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ABSTRACT

We report a comparative study of theoretical and data-driven models for estimating forces from velocity data in the wake of three-
dimensional flows past a plate. The datasets with a range of angles of attack are calculated using the immersed boundary method. First, we
develop a theoretical model to estimate forces on a flat plate from cross-sectional velocity data in the far wake. This algebraic model incorpo-
rates the local momentum deficit and pressure variation. Second, we develop several data-driven models based on the convolutional neural
network (CNN) for force estimation by regarding the velocity field on a series of cross sections as images. In particular, we design three CNN
architectures for integrating physical information or attention mechanism, and use different training datasets for interpolation and extrapola-
tion tasks. The model performances indicate that the optimized CNN can identify important flow regions and learn empirical physical laws.
The theoretical and CNN models are assessed by multiple criteria. In general, both models are accurate (with errors less than 10%), robust,
and applicable to complex wake flows. The theoretical model is superior to the CNN model in terms of the completeness, cost, and interpret-
ability, and the CNN model with the appropriate training data and optimized CNN architecture has better description and accuracy.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0125374

necessary in the practical application.'”'® The flow past a plate is an
effective model problem in experimental and numerical studies.” **
Thus, we develop both theoretical and data-driven models based on
cross-sectional data in the wake of a plate, and then analyze strengths
and weaknesses of these two models via a comparative study.
Estimating forces, such as lift and drag, from wake flow structures
is useful for experiments and practical applications by avoiding the
near-wall measurement with complex boundary conditions of a mov-
ing body. The flow field in the wake can be obtained using the particle
image velocimetry (PIV)”* " and other measurement techniques. The

I. INTRODUCTION

The wake of biological locomotion contains rich physical infor-
mation of a moving body."” The velocity field in the far wake, similar
to the footprint, can be measured to infer aerodynamic forces exerted
on the moving body.”* Moreover, the investigation of the wake struc-
ture can guide the design of underwater vehicles, including the shape
optimization and performance improvement of the moving body with
machine learning, ™

In recent decades, various theoretical models have been devel-
oped to estimate forces from the wake, revealing the relationship
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between the force and local flow field.” ° In particular, the rapid
development of machine learning and deep learning showed some
promising performance in flow analysis,'’ " providing new insight
into data-driven models for the force estimation.'* '

Although both theoretical and data-driven models are useful to
predict forces of a moving body, they are usually investigated sepa-
rately. A comprehensive assessment of two types of models is

shedding three-dimensional vortical structure can be utilized to esti-
mate forces of the moving body by aerodynamic models based on local
velocity and vorticity fields.'”*”*" For the wake with discrete vortices,
a three-dimensional vortical structure can be simplified as a vortex
ring to calculate force from its vortical impulse.” The vortex-force the-
ory and impulse theory reveal underlying physics between the force
and vortical structure.””” Kang et al’ proposed the finite-domain
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impulse theory to estimate the unsteady aerodynamic force of the
body. Tong et al.”* developed the impulse theory based a discrete vor-
tex surface in the wake to estimate the thrust of a flapping plate.
Nonetheless, it is difficult to develop a simple model for predicting
aerodynamic forces based on three-dimensional vortical structures
with complex topology in real wake flows,'” which is an obstacle for
applying the structure-based models to practical problems.

In comparison, estimating lift and drag from the flow field mea-
sured in a cross section in the wake is much more convenient than
extracting the flow field within vortical structures in applications. First,
the Kutta—Joukowski (KJ) theorem was applied to estimate lift of a
moving body with the circulation calculated in the wake section,”**
but the direct application of the two-dimensional K] theorem can
underestimate the lift in three-dimensional flows.””* Wang et al.” pro-
posed the wake-sectional KJ model to predict the time-averaged lift of
a flapping plate in three-dimensional flows. Second, the drag can be
modeled via the momentum change in two-dimensional flows.
Spedding and Hedenstrdm™ estimated the drag based on the velocity
data in a wake section in the experiment of a two-dimensional steady
flow past a flat plate. Olasek and Karczewski' proposed a pressure
reconstruction based on the velocity data to reduce the error of drag
estimation for a two-dimensional airfoil. However, it is not straightfor-
ward to extend the two-dimensional models to three-dimensional
flows due to complex vortical structures.

Compared to theoretical models, various data-driven models
emerge recently by applying machine learning to flow analysis.'' The
supervised learning has been applied to a range of flow problems with
neural network.””*® The unsupervised learning, for example, genera-
tive adversarial network,” can be applied to generate and reconstruct
the flow field” In particular, the convolutional neural network
(CNN) shows remarkable performance in image recognition,”" ** so
regarding the flow field as images is a natural choice in data-driven
models and flow analysis. The CNN has been applied to flow problems
such as the prediction of turbulent heat transfer and velocity fluctua-
tion,”*° the super-resolution reconstruction from coarse flow data,”’
and force estimations for two-dimensional flows past a plate, airfoil, or
Cylinder.ls"m 50

To improve the performance of data-driven models, physical
information can be introduced into the neural network, such as the
Mach number and the Reynolds number.”®* In addition, the atten-
tion mechanism has been proven effective in image recognition by
focusing on the effective region of images.”"

On the other hand, there still exists several challenges, for exam-
ple, the physical interpretability”**> and generalization ability,” for
data-driven modeling in fluid dynamics. Jagodinski et al.”® demon-
strated that the CNN is capable of uncovering the dynamically critical
region for predicting the intensity of ejections in a turbulent flow, but
the underlying physical laws remain unknown. The generalization
ability of supervised machine learning is affected by the disparity of
training and test data,'**"” causing the questionable performance for
data extrapolation tasks. Hasegawa et al.”® investigated the two-
dimensional flows around bluff bodies with various shapes using
CNN. They found that the neural network can predict unlearned flow
data given a proper training dataset, but the model adaption for differ-
ent flow configurations remains an open problem.

Therefore, although both theoretical and data-driven models
have moderate applications in fluid dynamics, significant challenges

36,37

ARTICLE scitation.org/journal/phf

still exist in practical problems. In the present study, we develop both
theoretical and data-driven models to estimate aerodynamic forces of
a moving body from the cross-sectional velocity data in the wake.
Then, we assess and compare two models with multiple criteria. The
comprehensive comparative study can shed light on the development
and selection of the most suitable model in flow applications.

The outline of this paper is as follows: In Sec. II, we describe the
numerical implementation for obtaining the velocity data in flows past
a plate. In Sec. III, we develop theoretical models based on velocity
data within an effective region in the wake section. In Sec. IV, we
develop several data-driven models based on different CNN architec-
tures. In Sec. V, we compare the theoretical and CNN models under
various criteria. Some conclusions are drawn in Sec. V1.

Il. SIMULATION OVERVIEW
A. Plate kinematics

We carried out the direct numerical simulation (DNS) of three-
dimensional flows past a finite plate with the free-stream velocity U.
The plate has the chord length ¢ and the fixed wing span b= R4, with
the aspect ratio R4. The Reynolds number is defined by Re = Uc/v
with the kinematic viscosity v. Figure 1 sketches the plate and the
Cartesian coordinate system with the streamwise x direction, spanwise
y direction, and vertical z direction. All variables and parameters in the
present study are non-dimensionalized by U and c.

We focus on the modeling of flows past a stationary plate below,
which is further extended to flows past a flapping plate and a
butterfly-like elliptical plate in Appendixes A and B, respectively.
Motivated by the investigation of flows past low-aspect-ratio
wings,”'#?*?>?” %! we set Re =300 and R, = 2 with a range of angles
of attack o= {5° 10°, 15°, 20°, 25°, 30°, 35°40°} as listed in
Table I. The flow is steady for small o and has separation for o > 25°
with periodically shedding leading-edge vortices.

