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Abstract

A charge and current deposition method is presented for electromagnetic particle-in-cell simulations in 3D cylindrical coor-
dinates using Yee’s grid. The method is a direct extension of Villasenor and Buneman’s current deposition method from
Cartesian to 3D cylindrical coordinates, through computing the volumes swept by cylindrical sector charges over the cur-
rent density surfaces. Along with Verboncoeur’s correct volume terms for cylindrical coordinates, the method satisfies the

continuity equation rigorously and eliminates edge errors.
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1 Introduction

In 1992, Villasenor and Buneman proposed a current deposi-
tion scheme that satisfies the continuity equation rigorously
in Cartesian coordinates for electromagnetic particle-in-cell
(PIC) simulations [1] using finite-difference time-domain
(FDTD) field solvers [2] on Yee’s grid. Their algorithm has
achieved a great success and has been widely applied in
numerous works due to its simpleness and elegance. In 2001,
Esirkepov proposed a new charge conserving scheme which
generalizes Villasenor and Buneman’s method to arbitrary
particle form-factor in Cartesian coordinates [3].

Because substantial plasma facilities have a cylindrical
shape, such as plasma sources [4,5], plasma torches [6,7],
and plasma thrusters [8], it is naturally more convenient
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to carry out simulations in a cylindrical coordinate system
for those applications. In cylindrical coordinates, however,
both charge and current deposition schemes have some spe-
cial difficulties. For charge deposition, Verboncoeur in 2001
proposed a symmetric spline weighting method, which elim-
inates the need for correction factors that are often applied in
cylindrical coordinates to compensate for errors at the edge
of the system [9]. For current deposition, extending Esirke-
pov’s charge conserving current deposition method to 2D
r—z is relatively straightforward, because the cells are still
rectangular, as done by Davidson et al. [10].

2D r—z (axisymmetric) simulations are adequate in many
situations, e.g. the plumes of plasma thrusters [11,12], where
the plasma properties are uniform in the azimuthal direc-
tion. However, there are still considerable applications in
which 3D effects cannot be ignored. For instance, the insta-
bility and turbulence enhanced anomalous plasma transport
can significantly affect the performance of Hall thrusters
[13,14]. Such anomalous transport is a 3D kinetic process,
and a deep understanding of it requires high-fidelity full 3D
kinetic simulations. Unfortunately, difficulties remain in the
PIC scheme in the 3D cylindrical coordinate system, since
the cells have cylindrical sector shapes. Greenwood et al.
[15] developed charge conserving current weights for PIC in
cylindrical coordinates. In their method, cells away from the
cylindrical axis are mapped into cubes, and cells next to the
cylindrical axis are mapped into triangular prisms.

In this paper, we present a method that extends Villasenor
and Buneman’s scheme [9] from Cartesian to 3D cylindri-
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cal coordinates. The method computes the current density
through the volumes swept by cylindrical sector charges
over the current density surfaces. In the meantime, Verbon-
coeur’s method [9] is applied to obtain the correct volumes
for computing densities. Thus, the proposed method satisfies
the continuity equation rigorously and eliminates the edge
errors. To the best of our knowledge, there has been no work
reported on a “direct” method that can compute the current
deposition conservatively in 3D cylindrical PIC. The corre-
sponding edge errors of the current deposition as well as the
ways of eliminating them have not been studied yet.

It should be mentioned that a variety of body-fitted, curvi-
linear PIC schemes have been proposed to tackle problems
with complex geometries, seeing [3,10,16-19] and refer-
ences therein.

To guarantee the charge and current conservation, these
curvilinear PIC schemes need a correction step for scattering
typically in an ad hoc manner. Recently, Chacén and Chen
[18] proposed a density-preserving algorithm which can rig-
orously scatters the charge and current densities to the grid
in logical space, which is uniform and Cartesian. In contrast,
the formulation presented in this work manipulates particles
directly in physical space.

