and the exact contact area of spring 𝐴𝑛 (see Fig. 6) can be calculated
by

𝐴𝑛 =
𝐴𝑦
sin 𝜃

= 𝐴
𝑁 sin 𝜃

(25)

Based on Eqs. (20), (22), (23) and (25), following relation is ob-
tained

𝐹𝑛 sin 𝜃 + 𝐹𝑠 cos 𝜃 = 𝑃𝑒𝑥𝑡 𝐴𝑛 sin 𝜃, (26)

leading to

𝑃𝑒𝑥𝑡 =
𝐹𝑛 sin 𝜃 + 𝐹𝑠 cos 𝜃

𝐴𝑛 sin 𝜃
= 𝜎𝑛 + 𝜎𝑠 cot 𝜃 (27)

where 𝜎𝑛 and 𝜎𝑠 denote the normal and shear stresses of each spring.
Based on Eq. (27), if 𝜃 < 𝜋∕2, such as case shown in Fig. 5(c), the

tensile stress of spring is smaller than external stress as 𝑃𝑛 < 𝑃𝑒𝑥𝑡. Hence
the tensile failure of springs will be delayed. Only when 𝜃 = 𝜋∕2, such
as case shown in Fig. 5(b), 𝑃𝑛 = 𝑃𝑒𝑥𝑡. In other words, mostly the failure
of springs will be delayed. Aiming at solving this problem, a new failure
criterion based on particle stress is introduced. For each particle 𝑝 the
stress tensor 𝜎𝑖𝑗 is obtained by

𝜎𝑖𝑗 =
−1
𝑉 (𝑝)

∑

𝑁𝑐

|

|

|

𝑥(𝑐)𝑖 − 𝑥(𝑝)𝑖
|

|

|

𝑛(𝑐,𝑝)𝑖 𝐹 (𝑐)
𝑗 (28)

where 𝑉 (𝑝) is the volume of particle 𝑝, 𝑁𝑐 is the particle contact
number, 𝑥(𝑝)𝑖 is the position of particle centroid, 𝑥(𝑐)𝑖 and 𝐹 (𝑐)

𝑗 are the
location and force acting at the contact point, 𝑛(𝑐,𝑝)𝑖 is the unit normal
vector pointed from the particle centroid to the contact location. For
a spring connecting two particles, the stress is the mean value of the
stresses of the two particles as

𝜎𝑐𝑖𝑗 =
𝜎𝑝1𝑖𝑗 + 𝜎𝑝2𝑖𝑗

2
(29)

where P1 and P2 denote two connected particles.
With the stress tensor of the spring, three principal stress compo-

nents 𝜎1, 𝜎2 and 𝜎3 are computed first, then the 3D Mohr–Coulomb
model with tensile cutoff is adopted for evaluating the failure status. In
the iteration step, when Eq. (30) is fulfilled, tensile failure will happen.
Otherwise, if Eq. (31) is fulfilled, shear failure will happen.
{

𝜎1 > 𝜎𝑡 𝑎𝑛𝑑
𝜎1𝜀1𝑑 (30)
2 > 𝐺𝑓𝑡
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Fig. 7. Removing of bond and unconventional springs.

{

−𝜎3 > −𝜎1tan2(
𝜋
4+

𝜙
2 )+2𝑐 tan(

𝜋
4+

𝜙
2 ) 𝑎𝑛𝑑

(𝜎1 − 𝜎3)(𝜀1 − 𝜀3)𝑑 > 𝐺𝑓𝑐
(31)

where, 𝜀1 and 𝜀3 are maximal and minimal principal strain, 𝐺𝑓𝑡 and
𝐺𝑓𝑐 denote tensile and shear fracture energy, and d means the distance
of the two contact particles.

𝜀1 and 𝜀3 are expressed as
{

𝜀1=
1
𝐸

[

𝜎1 − 𝜈(𝜎2 + 𝜎3)
]

𝜀3=
1
𝐸

[

𝜎3 − 𝜈(𝜎1 + 𝜎2)
]

(32)

According to Eqs. (30) and (31), only when the strength criterion
and energy release rate criterion are met at the same time, the particle
bond will break. Once the particle–spring breaks, the tensile strength
and cohesion of the contact pair will be set to zero. Subsequently,
conventional Coulomb slipping model will be introduced as

⎧

⎪

⎨

⎪

⎩

𝐼𝑓 − 𝐹𝑛 ≥ 0, 𝑡ℎ𝑒𝑛 𝐹𝑛 = 𝐹𝑠 = 0
𝐼𝑓 𝐹𝑠 < 𝐹𝑛 × tan(𝜙), 𝑡ℎ𝑒𝑛 𝐹𝑠 = 𝐹𝑛 = 0
𝐼𝑓 𝐹𝑠 ≥ 𝐹𝑛 × tan(𝜙), 𝑡ℎ𝑒𝑛 𝐹𝑠 = 𝐹𝑛 × tan(𝜓)

(33)

where, 𝜙 is the static friction angle, 𝜓 is the sliding friction angle.
Besides, when the spring connecting two particles fails, the uncon-

ventional springs refer to this connection will also be removed. For
example, see Fig. 7, if the spring C24 fails, the unconventional springs
inside triangles 1-2-4 and 2-4-5 will be removed consequently.