B. Immersed boundary method

The incompressible flow past a plate is governed by the
Navier—Stokes equations
Oou 1
o . - _ — V2 1
8t+u Vu Vp+Re u+f, (1)
V-u=0, (2)

where u, p, and f denote the nondimensional velocity, pressure, and
external body force, respectively. The immersed boundary method
with the discrete stream function®” is applied to solve Eqs. (1) and (2).

U

~

FIG. 1. Schematic of the flow past a plate with the coordinate system O-xyz.
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TABLE |. Parameters for the DNS of flows past a stationary plate. In the row of
“Separation,” “N” denotes the steady flow at small o and “Y” the separation flow at
large o.

Case 1 2 3 4 5 6 7 8

() 5 10 15 20 25 30 35 40
Separation N N N N Y Y Y Y

The plate is described by Lagrangian marker points uniformly distributed
on the immersed boundary. The regularized delta function 3, is used to
interpolate and spread forces on Eulerian and Lagrangian points as

> (Z Su(x — X;)5(x — xk)(As>2(Ax)3)FL (X;)
j=1 x
_ W7 3)

and
fx) =" Fi(X;)dn(x — X;)(As)’, (4)
j=1

where x and X are Eulerian and Lagrangian points, respectively; As
and Ax are Lagrangian and Eulerian grid spacings, respectively; f and
Fj, are the forces on Eulerian and Lagrangian points, respectively; U,
and U" are specified and predicted velocities at k-th Lagrangian
points, respectively; and M is the total number of Lagrangian points
on the immersed boundary. The implementation detail and validation
of the immersed boundary method can be found in Refs. 60 and 62.
The streamwise force coefficient of the plate is

Fy

Ci= ()

l ?
E,[)UZRACZ

where F; is the total streamwise force exerted on the plate, and p is the
fluid density. From the DNS data, it is calculated by

M
> Fra(Xi)(As)?
= : ©)

C‘?NS — ;
5 pU?R,

where Fp, denotes the x component of the force on Lagrangian
points.

The present simulation was conducted in a rectangular domain
of Q € [—14,22] x [—18,18] x [—18,18]. The uniform inflow veloc-
ity is applied at the inlet, and the fixed pressure condition is prescribed
at the outlet. The slip-wall condition is specified at the other four
boundaries. The no-slip condition is used on the plate. The initial con-
dition is u = (U, 0,0) in the entire domain. To achieve high spatial
resolution near the plate, a locally refined mesh with the minimum
spacing Ax = 0.0125 around the immersed boundary and the maxi-
mum spacing Ax = 0.4 is applied in the far field. The total number of
grid points is 12 x 10°. The effectiveness of the present computational
domain and mesh spacing has been validated by the convergence test
in our previous studies™"".

scitation.org/journal/phf

lll. ESTIMATING FORCES FROM THEORETICAL
MODELS

A. Modeling based on surface integrals

The total force exerted on the plate is determined by the integral
of stresses” as

F= —J (—pn + 1)dS, (7)
OB

where OB denotes the plate surface in Fig. 2 and
T=poXn (®)

denotes the shear stress with the dynamic viscosity u, vorticity
o =V X u, and the unit surface normal n of the plate.

The fluid domain Vyaround the plate OB is bounded by the outer
surface

= Si %)

6
P

T

composed of six planes, where S; and S, are upstream and down-
stream surfaces, respectively, and S;3 ~ S¢ are the other four surfaces
of Vyin Fig. 2. The momentum balance of the fluid can be written as

pa=—Vp+ uVu, (10)

where a = Du/Dt is the acceleration of the fluid, and the balance in
Vyhas

J padV = J (=Vp + uViu)dv. (11)
Vi Vi

Applying V2u = V(V - u) — V x o with Eq. (2) and the divergence
theorem to the right-hand side of Eq. (11) yields

J padV = J (—pn — un X @)dS, (12)
7 OB+E
where OB and X are the inner and outer surfaces of Vj respectively.

Substituting Eq. (12) with Eq. (8) into Eq. (7), we can calculate
the force on the plate by

F= 7[ padV + [ (—pn+1)dS. (13)
Jv; Jz
%
U 0B Y h
—) S1 .
(@)
w
] ' Z,

FIG. 2. The rectangular computational domain for the flow past a plate with six sur-
faces, where Sy is the upstream surface at x = x;and S; is the downstream surface
at x=x, with the height h and width w. The red line denotes the plate bounded by
the surface 0B.
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The viscous term 7 in Eq. (13) can be neglected for moderate and high
Re. In the present simulation with Re =300, the contribution of T on
the total force is approximately 0.6%. Substituting the decomposition
of the fluid acceleration

0
a:6—j+v~(uu)—u(V~u) (14)
with Eq. (2) into Eq. (13), we obtain the decomposition of the total

force on the plate

F=F,+F,+F,+Fp, (15)
where
0
F, = f—[ pudV (16)
oy,

denotes the force contributed by the unsteady term,
F, = L(—pn)dS (17)
denotes the force contributed by the pressure,
F,, = L(fpn - uu)dS (18)

denotes the force contributed by the change of the fluid momentum,
and

Fp = J (—pn - uu)dS (19)
oB

denotes the force contributed by the velocity on the plate.

In the present cases, the unsteady term F,, in Eq. (15) is neglected
for a steady flow and for estimating time-averaged forces in flows with
periodically shedding vortices in V. Moreover, we have Fp = 0 for the
stationary plate due to u = 0 on OB and also have Fz = 0 for the flap-
ping plate and butterfly-like elliptical plate in Appendixes A and B due
to the opposite 1 on the top and bottom of the plate. Thus, we approx-
imate the streamwise force

F,=e,- [ (—pn)dS + e, - J (—pn - uu)ds, (20)
Jsi+s, b

with the unit vector e, in the x direction.

B. Modeling of the pressure contribution

In former experimental studies, only the momentum integral F,,
was used to calculate drag for a flow past an airfoil,”” because the
pressure field is difficult to obtain from the experiential velocity data.
Thus, F, in Eq. (15) is usually neglected for steady flows past a two-
dimensional airfoil with small a, for which F,, can approximate drag
force well in the far wake.” The pressure reconstruction was intro-
duced to further reduce the drag estimation error in the experiment,4
and the maximum discrepancy is about 20%. For two-dimensional
flows past an elliptical cylinder, the pressure was calculated to improve

scitation.org/journal/phf

For the practical interest, it is crucial to choose an appropriate
to calculate F, in Eq. (20). Considering a sufficiently large %, the veloc-
ity on surfaces S3 ~ Sq is close to the uniform inflow so that the sur-
face integral on these surfaces are neglected due to n - u ~ 0. The flow
is also approximated to be uniform on S; with small x; in Fig. 2; then,
Eq. (20) becomes

E, = J p(U* — u?)dS +J
S

Nt

pdS + J (=p)ds, (21)
S
where u, is the streamwise velocity.
The pressure contribution in Eq. (21) is modeled based on the
cross-sectional velocity data via Bernoulli’s equation’”

1
p+5elul’=C, (22)

where C is a constant for steady and inviscid potential flow. The value
of C has no effect on F, in Eq. (21) for equal areas of S; and S,, so we
take C= 0 for simplicity. Thus, Eq. (21) is approximated by

1
Fo= | o - uids + 3| plf - vhas, @)
Sy S
which is only determined by the velocity field in a wake cross section
S,. Note that Eq. (22) can have a notable discrepancy in the near wake
of the plate with strong vortical flows.

