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1. Introduction

Since many floating offshore engineering structures may be described as cylinder arrays, the interaction between
cylinders and waves is a key topic in the hydrodynamics of ocean engineering. When the hydrodynamic analysis of the
interaction between cylinder arrays and waves is conducted, these arrays can be roughly divided into two categories.
The floating bodies of offshore drilling and production platforms (such as semi-submersibles and tension leg platforms)
and the floating foundations of offshore wind turbines can be classified into one category. These floating bodies can be
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thought of as such a cylinder array, in which the cylinders are rigidly connected to each other. The array’s cylinders
move collectively because there is no relative motion between them. However, in the other category of arrays, such as
an oscillating buoy type wave energy converter array, there are relative motions among cylinders and the array does not
move as a whole. The hydrodynamic issue with such arrays has gained more and more attention recently and is also the
focus of this work.

The hydrodynamic problems of complex-shaped floating bodies are usually solved by numerical methods such as the
boundary element method/ finite element methods, or a combination of numerical and analytical methods. While for
the floating bodies with regular cross sections (such as circle, ellipse and some smoothly shapes), it can be solved by
analytical method. Over the years, a variety of analytical and semi-analytical methods have been proposed to analyze
the above hydrodynamic problems of cylinder arrays. Okhusu (1974) used the iterative multiple scattering method
to analyze the diffraction problem of a group of vertical cylinders. Mavrakos and Koumoutsakos (1987) extended this
method to axisymmetric objects of arbitrary shape. Konispoliatis and Mavrakos (2016) used this method to investigate
the bottomless oscillation water column array. Spring and Monkmeyer (1975) applied the direct matrix method to the
diffraction problem of bottom-mounted cylinders, in this method component waves of each cylinder are obtained at the
same time without iteration. Linton and Evans (1990) developed this method and derived a simplified form of velocity
potential. Kagemoto and Yue (1986) derived an exact algebraic method to solve the diffraction and radiation problem
of an array of bodies in waves, and the solution and characteristics of the diffraction transfer matrix have been further
studied by Mcnatt et al. (2015), Flavia and Meylan (2019). Mavrakos et al. (2018) compared the results obtained by the
multiple scattering method and direct method for wave diffraction on truncated cylinders, and found that they are in
good agreement. In addition, there are some approximation methods. For the case of large spacing between cylinders, the
plane-wave approximation method (Simon, 1982; Williams and Abul-Azm, 1989; Singh and Babarit, 2014) can be used.
For the case that the wavelength and cylinder spacing are much larger than the characteristic size of the cylinder, the point
absorber approximation (Falnes, 1980; Thomas and Evans, 1981; McGuinness and Thomas, 2016) can be adopted. For a
great number of bodies, Kashiwagi (2017) developed a hierarchical method to analyze the hydrodynamic interactions.

For water wave diffraction by an array of fixed cylinders, from Okhusu (1974) and Spring and Monkmeyer (1975) to
Linton and Evans (1990), people have obtained the solution of this problem. In recent years, phenomena such as trapping
and near-trapping in the water wave diffraction of some specific geometric cylinder arrays have also been observed (e.g., a
large number of circular cylinders arranged in a row, cylinders arranged along a circle, arrays containing cylinder position
perturbation, etc.). Studies on these phenomena have greatly deepened the understanding of the diffraction problem of
cylinder arrays. Maniar and Newman (1997) found that the wave forces on a long array of bottomed cylinders could
increase significantly at certain wavenumbers. Evans and Porter (1997) and Chatjigeorgiou et al. (2019) investigated
similar cases in the wave diffraction of a circular array of bottomed cylinders and a long array of truncated cylinders.
Zeng et al. (2019) studied the regular fluctuation phenomenon of wave forces in non-trapped regions of a long array of
bottomed cylinders and proposed prediction formulas. Bennetts et al. (2017) studied the influence of cylinder position
changes on the maximum peak load of the original array in a long array of cylinders. Chatjigeorgiou (2019) investigated
wave diffraction by an array of truncated cylinders in front of a vertical wall. For cylinder arrays that can oscillate in
waves, in addition to obtaining the wave excitation forces by solving the wave diffraction problem, it is also necessary to
study the radiated waves generated by the oscillations of the cylinders. Based on the method of Kagemoto and Yue (1986),
Yilmaz (1998) studied the radiation problem of truncated-cylinder array moving as a whole, and gave the hydrodynamic
coefficients. Siddorn and Taylor (2008) studied the radiation problem of cylinder array with relative motions and gave
the concrete results in the case of cylinders making translational oscillations. Zeng and Tang (2013) and Zeng et al. (2016)
gave concrete results on the radiation problem of such an array with both translation and rotation oscillations.

After studying the wave diffraction and radiation of cylinder arrays, combined with the structural dynamics equation,
dynamic responses, such as displacements of the floating cylinder array in the presence of incident waves can also be
solved. At this time, however, the motion of the cylinder array is unknown before solving, which is different from the
radiation problem of prescribed motion in advance. For those cylinder arrays that can be regarded as a whole (e.g., floating
bodies of semi-submersibles/tension leg platforms), there has been a lot of work on its response in the presence of incident
waves for many years. For this type of cylinder array, the recent work is more on the response mitigation and optimal
design (Odijie et al., 2017; Zhang et al., 2018, 2020). In recent years, wave energy extraction has received renewed
attention from industries and academia. The wave energy converter (WEC) array composed of multiple floating bodies
is a typical offshore wave power farm type. Many studies investigated the influences of buoy size and spacing, buoy
number, array layout, wave climate, and power take-off control strategy on the performance of these WEC arrays (Child
and Venugopal, 2010; Géteman, 2017; Penalba et al., 2017; Sharp and DuPont, 2018; Balitsky et al., 2018; Toki¢ and Yue,
2019; Zhong and Yeung, 2019; Giassi et al., 2020). There is no structural connection among the floating buoys in a WEC
array, and there are relative motions among the buoys under the action of waves. Therefore, this type of array could not be
regarded as a whole, making it necessary to analyze the different motions of each cylinder. Each cylinder in such an array
has multi-degree-of-freedom (DOF) (i.e. translations and rotations in various directions). However, most existing studies
have only considered the heave motion of each cylinder in the analysis. In these works, the 1-DOF heave model of each
cylinder was used to analyze the array’s hydrodynamic characteristics and motion responses. At present, few concrete
analysis results have been published on the motion responses of an independently oscillating cylinder array in which
each cylinder has multi-DOF. Whether the WEC array analysis based on a single DOF model can accurately reflect the
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situation of multi-DOF remains to be further studied. This study shows that the results considering multi-DOF motions of
each cylinder are significantly different from that of the single DOF (as shown in Section 4 of this paper). It is necessary
to study the motion responses of an array with multi-DOF in the presence of ambient incident waves. This investigation
might not only help to establish a more reasonable hydrodynamic analysis model but also help to improve the design of
oscillating buoy type WEC array to improve the energy extraction efficiency, structural safety, and service life.