2.5. Calculation cycle

Incremental explicit solution approach is adopted in particle–spring
method, and the calculation cycle is a time stepping algorithm that
requires the repeated application of the law of motion to each particle,
constitutive laws to particle bonds and particle contacts, and a contact
detection scheme to the particles whose contact bonds were totally
broken. The calculation cycle is illustrated in Fig. 8. At beginning
of each time step, the law of motion is applied to each particle to
update its velocity, displacement and position based on the resultant
force. Next, if all bonds of the particle are failed completely, the
contact searching scheme is executed for this particle based on the
newest particle position. Then, the particle bond forces and particle
contact forces are computed based on the constitutive laws. At last, the
resultant force for each particle is computed based on the bond forces,
contact forces and external forces acting on the particle.

3. Numerical studies

3.1. Comparisons between the FEM and particle–spring models

A domain with size (18 cm × 17.32 cm) is shown in Fig. 9, which
is discretized into 190 triangle elements. Its bottom side is fixed and
its top side is subjected to 1 MPa compression stress. The material
properties are: density 𝜌 = 2500 kg∕m3, Young’s modulus 𝐸 = 38 GPa,
Poisson’s ratio is 𝜈 = 0.23. Plane strain condition is considered.

Considering the elastic responses, the horizontal displacement con-
tours obtained by conventional FEM and particle–spring models are
shown in Fig. 10, indicating agreeable results.
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Fig. 8. Calculation cycle for particle–spring method.

Fig. 9. Numerical model for elastic test.

3.2. Models considering different particle distributions

For testing the numerical robustness of the proposed model con-
sidering different particle distributions, a rectangular numerical model
with size 10 cm × 20 cm is used, see Fig. 11. The bottom side is fixed
along vertical direction, and a uniform compressive stress 1 MPa is
applied on the top side. Plane strain condition is assumed, and the
mechanical parameters are the same as those used in the last example
(see Section 3.1).

Five different triangular meshes are used for generating particles,
see Fig. 12. The errors of Young’s modulus 𝐸2 and Poisson’s ratio 𝜈2
obtained with the particle–spring models are listed in Table 1.

Where the values of 𝐸2 and 𝜈2 are calculated by

𝐸2 = 𝜎𝑐∕(𝑣̄𝑡∕𝐿)
| |

}

(34)

𝜈2 = |

(𝑢̄𝑟 − 𝑢̄𝑙)∕𝑣̄𝑡|
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Fig. 10. Displacement contour comparison between FEM and particle–spring model.
Fig. 11. Numerical model for testing different particle distributions.

Table 1
Errors of Young’s modulus and Poisson’s ratio obtained by the particle–spring model.

Types Mesh 1 Mesh 2 Mesh 3 Mesh 4 Mesh 5

Error of 𝐸2 0.22% 0.48% 0.82% 0.18% −2.09%
Error of 𝜈2 0.04% −1.38% −1.80% −2.71% −3.89%

Table 2
Material parameters of the rock specimen.

Density
kg/m3

Elastic modulus
GPa

Poisson’s ratio
–

Tensile strength
MPa

2500 30 0.2 1

where 𝜎𝑐 = 1 MPa denotes compressive stress applied on top side, ℎ =
0.2 m is the height of the model, 𝑣̄𝑡 is the average vertical displacement
on the top side and 𝑢̄𝑟 and 𝑢̄𝑙 denote average horizontal displacements
on the right and left sides. The results indicate that even in the worst
case (case 5) the errors provided by our model is less than 4%.

3.3. Pulling test

Dog-boned shaped pulling tests are considered for testing the tensile
failure processes of rock specimen, see the model shown in Fig. 13.
5984 particles are used for this example. The material properties are
provided in Table 2. And the parameters of tensile fracture energy and
shear fracture energy in this conditions are 0.

For comparisons, we consider four cases in this example as:
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Table 3
Material parameters of the rock specimen.

Density Elastic
modulus

Poisson’s
ratio

Cohesive
strength

Inner friction
angle

kg/m3 GPa – MPa ◦

2500 30 0.2 3 30

• Case 1: using the proposed particle–spring model with the new
failure criterion;

• Case 2: using the proposed particle–spring model with the con-
ventional failure criterion;

• Case 3: using conventional particle discrete element model;
• Case 4: using FEM model with Rankine failure criterion;

The force–displacement curves are shown in Fig. 14. In the linear
elastic stage, the proposed model provides agreeable force–
displacement responses comparing to the FEM results, while the con-
ventional particle discrete element model underestimates the stiffness
of the structure, which also underestimates the peak load. Considering
the peak stress, the FEM model with Rankine failure criterion obtains
the best results while the error of our proposed model is around 12%.
However, we would like to emphasize that the new failure criterion are
much better than the conventional one, which will get delayed failure
processes and greatly overestimate the peak load, see Section 2.4. The
failure patterns are shown in Fig. 15.