C. Selection of the effective region

Figure 3(a) illustrates the modeling process using the flow past a
stationary plate with Re =300, Ry =2, and a = 30°. In this flow, vorti-
ces, identified by the Q-criterion,” periodically shed off from the plate
into the wake. In Fig. 3(b), the cross-sectional contour of u, at x= 10 in
the far wake is dominated by the velocity defect profile in the central
region, which is referred to as the effective region S, for the major con-
tribution to F,. In Fig. 3(c), the flow is almost uniform at |z| > 4.

According to Eq. (23), the large velocity defect in the effective
region determines F,. Thus, we obtain a theoretical model to estimate
F, based on velocity data in a wake cross section at x as

[ 1
Rl = [ (0 = ud)as 3 | p(ul” ~v2)as. 2
Se Se

where we define

Se(x) = {(r(x), 2(x))ux (y(x), 2(x)) < umn}, (25)

with a threshold uy, < U. The estimation of Eq. (24) depends on the
choice of S, controlled by the value of u;;,, and we set 1, = 0.99 similar
to the definition of the boundary layer thickness with 99% of the free-
stream velocity.

The theoretical model in Eq. (24) estimates the streamwise force
coefficient as

Cljiw(u’ ul’h? x) = Cm(u7 uth7 x) + Cp(u7 uﬂ’lax)7 (26)

where the contribution from the momentum deficit is

J p(U* — u3)dS
Se

the estimation of the mean drag at large Re.”* However, we find that Cn =" , 27)
the pressure contribution cannot be neglected for three-dimensional —pU?R4E3
unsteady flows in the present simulation, and it needs to be calculated 2
by the cross-sectional velocity field in our force modeling. and the contribution from the pressure variation is
Phys. Fluids 34, 111905 (2022); doi: 10.1063/5.0125374 34, 111905-4
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0.4 0.6 0.8 1.0 12
Ux

FIG. 3. Wake structures in the flow past a stationary plate with Re =300, Ry =2, and « = 30° at t=35. (a) Isosurface of Q=10.02 and contours of u, on a series of cross
sections along x. (b) Contour of uy on the cross section at x = 10. (c) Profiles of u, along the z direction at y = 0 at different x.

1
Ej p(lul? — U?)ds
="t (28)

1
E,()UZRACZ

For a two-dimensional flow, C,, can contribute over 80% of the drag
force, and |C,/C,,| is usually less than 10%." For a three-dimensional
flow, Eq. (28) with |u® = u? + uy + uZ suggests Cif = C, /2 and
C, = —Cp/2 for u, = u, = 0, indicating the significance of C, in
force estimation for three-dimensional wake flows.

D. Assessment of theoretical models

Estimating forces on a moving body from its far wake has signifi-
cant practical interest in experimental studies and engineering applica-
tions.””"** First, we split the whole wake into the near wake (x < 5),
far wake (5 < x < 15), and very far wake (x > 15) in the present sim-
ulation. Figure 3(a) shows that the distribution of cross-sectional
velocity data varies with x. Since Bernoulli’s equation can break down
in the near wake with small x, and the velocity can be largely dissipated

As depicted in Figs. 3 and 4, the complexity of wake structures
grows with « for the flow past a stationary plate. For the present cases
with o < 20° in Table I, we calculate F, based on the velocity field at a
sufficiently large time #=35 when the flow has reached the steady
state. For the cases with o > 25°, we approximate the time-averaged
force coefficient

i — H CM(ua(t))dt ~ CY () (29)

based on instantaneous flow fields during a period T with periodical
vortex shedding by a model
1T

U= T J[ u(s)ds (30)
based on the time-averaged velocity. We set T =~ 10 in Eq. (29) based
on the statistical stationary period of C?™ in the numerical simula-
tion. It is found that the discrepancy of C¥ (1) from @ is less than
5%, so the approximation Eq. (29) is used for the periodical flows and
the overline of @ is omitted below for clarity.

The theoretical model in Eq. (26) is assessed by the relative error
_ G () —

in the very far wake with large x, we estimate F, based on the cross- e(ijW (x) =—d L _"d _ (31)
. . . . CDNS
sectional velocity data using Eq. (26) in the far wake at 5 < x < 15. d
Phys. Fluids 34, 111905 (2022); doi: 10.1063/5.0125374 34, 111905-5
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FIG. 4. Isosurfaces of Q=0.02 and contours of u, on y-z planes in the flow past
a stationary plate with Re =300, Ry =2, and (a) o = 5° and (b) « = 40°.

between Cf from the model prediction and C?™ from DNS at x in
the wake, and the effect of pressure modification C, in the model Eq.
(26) is evaluated. Figure 5 plots the estimations from Eq. (26) in the
far wake for the flow past a stationary plate with o = 20° and
o = 30°. The model Eq. (26) with the pressure modification predicts
C, well in the far wake at 5 < x < 15 with &(C}(x)) generally less
than 10%. By contrast, the model in Eq. (27) without the pressure con-
tribution significantly overpredicts C;. Note that Bernoulli’s equation
in Eq. (22) is not well satisfied in the near wake due to strong vortical

(a) Lop——————— .
[ e
[ —

0.8} ;

S 0.6} ]

02— 10 1s

X

scitation.org/journal/phf

flows and in the very far wake due to the large viscous dissipation, so
&(CY(x)) is large for x < 5 and it grows with x for x > 15 (not shown).

The spatially mean error & for force estimation in the far wake is
calculated by averaging &(CY'(x)) over 50 equally distributed cross sec-
tions within 5 < x < 15. Table II lists ¢ for estimating C; from
Egs. (27) and (26) in the far wake. The mean error is less than 10% for
o < 25° from the model in Eq. (26), and it generally grows with o due
to the increasing wake complexity. By contrast, estimating forces only
from the momentum deficit in Eq. (27) has large ¢ = 77.4% ~ 100.5%.
Table 1T shows that the maximum error from the model in Eq. (26) can
be well controlled in 25% in the wake within 5 < x < 15 for all eight
cases. The maximum error is located close to the two ends x=5 and
x =15 due to the breakdown of Bernoulli’s equation. Hence, the incor-
poration of the pressure contribution Eq. (28) in the theoretical model is
important for three-dimensional wake flows. In addition, we can esti-
mate forces only from u, in the cross section by setting u, = u, = 0 in
the theoretical model so that our model can be more applicable for prac-
tical applications. The relative error for the model dependent on u, only
slightly grows by 2% for the cases of the stationary plate.

IV. ESTIMATING FORCES FROM DATA-DRIVEN
MODELS

A. Building blocks of CNN

Compared with the theoretical model based on underlying phys-
ics, the data-driven model has more flexibility via automatically
extracting important information from input data. The CNN, for
example, the AlexNet,”” VGGNet,"” and ResNet,*" is widely used in
classification and regression problems. In particular, the CNN shows
remarkable performance in image recognition by efficiently processing
red-green-blue (RGB) images and learning latent image features. The
velocity field in a cross section in the present simulation can be
regarded as a RGB image, so the CNN can be effective to predict
forces, similar to extracting image features, based on velocity data.

A CNN consists of convolutional layers, pooling layers, fully con-
nected layers, and activation functions. The convolutional layer is the
core of CNN for extracting spatial features.”' The data in the convolu-
tional layer are expressed in the form of (C, H, and W), where C
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~
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FIG. 5. Comparison of theoretical models of C¥ in Eq. (26) and C,, in Eq. (27) based on wake cross-sectional velocity field along x with (a) o = 20° and (b) « = 30°. The
gray shade denotes 10% relative error. The dotted line denotes C7™5.
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TABLE II. Relative errors of theoretical models of CQ” in Eq. (26) and C,, in Eq. (27) for estimating forces in the far wake (5 < x < 15) with various «. The average of E(CQ”)

over all cases is 6.58%.