In this paper, the diffraction, radiation, and motion responses of truncated cylinders in an independently oscillating
cylinder array in the presence of incident waves were studied by a semi-analytical method. The amplitude of each
cylinder’s DOF in the array, the amplitude distributions of free surface elevation around the array, and the wave energy
extraction performance (capture width w and interaction factor q) were given. The significant difference between this
study and the previous work is that each floating cylinder in the array can experience multi-DOF (rather than single
DOF) translational and rotational motions in the presence of regular and irregular incident waves. This paper is divided
into the following parts: In Section 2, the analytical model of diffraction and radiation problems of the hydrodynamic
interactions among truncated cylinders in the array was established, after which the formulas of velocity potential and
motion amplitude of each DOF were derived. Then, Section 3 showed variations in the amplitude of each DOF in the
array with dimensionless wavenumbers for different wave incidence angles and cylinder spacing, and gave the contour
plots of the amplitude of free surface elevation for different wavenumbers. In Section 4, the oscillating amplitude of each
cylinder, capture width and interaction factor of two WEC arrays were computed using a multi-DOF analysis model in this
paper, after which we compared them with those of the single DOF model. In Section 5, the extensions to the situation
of irregular waves were given. In Section 6, conclusions were summarized.

2. Mathematical models

This study was carried out in the context of time-harmonic linear water waves. As shown in Fig. 1(a), considering
an array composed of N truncated cylinders that can experience multi-DOF translation and rotation in the presence of
incident waves, there can be relative motions among cylinders (relative-motion-array). As shown in Fig. 1(b), each cylinder
in the array is allowed to oscillate in surge, sway, heave, roll, and pitch modes, yaw motion is not considered because it
does not produce hydrodynamic force in the ideal fluid. Meanwhile, each cylinder may have a different radius and draught.
Goteman (2017) studied the case for arrays of cylinders with different sizes and topology but oscillating only in heave
mode. As shown in Fig. 1(c), a global Cartesian coordinate system OXYZ with (X, Y)-plane fixed on the undisturbed free
surface and Z-axis pointing vertically upwards is introduced. In addition, for each cylinder, a local cylindrical coordinate
system, o0;1;6;z;, with its origin located at the intersection of the cylinder’s axis and the undisturbed free surface and z;-axis
pointing vertically upwards is introduced.

The fluid is incompressible, inviscid and the flow is irrotational, the cylinder oscillates periodically with small amplitude
in the presence of the incident linear water waves. Thus, the total velocity potential @ can be expressed as

DX, Y, Z, t)y=RelpX, Y, Z)e ™}, (1)

where wy is the angular frequency of the ambient incident wave; ¢ is the spatial factor, e™o! is the time factor and
i=-1

The fluid domain around each cylinder is divided into the exterior and core regions, as shown in Fig. 1(d), where the
radius and draught of cylinder j are a; and h; and the water depth is d.

The total velocity potential ¢ in the vicinity of cylinder j is represented by the total velocity potential in the exterior
region (pé’) and the total velocity potential in core region <pé’) . (pé’) can be further expressed as

N N 5
=g+ e+ ep . (2)
i=1

i=1 s=1

where ¢ is the velocity potential of the ambient incident wave, (pg)_E the diffraction potential in the exterior region of

cylinder i; <p,(£_5 the radiation potential of cylinder i oscillating in s mode. In order to solve the problem conveniently,

‘/’315 is divided into two parts 90:(3%75 and <ngE: g0[(;375, which is independent of oscillations of each cylinder, is the
diffraction potential of cylinder i induced by the ambient incident wave acting on a fixed array; whereas (pSi_E, related
to the oscillations of every cylinder, is the diffraction potential of cylinder i induced by the radiated and diffracted waves
of other cylinders except cylinder i when each cylinder undergoes five DOFs oscillations in the absence of the ambient

incident wave. Then, Eq. (2) becomes

N N 5 N
G =0+ Y okt D D Pt ) Yo (3)
i=1 i=1

i=1 s=1
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Fig. 1. Schematic showing (a) a cylinder array; (b) the multi-DOF motion of an isolated cylinder; (c) coordinate systems; (d) fluid domain division.

Let
(i)
‘/’ID E= %1+ Z(pDIO—E’
. (4)
() (i) ()
Pro—E = Z Z Pps—g T Z Yp1-E>
i=1 s=1 i=1
Consequently,
Gﬂé’) = §010D) E + ¢)RD E» (5)

where (p,D £ is the velocity potential in the exterior region of cylinder j in the presence of incident waves, which is the
sum of the ambient 1nc1dent potential and the resulting diffraction potential of each cylinder, the subscript ID indicates
incidence-diffraction. <pRD ¢ is the velocity potential in the exterior region of cylinder j when each cylinder in the array
performs five DOF oscillations with different amplitudes, which is the sum of the radiation potential of each cylinder and
the resulting diffraction potentials, and subscript RD indicates radiation— dlffractlon

Similarly, the velocity potential in the core region can also be divided into ‘/’u) ¢ and goRD c:

902) = (pIUD) C + @RD C» (6)
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where (p,D ¢ is the velocity potential in the core region in the presence of the ambient incident wave; wgg_c is the velocity
potential in the core region in the absence of the ambient incident wave, induced by radiation (due to oscillations of
cylinders) and the diffraction of radiated waves.

