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ABSTRACT: The multi-structural approximation with torsional anharmonicity (MS-T)
method and its variants have been widely used for calculating conformational−rovibrational
partition functions of large molecules. The present work aimed to propose a systematic
method to assess and explain the performance of various variants of the MS-T method. First,
we proposed the simplest variant MS-T(2NN) (two nearest neighborhood torsions are
coupled) and systematically validated it for large alkanes n-CnH2n+2 (n = 6−10) and their
transition states of hydrogen abstraction reactions. Second, we proposed a metric-based
method to explain the underlying reason for the good performance of MS-T(2NN)�it
includes the torsional conformers that have dominant contributions to the partition function
calculations. These conformers are closer to the lowest-energy conformer in the space of
dihedral and energy metrics. Third, the same observation and explanation apply to the other
two variants, MS-2DT (any two torsions are coupled) and MS-3DT (any three torsional are
coupled), which contain increasingly more torsional conformers than MS-T(2NN) but are subsets of the complete set of torsional
conformers considered by the MS-T method. Overall, the present method provides a mathematically rigorous and computationally
effective diagnosis tool to assess various MS-T methods dealing with the torsional anharmonicity of large molecules in the partition
function calculation.

1. INTRODUCTION
The contemporary concerns on energy security and environ-
ment protection spawned continuous studies on developing
advanced combustion engines to satisfy the increasingly higher
requirements for high efficiency and low emissions.1 There is
accordingly a need to carry out comprehensive and systematic
research on the combustion chemistry of petroleum-based
fuels. However, it is quite challenging to study the
thermochemistry and chemical kinetics of these fuels2−4 on
account of their complex components, because they generally
consist of hundreds of different hydrocarbon molecules, and
large n-alkanes are one of the primary components.1−7

There are two crucial factors in the calculation of
thermochemistry and chemical kinetics of large n-alkanes,
namely, the single-point energy and the partition function. For
example, the hydrogen abstraction reaction from an n-alkane
by a hydrogen atom, RH + H → R · + H2, has a distinct energy
barrier along its reaction coordinate, and the transition state
theory (TST) predicts its high-pressure limit rate coefficient
as:8−10
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where Q is the partition function, E is the energy barrier, the
superscript “†” denotes the transition state, and kB, T, and h are
the Boltzmann constant, temperature, and the Planck constant,
respectively. The uncertainty of the theoretical reaction rate

constant is significantly affected by the accuracy of the energy
barrier (particularly at relatively low temperatures) and
partition functions (particularly at relatively high temper-
atures).

In recent years, there are extensive theoretical studies on
high-level single-point energy calculation of large molecules.
Based on the well-known ONIOM (our own N-layered
integrated molecular orbital and molecular mechanics),11

Zhang et al.12,13 proposed a two-layer ONIOM method, in
which the QCISD(T)/CBS and DFT/6-311++G(d,p) meth-
ods are used for the high layer and the low layer, respectively.
Li et al.14 developed a generalized energy-based fragmentation
(GEBF) approach, in which a large molecule is divided into
small fragments and the total energy of the large molecule is
obtained from synthesizing the small fragments. Wu et al.15

proposed a cascaded group-additivity (CGA) ONIOM method
by combining the group additivity and two-layer ONIOM
methods, in which a large molecule is partitioned into cascaded
individual groups and the ONIOM method is used for their
energy calculations.
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For calculating partition functions, a common approach is to
assume the separability of various modes (degrees of freedom)
of external and internal motions, which leads to the additivity
of their energies and, in turn, the multiplicativity of their
partition functions as such

=Q Q Q Q Qtrans rot vib elec (2)

where the translational (Qtrans), rotational (Qrot), vibrational
(Qvib), and electronic (Qelec) partition functions can be
separately calculated. Generally, vibrational modes can be
treated by using the harmonic oscillator (HO) approximation.
However, using the HO approximation to treat those torsional
modes with relatively low frequencies will result in large errors,
particularly at relatively high temperatures.