Case 1 2 3 4 5 6 7 8
a(®) 5 10 15 20 25 30 35 40

CINS 0.234 0.267 0.314 0.360 0.427 0.498 0.584 0.661
H(e 2.5% 2.3% 2.6% 4.0% 7.7% 10.5% 11.7% 11.3%
£(Cp) 100.5% 94.2% 92.6% 92.2% 80.3% 72.3% 69.0% 77.4%
e(C 6.2% 4.3% 5.5% 8.9% 15.9% 16.3% 20.5% 25.0%
&(Con) s 110.0% 103.8% 103.4% 109.6% 105.1% 103.8% 100.4% 120.8%

denotes the number of channels, and H and W are the height and the
width of data, respectively. For the network input, the velocity has
three components with C= 3. To process the input data of a convolu-
tional layer, C kernels are utilized to extract features, generating C fea-
ture maps.

As sketched in Fig. 6, in the convolution operation y_,
= ¢(Xcon, keon) the output y_ . is generated by a convolutional func-
tion ¢ of input x,,, and kernel k.. Here, X0, (Cin, Hin, Wi, ) is three-
dimensional input data, with the subscript “in” for input quantities.
The kernel kg, (Ciy, K,K) with Cy X K X K learning parameters
extracts a class of features from x,,, and generates one feature map
¥eon(1s Hout, Cour ), with the subscript “out” for output quantities and
K=3 in our convolutional layers."”"* The value of each element in
the feature map is calculated by

Cin

K K
Veon(Lij k Zzzxmn ¢j+p.k+ @Qkeonlc,p,q), (32)

c=1 p=1 g=1

with 1 <j < Hyyand 1 < k < W,y In general, the number of chan-
nels increases and the feature map size decreases after the convolu-
tion"” with C,e > Ci Howe < Hi and W, < Wi, and the features
of input data can be effectively extracted layer by layer.

As sketched in Fig. 7, a typical building block in CNN is com-
posed of the convolutional layer, batch normalization (BN), and acti-
vation function. The BN accelerates and stabilizes training by
normalizing the layer inputs.”” The activation function ReLU(x)
= max(0, x) increases nonlinear characteristics of the neural network
and avoids gradient vanishing in deep CNN.*”

Furthermore, the residual building block™ is adopted in the pre-
sent CNN architecture. As sketched in Fig. 8, a shortcut connection is

W/vz"n
VVO'U[,
CUCO'I'L
H’in HouL ,ycon
con Convolution —’/
'4 Cout
P “ou
Cin Yeon (i 5, )

FIG. 6. Schematic of the convolution operation, including the input data x,,, with
shape (Cin, Hin, Wi), the filter k.., with shape (Ci,, K, K), and the output data
ycon Wlth Shape (Cout’ Haut, Wout)-

added to the simple building block in Fig. 7, with the residual opera-
tion ., = ReLU(F (Xcon; Weon) + Xcon), where Xeons Veonr ANA Weop
are the input tensor, output tensor, and weight parameter of the block,
respectively. The residual operation can facilitate optimizing the net-
work and improving network performance with the depth.

In the CNN, the pooling layer for downsampling reduces the size
of feature maps and further extracts information through maximum
or average pooling. The fully connected layer in the last layer of CNN
obtains the prediction result."”** This layer is constructed by neurons
to extract data features with the linear transformation y, = w};xfc
+bfc, where X, Vfer Wes and bfc are the input data, output data,
weight, and bias, respectively. The weight wy. has shape (Niy, Now),
and the bias by has shape (Noy), ** where N,, and N,,, denote the
number of neurons in the input and output data, respectively. Both
learning parameters wy and by, in the network are updated in network
training.

B. CNN architectures

The present main CNN architecture is adapted from the
ResNet18, a typical setup of ResNet.* Other typical CNN architec-
tures, for example, VGGNet™ and MobileNet,”® are also tested. We
find that the force prediction is not very sensitive to CNN architec-
tures. For the scale of the current dataset, we reduce the number of
convolutional layers in ResNetl8 to avoid overfitting. The network
architecture is presented in Fig. 9. The network performance is depen-
dent on the input variables,”””” and both the velocity and vorticity are
natural choices for network input from the physical point of view. In
the practical application, it is easier to obtain the velocity than the vor-
ticity, so we choose the velocity as the input. The velocity data ucny is
extracted from a cross section in DNS with the spatial resolution H
and W, in the z and y directions, respectively.

The CNN has one basic block (see Fig. 7) and four residual blocks
(see Fig. 8), including nine convolutional layers. Table III lists that the
feature-map size of layers Conv 1 ~ 5 decreases and the number of

( onvolution ReLU
—_—

mcon

yCO?’L

FIG. 7. Schematic of the basic building block of the CNN architecture.
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FIG. 8. Schematic of the residual building block of the CNN architecture.
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Attention module
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(35 HO! WO)

Conv4 Convs [T L = : C g AL
Conv3 1 1 : 1
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FIG. 9. Schematic of the CNN architecture. The input is three-dimensional velocity data ucyy With shape (3, Hy, W), and the output is the estimation of CgNN . The CNN
consists of one basic building block and four residual building blocks. Conv1 ~Conv5 denote convolutional layers with the number Cs of channels of Conv5. Layer6 and
Layer7 denote fully connected layers with the numbers Ng and N of neurons. GAP denotes the global average pooling, and FC the fully connection. The physical information
o and attention module (the red part) are added into the network to improve the network performance. In the baseline network, the physical information « and attention module
are removed.

TABLE Ill. Feature-map size of the layers in Fig. 9.

Layer Convl Conv2 Conv3 Conv4 Conv5

Size (64, Hy, Wy) (64, Hy, Wp) (128, Hy /2, Wy /2) (256, Hy/4, Wy /4) (512, H, /8, W,/8)

channels increases with the network depth. For the last layer Conv5
with C5 = 512, the global average pooling (GAP) is utilized to convert
three-dimensional data with the shape of (Cs, Hs, and W) in Conv5
to one-dimensional data in Layer6 with the shape of (Ng = Ns) for
the baseline network. Then, we add another fully connected layer as
the middle layer to compress the data dimension and further extract
features in Layer7 with N; = 50. Finally, we use the last fully con-
nected layer to estimate the force coefficient C{™Y from the CNN
model.

Being different from the image recognition, an appropriate incor-
poration of physical information can be crucial to improve the perfor-
mance of neural networks in fluid dynamics."'&”jz First, we can add

critical flow parameters, such as the angle of attack of the plate, into
the CNN. The scalar o can be directly introduced into the fully con-
nected layer remote from the network output,” for example, Layer6
with Ng = Cs 4 1 in Fig. 9. Second, the force estimation in the theo-
retical model is mainly determined by the information in the local
effective region with large velocity gradient (see Fig. 3), so the CNN
model could achieve better performance by focusing on the local effec-
tive region. This inspires us to incorporate the attention module’"””
into the CNN, which can be effective to improve the CNN perfor-
mance in image classification and object detection.”””’