In the following, Section 2.1 is about the diffraction problem of ambient incident waves for fixed truncated cylinders,
with the formulas listed in Appendix A using symbols in this paper, with which wave exciting forces and moments are
presented in Section 2.3. Section 2.2 solved the radiation-diffraction problem for arrays of independently oscillating trun-
cated cylinders, with which radiation-diffraction forces and moments are given in Section 2.3. Considering hydrodynamic
forces and other forces acting on the cylinder, the equations of motion of arrays of truncated cylinders in which each
cylinder is allowed to oscillate with five DOFs are given in Section 2.3.

2.1. The velocity potential for diffraction problems of a truncated-cylinder array

As mentioned above, the total velocity potential in the vicinity of a cylinder in an array is divided into two parts:
one is the velocity potential for diffraction problems in the presence of the ambient incident wave, and the other is the
velocity potential for radiation-diffraction problems, in which cylinders oscillate with different amplitudes in the absence
of the ambient incident wave. This section follows the method of Kagemoto and Yue (1986) and Yilmaz (1998) to solve
the dlffractlon problem of a truncated-cylinder array. Some main formulas used in obtaining the velocity potentials <p,(’D) E
and ga,D ¢ of the diffraction problem in this study are listed in Appendix A.

2.2. The velocity potential for radiation-diffraction problems when each cylinder in a truncated-cylinder array oscillates with
different amplitudes

In this study, the radiation-diffraction velocity potential induced by the array motion is expressed by the linear
combination of the unknown oscillation amplitudes of each cylinder, after which the radiation-diffraction hydrodynamic
forces expressed by unknown oscillation amplitudes are obtained. Considering the wave exciting forces, radiation-
diffraction hydrodynamic forces, inertial forces, restoring forces, and other damping forces (damping forces other than
radiation damping forces), motion equations of every cylinder in the array can be obtained, after which the amplitude
of each degree of freedom of each cylinder can be obtained by solving the simultaneous equations. Once the oscillation
amplitudes are obtained, the radiation-diffraction velocity potential of the array can be obtained at the same time.

In this section, the radiation-diffraction problem of a truncated-cylinder array, in the absence of the ambient incident
wave, is studied when each cylinder in the array performs flve DOF osc1llat10ns with different amplitudes.

First, we study how to express the velocity potentials ‘/’RD £ and ‘/’RD c of the radiation-diffraction problem using a
linear combination of the unknown oscillation amplitudes of each cylinder.

Each cylinder in the array oscillates periodically at frequency wy, and its displacement is:

50(t) = Re {¢Pe ™!}, (7)
where {s(i) is the complex amplitude of cylinder i in the direction of the sth degree of freedom, and the corresponding
velocity is

5! (t) = Re {—iwog Ve 0"} . (8)

In the coordinate system o r,0 z;, the radiation potential ‘/’Rs ¢ in the exterior region, generated by the oscillation of
cylindrical i with amplitude { , can be written as

m=—00 n=1

o0 [o ]
Ppo_p = —iwor’ Y [RS,LSZO @) Hun (ko) + > RD Zy (2) Ky (knr,-)} e, 9)

with R,(f,)m being the radiation characteristics of an isolated truncated cylinder:

DR?) cosh kgd

n=20
725 )
1 (koa)N,
RO = { fim (10)
_Dem __ pnso
K (knapNy /2’ ’
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where coefficients Dg;,, is given in Appendix B, Ny and N, are:

N 1 1+sinh2k0d N 1 1_i_sin2k,1d (11)
) 2ked ) " 2 2ked )

Eq. (9) can be written in the form of a matrix and further represented in the coordinate system o;1;6;z; using the
coordinate transformation matrix Tj;:

op_p = —iwot Ry PP = —iwot " Ris Ty (12)

When each cylinder performs DOF oscillations, the diffraction potential in the exterior region of cylinder i induced by
the radiated and diffracted waves of other cylinders in the array except cylinder i can be written as

] oo
o= ) [A}J&mzo @) Hn (kori) + Y A Zn (2) K (knr,-)] e, (13)

m=—00 n=1

Similar to Eqs. (12), (13) can also be rewritten in the form of a matrix as
op1_p = ARV " = ALTy¥;, (14)

where the coefficient column vector Ag; is to be determined.
The total incident waves of cylinder j consist of the radiated and diffracted waves emitted from other cylinders:

N N

(i) (i)
Z Pro—gli T Z Pp1-gli
i=1,iA i=1,i%

N
(—iootRis") Tg¥i + Y Ami' Ty¥j (15)
1 i=1,i%j

‘iMz
Mo

i
-
&
w
I

(—ia)o{s(i)RisT) + AmTi| Tijiﬁ}.