Extensive studies have been conducted to deal with low-
frequency torsional modes. Pitzer and Gwinn16 performed a
seminal work on the one-dimensional hindered rotor (1D-HR)
treatments and their subsequent works17,18 also had far-
reaching effects on later studies.19−22 The Pitzer−Gwinn-like
methods have been widely adopted in dealing with torsional
anharmonicity in partition function calculations.23−27 The
applicability of the 1D-HR approach relies on the two
approximations: the torsions are decoupled and each torsion
corresponds to (therefore is used to replace) a specific normal
mode. However, torsions are often coupled with each other in
a large molecule, and it is difficult (even impossible) to
establish one-to-one correspondence between the low-
frequency torsions and normal modes. As a result, there is a
natural idea to treat torsional coupling by constructing the
high-dimensional torsional potential energy surface (PES),
which makes a more accurate treatment possible at the cost of
the high computational load.28,29

Zheng et al.30 proposed a new class of methods called multi-
structural (MS) methods. The methods need neither to
calculate high-dimensional torsional PES nor to manually
correspond each torsion to a normal mode.31−34 Instead, the
MS methods use the Voronoi tessellation to divide the high-
dimensional torsional PES into a number of Voronoi cells
around local minima on the torsional PES; in each of the cells,
the high-dimensional integral of the classical partition function
can be analytically expressed by virtue of the geometric and
frequency information of stationary points (local minima and
saddle points) on the torsional PES. An open-source code
MSTor was developed based on the multi-structural
approximation with torsional anharmonicity (referred to as
MS-T hereinafter) and has been extensively used in many gas-
phase chemical reaction systems.30,31,34−36

One of the key procedures in the MS-T calculations is to
identify all torsional conformers on the high-dimensional
torsional PES. A common approach for this is to generate
initial-guess structures for all torsions and then to rule out the
identical structures from the results of geometry optimization.
Each torsion (excluding the methyl groups) is rotated by 0,
120, and −120° to generate initial-guess structures, and
therefore, 3N initial-guess structures are needed for a
hydrocarbon molecule with N non-methyl torsions.32

Apparently, a huge number of geometry optimization
calculations are needed by applying the MS-T method to
large molecules. For example, common diesel fuel ranges
approximately from C10H20 to C15H28.37 Taking n-decane as an
example, the MS-T method needs to generate 37 = 2187 initial-
guess structures for geometry optimization calculations, and
the conformational search of n-decane is computationally

affordable at a relatively lower level of theory. However, the
research results are not always consistent among different
levels, and the subsequent refinement calculations at a higher
level of theory are often computationally demanding. There-
fore, identifying distinguishable structures among these
optimized structures is another challenging work and usually
manually formidable, especially for the larger molecules with
more torsions, for example, 19,683 initial-guess structures for
n-dodecane.

To reduce the computational load of the MS-T method, Bao
et al.38 proposed a cost-effective method to approximate the
MS-T partition function, called the dual-level electronic
structure method, in which a low-level method is used to
optimize all initial-guess structures first, and then a high-level
method is used to re-optimize some of the distinguishable
structures in order of increasing energy identified by a low-
level method. They studied a transition state structure of the
hydrogen abstraction of ketohydroperoxide by OH radical, in
which the 7 non-methyl torsions generate 2187 initial-guess
structures. Although the dual-level method can reduce the
computational cost to a certain extent, it still has to deal with a
huge number of optimized structures, particularly in large
molecular systems. Wu et al.39 proposed a multi-structural 2-
dimensional torsion (MS-2DT) method, which considers all
pairs of torsions to generate initial-guess structures, reducing
the number of initial-guess structures from 3N to 9N(N − 1)/
2. They used the MS-2DT method to study 18 alkanes (C6−
C8), and the results are in good agreement with the original
MS-T method.

Regardless of the noticeable success of the MS method and
its variants in calculating partition functions accurately and
efficiently, some critical questions remain to be answered: Do
we really need a complete set of distinguishable torsional
conformers for the partition function calculation? Can we find
an appropriately chosen small subset of distinguishable
torsional conformers, which can significantly reduce the
computational cost while retaining acceptable accuracy? How
do we assess the performance of various subsets (the complete
set can be treated as a subset of itself)? In the present work, we
proposed the simplest variant MS-T(2NN) and a metric-based
method to answer the above questions, particularly the last
question that determines our answers to the first two. We shall
expatiate the simplest variant MS-T(2NN) and metric-based
methods in Section 2, followed by the validation in Section 3,
in which we compared the MS-T and MS-T(2NN) methods in
the systems of n-CnH2n+2 + H (n = 6−7). In addition, we used
the MS-T(2NN) method to study larger n-alkanes (n = 8−10)
and compared the entropy results with the literature data. The
other variants of the MS-T method, the MS-2DT and MS-3DT
methods, are also considered to verify the findings by the
metric-based method.

2. THEORETICAL METHODS

2.1. Multi-Structural (MS) Method. In the MS method,30

the quantum-mechanical torsional partition function is
approximated by a classical mechanical configuration integral18

as
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where β = 1/kBT, kB is the Boltzmann constant, T is the
temperature, ℏ is the reduced Planck constant, D is the
torsional kinetic energy matrix that evaluated at the global
minimum, ϕτ is the torsional internal coordinate, στ is the
parameter characterizing the periodicity of torsional space, and
t is the total number of coupled torsions.