The attention mechanism can discover the crucial and irrelevant
spatial regions. Figure 10 sketches the architecture of the attention
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FIG. 10. Schematic of the architecture of spatial attention module. Given the input tensor F.,,,, the module generates the attention map M(F.,,,) and then obtains the output

tensor F™  via element-wise multiplication.

cony

module. This module is inserted after the convolution layer. Given the
input feature map F.,,, in the CNN, the generated feature map

F' = Fcanv + U(M(Fcunv)) & anv (33)

conv

is obtained, where M (F_,,,) is the spatial attention map generated by
several convolutional layers, ® denotes the element-wise multiplica-
tion, and o(x) = 1/(1 4 e™¥) is the sigmoid function. The network
learns the spatial weight at different positions, so that it focuses on the
spatial position with large weights in subsequent feature learning. As
sketched in Fig. 9, we add the attention module after three convolu-
tional layers (Conv2-Conv4) in the improved CNN architecture,”””
which can extract the most effective spatial information for force
estimation.

The performance of CNN is related to the network input and
architecture. For comparison, three types of CNN models are con-
structed and trained. As listed in Table IV, CNN(u) is a baseline CNN
model, in which only the velocity u is used to train the network (see
Fig. 9). In CNN(u, ), o is an additional input to improve model per-
formance. In CNN(u, o, att.), the attention module in Fig. 10 is inte-
grated with convolutional layers to further improve model
performance.

C. Training CNN models

The CNN models are constructed by training DNS data via
CNN. First, cross-sectional velocity data ucyy are collected in the
wake region at [Xmin, Xmax] With an interval d = 0.02. For a DNS case,
the number of data samples is Ny = (Xpmax — Xmin)/d, Where we set
Xmin = 1.0 and xn.x = 15 to cover near and far wakes with N; = 700.
The spatial region Scyy € [—4,4] X [—6,2] of ucyy in the y—z plane
is selected to cover the effective spatial region with large velocity gradi-
ent, as shown in Fig. 3(b). Then, ucyy with the shape (201, 201) is

TABLE IV. Types of CNN models.

Network type Input Attention module
CNN (u) u No
CNN (u, o) u,o No
CNN (u, o, att.) u,o Yes

interpolated from Q by the Shepard method.”* For eight DN cases in
Table I, 5600 data samples are collected.

Second, the loss function
1
Loss = — CCNN CDNS (34)
N, le ( )?

is defined for training CNN, where Nj, is the batch size of the training
data. For the ith training sample, C2™S is the force coefficient from
DNS, and C3N is the predicted value from CNN.

Fmally, “the open-source library PyTorch’™” is applied to train
CNN. The data ucyy are first resized to the shape of (Hy, W) for the
network input. In general, the performance of CNN models increases
with Hy and W, for Hy = W, = {64, 128, 201, 256, 320}, while the
computational cost also grows with the data size, so we set (Hy, Wy)
= (256,256) by balancing the computational cost and prediction
accuracy. The network parameters, including ke, in convolutional
layers and wy. and by in fully connected layers, are initialized using the
robust method of.”® The gradient descent method is used to minimize
Loss in Eq. (34) and update network parameters for each iteration.
The gradient of network parameters is obtained by the chain rule”™
and automatically computed in the PyTorch framework. The learning
rate is 0.002 initially, and it is reduced by a factor of five in every five
epochs. The total number of epochs and the batch size are set to be 25
and 32, respectively. The CNN is trained on a GPU (NVIDIA Tesla
K80) in about one hour. Figure 11 plots the variation of Loss in Eq.
(34) vs the epoch. The training loss decays from O(107!) and con-
verges to O(10~%), indicating effective network training.

D. Assessment of CNN models

A data-driven model is constructed by the training set and evalu-
ated by the validation set. In general, the data-driven model can be
assessed through the interpolation and extrapolation of training
data.”””” We split the eight DNS cases in Table I into training and vali-
dation sets in terms of the angle of attack, which significantly influen-
ces the force and wake structures (see Fig. 4 and Table II). Table V lists
three dataset classifications for training and assessing CNN models. In
classification D, the angle of attack o, in validation datasets is within
the range of the angle of attack o,i, in training datasets, correspond-
ing to data interpolation. In classification D,, o, is outside of the
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FIG. 11. Training and validation losses vs epoch in the training of model CNN ()
for data classification D;.

range of Gyqin, as data extrapolation. Additionally, classification Ds is
used to study the effect of training data size on the CNN performance.
The CNN models are assessed by the relative error

1A G (o = o) — G2 (o = otva)|

Nval i—1 CdD{\]s(oc = aval)

&(oval) = ) (35)
over the cases with o, in the validation set, where Ny, is the num-
ber of cases with different oy, CPM is the force coefficient calcu-
lated from DNS, and C§V is predicted from CNN based on the
training set.

Based on data classification D;, we compare model performances
of CNN(u), CNN(u, «), and CNN(u, o, att.) for data interpolation.
As shown in Table VI, the average error of the baseline model
CNN(u) is 12.9%, larger than 6.58% of the theoretical model. The pre-
dictability of the model CNN(u) is further explained in Appendix C.
By introducing o into the model CNN(u, o), &(0w,) is significantly
reduced to 4.4%, superior to the theoretical model, so the incorpora-
tion of physical information can remarkably improve the model per-
formance.”*"’ The introduction of the attention mechanism causes
CNN(u, o, att.) to focus on the effective spatial region for force pre-
diction, and &(ctyy) is further reduced. The incorporation of physical
information and attention mechanism in CNN models is further dis-
cussed in flows past a flapping plate in Appendix A.

The detailed comparison of the theoretical and CNN models is
presented in Fig. 12. The performance of the theoretical model
depends on the streamwise position, and it can only predict forces well

TABLE V. Different data classifications of training and validation sets.

scitation.org/journal/phf

in the wake around 5 < x < 15. The force estimation of CNN models
is not sensitive to the position. The performance of the baseline model
CNN(u) is generally comparable with the theoretical model, and the
improved model CNN(u, o, att.) with the maximum &(o,) under
10% in the entire wake outperforms the theoretical model. Thus, the
data-driven model can be robust and effective with sufficiently large
training data covering a broad range of flow parameters.'*'*

Based on data classification D,, we train the model with 15°
< Oirain < 30° and assess it with o,y < 10° and oy > 35° to investi-
gate the performance of CNN for data extrapolation. Table VI shows
&(otyar) of three CNN models for four cases with different . We find
that &(otya) of D, is much larger than that of D, for data interpolation.
The model CNN(u) has &(ot) > 10% for all cases. As discussed in
Appendix C, the baseline CNN model is not suitable for the extrapola-
tion task, and it can only work well with proper training dataset.'””">*

In particular, &(ot,) for o = 5° is very large in both CNN(#) and
CNN(u, o), due to the large difference between the velocity data of o =
5° and Oy in D,. The relatively small effective region for « = 5° can
further increase &(¢ty, ) when the network does not focus on the effective
region. Compared with the model CNN(u, o), the model CNN
(u, o, att.) with the attention module greatly improves the model per-
formance for o = 5° by reducing about 80% error and also slightly
improves the performance in other three cases. This improvement is fur-
ther explained with the visualization of CNN training in Appendix D.

The models are further compared in the case of & = 40° in Fig. 13.
The baseline CNN(u) is only good at data interpolation cases. Although
it can identify that the data with o = 40° is close to the learned data with
o = 20° and 25°, the estimated value of C, (green dash-dotted line) is
restricted to the values in the training set (green-shaded region). This is
a general weakness of the methods of supervised machine learn-
ing.""">*" Thus, if the value of C, in the validation set is outside those in
the training set, CNN(u) can have large errors. If the model is trained
with the physical information «, the improved CNN can learn the trend
that C; grows with o, so that the CNN(u, o, att.) is able to extrapolate
the estimated value from those in the training set and achieve much bet-
ter performance than that of the baseline CNN model.