I
M=
i

Il
—_

i=1,izj Ls=1
Thus, the total radiated waves in the vicinity of cylinder j can be related by its isolated-body inherent diffraction

transfer matrix BjE (Kagemoto and Yue, 1986):

N 5
Ay =B > Ty [Z (—iw0;5<")Ris)+ARi], i=1,2,....N. (16)

i=1,ij s=1

where BjE is given in Appendix A. The unknown coefficient vector Ag; can be obtained by solving Eq. (16). By combining
the equations of all Ag; as shown above, we can get

5

Ar = —iwo Y _ [E — BT| "' BTR.;, (17)
s=1
where
T
Ag = [AmT, Ag, ..., Ag', ..., Arnon) s ARNT] ) (18)
B 0 0
0 Bg .0
B=| . . . . (19)
[0 0 BE
0 To1' T’
T
7= | T2 O : (20)
0 Tv-1)"
| Tin Tn-n O
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Ris O o0
0 Ry --- O

Rs = . s (21)
0 0 -+ Rys

L= [ S(l)’ 3(2), o é-s(l')7 ;(N 1) {(N)] (22)

In the calculation, the infinite series in Eq. (13) is truncated into the sum of finite terms with upper bounds of
summation mg and ng. Ag is a N(ng+1)(2mp+1)-by-1 matrix with N row partitions (matrix partitioned into N blocks by
rows, each block being a column vector with (ng+1)(2mg+1) entries); E is the identity matrix of order N(ng+1)(2mg+1)
with N row partitions and N column partitions; B and T are two square matrices of order N(ng+1)(2mg+1) with N row
partitions and N column partitions. Rs is a N(ng+1)(2mg+1)-by-N matrix with N row partitions and N column partitions.

¢, is a column vector with N entries.
[E — BT] ! BTR; is a N(ng+1)(2mg+1)-by-N matrix, which can be partitioned into N2 submatrices as follows:

Ki1s -+ Kiks ' KiNs
» : . :
[E—BT] 'BIRs = | Kjis -+ Kjks - Kins |, (23)
KNis '+ KNks - KNNs

Each submatrix kjis is a column vector with (ny+1)(2mg+1) entries. According to Eq. (17), Eq. (18), Eq. (22), and Eq. (23),
we can obtain the expression below

Agj = —iwo Z Z KiisE. (24)

s=1 k=

Therefore, for the radiation-diffraction problem, the total velocity potential in the exterior region of cylinder j can be
obtained, as shown below

5 N 5
e {Z (—iwocf’RjJ)”‘“fT} AR [Z (Siont R “‘“‘T] ¥

- i=1,i#j Ls=1
5 5 N
- |:Z (_inESO)RjST) — iwo Z Z Es(k)’cjksr:| JP_E
s=1 s=1 k=1
N 5 5 N
> [Z (—ions"Ris") —iwo Y 7 ¢ ks }T.,wj
i=1,iz Ls=1 pwiom
5 ; (25)
= leo Z CO) (RJS + ’CJiST) 7/’:)7'5 + Z Kijs lewj
= i=1,i%f
N
+ Z é-s(k) KjksT'/f})_E + RksTTkjwj! Z it le1/,J
k=1,k#j i=1,i#j
5
i () oGk
=Tl Z SU)¢RD BT Z ¢ P x|
k=1,k#j
where
‘PI%IJ)—ES = (stT + IijsT) l/fjpr + Z ’CijsTTiij},
i 1.idi
o (26)

. -
o s = ks ¥; " + | Ris' Tigyj + Z Kiks' Ty ¥;
=i
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The total velocity potential in the core region of cylinder j can also be obtained, as shown below

5 N 5
o = Z[—lwogs ol C(r],ej,z)] +1 > [Z (—iwogs(i)RisT)+ARiTi| Ty b (BS) 9P
s=1

s=1 i=1,ij

N N
i T —
Z [;;:)Risr + Z ¢ KiksT:| T; (BjC) WJ-D c
1,i#j k=1

:_lwoz gs ‘pRs 1”1,9],2 +
s=1

i=

= _leZ S Q”Rs (13,0, 2) + Z cijs' T (Bc) '/’D ¢ (27)
i=1,i#j
N N
T p_ T p_
+ Z ¢ | Ris"Tig (Bf) 9P~ + Z Kis' Ty (BY) 97 ~€
k=1 k;éj i=1.i%j
N
) ky (k)
_leZ tPop) o + Z & e | -
k=1,k#j

where

o =0l (5. 6. 2) + Y s Ty (BS) 9P,

i=1 tyé] (28)

‘P;(glg) Cs — Rks Tkj <Bc) '/’D ¢ + Z Kiks Tu( ) WD ¢
i=1,i#j

and €0Rs ¢ is the radiation potential for an isolated cylinder in the core region of cylinder j, defined as

Csm i Im|
| PG
0) prj
Goclin . 2= D 1 & ’m(ﬁfj) [pn(z+d)
ZCRpm cos

e prg; d—h
m \ d=n;
where coefficients C3

Rpme As and Ap are defined in detail in Appendix B.

It is evident from Egs. (17), (25), and (27) that for the radiation-diffraction problem of an array, the linear combination
of the amplitudes of each DOF {S() can represent the diffraction potential coefficient vector Ag;, and further represent the
total velocity potentials (pRD ¢ and <pRD ¢ Based on this result, the amplitude g“(” can be subsequently solved using the
dynamic equations for each cylinder, which will be described in detail in the next section.

eimﬁj , (29)

] + AS)\'TT!S

2.3. The hydrodynamic forces/moments and oscillation amplitudes of each cylinder in a truncated-cylinder array

As shown in Eqs (5) and (6), once (p,D B ga,D o goRD prand gaRD ¢ have been obtained, the total velocity potentials in the
exterior region (p ) and the core region goé’ can also be obtained. Therefore, the spatial factor of hydrodynamic pressure
on cylinder j becomes

PO = ipwpl (30)

Subsequently, the total hydrodynamic forces and moments on cylinder j can be obtained by integrating the pressure
over its wet surface S, resulting in its spatial factor 7, (’;, as shown below

(31)

70 _ | [P9nds, p=123,
= [PP@xmn)dS, p=4,5,

where r is the position vector pointing from the center of mass to the integrating point and n is the unit normal vector
of wet surface pointing into the body:

n— { (—cos6;, —sin6;,0), lateral surface, (32)

0,0,1), bottom surface.
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Substituting Eqs. (25) and (27) into Eqgs. (30) and (31), we can get