The rest of this paper is organized as follows: First, the
charge deposition for 3D cylindrical PIC, applying the idea of
Verboncoeur’s method [9], is described and tested in Sect. 2.
Then, the extended Villasenor and Buneman’s current depo-
sition method is derived and tested in Sect. 3. In Sect. 4, a full
PIC simulation of an equilibrium pitch is chosen to further
indicate the correctness of the current deposition method.
At last, conclusion and possible future works are given in
Sect. 5.

2 Charge deposition

In the 3D (r, ¢, z) cylindrical coordinate system, we apply a
mesh system with index i for r, j for ¢, and k for z. Indices
i, j, k range from O to N, Ny, and N, respectively. We
assume that cells are around by grid points, and the charge
density values are defined on the grid points, as illustrated by
Fig. 1. Thus, there are N, + 1 grid points and N, cells along
r; Ny + 1 grid points and Ny + 1 cells along ¢ (the extra one
cell is due to the periodic nature in ¢); and N, + 1 grid points
and N, cells along z. When i = 0, ryp = 0, which denotes the
grid points on the r = 0 axis. If uniform cells are used, the
cell sizes Ar, A¢, and Az are all constants, thus r; = iAr,
¢j = jAP, zx = kAz, and A¢p = 27 /(Ny + 1). Note that
all arrays defined on the grid points have a property: for any
index k, wheni = 0,all j =0, 1,2, ..., Ny indices indicate
the same grid point on the r = 0 axis, so these array values
should be the same.
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Fig.1 Illustration of Yee’s grid in 3D cylindrical coordinates

The deposition of the number density n (i, j, k) is described
as follows: For convenience, we first define the linear weight-
ing “length” functions in r, ¢, and z, according to [9],

Fi — . I 2
L= () =f Nt W Bi —1)Ar L0 =0,
iy T —Tiel 6
(1)
Tit+1 i _ i DAF2
Lm:/ Yl B DA e =0,
ro Tkl =i 6
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L) =/ I () )
¢ 1 Tk — k-1 2
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% Tkl — Zk 2

where Ar? = (Ar)2. Then, taking indices i, j, and k as inputs
for all L functions, we can obtain the cell volume term used
for computing the density,

+
Vijk =Y Lr()Ls()L (K), )

where the sum is over all combinations of the L functions
with superscripts “—" and “+”, i.e., eight terms in total. Sim-
ilarly, one can obtain other volume terms, such as Vi1 j «,
Vi,j+1,k+1, and so on.

From the perspective of the density deposition of one
macroparticle in the loop over all macroparticles, denoting
the position of the macroparticle p as (rp, ¢p, zp) and its
weight as w,, we first compute its linear weightings to 7, ¢,
and z directions. Assume 7, € [r,7i41), $p € [Pj, Djt1),
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and z, € [z, zx+1), then denote the six fractions,

i_Ti+1—7p i+1_ Tp =Tl
"o e i =i ®
PR kAT EN N ©)
¢ i — @ ¢ djr1 — P
ko WH T8 ke _ % (10)
Tk+1 — 2k Zk+1 — 2k

Therefore, the density deposition of the macroparticle p on
the eight grid points around it can be expressed as
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Then, these n), values should be accumulated to the density
array n with the corresponding indices. Also note that if j =
N,,theindex j+ 1 should be replaced by 0 due to the periodic
nature of the ¢ direction.

If uniform cells are used, the computation can be sim-
plified. It is convenient to split V into V;, V4, and V; three
components, e.g., Viy1 jk = Vr[ +1 V¢f Vzk . Under these nota-
tions, we can obtain

Vi) =iAr?, Vii=0)=Ar?/e, (12)
Vitli) = (i + DAr?, Vit =N, — 1) = 3N, — 1)Ar?/e,

(13)
Vi) = v o) = ae, (14)
Vi) = Az, VEK =0) = Az)2, (15)
VE (k) = Az, VI k=N, - 1) = Az/2. (16)

After computing the density array » and exiting the parti-
cle loop, for each k, one may want to update those j values
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Fig. 2 Normalized number density n/no on the r—z plane of ¢ = 0
(labeled as r > 0) and ¢ = 7 (labeled as r < 0). ng = N, /7 denotes
the expected density value

when i = 0 to be their average, since they all denote the
same physical grid point. At last, one can simply multiply n
by the particle species charge ¢ to obtain the charge density
p = gn. Of course, if there are more than one species of par-
ticles, a superposition is needed, i.e., p = Y_ ggny, where
denotes the ath species.