Considering the error of the proposed model, we believe it is mainly
caused by the non-uniform distribution of the particles, which results
into stress concentration, see Eq. (29). When using pure brittle fail-
ure model, stress concentration will cause early breakage of some
springs and underestimate the peak loads. Hence we consider case 5
as: building the particle–spring model with the FEM nodes and using
the proposed particle–spring model with the new failure criterion. The
force–displacement curves of cases 1, 4, and 5 are shown in Fig. 16,
indicating that the result is greatly improved when building particle
based on FEM nodes, which can alleviate stress concentration caused
by non-uniform particle distribution.

3.4. Compression test

Uniaxial compression test is considered in this section, see the model
shown in Fig. 17. 2984 nodes and 5768 triangular elements are built
in the FEM model, which producing 2984 particles for the proposed
particle–spring model. The material properties are provided in Table 3.

Unlike the brittle tensile failure in which case the damaged springs
are removed and there is no force acting on the corresponding particles,
for compression-shear failure interlock and sliding friction effects will
appear inside particles after cracking. Here, the interlock effects are
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Fig. 12. Five different meshes.
Fig. 13. Numerical models for direct tensile test.
Fig. 14. Force–displacement curves of the pulling test.

mainly controlled by the particle distributions, and the sliding friction
effects are controlled by the sliding friction angle 𝜓 . Generally, the
value of sliding friction angle is different from the inner friction angle.
And the parameters of tensile fracture energy and shear fracture energy
in this conditions are 0. We consider different sliding friction angles and
set 6 cases as
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• Case 1: the proposed model with 𝜓 = 10◦;
• Case 2: the proposed model with 𝜓 = 15◦;
• Case 3: the proposed model with 𝜓 = 20◦;
• Case 4: the proposed model with 𝜓 = 25◦;
• Case 5: the proposed model with 𝜓 = 30◦;
• Case 6: FEM model with the friction angle 30◦;

where for case 6 the friction angle is a macroscopic property. The
obtained stress–strain curves are shown in Fig. 18. Similar to the results
of the pulling test, the stress–strain curves of all cases at the elastic
stages are almost the same. The peak load of Case 6 agrees well with
the analytical results as

𝜎𝑐 = 2𝑐 tan(𝜋
4
+
𝜙
2
) ≈ 10.39 MPa (35)

The relationship between sliding friction angles and the peak loads
are shown in Fig. 19, which indicates the sliding friction angle corre-
sponds to 10.39 MPa is 𝜓 = 17◦ ≤ 30◦. As mentioned before, the sliding
friction angle of our particle–spring model is used for describing the
sliding effects between two particles after compression-shear failure.
However, the friction angle in FE model is a macroscopic parameter,
which is the combination of microscopic sliding friction angle and
microscopic interlock between particles. So, for the same peak load,
the sliding friction angle in our model is smaller than the one in FE
model.
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𝛾

Fig. 15. Failure patterns of different cases (in (a) (c), gray points represent particles and red points represent broken springs; in (d), light gray parts represent intact elements,
and heavy gray parts represent broken elements). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
Fig. 16. Force–displacement curves of particle models comparing to FEM results (case
1 and case 4 are the same as those shown in Fig. 14).

Fig. 17. Numerical models for the compression test.

For the proposed particle–spring model, the equivalent shear strain
for each particle is defined as

̄ = 1
𝑁𝑐
∑

𝑢𝑖𝑠∕𝑅 (36)
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𝑁𝑐 𝑖=1
Fig. 18. Force–displacement curves of the proposed particle–spring model comparing
to the FEM model.

Fig. 19. Relationship between peak stress and sliding friction angle.

where 𝛾̄ is the equivalent shear strain for one particle, 𝑁𝑐 is the total
contact number, 𝑢𝑖𝑠∕𝑅 denotes the shear displacement of contact 𝑖, and
𝑅 is the radius of particle. The equivalent shear strains after peak point
are shown in Fig. 20. It can be found that with the increase of the
sliding friction angle, the angle between the damaging surfaces and the
𝑥-axis increases.
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Fig. 20. The obtained equivalent shear strain of cases 1 to 6.
4. Conclusions

In this work, we proposed a simple particle–spring method for
capturing the continuum–discontinuous behavior of brittle materials.
The method introduces several springs with physical backgrounds for
the particle system. By building the equivalence between the particle–
spring and a corresponding FEM systems, the stiffness matrix of the
particle–spring system can be easily obtained. Moreover, a new fail-
ure criterion for the particle–spring system is proposed, taking into
account not only tensile but also compression-shear failures. In several
numerical example, the method provides agreeable results comparing
the results obtained the FEM method, indicating its effectiveness and
robustness.
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