0 _ _ (i
Frp = ]:IDp + ]:RDp ]:IDp + 2 2 FRDpsé-s’ (33)
s=1 i=1

where the exciting force/moment }‘,%)p in each direction on cylinder j is defined as follows: Surge exciting force:
2

FD = —iwop [ / oD E _ cos fja;dodz, (34)

Sway exciting force:
X 2n 0 X
Fh = —iwop/ / (pl%)_E‘ sin ;a;do;dz, (35)
0 —h =

Heave exciting force:

2
]:ID)3 la)o,o/ / (pID c ﬁdrjdej’ (36)
—hj

Roll exciting moment:

‘ 2 pa m 0
7 = ia)op/ / o . rj sin Gjr;dr;dé; + iwopf / <p1(’D)_E‘ (z — Z;) sin 6ja;d6;dz, (37)
o Jo z==hj 0o J-h r=a
Pitch exciting moment:
21 2
}‘,([’,)5 = 1w0p/ / ‘PID c r] cos g;ridr;df; — 1w0p/ / go,D E (z — Zj) cos 0ja;d6;dz, (38)

The radiation—diffraction hydrodynamic force/moment f,g’gp on cylinder j, induced by the oscillations of all cylinders

in the array, is defined as follows:
Radiation-diffraction hydrodynamic force in the surge direction:

Fior = iwop f I hy Vi- E’ —a (— cos ;) adeydz
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. 2. 0 . ik
=iwop [y f_h] iwo Z Dph 4+ Z Pl cos 0;a;d6;dz
= k=1,k#j r=q;
5 2
= Z & <—w0 P/ / - Bs| _ 505901d9d2> + Z §(’<)< wo P/ / O s ~ _cosejajdejdz>
- k=1, k] =

Il
Mm i

() k) g Gk) (i)
fsU)FRms"' Z {s( )FRDls :ZZF 1555’
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(39)
Radiation-diffraction hydrodynamic force in the sway direction:
) : ;
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Radiation-diffraction hydrodynamic force in the heave direction:

() (I)
Frp3 = lwop f Pro— CL, N rjdr;do;
=
5
_ 27 4y (i) ky (k)
= —iwop f5 Jo' 1“)02 Do + Z &R s rjdr;do;
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> 2 g i) N
j 2
= Z Y (WO :0/ / Pro—cs|,_ "jdrjd@j>
s=1 0 0 - k=1,k#j
5 5
— (l) ) fpGh | _ (i) i
= Z ¢s" Frpss + Z ¢ Frozs | = Z ZFRD%{SI’
s=1 k=1,k#j s=1 i=1

Radiation-diffraction hydrodynamic moment in the roll direction:

k)
& ® (“’0 p / / ‘/’1(2’13{ Cs
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(41)
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(42)
Radiation-diffraction hydrodynamic moment in the pitch direction:
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where Z; is the vertical coordinate of the center of mass of cylinder j.
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]—‘,%)p is the exciting force/moment on cylinder j in the presence of ambient incident waves, independent of oscillations

of cylinders; ]—‘gg Zs 12 F,g;)s (’) ) is the hydrodynamic force/moment on cylinder j induced by oscillations of
cylinders in the absence of amblent incident waves, which is directly proportional to the amplitudes of oscillations.
é’npsfsl) is the pth-direction hydrodynamic force/moment on the jth cylinder due to the sth-direction oscillation of the
ith cylinder with amplitude ¢.

As a result, the equation of motion for cylinder j in the pth direction is obtained, as shown below

5
(—wZM,Sf) — i 489 + kf,”) -> Z Fopps = Fiby. (44)
s=1 i=1

j=1,2,....,N; p=1,2,...,5,

where Mé’) denotes the mass (p = 1, 2, 3) or moment of inertia (p = 4, 5) of cylinder j. kﬁ, and Bﬁ, denote the mechanical
damping and stiffness of cylinder j in direction p respectively, caused by the power take-off and mooring systems. kf,”
denotes the hydrostatic restoring stiffness of cylinder j in direction p. Finally, by solving linear equations of Eq. (44), the
amplitude {,,(’) of each floating cylinder in each direction can be obtained, thereby solving the whole problem completely.
As an additional result, the added mass and damping coefficients can also be straightforwardly obtained as well:

a,(,ﬂ) = Re [F,%’,;LS] Jw?

) : (45)
i i
bgs - I:FlngpsiI /w

3. Results and discussions
3.1. Verification

In Section 2 of this paper, a semi-analytical method for the hydrodynamic responses of truncated cylinders in an array
with relative motions in the presence of ambient incident waves is proposed. This method can solve the problem that
each cylinder is allowed to oscillate with five DOFs of translation and rotation, and the amplitudes of each cylinder in
the array can be different. This section verifies the method. At present, there are hardly any published results on such
an array in which each cylinder oscillates with five DOFs. The results of some published examples can be regarded as
the degradation cases. Hence, these examples were recalculated by the method in Section 2 and compared with existing
results.

Matsui and Tamaki (1981) used the boundary element method to calculate the oscillation amplitudes of two DOFs
(surge and heave) for an array with relative motions consisting of two truncated cylinders in the presence of incident
waves. The two cylinders are distributed along the X direction, with the spacing between the two cylinders being 3a.
Each cylinder has a radius of a, a draught of 0.5a, and a moment of inertia of 0.75pa>. The heading angle of the ambient
incident wave is 8 = 0 and the water depth is 10a. The comparison between the results of the present study and those of
Matsui and Tamaki (1981) is shown in Fig. 2(a, b), they are in good agreement. Wang et al. (2004) calculated the variations
in the pitch amplitude of the two above cylinders with wave frequencies using the numerical method of the free-surface
Green function source distribution. The results of the present study are also in good agreement with those of Wang
et al. (2004), as shown in Fig. 2(c). Zhong and Yeung (2019) used a semi-analytical method to calculate the surface-wave
interactions among an array of truncated cylinders. They calculated the exciting forces and damping coefficients of the
four cylinders moving as a whole. The cylinders are arranged as shown in Fig. 5. Each cylinder has a radius of a and a
draught of 2a, with the spacing between the two cylinders being 8a and the water depth being 10a. As before, the results
of our study are in good agreement with those of Zhong and Yeung (2019), as shown in Fig. 3.