2.1 Test

A test is done using N, = 20, Ny = 19, N; = 20, and the
number of macroparticles N, = 2x 108 with weightw,, = 1.
These particles are randomly and uniformly distributed in the
cylindrical domain, which ranges fromr = Otor = 1 mand
from z = 0 to z = 1 m. Uniform cell sizes are used, thus
Ar = 1/N, = 0.05m, A¢p = 2x/(Ny + 1) = /10 rad,
Az=1/N;=0.05m.

As shown in Fig. 2, we can obtain a good uniform distri-
bution of particles over the domain without systematic edge
errors. The nonsystematic errors are relatively bigger near
the axis, because there are less number of macroparticles
per cell, due to smaller cell volumes, which is the nature of
uniform cylindrical cells. If nonuniform radial cells are uti-
lized, for example relatively longer cells in r near the axis,
the errors near the axis would be reduced.

3 Current deposition

Assume a macroparticle p is located at (v, ¢p, z,) at time
t,, and moves to (r;, ¢;7, z;?) at time f,,41. First, we only
consider the situation in which 7, r[’7 € [ri,riz1), ép, ¢;, €
[}, dj+1), and zp, z:,, € [zk, Zk+1), i.€., p does not move
out of a cell during timestep At = t,41 — t,. While the
charge density p is defined on grid points, the current density
components are defined on the edges of cells. J, is defined
at (i +1/2,j,k), Jy is defined at (i, j + 1/2, k), and J;
is defined at (i, j, k + 1/2), as illustrated in Fig. 1. During
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Fig.3 Illustration of macroparticle motion on r—¢ plane

the macroparticle motion from time ¢, to f,4, the volumes
swept by the cylindrical sector charge p over the current
density surfaces can be expressed as follows.

First, take J, as an example, as shown in Fig. 3, the
portion of J,i+l/2’j+1’k overlapped by p along ¢ direc-
tion is ¢, (#) + A¢/2 — ¢j+1,2, and that of JIFY2k o
Ap — (¢p(t) + Ap/2 — ¢j11/2), and the corresponding arc
lengths along ¢ can be obtained by multiplying the radius
ri+1/2, where the surfaces of Jr’Jr /2% and Jrlﬂ/z’]H’k
are located. Similarly, along z direction, the portion of
Jri+1/2,j,k+1 iszp()+Az/2—zk11,2 andthatoeriH/z’j’k is
Az—(zp(t)+Az/2—2zj41/2). Considering motion with con-
stant velocity during the process, r,(t) =rp + v, 1, ¢, (t) =
¢p + vpt, and 2, () = zp + vt, Where v, = (r, —rp)/At,
Vp = (quy —¢p)/ At (note that the defined vy here has dimen-
sions rad/s), and v, = (z;, — zp)/At, we can obtain the
volumes swept by the cylindrical sector charge over the sur-
faces of J,,

i+1/2,j.k
VJr
At

= A (@j+1 — Pp — Vp)rFivr1/2(Zk+1 — 2p — V1) vpde
Yitl/2 Lk

Jr
At

= | (Pp — bj + vp1)rit12(Zks1 — 2p — V1)VpdE.
Yitl/2 ke

Jr
At

= A (@j11 — Pp — veDTit1/2(2p + 2k + v H)v,dE,
Pit/2 4Lkt

Jr
At

= A (Pp — @ +ve1)rig1/2(zp + 2k + v t)v,pde. (17)