Based on data classification D;, we examine the dependence of
CNN model performance on the size of learning data. In Table VI,
&(otyar) for o = 20° and o0 = 25° from D; is generally reduced by half
of each CNN model error from D;. The best force estimation of the
CNN(u, o, att.) has very small error &(ay,) = 2%. Hence, the estima-
tion of the CNN models can be further improved by training larger
datasets in practical applications.””””

V. COMPARISON OF THEORETICAL
AND DATA-DRIVEN MODELS

Appropriate criteria are necessary to assess the model perfor-
mance of theoretical and data-driven models in practical application.
Pope’® proposed principal criteria to assess theoretical models for

Data classification

Training set

Validation set

D, Oirain = {5°, 10°,35°, 40°} oy = {15°, 20°, 25°, 30°}
D, Sirain = {15°,20°,25°,30°} oy = {5°, 10°, 35°,40°}
D; train = {5°,10°,15°,30°,35°, 40°} dya = {20°,25°}
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TABLE VI. Comparison of &(oy) for different CNN models and data classifications. In this comparison, we only consider velocity data in the far wake at 5 < x < 15 consistent

with the theoretical model.

D, Model o= 15° o= 20°
CNN (u) 9.4% 9.2%
CNN (u, ) 2.5% 8.3%
CNN (u, o, att.) 1.4% 5.1%
D, Model o =5° o= 10°
CNN (u) 68.3% 11.6%
CNN (u, o) 102.8% 10.0%
CNN (u, o, att.) 23.7% 7.0%
Ds Model o = 20° o= 25°
CNN (u) 10.3% 7.3%
CNN (u, ) 6.3% 3.5%
CNN (u, o, att.) 2.0% 2.0%

% =25° %= 30° a = {15°, 20°, 25°, 30°}
17.3% 16.0% 12.9%
3.9% 2.8% 4.4%
4.2% 4.1% 3.7%

o = 35° % = 40° x = {5°, 10°, 35°, 40°}
11.4% 16.0% 28.7%
4.1% 7.2% 31.0%
3.3% 6.2% 10.1%

o = {20°, 25°}

8.8%
4.9%
2.0%

turbulent flows. The performance of data-driven models is usually
assessed from the dimension of interpretability, generalization ability,
and accuracy.' >’

Based on the previous works, we use six criteria to compare theo-
retical and data-driven models in the present study.

1. Level of description. It characterizes the level of information of
physical quantities that a model can predict. The particular theo-
retical model in Eq. (26) can only predict drag, whereas the data-
driven model can predict both drag and lift simultaneously with
given necessary training data."’

2. Completeness. A model is complete if it is free from flow-
dependent specifications. The theoretical model in Eq. (26) is
complete except for the selection of S,, while the CNN model is
dependent on the particular dataset for model optimization.

3. Cost and ease of use. The algebraic model in Eq. (26) comes
from physical laws, and its cost in application is negligible. The
implementation of CNN models requires a moderate computa-
tional cost and the technical experience in using data-driven
models.

l.o—m—mm
I — -+ CNN(u) ]
o~ = CNN(u,a,att.) |

0.8F Y -—.c¥ ]

0.2l : :

FIG. 12. Comparison of the CNN models in Table |V and theoretical model in Eq.
(26) for estimating C, in DNS case with oo = 30°. The gray shade denotes 10% rel-
ative error.

. Range of applicability. It evaluates if a model is applicable to dif-

ferent flows. The theoretical model is only applicable to velocity
data in the far wake, while the CNN model can process data in the
whole wake and its requirement on data quality less demanding
than that of the theoretical model (see Appendix E). On the other
hand, the theoretical model can be applied to various flows, while
the application of the CNN model is highly dependent on the dif-
ference between training and testing datasets (see Appendix B).

. Accuracy. The theoretical model in Eq. (26) is relatively accurate

(generally & < 10%) for various flows. The accuracy of CNN
models depends on the training data. The data-driven model
trained by enough data with the same flow configuration for
model validation can be more accurate than the theoretical model.

. Interpretability. The theoretical model can be well explained by

underlying physics; for example, the relation between the drag
and velocity defect is clear. The data-driven model appears to be
a black box, and the relation between the network input and out-
put is hard to be well interpreted by simple laws. However, in
some sense, we can identify the important spatial region deter-
mining the model output through visualization of CNN (see

1.2

_I* T | L S B B
I\ ==+ CNN(u) ]
Lok \ —— NN aatt) ]
0.8}
S |
0.6F
0.4
025" 15
X

FIG. 13. Comparison of the CNN models in Table |V and theoretical model in Eq.
(26) for estimating C,in DNS case with o = 40°. The gray shade denotes 10% rel-
ative error, and the green shade denotes the range of Cy in the training set.
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Appendix D), and the network can also learn some empirical
laws such as the growth of drag with angle of attack.

For the present cases, the theoretical model is superior to the
data-driven model in terms of the completeness, cost, and interpret-
ability, and the data-driven model with appropriate training data and
optimized model architecture has better description and accuracy. The
applicability of the two types of models is generally fair and flow-
dependent.

VI. CONCLUSIONS

We develop and assess theoretical and data-driven models for
estimating forces from cross-sectional data in the wake of flows past a
plate. A series of datasets of three-dimensional flows past a flat plate
with a range of angles of attack are calculated using the immersed
boundary method. They are used for further model development and
validation.

First, we develop a theoretical model to estimate drag of a flat
plate based on the cross-sectional velocity data in the far wake. This
model of the streamwise force coefficient in Eq. (26) incorporates the
local momentum deficit and pressure variation. In the momentum
term in Eq. (27), the force contribution from the stress on the plate
surface is converted into a surface integral on a cross-sectional plane
downstream. This force contribution is dominated by the velocity
defect concentrated in an effective local region. In the pressure term in
Eq. (28), Bernoulli’s equation is used to calculate the pressure change
using velocity data. This contribution is usually ignored in former
two-dimensional studies and is important in the present three-
dimensional study. We assess the theoretical model in Eq. (26) using
eight DNS cases with different angles of attack in the far wake. The
spatially mean error is generally less than 10%.

Second, we develop several CNN models for force estimation by
regarding the velocity field in a cross section as a RGB image. To ana-
lyze the model performance, we design three CNN architectures for
integrating different physical mechanisms and three training datasets
for interpolation and extrapolation tasks. The baseline CNN architec-
ture is adapted from the ResNet. We introduce the physical informa-
tion, the angle of attack of the plate, into the CNN, so that the network
can learn hidden physical laws between the force and angle of attack
to improve the CNN performance. In addition, we add the attention
module to make the CNN focus on the effective region for force esti-
mation. For the data interpolation, the CNN model performs well.
The performance of the optimized CNN model is superior to the theo-
retical model and can be further increased by training larger datasets.
For the data extrapolation, the performance of the baseline model
CNN(u) is not satisfactory due to the difference between the training
and test datasets. The CNN performance can be improved in models
CNN(u, ) and CNN(u, «, att.) by incorporating physical informa-
tion into the network architecture.

The performances of the theoretical and data-driven models are
compared by multiple criteria. In the present cases, the algebraic
model in Eq. (26) is superior to the CNN model in terms of the com-
pleteness, cost, and interpretability, and the CNN model with appro-
priate training data and optimized network architecture has better
description and accuracy.