Because of the existence of many local minima that
contribute to the evaluation of the partition function, the
entire torsional space can be divided into a certain number of
distinct subspaces, which correspond to each local minimum,
and such that the total partition function is a summation of all
the local minima. For a certain torsion τ corresponding to each
structure j, the PES is assumed to be described by a periodic
function, Vj, τ = Uj + Wj, τ{1 − cos [Mj, τ(ϕτ − ϕτ, eq, j)]}/
2,Mj, τ(ϕτ − ϕτ, eq, j) ∈ [ − π, π], where Uj and ϕτ, eq, j are the
potential energy and the torsional internal coordinate,
respectively, of the jth local minimum, and Mj, τ is the
periodicity parameter. Wj, τ is the effective barrier height
estimated by Wj, τ = 2Ij, τωj, τ

2 /Mj, τ
2 , where ωj, τ is the frequency

and Ij, τ is the internal moment of inertia. The PES within a
certain structure j is assumed to be separable so that

=V V( , ..., ) ( )j t
t

j1 1 , .
The assignment of Mj, τ is an essential part of the MS

method. For nearly separable torsions with approximately
evenly distributed local minima, Mj, τ simply equals to the total
number of local minima in the specific torsion. For strongly
coupled (SC) torsions, Mj, τ is determined by the Voronoi
tessellation, in which Mj, τ is replaced by Mj

SC and assumed to
be equivalent in every SC torsion. Then, the local periodicity
Mj, τ is defined by Mj, τ = Mj

SC = 2π(Ωj
SC)−1/tSC, where Ωj

SC is the
hypervolume of the jth subspace and tSC is the total number of
SC torsions. Overall, there are three main roles of Mj, τ in the
method. First, it controls the local periodicity. Second, it
determines the integral subspace for a specific structure. Third,
it accounts for the evaluation of implicit barrier heights.

The conformational−rovibrational partition function ob-
tained by the MS method based on uncoupled torsional
p o t e n t i a l , M S - T ( U ) , 3 0 i s

= = =Q Q U Q Z fexp( )j
J

j j j j
t

jcon rovib
MS T(U)

1 rot,
HO

1 , , w h e r e
Qrot, j is the classical rotational partition function of structure
j, Qj

HO is the usual normal-mode HO vibrational partition
function calculated at structure j, Zj is a factor designed to
ensure that the MS-T(U) partition function reaches the correct
high-temperature limit, and f j, τ is a torsional anharmonicity
factor, and based on coupled torsional potential, MS-T(C),31 is

= = =Q Q U Q fexp( )j
J

j j j
t

jcon rovib
MS T(C)

1 rot,
HO

1 , , unlike the
MS-T(U) method, f j, τ is a correction factor that takes account
of torsional anharmonicity of the coupled torsions.

2.2. Metric-Based Method. As discussed in the preceding
section, identifying all possible distinguishable local minima is
crucial in the MS method because it affects the Voronoi
tessellation, the local PES, and in turn the partition function.
Previous studies have shown that the calculation of the

partition function by using the MS method is sensitive to the
number of identified local minima.38,39

The central idea of the metric-based method to be
expatiated below is to mathematically quantify the “similarity”
or “closeness” of two torsional conformers and then to quantify
the contribution of a conformer to the calculation of the
partition function. In previous studies, two optimized
structures were considered distinguishable if they have at
least one different dihedral angle of torsion or if they have
different single-point energies. Additional treatments should be
given to the optical isomers. It is apparently unfeasible to
manually distinguish all optimized structures because the total
number of comparisons for each pair of structures is N + 1,
including N comparisons of dihedral angles and one
comparison of energy, and that for all structures is (N + 1)
M(M − 1)/2, where M is the total number of optimized
structures. Although computer programs can be developed to
identify distinguishable conformers, the computational load is
significant for usually very large M. For example, the total
number of comparisons is about 315 ≈ 1.4 × 107 for N = 7
(e.g., n-decane).

Inspired by the mathematical concept of metric or distance
function,40,41 we defined a dihedral metric and an energy
metric to quantify the difference between any two structures.
For two structures sj and sk, where j ≠ k, the dihedral metric
dD(sj, sk) is defined by

=
=

d s s d( , ) ( , )j k
n

N

j
n

k
n

D
1 (4)

where θj
n is the dihedral angle corresponding to the nth torsion

of the structure sj and d(θj
n, θk

n) is a function accounting for the
difference of two corresponding dihedral angles:

= {| | | + |

| |}
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j
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j
n

k
n

j
n
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(5)

Equation 4 can be treated as a high-dimensional variant of
the “Manhattan distance”.42−44 As a metric, dD(x, y) must
satisfy the three axioms such as (1) dD(x, y) ≥ 0 and the
equality holds only for x = y; (2) dD(x, y) = dD(y, x); and (3)
dD(x, y) ≤ dD(x, z) + dD(z, y).45,46 No cases were found to
violate the above three metric axioms in our computational
results.