For Jy, as illustrated by Fig. 3, the portion of J(;;H’jﬂ/z’k

overlapped by p along r directionis r,(t) + Ar/2 —riy1)2,

and that of J, 7> % is Ar — (1, (1) + Ar/2 = ri12). The
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portions along z are the same as those for J, Thus, the vol-
umes swept by p over the surfaces of Jy read

t
ij+1/2.k
Vjé 2k = [o (rig1 —rp — 1) (Zkt1 — 2p — VD) Vpridt,
A
i1, j+1/2,k !
VJ¢ = (rp —ri +vr0) (k1 — 2p — V) Vgriy1de,
0
A
Y12k t 4
7é = (rig1 —rp — 1) (2p — 2k + V1) Vgride,

At
i1, j+1/2.k+1
Vlw Y = /(; (rp —ri +v:0)(2p — 2k + V1) Vprip1dL.

(18)

Note that vy should be multiplied by r; for V} » terms and

riy for V}'(’;] terms accordingly in these integrals.

For J;, special care should be taken for the radius used
to multiply with the ¢ portions. Namely, for both portions,
the dynamic radius 7, (¢), or equivalently the midpoint (r, +
r;)/ 2, should be used in the integrals, as shown as follows:

At
i,j,k+1/2
Vljzj +/ = / (rig1 —Ip — Urt)<¢j+l _¢p - U¢t)rp(t)vzd[7
0
i+1,j.k+1/2 ar
i+1,j,
ij ! = / (rp_ri+vrt)(¢j+l _¢p_v¢t)rp(t)vzdt,
0
i+ Lk+1/2 Al
szl ' = / (ris1 — I'p — U}'t)(¢p - ¢j + v¢t)rp(t)vzdl7
0

o At
ViR /0 (rp —1i +0,0)(Dp — ) + Ve (v dr.
(19)

After calculating the integrals, all the volumes are listed
as follows:

VIP2IK = (¢*at — ¢762/2 — 7602 + 8652/3)[87|rig1 /2.
VIHVRITNE (2t — §782/2 4+ 27 80/2 — 8682/3)I8rIris1 2,
VIVRIREY (62 4 ¢%02/2 — 27802 — 8¢82/3)16r i o,

VEFRIRUAEL (== 4 5 82/2 + 278¢./2 + 8682/3)18r i1 2.

(20)
VIR = (et — rtaz/2 — oo /2 + 8r82/3) 8011,
Vi = met = rm82/2 4+ T8 /2 - 8r82/3) 88 Iris1.
Vi = te b ez/2 — 8 /2 - 8r82/3) 18911,
ViR = e r62/2 4 278 /2 + 8r82/3)180 i
(21
VIR — vt pt 59 /2 — 9181 /2 + 8rdg/3)18217,
VIPLIRHZ =gt =50 /2 + ¢t 81 /2 — 8rog/3)182I7,,
VT2 v g™ 4 14 50/2 — ¢ 81 /2 — 8rd¢/3)18217,,
VTR — m g™ T892+ ¢ 8 /2 + 518 /3827,
(22)
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=ripl —Ip,r =1 —1i, 9T = @i — b,
S¢p = q‘);) —¢p, 8z = z:U —2p,and 7, =1, 4+ 8r /2.
After computing these volumes, their sums are needed to

compute fractions,

where T+

D Ve =rivipAdAazisr], (23)
> Vi =FpArAz|sel. (24)
> Vi =FpAraglszl. (25)

Therefore, the current density due to p can be computed. For
example,

+1/2,).k
Jit1/24k _ V;,/ PR gw,dr/ At 6)
P - . 2 X

Y Vir rig12Ar2A¢V]

i j+1/2,k -
JidH/2k _ VJ¢ qpwprpde /At @
or Y Vie  AGViVE

i, jk+1/2
gkl _ VIR g w62/ At 08)
+ ZVJZ A¢Aeri ’

where V' and V} volume terms are computed according to
Eqgs. (12) and (15), respectively, and ¢, denotes the particle
species charge. Other current density terms can be obtained
by changing the indices accordingly. Then, these J, values
can be accumulated to the current density array J with the
corresponding indices.