Although the discussion on modeling is mainly for the flow past
a stationary plate, Appendixes A and B demonstrate that both the pre-
sent theoretical and CNN models can be extended to more complex

scitation.org/journal/phf

flows past a moving body, and Appendix E shows that both models
are robust for moderate noisy or under-resolved data. In the future
work, the data-driven models are expected to be further informed by
theoretical models and generalized to various flow configurations’” '
and larger Re by utilizing data assimilation,'”*” transfer learning,”’
and generating much larger training datasets.
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APPENDIX A: MODELING FOR THE WAKE
OF A FLAPPING PLATE

We extend the theoretical and CNN models to estimate thrust
in the flow past a flapping plate. The kinematics of the flapping
plate is described by

a(t) = oy cos (2nft) (A1)
and
z.(t) = Asin (2xft), (A2)

where o(t) denotes the time-varying angle of attack, o, the pitching
amplitude, z.(¢) the instantaneous vertical position of the plate cen-
ter, A the heaving amplitude, and f the flapping frequency.
Motivated by the investigation of flow past low-aspect-ratio flap-
ping wings,'”**” we conduct a series of DNS cases of the flow past
a flapping plate with Re=200, R4 =1, A=0.5, and varying f and
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TABLE VII. Parameters for the DNS of flows past a flapping plate and relative errors E(C"f ) of theoretical models for thrust estimation.

Case 1 2 3 4 5 6 7 8 9 10 11 12 13
f 0.6 0.6 0.6 0.7 0.7 0.7 0.8 0.8 0.8 0.65 0.65 0.75 0.75
o (%) 30 15 45 15 30 45 15 30 45 22.5 37.5 22.5 37.5
St 0.6 0.6 0.6 0.7 0.7 0.7 0.8 0.8 0.8 0.65 0.65 0.75 0.75

BCY)  69%  82%  144%  52%  59%  8.1%

9.2% 8.8% 7.0% 4.7% 5.4% 8.0% 5.4%

o, listed in Table VII. For Strouhal numbers St =2Af/U
= 0.6 ~ 0.8, the wake in the present simulations has two sets of
VorticeS.ZZSL),()(),SF

Note that the force exerted on the flapping plate is the thrust
with u, > U in the wake (see Fig. 14), instead of the drag on the
stationary plate with velocity defect [see Fig. 3(b)]. Accordingly, the
definition of S, in Eq. (25) is replaced by

Se(x) = {(y(x), 2(x))[ux (y(x), 2(x)) > um}, (A3)

with u,, = 1.01 for the wake of a flapping plate. We apply the theo-
retical model in Eq. (26) to estimate the time-averaged thrust based
on the time-averaged cross-sectional data for 13 cases in Table VII.
The relative error £(CY') is generally less than 10%, so the theoreti-
cal model is applicable to the wake of a flapping plate.

The data-driven model is also applied to the wake velocity data
of the flapping plate. Since the area of S, for the flapping plate is
larger than that for the stationary plate, the spatial region for CNN
training and validation is enlarged to Scny € [—8, 8] x [—8, 8]. As
shown in Fig. 15, we split 13 DNS cases into training and validation
datasets as data interpolation. For the flapping plate, the flapping
frequency is another important factor affecting the CNN perfor-
mance, so we incorporate f, similar to o, into Layer6 in Fig. 9. Thus,

FIG. 14. Contour of u, on the cross section at x =10 for case 1 in Table VII.

3 6 9
45¢ ° o ° -
11 13
°
< | 5 8
S30F ° o o -
10 2
2 4 7
15F o o ° -
05 06 07 08 09

f

FIG. 15. Parameter distribution of training set (red dots) and validation set (green
dots) for cases of flows past a flapping plate.

we have five CNN models listed in Table VIII. The CNN models
predict thrust well with relative errors generally less than 8%,
comparable to that of the theoretical model in Table VIL. Since the
thrust is not linearly increased with o € [15°, 45°], the prediction
improvement of CNN(u, ) is not as good as for cases of the sta-
tionary plate. On the other hand, the incorporation of f in the
model CNN(u,f) can improve the performance due to the
positive correlation between thrust and f. Since the attention
mechanism is effective to focus on a relatively small spatial region
illustrated in Fig. 14, the model CNN(u, o, f, att.) shows the best
performance.

TABLE VIII. Comparison of &(aq) for different CNN models on the validation set.

Model Case 10 Case 11 Case 12 Case 13 Cases 10-13
CNN (u) 5.4% 6.3% 9.3% 8.0% 7.2%
CNN (u7 oc) 5.7% 59% 8.6% 7.6% 6.9%
CNN (u,f) 7.7% 102% 5.0%  4.5% 6.8%
CNN (u, a, f) 59%  85% 34%  23% 5.0%
CNN (u,a,f,att.) 52%  33% 45% 3.7% 4.1%

Phys. Fluids 34, 111905 (2022); doi: 10.1063/5.0125374
Published under an exclusive license by AIP Publishing

34, 111905-13

pd-auNUO™ LT GO6L L L/¥GYSLSL/YLEG21L0°S/E90L 0 L/10P/pd-ajonte/od/die/Bio-die sqndj/:dpy woy papeojumoq


https://scitation.org/journal/phf

Physics of Fluids ARTICLE

wing root €

FIG. 16. Schematic of the flow past a butterfly-like elliptical plate with the angle of
attack o and flapping angle 6.

APPENDIX B: MODELING FOR THE WAKE
OF A BUTTERFLY-LIKE ELLIPTICAL PLATE

We extend the theoretical and CNN models to a complex
wake for the flow past a butterfly-like elliptical plate.”>"" As
sketched in Fig. 16, the geometry of the elliptical plate is defined by
x*/a* + y*/b* = 1 with a = 0.5¢, b=, and the maximum chord
length c. The plate can be folded along the wing root in the x-z
plane. The kinematics of the elliptical plate is characterized by

o(t) = apm[l — cos (2nft)] (B1)
and
0(t) = 0,, cos (2mft), (B2)

where o(t) denotes the instantaneous angle of attack of the wing
root, o, the pitching amplitude, 6(t) the instantaneous flapping
angle of the semi-elliptic wing, and 0,, the flapping amplitude. We
set Re=200, f=0.6, o,, = 30°, and 0,, = 30°. The wake vortical
structure in Fig. 17 illustrates much more complex wake topology
with interconnected structures than the ring-like structures for the
flow past a flat plate. This significant difference is used to test the
robustness of force models.

The theoretical model in Eq. (26) is directly applied to estimate
the time-averaged drag of the elliptical plate. It achieves excellent
performance with the error around 3.3% in the far wake with
5 < x < 15. The data-driven models developed from the flat-plate
data are also applied to the wake flow of the elliptical plate. As listed
in Table IX, we construct four CNN models based on different

FIG. 17. Isosurface of Q =1 for the flow past a butterfly-like elliptical plate.

scitation.org/journal/phf

TABLE IX. Comparison of relative errors of theoretical and CNN models for estimat-
ing thrust of the flapping elliptical plate.

Model Training dataset €

CNN (u) Stationary plate 19.2%
CNN (u, o) Stationary plate 16.8%
CNN (u, o, att.) Stationary plate 14.8%
CNN (u) Stationary plate+flapping plate 10.7%
cy e 3.3%

training datasets and network architectures. We applied the warm
up strategy”” to stabilize the training process and avoid overfitting
from various training datasets. The learning rate is increased from 0
to 0.002 in the first training epoch, and then, it is decreased by a
factor of five in every five epochs. The model CNN(u) with training
data from the stationary plate has the maximum error about 20%.
The error is reduced to 10% with the increase in training data and
the optimization of network architectures.

The detailed model comparison is presented in Fig. 18. The
theoretical model predicts the drag well in the far wake with a
robust performance. The performance of the CNN model trained
by data of simpler flow cases is less satisfactory than that of the
model trained by the same type of flow data in Fig. 12. Therefore,
the performance of CNN models strongly depends on the range of
training data. The CNN model can generalize to unseen data only if
training data samples are sufficient and test data are not too far
from the training data.”