In addition, many published results on the cylinder array’s added mass and damping coefficient of cylinder array exist.
The author of this paper has previously made many comparisons (e.g., Zeng et al., 2016). Another example comparison
is given in this section. Mavrakos (1991) used the multiple scattering method to calculate the coupling hydrodynamic
coefficients of three cylinders arranged in an equilateral triangle. The results of the present study are in good agreement
with his results, as shown in Fig. 4.

3.2, Upper bounds of summation and computation time

Upper bounds of summation

In existing studies on diffraction and radiation of water waves, there have been some works on the upper bounds of
summation (i.e. the number of terms retained in the eigenfunction expansion) required for convergence. For the diffraction
and radiation problems of truncated cylinder groups, Kagemoto and Yue (1986) showed that good convergence results
can be achieved when the upper bound of summation M is taken as 2 and Ny, is taken as 4 (using the symbols in this
paper, that is, mg = 4, ng = 2). For radiation problem of arrays of independently oscillating truncated cylinders, Zeng
et al. (2016) showed that good convergence results can be obtained when my = 6, ny = 25 for the cases they studied.
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Fig. 3. Exciting forces and damping coefficient of the four cylinders.

For the problems related to the motion of a cylinder array in the presence of incident waves, there are hardly any
published results on the influence of the upper bounds of the summation on the convergence. This study investigated
this problem in the computation process. According to our computations on the motions of arrays of independently
oscillating truncated cylinders with five DOFs in the presence of incident waves, the smaller the ratio of the draught
to water depth is, the more terms for convergence are required. This finding is similar to the result of Zeng et al. (2016)
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on the upper bounds of summation in the radiation problem. For the cases we investigated, our computations also show
that convergence results are obtained for all considered wavenumbers when my is taken as 5 and ng as 25.

We evaluate the convergence behaviors by comparing the results obtained when the upper bounds of summation are
small with those when the upper bounds of summation are large enough. Investigations revealed that when mg>5, even
if we continue to increase the upper bound of summation my, there is no significant change in the calculation results (the
error is less than 0.1%). Moreover, increasing mg will greatly increase the calculation time. So, taking mg as 5 is enough.
Corresponding tests were also conducted for ng. It was found that when ng>25, even at the cost of significantly increasing
the calculation time, increasing ny does not significantly change the calculation results (the error is within 1%). Therefore,
it is sufficient to take ng as 25.

Computation time

The computation time in this study depends on the upper bounds of summation (mg and ng) and the number of
cylinders (N). For the configuration with four truncated cylinders, the computation time for one wave number is about
145.8 s, and the error is less than 1% when my = 5 and ny = 25 are selected. If the accuracy requirements are relaxed,
e.g. the error is kept within 5%, the computation time is about 77.6 s. The computer system used is Intel(R) Xeon(R)
W-2133 CPU @ 3.60 GHz with 6 cores and 12 threads, and the RAM is 32.0 GB.

Our computations show that for other cases with different numbers of cylinders, selecting my = 5 and ny = 25 can
still give results with good accuracy (when the error is about 1%). Therefore, we propose that mg = 5 and ny = 25 can be
generally selected for computation. Even if my and ng are fixed, the computation time depends on many factors, such as the
number of cylinders, the efficiency of matrix generation, the efficiency of solving linear equations, the performance of the
computer, and so on, making it difficult to express this dependency accurately with explicit expressions. Our computations
show that, by and large, with an increase in the number of cylinders, the computation time roughly shows a piecewise
linear growth with different slopes. Its growth rate is faster than the linear growth and slower than the square law growth.

3.3. The responses of an array with relative motions composed of four truncated cylinders in the presence of ambient incident
waves

In this section, the dynamic responses of an array with relative motions consisting of four truncated cylinders in the
presence of ambient incident waves are calculated using the method developed in Section 2. As shown in Fig. 5, each
cylinder is of radius a, draught 0.5a, and moment of inertia 0.75p7a’. The spacing between the two cylinders is L. The
heading angle of the ambient incident wave is 8. Each cylinder in the array is allowed to experience oscillations of five
DOFs (surge, sway, heave, roll, and pitch) with different amplitudes. Since there have been many studies on the wave
excitation forces and the hydrodynamic coefficients for arrays of cylinders in academic publications, this section mainly
focuses on the amplitudes of each cylinder and free surface elevation in the presence of incident waves. At present,
there are few concrete computations of the oscillation amplitude of the cylinder array. A tiny number of results based
on the discrete numerical method are that each cylinder oscillates with only two degrees of freedom. There are hardly
any specific results for the case that each cylinder experiences five DOFs oscillations with different amplitudes. Therefore,
in this section, we perform computations for this problem and investigate the effects of cylinder spacing L and wave
incidence angle 8 on the oscillation amplitude.
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Fig. 5. The configuration for an array composed of four cylinders.

Amplitudes of each cylinder with five degrees of freedom at different wave incidence angles

Fig. 6 shows the amplitude responses of the array with relative motions in the presence of incident waves at five
different incidence angles for L = 4a. The red, blue, green, pink and brown lines represent the results for 8 = 0, 8 = 7 /8,
B =mn/4, 8 =3n/8and B = 7 /2, respectively. Variations in the surge, sway, heave, roll and pitch amplitudes of cylinders
1 and 4 with dimensionless wavenumber kqa are plotted. The black line indicates the amplitudes of an isolated cylinder
with 8 = 0.

It is evident that when § = 0, the isolated cylinder’s sway and roll amplitudes are zero. However, as shown in Fig. 6(c),
(d), (g), and (h), for a cylinder in the array, the sway and roll amplitudes are usually not zero due to the hydrodynamic
interactions among cylinders.