Considering two structures of the same energy may have
different dihedral metrics, such as the optical isomers. We
defined the energy metric by

= | |d s s E E( , )j k s sE j k (6)

where E denotes the single-point energy. It is readily seen that
the energy metric satisfies all three metric axioms. In the
present metric-based method, two structures are considered
similar or close if their dihedral and energy metrics are small.
The “smallness” of a metric can be so determined that the
calculation results reach a prescribed accuracy.

It is noted that the low-energy structures contribute to the
partition function significantly more than the high-energy
structures, because the Boltzmann factor e−ΔE/kT is significantly
small, for a large ΔE = E − Emin, where Emin is the single-point
energy of the lowest-energy conformer. For example, the
contribution of a higher-energy conformer to the total partition
function is about 13.5% (at T = 1000 K) and 1.8% (at T = 500
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K) of that of the lower-energy conformer if ΔE is 2 kcal/mol.
However, it should be mentioned that the high-energy
structures that have more “loose” modes may also make a
larger contribution to the partition function than the low-
energy structures at high temperatures.47,48 Aside from the
relative energy of the structure, we thought about the dihedrals
of the structure that contain information about the “looseness”
or “tightness” of the structure, which can reflect the entropy
effects. Meanwhile, these high-energy structures usually only
result in errors about a factor of two in the partition function
calculation by using the MS-T method.38,39 Consequently, a
complete set of distinguishable local minima could be
unnecessary for the purpose of the partition function
calculation since many local minima might have a negligible
contribution to the partition function. Thus, an ideal way to
reduce the computational cost while retaining the computa-
tional accuracy is to find those local minima close to the
lowest-energy one.

For the convenience of the analysis to be discussed in the
following sections, the dihedral and energy metrics can be
normalized by

=d s s d s s N( , ) ( , )/2j k j kD D (7)

=d s s d s s E( , ) ( , )/j k j kE E max (8)

where N and Emax denote the number of torsions and the
maximum of potential energy in the distinguishable structures,
respectively. It is seen that the normalization ensures that d̅D ∈
[0,1] and d̅E ∈ [0,1].

2.3. Nearest Neighborhood Method. In the present
method, there is no strict requirement for the selection of N
(the number of coupled torsions) in generating the initial-
guess structures of local minima. In principle, a better result
would be obtained for a larger N (up to the total number of
torsions), however, the total number of initial-guess structures
will increase according to 3N. The MS-2DT method39 assumes
that any two torsions are coupled and reduce the total number
of initial-guess structures to 9N(N − 1)/2, which quadratically
increases with N. Considering that nearby torsions often have
relatively stronger coupling than those being far away,49 but
may not be good for ring-structured molecules, we proposed to
use the so-called nearest neighborhood method to generate
initial-guess structures. Specifically, all N torsions in a molecule
are divided into a certain number of groups, each of which
contains n neighborhood torsions. For each group, we can
generate 3n initial-guess structures and the total number of
initial-guess structures for all groups is about (N − 1)3n, which
is significantly smaller than 3N for n < N. In the following text,
we denote the method with n nearest neighborhood torsions
by nNN. It is noted that the MS-2DT method is not a special
case of the nearest neighborhood method because every two
(not every two neighbors) torsions are assumed to be coupled.

For the purpose of validating the proposed MS-T(nNN)
method, the present study adopted the simplest non-trivial
scenario of n = 2, since n = 1 would result in the trivial case
where all torsions are uncoupled, as shown in Figure 1. Take n-
decane again as an example (excluding methyl group), the
number of initial-guess structures by MS-T, MS-2DT, and the
present MS-T(2NN) method are 37 = 2189, C7

2 × 32 = 189,
and (7 − 1) × 32 = 54, respectively. It is apparent that the MS-
T(2NN) method reduces greatly the computational cost
compared to the other two methods. The comparison of their

computational results for partition functions will be presented
and their performance will be assessed by using the proposed
metric-based method in the following section. It should be
noted that the present metric-based method can be combined
with any method for generating initial-guess structures.