APPENDIX C: PROBABILITY INTERPRETATION
OF THE CNN MODEL

We explain the mechanism of the CNN model for estimating
forces from the viewpoint of a data classification task. The Bayesian
classifier, the probability P(c|x;,) of a given class ¢ conditioned on
the input data x;,, is often used to classify the input data.*® For the

20—
I — -+ CNN(w) ]
[ — CNN(u, a,att.) |
L5f - ]
S 1.0
0.5F
0.0 s 10 15
X

FIG. 18. Comparison of theoretical and CNN models for estimating thrust of the
flapping elliptical plate at different x. The gray shade denotes 20% relative error.
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FIG. 19. Data of Cy in the training set (in black) and estimations of Cy from the
model CNN() and the validation set (in color) of D, for the stationary plate, where
¢4 ~ ¢4 are labels of the four cases in the training set. The error bar denotes the
standard deviation. The dotted line denotes the modeling result from the random
classifier.

dataset D1 in Table V, we regard the training set as four classes
labeled by ¢; with i = 1, 2, 3, 4, corresponding to four o as illustrated
in Fig. 19. In the estimation of C; from input image data x;,, the
CNN model first learns P(c;|x;,) from the training set and then cal-
culates the output as

i= i—4
Ci™ (xin) = ZP(CJ"M)C?NS(Q% P(cilxin) = 1, (C1)

i=1 i=1

Conv3
feature map

Velocity data

Grad-CAM
heatmap

ARTICLE scitation.org/journal/phf

from the validation set, where C?™(;) is the force coefficient from
DNS in training data with label ;. Taking the training set in data
classification D; for the stationary plate as an example, Eq. (Cl)
with a random classifier P(c;|x;,) = 0.25 has C{™(x;,) = 0.436,
and its relative error for the validation set is 18.7%. Training of the
baseline model CNN(u) generates more complex and appropriate
P(ci|x;,) than that of the random guess, so its relative error is
reduced to 12.9%.

In Fig. 19, estimating C, from the model CNN(u) for the station-
ary plate in D; in Table V is explained as the classification in Eq. (C1).
For example, the distributions of the CNN model output for the input
data with o = 25° and o = 30° are closer to the data in the learning
set with class labels ¢; and ¢;. For x;, with o = 30°, P(cs|x;,) and
P(cy|x,) are larger than P(c;|x;,) and P(c,|x;,) due to the similarity
of the datasets among o = 30°, o = 35°, and o = 40°. Thus, the CNN
prediction for data with o = 30° leans to the data values with labels ¢;
and ¢;. Moreover, Eq. (C1) and Fig. 19 imply that the model CNN(u)
has a limited data extrapolation capability due to the nature of classify-
ing known training data.

APPENDIX D: VISUALIZATION OF TRAINING CNN

We interrogate the CNN training process to explain different
performances of CNN models by visualizing some intermediate
steps.”™”” A typical case with o = 5° from the validation set in clas-
sification D, is chosen to visualize the middle convolutional layer.
Typical cross-sectional velocity data at x=10, as a network input,
are shown on the leftmost of Fig. 20. First, we visualize the feature
map of intermediate convolutional layers in CNN.* The convolu-
tional layer Conv5, as a representative one in the CNN architecture
in Fig. 9, is visualized. The composite feature map is obtained by
integrating Cs channels in Conv5 as

“
J
-

CNN(u, )

FIG. 20. Visualization of training CNN. The leftmost figure is the contour of u, at x= 10 for the flow past a stationary plate with oo = 5°. The upper right three figures are fea-
ture maps of Conv5 in the three CNN architectures listed in Table [\. The lower right three figures are heat maps obtained by the Grad-CAM.
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FIG. 21. Comparison of contours us x of synthetic data with different noise levels at x = 10 for the flow past a stationary plate with o = 30°.

TABLE X. Comparison of relative errors of theoretical and CNN models for estimat-
ing drag based on synthetic data with different noise levels for the flow past a station-
ary plate with oo = 30°.

Model c6=0 06=005 6=01 6=02 06=03 6=0.4

cM 10.7% 10.6%  10.6% 104% 13.2% 24.4%
CNN (u, ) 2.8% 7.0% 4.7% 7.0% 1.1% 4.0%

Cs
FeomsG:0) = Xeon(ii i, K), (D1)
i=1

where x.,, is the extracted feature in Conv5 for the given input
image. The normalized feature maps of f s within [0, 1] from dif-
ferent CNN models are compared in Fig. 20. The feature map of the
improved CNN more focuses on the effective local region with large
velocity defect than that of the baseline CNN. Note that the feature
map is not symmetric owing to the asymmetry of convolutional
kernel for feature extraction.

Second, we visualize the network using the gradient-weighted
class activation mapping (Grad-CAM)’*"" to find the important
spatial location deciding the network output. In Grad-CAM, the
gradient of network output is back propagated into the last convo-
lutional layer to generate a localization heat map to highlight the
significant region for network prediction (see Ref. 91). In Fig. 20,
the heat map for CNN(u) is not localized, indicating that the

128x128

baseline CNN cannot utilize the most effective spatial information
to predict force. The heat map of CNN(u, «, att.) focuses on the
local region with the maximum response to make decision with the
attention mechanism, which improves model performance (see
Table VI).

APPENDIX E: MODEL PERFORMANCE FOR NOISY
OR UNDER-RESOLVED DATA

The theoretical and data-driven models work well on the DNS
data, but the data can be noisy or under-resolved in experimental
measurements and practical applications. These effects on the
model performance are studied below.

The noisy data u, are generated from accurate data u by’

u, ~ ao,N(0,1), (E1)

where the noise-to-signal ratio ¢ indicates the noise level, o, is the
standard deviation of u, and N(0, 1) is the normal distribution. The
synthetic data are

Ug = U+ u,. (E2)

We generate the synthetic velocity u; = (s, Us,, s ) with compo-
nents usy, Uy, and u,, obtained from Eqgs. (E1) and (E2). Figure 21
shows u;, in a cross section at x=10 for the DNS case with o =
30° and different .

We compare the theoretical and CNN models based on
synthetic velocity data u, with different noise levels in Table X.

1.05
1.00
0.95

0.90

0.85

8x8

FIG. 22. The comparison of u, with different mesh resolutions at x= 10 for the DNS case with e = 30°.
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TABLE XI. Comparison of relative errors of theoretical and CNN models for estimat-
ing drag based on data with different spatial resolutions for the flow past a stationary
plate with o« = 30°.

Model 256 x 256 128 x 128 64 x 64 32 x 32 16 x16 8 x 8

cu 108%  103%  94% 7.7%  4.6% 17.2%
CNN (u,2)  2.8% 27%  3.8%  7.6%  2.6% 9.4%

The relative error &(CY) of the theoretical model grows with ¢
> 0.1 due to inaccurate identification of the effective region for force
calculation in Eq. (25). By contrast, the effect of noise on the perfor-
mance of CNN models (trained by data classification D;) is almost
negligible. Therefore, the CNN model can be more robust than the
theoretical model for predicting forces from noisy velocity data.

The under-resolved data are generated with different resolu-
tions from the DNS data by the linear interpolation. The resolution
of the data is in the shape of (H, W) with H = W = {256, 128,
64, 32, 16, 8}. The low-resolution velocity fields are shown in Fig.
22. As compared in Table XI, both models perform well with the
errors under 10% for under-resolved data, except for the theoretical
model for very coarse data with resolution 8 x 8. In addition, the
model based on limited measurements’*”” and super-resolution
reconstruction*””* can facilitate improving force estimation from
under-resolved flow data.
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