Since the array shown in Fig. 5 is a square layout, the amplitudes of each cylinder should have some symmetry. This
is also confirmed by the computation results shown in Fig. 6, which shows that the surge (sway) amplitude of cylinder 1
at incidence angle g is equal to the sway (surge) amplitude of cylinder 4 at incidence angle 7 /2 - 8, the heave amplitude
of cylinder 1 at incidence angle 8 is equal to the heave amplitude of cylinder 4 at incidence angle /2 - 8, and the pitch
(roll) amplitude of cylinder 1 at incidence angle 8 is equal to the roll (pitch) amplitude of cylinder 4 at incidence angle
/2 - B. These results are in line with expectations, indicating this study’s accuracy.

The heave of a single isolated cylinder is not coupled with other DOFs. For the isolated cylinder in this example, the
variation curve of heave amplitude with kya has a resonant peak at kga = 0.99, as shown in the black line in Fig. 6(e) and
(f). The situation is different for the cylinder-array. Since the four cylinders are coupled together through hydrodynamic
interactions, the motion equations for the four-cylinder-array are coupled equations with 20 DOFs. The peak position of
each cylinder’s heave amplitude curve is different from that of the isolated cylinder, as shown in other color curves in
Fig. 6(e) and (f). The difference between the amplitude peak positions of cylinders in the array and an isolated cylinder
reflects the influence of hydrodynamic interactions among cylinders.

For cases with different wave incidence angles, the variations in the amplitude with kga are complex. When the
wavelength of the incident wave is long (kga < 0.7 in this example), the variation trend of each cylinder’s amplitude with
koa is close to that of an isolated cylinder. In this region, with an increase in the wave incidence angle, the surge/pitch
decreases, and the sway/roll increases. It is also observed that each cylinder’s DOF amplitude in the array has a peak near
koa ~ 1. This is because the region koa ~ 1 is where the heave resonance peak is located. Therefore, not only the heave
of each cylinder has the maximum value in this region, but also the amplitudes of other DOFs have local extreme points
in this region due to the hydrodynamic interactions among each DOF. The heave of an isolated cylinder is not coupled
with other DOF, so for an isolated cylinder, the amplitudes of other DOFs are not affected by the heave peak.

When the incidence angle is § = n/2 (or § = 0), the hydrodynamic force on each cylinder induced by the
incident wave velocity potential (the Froude-Krylov force) does not contribute to the surge and pitch (sway and roll)
of each cylinder. At this time, the surge and pitch (sway and roll) are completely caused by the radiation and diffraction
hydrodynamic interactions among the cylinders. Therefore, the variation trends of surge and pitch (sway and roll) differed
from those of the cases with other incidence angles but are similar to that of the heave amplitude curve for 8 = 7 /2 (or
B = 0), having obvious peaks near kga ~ 1.

Amplitudes of each cylinder with five degrees of freedom for different cylinder spacings

Fig. 7 shows the amplitude responses of the array for cases with three different cylinder spacing in the presence of
incident waves with 8 = 0. The red, blue, and green lines represent the results for L = 4a, L = 6a and L = 10q, respectively.
Variations in the surge, sway, heave, roll and pitch amplitudes of cylinders 1 and 4 with dimensionless wavenumber kqa
are plotted. Cylinders 1 and 4 represent the situations of the upstream and downstream cylinders respectively. The black
line indicates the amplitude of an isolated cylinder, which can also be regarded as the case of infinite cylinder spacing.

As shown in Fig. 7(a), while variations in the surge amplitude of an isolated cylinder with wavenumbers show a
monotonically decreasing curve, the situation differs for cylinders in the array. Due to the hydrodynamic interactions
among the cylinders, although the surge amplitude of cylinder 1 does not decrease monotonically with the increase of
wavenumber, it fluctuates around the amplitude response curves of an isolated cylinder. Also, with an increase in cylinder
spacing L, this fluctuation becomes more rapid. Previously, Zeng et al. (2019) conducted a detailed study on the fluctuation
phenomenon of excitation forces for a long array of bottom-mounted cylinders. Then they revealed the mechanism of the
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Fig. 6. Amplitude responses of cylinder 1 (a, ¢, e, g, i) and cylinder 4 (b, d, f, h, j) at five incident wave angles (L = 4a). (For interpretation of the
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amplitude fluctuation of the wave excitation force. This work, however, studies the situation of an array of cylinders
allowed to oscillate, which is more complex than that of a bottom-mounted cylinder array. Nevertheless, the fluctuation
phenomenon in Fig. 7(a) can still be understood by referring to the analysis of Zeng et al. (2019): The amplitude fluctuation
is caused by the constructive and destructive interference of the diffraction and radiation waves emitted from the cylinders
at the upstream and downstream ends of the array, and the fluctuation period decreases with an increase in the cylinder
spacing. The peak near koa ~ 1.0 in Fig. 7(a) is caused by resonance in the heave-dominated mode of the cylinder array.

Similarly, the curves in Fig. 7(b) - (j) also have such fluctuations and peaks. For the case of L = 4aq, the heave peaks
of cylinders in the four-cylinder-array appear at koa = 1.04, while the resonant peak of the heave of an isolated cylinder
is at koa = 0.99, which indicates a natural frequency of four-cylinder-array that is close to the heave’s natural frequency
of an isolated cylinder. At the natural frequency of the heave-dominated mode of the cylinder array (koa = 1.04), the
peaks of sway and roll are also obvious, while the peaks of surge and pitch are less obvious. This is because Fig. 7 is
obtained when the incidence angle is 8 = 0. At this time, the velocity potential of the incident wave does not contribute
to swaying/rolling excitation forces/moments, and the sway and roll amplitude are completely generated by the diffraction
and radiation potentials of the array. The radiation potential also has peaks at the frequency corresponding to the heave
peak, resulting in sway and roll amplitudes peaks. With changes in cylinder spacing, the natural frequencies of the array
system change, and the peak positions of motion amplitudes of cylinders in the array also change consequently.