2.4. Electronic Structure Method. To validate the
present computational methods, we considered the large
straight-chain alkane molecules n-CnH2n+2 (n = 6−10). The
geometries optimization and vibrational frequencies of the
stationary points for the hydrogen abstraction reactions of n-
CnH2n+2 + H (n = 6−7) and larger n-alkanes molecules (from
C8 to C10) were calculated at B3LYP/6-311++G(d,p) level.50

All the calculations were performed with the Gaussian 09
program package51 and the optimized geometries of all
distinguishable structures were provided in the Supporting
Information.

3. RESULTS AND DISCUSSION
3.1. Structures Generation by MS-T(2NN) and MS-T.

For the comparison between the MS-T and MS-T(2NN)
methods, we studied the hydrogen abstraction reactions of n-
hexane and n-heptane by H atom. The MS-T method is too
computationally expensive for larger systems such as n-octane,
n-nonane, and n-decane, which were studied by the MS-
T(2NN) method only. Table 1 summarizes the number of

distinguishable structures for all reactants and transition states
of the hydrogen abstraction reactions of n-CnH2n+2 + H (n =
6−7) using the MS-T and MS-T(2NN) methods.

As an example of reactants, the n-heptane molecule has six
torsions that are associated with internal rotations around the
six C−C single bonds. The seven carbon atoms of n-heptane
are labeled as H3C(1)−H2C(2)−H2C(3)−H2C(4)−H2C(5)−
H2C(6)−H3C(7). Excluding the first and the last methyl groups,
the rest of the four torsions are considered for generating
initial-guess structures. Therefore, 81 initial-guess structures
were generated by the MS-T method and 27 initial-guess

Figure 1. Schematic of the simplest variant MS-T(2NN) (two nearest
neighborhood torsions are coupled) method to generate initial-guess
structures.

Table 1. Number of Distinguishable Structures for
Reactants and Transition States (Excluding Mirror-Image
Structures)

MS-T MS-T(2NN)

n-hexane 9 5
n-hexane-TS1 28 14
n-hexane-TS2 17 11
n-hexane-TS3 17 11

n-heptane 22 7
n-heptane-TS1 65 17
n-heptane-TS2 41 15
n-heptane-TS3 41 15
n-heptane-TS4 22 8
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structures were generated by the MS-T(2NN) method. The
total number of distinguishable structures (excluding mirror-
image structures) are 22 by the MS-T method and 7 by the
MS-T(2NN) method.

As an example of transition states, the n-heptane-TS1, an H
atom in the methyl group was abstracted by H radical. The
seven carbon atoms of n-heptane-TS1 are labeled as H3C(1)−
H2C(2)−H2C(3)−H2C(4)−H2C(5)−H2C(6)−H3C(7)−H. Exclud-
ing the H3C(1) methyl group, 243 initial-guess structures were
generated by the MS-T method and 36 initial-guess structures
were generated by the MS-T(2NN) method. The total number
of distinguishable structures (excluding mirror-image struc-
tures) are 65 by the MS-T method and 17 by the MS-T(2NN)
method.

Tables 2 and 3 list all distinguishable structures of n-heptane
and n-heptane-TS1 identified by using the MS-T and MS-

T(2NN) methods in the ascending sort order of the energy
metric with respect to the benchmark structure (the lowest-
energy structures, labeled as S1). The complete structural
information for the other molecules and transition states are
given in the Supporting Information. It is seen that the
distinguishable structures generated by the MS-T(2NN)
method form a small subset of those generated by the MS-T
method.

3.2. Verification of the Qualitative MS-T(2NN)
Method Based on the Voronoi Tessellation. In our
previous study49 about the MS-T method, we proposed an
improved method (MS-ASB) to approximately reconstruct the
torsional potential energy surface based on the Voronoi
tessellation. One of the important findings in the study is that
the extent of torsional anharmonicity is correlated with the
non-uniform distribution of local minima in the coordinate
space of dihedrals. In the present study, we applied this
understanding to examine the nearest neighborhood approx-
imation.

Table 2. Structural Information (in the Ascending Order of
Energy Metric) for n-Heptane Using the MS-T and MS-
T(2NN) (in Bold Red) Methods (Units in kcal/mol for
Energy and Degree for Dihedral Angles)