At last, if the macroparticle moves out of a cell, a parti-
cle splitting procedure is needed as the one given in [1]. For
example, for each macroparticle in the particle loop, we first
call a subroutine in which we judge if the starting and ending
positions of the macroparticle along r direction are within
the same cell. If they are not, we can split the macroparticle
into two, such that (r,,, ¢, z,) and (r;,’, qb;;, z;;) can be con-
sidered within one cell, (r;,’, Z, z;;) and (r;,, qb;,, z;,) can be
considered within the other cell, where r;,/ equals the radius
of the cell boundary that the macroparticle cross from r, to
r;,, thus

B = Gp + (B, — o)l —rp) /() —1p)
2= 2p + @y = 2p) () = 1)/ = 7). (29)
Next, the one unsplitted or the two splitted macroparticles

enter a similar subroutine for splitting in ¢ direction, and a
similar subroutine for splitting in z direction.

3.1 Test
We apply the same setup and parameters used in Sect. 2.1.

Additionally, we assign every macroparticle a constant veloc-
ity of v = (v, vy, v;), where v, = 0.001Ar/At, vy =

0.001A¢/At, and v, = 0.001Az/At. The timestep At is
set to be 0.01 s. Unit particle charge and weight are used,
ie,qp =1, wy,=1.

At time t = 0, the initial number density n¢ is computed,
according to the method introduced in Sect. 2. Then, we move
all macroparticles by vAtr, where v is assumed at time t =
At /2 according to the commonly used leap-frog scheme in
PIC [20]. Next, the current density is computed using the
old and new macroparticle positions. At time t = At, we
compute the new number density 7.

The results of J,./J:0, Jp/Jpo, and J;/J;o, normalized
by the expected constant values J.0 = v,N,/m, Jpo =
rivyNp/m, and J.o = v;N,/m, respectively, are shown in
Fig. 4. We can see that there is no systematic error and the
nonsystematic errors are all limited within 4%. Note that in
the code, the array of J,(i, j, k) corresponds to JriH/ 2.jk
physically. Because JrN’+1/2’j’k, ie., Jr(Ny, j, k), 1s defined
outside of the domain, its values are zero; thus, r = 420 is
not shown in that plot. The same for the values of Jzi J Nt/ 2,

ie., J;(i, j, N;), z = 20 is not shown in that plot. Also note
0,k i H1/2.k

that J p = 0 because the two volume terms V; p) and
V;*(';Hﬂ’kﬂ from Eq. (21) are zeros on axis (i = 0). Thus,

these values are not shown in that plot as well.
More importantly, the conservation of the continuity equa-
tion is verified. We examine the following relative error,
k i+1/2, ),k i—1/2,),k
n Vi+1/2Jrl+ 20k ri—i2dy 120
At ri Ar
i j+1/2,k i j—1/2,k i ik
J(;J / _J;J / . le,j,k+1/2_JZl,j,k 1/2
ri A¢ Az

(30)

The result is plotted in Fig. 4 (lower right) for ranges i from
ItoN, —1, jfrom0to Ny, and k from 1 to N; — 1. As we
can see, the relative error is very small, and for single particle
tests, we only observe machine precision errors.

In addition, to indicate the importance of using those cor-
rect volume terms, such as V,i and Vzk, as given in Egs. (26),
(27), and (28), we show the wrong current deposition result
in Fig. 5. Taking Jy as an example, we can see the edge errors
can reach 30%, if the volume terms V/*!, Vzk, and VZ"Jrl at
the edges are not corrected as given in Egs. (13), (15), and
(16), respectively.