Table 3. Structural Information (in the Ascending Order of
Energy Metric) for n-Heptane-TS1 Using the MS-T and MS-
T(2NN) (in Bold Red) Methods (Units in kcal/mol for
Energy and Degree for Dihedral Angles)
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For n-heptane, four torsions, C(2)−C(3), C(3)−C(4), C(4)−
C(5), and C(5)−C(6), are considered in the MS-T method. The
present 2NN approximation considered only two distinct
combinations, [C(2)−C(3), C(3)−C(4)] and [C(3)−C(4), C(4)−
C(5)], as adjacent coupled torsions. As shown in Figure 2i, it

can be clearly seen that the coupling of [C(2)−C(3), C(3)−C(4)]
results in a non-uniform distribution of local minima so that
there is no strict periodic variation along either the C(2)−C(3)

coordinate or the C(3)−C(4) coordinate. Similar non-uniformity
of local minima can be also seen in Figure 2ii due to the
coupling of [C(3)−C(4), C(4)−C(5)]. The torsions C(2)−C(3)

and C(4)−C(5) are assumed to be uncoupled according to the
present 2NN approximation. As a comparison, the Voronoi
tessellation for the local minima generated by the [C(2)−C(3),
C(4)−C(5)] is shown in Figure 2iii. Apparently, the distribution
of local minima is quite uniform and the periodic variation
along each coordinate is well retained, implying the decoupling
of these two torsions. It should be noted that the above
examined case of n-heptane does not contain SC torsions. For
the systems containing SC torsions, such as the molecules with
the various functional groups or the transition state structures,
the larger nearest neighborhood approximations (e.g., 3NN or
4NN) may be needed for satisfactory results. Besides, it also
should be noted that, in the MS-T method, the Voronoi
tessellation for the complete set of structures guarantees the
method will have the correct low-temperature limit (quantum
HO) and high-temperature limit (classical torsional integral).
If the method with a subset of structures, such as the MS-
T(2NN) method, it may not retain these limits. Whether the
method with a small subset of structures guarantees the limits
is to be studied in our future work.

3.3. Partition Function and Standard State Entropy.
The comparison of the partition function ratio of all reactants
and transition states of the hydrogen abstraction reactions, n-
CnH2n+2 + H (n = 6−7), using the MS-T and MS-T(2NN)
methods are shown in Figure 3. As expected, the MS-T(2NN)
method predicts smaller values of the partition function for it

considers only a subset of the structures considered by the MS-
T method. Surprisedly, the differences between the predictions
of these two methods are not significant. Specifically, the
partition function ratio, PFR = QMS − T/QMS − T(2NN), is
generally less than 1.5 for n-hexane and its transition states
and 2.2 for n-heptane and its transition states in the range of
300−2000 K, whereas the number of distinguishable structures
by the MS-T(2NN) is significantly smaller than the MS-T
method. Therefore, it can be deduced that the MS-T(2NN)
method is able to generate the important structures, which
make a dominant contribution to the partition function
calculation.

To further validate the MS-T(2NN) method, we also
calculated the standard state entropy, which is derived from the
partition function as follows:

i
k
jjjj

y
{
zzzz=S k Q

T
Q

ln
1 ln

B
(9)

The calculated entropies using the MS-T and MS-T(2NN)
methods for n-alkanes (from C6 to C10) and the available
reference data52 in the range of 298−2000 K are summarized
in Table 4.

Generally, the calculated entropies using either the MS-T
method or the MS-T(2NN) method are slightly less than the
reference data. For n-hexane and n-heptane, the entropies
calculated by the MS-T method agree very well with the
reference data and the differences are less than 1%. Although
the MS-T(2NN) method has very few structures than the MS-
T method, its entropy predictions also agree well with the
reference data with the relative errors being less than 2%. We
used the MS-T(2NN) method to study the larger n-alkanes
(from C8 to C10), for which the MS-T method is computa-
tionally unaffordable. It is seen that the differences between the
MS-T(2NN) predictions and the reference data slightly
increase with the molecule size, but the relative errors are
less than 5% from 298 to 1500 K. It is again demonstrated that
the present method is capable of generating results with
acceptable accuracy for a much lower computational cost
compared with the MS-T method.

3.4. Distribution of Energy and Dihedral Metrics. The
preceding sections have shown that the present method can
predict partition functions with acceptable accuracy by using a
small subset of structures generated by the MS-T method. To
understand this result, we can make use of the concepts of
energy and dihedral metrics that we introduced in Section 2.2.

For n-heptane, 22 and 7 distinguishable structures are
identified by the MS-T and MS-T(2NN) methods, respec-

Figure 2. (a) Weighted the Voronoi tessellation and (b)
reconstructed potential energy surface based on the method.49

Figure 3. Partition function ratio (PFR), QMS − T/QMS − T(2NN), using
the MS-T and MS-T(2NN) methods for (a) n-hexane and n-hexane-
TS1 to TS3 and (b) n-heptane and n-heptane-TS1 to TS4.
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tively. Therefore, we can form C22
2 = 231 and C7

2= 21 pairs of
structures for the two methods. Each pair of the jth and kth
structures has s dihedral metric d̅D(sj, sk) and an energy metric
d̅E(sj, sk). We can show all identified structures in the Cartesian
space of the metrics as shown in Figure 4a, where each point
presents a pair of structures (denoted by the subscript “j” and
“k”) and has the coordinates (d̅E(sj, sk), d̅D(sj, sk)).

Although Figure 4a can represent the “similarity” or
“closeness” of any two structures, it does not provide
information about the relative importance of each structure
to the prediction of partition functions. As discussed in the
Introduction Section, those structures that are sufficiently
“close” to the lowest energy conformer are more important
than those being “far” from it. Consequently, we replotted the
figure by presenting each distinguishable structure in terms of
its metrics with respect to the lowest energy conformer
(denoted by the subscript “1”), as shown in Figure 4b, where
each point presents a structure (denoted by the subscript “j”)
has the coordinates (d̅E(s1, sj), d̅D(s1, sj)). In the new
representation, those being closer to the origin (representing
the lowest energy conformer) make larger contributions to the
partition function calculation than those being farther from the
origin. It is clearly seen that the structures generated by the
MS-T(2NN) method are all close to the origin but quite a
number of structures generated by the MS-T method are far
from the origin. Consequently, the good performance of the

MS-T(2NN) method can be understood by that it contains a
small but important subset of the structures and that a full set
of distinguishable structures may be unnecessary for
calculations with a certain tolerance of errors. The same
observation and interpretation apply to the four transition
states of n-heptane, as shown in Figure 5, and to n-hexane and
its transition states, as shown in Figure 6.

3.5. Comparison of MS-2DT and MS-3DT with MS-T.
We can use the above developed metric-based method to
assess the performance of other methods, for example, the MS-
2DT (any two torsions are assumed to be coupled) method of
Wu et al.39 and the MS-3DT (any three torsions are assumed
to be coupled) method following the same idea. Compared
with the present MS-T(2NN) method, these two methods
generate larger subsets of the structure set generated by the

Table 4. Standard State Entropy (in cal/mol/K) of n-Alkanes (from C6 to C10) at 298.15−2000 K Calculated Using the MS-T
and MS-T(2NN) Methods and Compared with the Reference Data52a

standard entropy at different temperatures

molecule method 298.15 K 500 K 1000 K 1500 K 2000 K

n-hexane MS-T 92.21 (0.8%) 114.37 (0.4%) 159.70 (0.5%) 194.49 (0.5%) 222.05
MS-T(2NN) 91.36 (1.7%) 113.26 (1.4%) 159.01 (0.9%) 194.21 (0.6%) 222.00
Ref. data 92.91 114.84 160.5 195.4

n-heptane MS-T 101.47 (0.8%) 127.27 (0.4%) 179.93 (0.3%) 220.24 (0.1%) 252.12
MS-T(2NN) 99.81 (2.4%) 125.10 (2.1%) 178.10 (1.3%) 218.93 (0.7%) 251.18
Ref. data 102.29 127.72 180.5 220.5

n-octane MS-T(2NN) 107.87 (3.4%) 136.38 (3.0%) 196.83 (1.8%) 243.55 (0.9%) 280.38
Ref. data 111.67 140.61 200.4 245.7

n-nonane MS-T(2NN) 115.63 (4.5%) 147.41 (4.0%) 215.22 (2.4%) 267.72 (1.1%) 309.10
Ref. data 121.04 153.49 220.4 270.8

n-decane MS-T(2NN) 123.56 (5.3%) 158.55 (4.7%) 233.61 (2.9%) 291.88 (1.4%) 337.84
Ref. data 130.42 166.38 240.5 296.0

aIn the brackets are the relative errors with respect to the reference data.

Figure 4. Distributions of distinguishable structures of n-heptane in
the space of d̅D and d̅E using the MS-T and MS-T(2NN) methods for
different coordinates (a) (d̅E(sj, sk), d̅D(sj, sk)) and (b) (d̅E(s1, sj),
d̅D(s1, sj)).

Figure 5. Distribution of distinguishable structures (with respect to
the lowest energy conformer) in the space of d̅D and d̅E using the MS-
T and MS-T(2NN) methods for n-heptane-TS1 to TS4.
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MS-T method. The inclusion relation of these subsets is MS-
T(2NN) ⊆ MS-2DT ⊆ MS-3DT ⊆ MS-T.