4 Full PIC test

To further test the correctness of the current deposition
method in a full PIC simulation, the scenario of an equi-
librium pitch is picked, in which an azimuthal magnetostatic
field is excited by a cylinder of homogeneous plasma with
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Fig.4 Normalized current J./ T Js/Js0
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Fig.5 Edge errors of J; when using the wrong volume terms

constant current density. The analytical solution of By (r) is
given by Bittencourt [21]

By(r) = %r (r <R), G1)
_ Mol
By(r) = Y (r > R), (32)

where I denotes the current, R denotes the cylinder radius,
o is the vacuum permeability. Detailed parameters are cho-
sen as follows.

A plasma of moving electrons and fixed ions are uni-
formly distributed spatially inside a cylinder with radius
R = 1 m. We set the maximum azimuthal magnetic field
Bo = 0.001 T; thus, we can obtain the required plasma cur-
rent, Ip = 2w RBy /1o &~ 5000 A. Because ions are assumed
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Ny =9, because By is only a function of r, using less cells
in z and ¢ can save computational time. The cell size are
Ar = 0.00625 m and Az = 0.1 m, which result in a domain
size of 10 min r and 1 m in z. We apply periodic boundary
condition in z and reflective boundary condition in r. The
simulation is stopped before the reflected wave reaches the
range that we are interested in, i.e., r < 2 m. The timestep is
chosen to be At = 6.185 x 10712 s, and 7913 time steps are
computed in total.

Initially, electrons and ions are set at exact positions such
that there is zero net charge in the system, but because elec-
trons have a constant axial velocity, the current is not zero.
This initial current will excite electromagnetic waves, and
the Maxwell equations are solved using the finite-difference
time-domain (FDTD) method in 3D cylindrical coordinates
[2], based on the current density obtained using the proposed
method. Because we would like to keep the current density
constant and avoid the disturbance on electrons due to the
excited electromagnetic waves, the “field gather” process of
a normal PIC is skipped, namely particles move with the
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Fig.6 Comparison of By between simulation and theory

initial constant speed and are not affected by the fields. Elec-
trons are pushed as normal at every time step using the Boris’
cylindrical particle pusher [22].

Note thatitis found in the PIC loop after calling the current
deposition module, the J, array may have different values
at different j indices in ¢ at i = O (i.e., on the axis r =
0) for any k index in z. This difference would excite some
nonphysical electromagnetic waves near the axis and thus
makes the simulation unstable. Because when i = 0 all j
grid points represent the same physical grid point, we set J,
to its mean value, i.e.,

J=Ng 0,j.k+1/2
Jz

0,j,k+1/2

J. =y = 33

‘ e~ Ny + 1 53)
j=0

For those zero values of JS’J +/ z’k, because they are not

needed in the updating equations of the FDTD method, they
can be kept as zeros.

The simulation result of By (r) at the end of the simula-
tion, i.e., at 7913 time step, is plotted in Fig. 6. The curve is
obtained by averaging over all z and ¢ grid points, because
By remains uniform along z and ¢ with minor noise. From
the figure, we can see that the simulation result matches well
with the theory; thus, the correctness of the current deposition
method in a full PIC is indicated.

5 Conclusion and future works

We present a method to compute the charge and current den-
sity deposition in 3D cylindrical PIC simulations on Yee’s
grid. It is motivated by the needs of high-fidelity PIC simu-
lations for facilities with relatively simple cylindrical shapes
where the 3D effects are important. The proposed algorithm
satisfies the continuity equation rigorously and eliminates
edge errors, by extending Villasenor and Buneman’s method
from Cartesian to cylindrical coordinates, and applying Ver-
boncoeur’s correct volume terms.

In this paper, only uniform cells and first-order particle
form-factor are considered. One possible future work is to
generalize the method by using nonuniform cells and higher-
order particle form-factors. The other future work is to apply
this method in a full 3D cylindrical PIC code and carry out
more practical simulations. It will then be interesting to com-
pare the accuracy and efficiency of our method with other
relevant (perhaps more general) schemes like the curvilinear
PIC [18] in some computationally demanding applications.
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