For n-heptane, there are 11 and 18 distinguishable structures
(excluding mirror-image structures) generated by MS-2DT
and MS-3DT, respectively. For n-heptane-TS1, there are 32
and 55 distinguishable structures (excluding mirror-image
structures) generated by MS-2DT and MS-3DT, respectively.
As expected, more structures can make the calculations more
accurate. Figure 7 shows that the partition function ratio of

QMS − T/QMS − 2DT is less than 1.4 for both cases of n-heptane
and n-heptane-TS1, and the similar small ratios were obtained
for other systems. Furthermore, the partition function ratio of
QMS − T/QMS − 3DT is as small as 1.1 for all the cases considered
in the present study.

To understand the good performance of MS-2DT and MS-
3DT, we compared their metric distributions with that of MS-
T in Figure 8. Again, it is seen that the structures generated by
MS-2DT and MS-3DT are concentrated in the region close to
the origin and that the structures of MS-3DT occupy a larger
region and therefore generate better predictions than MS-2DT.

Consequently, the present metric-based method can be
considered as a useful measure to assess the “quality” of a
subset for the partition function calculation.

4. CONCLUSIONS
The MS-T method proposed by Zheng et al.,30 and the related
open-source code MSTor,32,33 has been proved to be an
effective tool for calculating partition functions of large
molecules, where the torsional modes are often coupled so
that the widely-used one-dimensional hindered rotor (1D-HR)
treatment is inapplicable. The MS-T method has a few great
advantages, such as avoiding evaluating high-dimensional
integrals and establishing a one-to-one correspondence
between the low-frequency torsions and normal modes.
However, it requires identifying all local minima (and even
saddle points) on the torsional potential energy surface, which
often results in a huge number of geometry optimization
calculations for large molecules. Several variants of MS-T have
been proposed to reduce the number of geometry optimization
calculations by considering subsets of the complete set of all
local minima. The remaining issue to be addressed is that what
kinds of subsets can predict the partition function with
acceptable accuracy and less computational cost.

In the present work, we proposed a metric-based method to
assess the performance of various variants of the MS-T method
for calculating the conformational−rovibrational partition
function. The central idea of the method is to mathematically
quantify the concept of “similarity” of two torsional conformers
by defining the dihedral and energy metrics between the two
conformers. Consequently, two torsional conformers are
“similar” if they have close dihedral and energy metrics.
Furthermore, a torsional conformer is considered important in
the partition function calculation if it is “similar” to the lowest-
energy conformer. The underlying physics is based on that
those torsional conformers with lower energies have larger
contributions to the partition function according to the
Boltzmann factor in the definition of the partition function.

Figure 6. Distribution of distinguishable structures (with respect to
the lowest energy conformer) in the space of d̅D and d̅E using the MS-
T and MS-T(2NN) methods for n-hexane and n-hexane-TS1 to TS3.

Figure 7. Partition function ratio (PFR) of QMS − T/QMS − nDT using
the MS-T and MS-nDT methods for (a) n-heptane and (b) n-
heptane-TS1.

Figure 8. Distribution of distinguishable structures (with respect to
the lowest energy conformer) in the space of d̅D and d̅E using the MS-
T and MS-nDT methods for n-heptane and n-heptane-TS1.
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We first compared the MS-T method with the proposed
MS-T(2NN) method, which can be treated as the simplest
variant of the former by considering the coupling of MS-
T(2NN). The results show that the MS-T(2NN) method
agrees with the MS-T method in the systems of n-CnH2n+2 + H
(n = 6−7) with computational discrepancies being about a
factor of two. In addition, the entropy predictions for n-
CnH2n+2 (n = 6−10) by MS-T(2NN) agree with the literature
data with errors being generally less than 5%. Considering that
the MS-T(2NN) method uses a very small subset of the
complete set of local minima used in the MS-T method, the
above results are astonishing. Our metric-based diagnosis
indicates that the local minima including in the subset used by
the MS-T(2NN) are close to the origin (representing the
lowest-energy conformer) in the space of dihedral and energy
metrics.

To verify the above findings, we also considered the other
two variants of the MS-T method, such as the MS-2DT
method, which uses a subset of local minima by considering
the coupling of any (unnecessarily nearest) two torsions, and
the MS-3DT method, which uses a larger subset of local
minima by considering the coupling of any three torsions. As
expected, the MS-2DT and MS-3DT methods made
increasingly better predictions of the partition functions
because they include more local minima “similar” to the
lowest-energy conformers.

Overall, the present method provides a mathematically
rigorous and computationally effective diagnosis tool to assess
various MS-T methods dealing with the torsional anharmo-
nicity of large molecules in the partition function calculation.
Further validation for more molecules and reaction systems
merits future studies. In addition, the metric-based method
may play an important role in identifying the Q(partition
function)-important torsional conformers without introducing
any coupling assumption and when the complete set of local
minima is unavailable.
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