We note that several large peaks at heave resonance in Figs. 6 and 7 indicate that the linear water wave theory is
not strictly valid when the resonance amplitude is large. The linear water wave theory is valid in the wide range of non
resonant regions in which motions are small. Although the motion amplitude obtained in the resonant region is not very
accurate using a linear theory, it can fairly accurately give an effective estimate of the natural frequency of the array
system consisting of independently oscillating cylinders. In order to obtain an accurate value for the motion amplitudes
of every cylinder in the array at resonance, the nonlinear wave theory (even the viscosity should also be considered)
should be used. It is expected that the values of motion amplitudes obtained by the higher-order theory in the case of
resonance will be smaller than that of linear wave theory, but the frequency corresponding to the peak will not differ
greatly from the frequency obtained by the linear theory.

Elevation of free surface

Subsequently, we investigate the free surface elevation amplitude, n/A, for the array of relative motions consisting of
four cylinders in the presence of incident waves. The results for the cases with incidence angle g = 0, cylinder spacing L
= 4a, and wavenumber kqa being 0.5, 1.0, 1.5 and 2.0 are presented. While the left column of Fig. 8 (i.e. Fig. 8(a), (c), (e),
and (g)) shows the amplitude of free surface elevation for the array with relative motions, the right column (i.e. Fig. 8(b),
(d), (f), and (h)) shows that of the corresponding fixed array for comparison.

As shown in Fig. 8(a) and (b), the amplitude of the free surface elevation is relatively small in the case of koa = 0.5.
When the array is allowed to oscillate under the action of waves, while the free surface amplitude in the inner area of
the array is smaller than that when the array is fixed, the free surface amplitude in the downstream area of the array is
larger than that in the fixed case.

However, in the case of koa = 1.0, as shown in Fig. 8(c), the maximum free surface amplitude appears in the area
surrounded by cylinders for the array with relative motions, with the maximum reaching 2.52. When the array is fixed,
as shown in Fig. 8(d), the maximum free surface amplitude appears in the area between cylinders 1 and 3, and the
maximum is 2.37, less than the array with relative motions. The free surface amplitude in the downstream area of array
with relative motions is also larger than that of the fixed array.

Then, in the case of kpa = 1.5, as shown in Fig. 8(e), for array with relative motions, the maximum free surface
amplitude appears in the area between cylinders 1 and 3 with a value of 2.07. For a fixed array, as shown in Fig. §(f), the
maximum free surface amplitude of 1.87 appears in immediate areas at the front of cylinders 1 and 3. Different from the
first two cases, at this wavenumber, the free surface amplitude downstream the array with relative motions is less than
that downstream the fixed array.

Finally, in the case of kga = 2.0, as shown in Fig. 8(g) and (h), the distribution of the free surface amplitude of the
array with relative motions is very close to that of the fixed array.

It is evident from Fig. 8 that the free surface amplitude distribution of the array with relative motions becomes closer
to that of the fixed array with an increase in the wavenumber. This is because the larger the wavenumber, the more the
wave force frequency is greater than the natural frequency of the array system, so that the response of the array system
will be closer to that of the fixed array.

4. The influence of the factor that each cylinder in the array is allowed to oscillate with five degrees of freedom on
the WEC array’s performance

For the WEC array composed of multiple oscillating buoys, existing studies usually model each buoy as a truncated
cylinder with a single DOF (heave) for hydrodynamic analysis. This section considers two models that each cylinder is
allowed to oscillate with five DOFs and only a single DOF (heave). By comparing the results of the two models, the
influence of each cylinder’s five DOFs oscillations on the wave energy extraction performance of the WEC array is revealed.
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Fig. 9. Amplitude responses of a WEC array based on the 1-DOF model (Model 1) and the 5-DOF model (Model 2). (a): L = 3a; (b): L = 10a.

The two models are named Model 1 and Model 2 respectively. While Model 1 is a single DOF model (i.e. 1-DOF model),
Model 2 is a five DOFs model (i.e. 5-DOF model). In Model 1, each cylinder has only one DOF of heave, and the power
take-off characteristics of each cylinder are considered linear and set to § (stiffness) and A (damping). In Model 2, however,
each cylinder has five DOFs comprising the surge, sway, heave, roll, and pitch, with the power take-off characteristics in
the heave direction set to the same parameters as that of Model 1, and the mechanical stiffness and damping in other
directions set to O (i.e. no power is extracted in other directions).

@According to Falnes (2002), the mean power extracted by cylinder j oscillating in the heave direction with amplitude
¢s” should be

. 1 SN2
Pl = szxs lc|”. (46)
There are two important indicators describing the performance of a WEC array: the capture width w and interaction
factor g, as shown in Eqgs. (47) and (48), which are used to represent the total wave power extraction capacity of the
array and determine whether the hydrodynamic interactions among cylinders in the array are conducive to wave power
generation.

N 5 0]
w— Dot 2a B (47)
P, ’
N 5 i
_ Zi:l Zs:] 5(1)
=== —— (48)
N x50 P&

where P; denotes the power flux of the ambient incident wave, as shown below

1 wo 2]{0(1
Pr=-pgA® — 1+ -7 ). 49
1= 5P 2k0< +sinh2k0d> (49)

Subsequently, the computation is performed for a WEC array composed of four truncated cylinders, whose sizes have
been described in Section 3.2, with two different cylinder spacings being considered. Let § = 0 and A = 0.44pa’>w,, where
the value of A equals the radiation damping of an isolated cylinder at heaving resonance frequency wy,. Fig. 9 shows the
comparison results of the heave amplitude of each cylinder in the WEC array based on Model 1 and Model 2. The results
of arrays with small and large cylinder spacings are shown in Fig. 9(a) (L = 3a) and Fig. 9(b) (L = 10a), respectively. Since
the wave incidence angle 8 = 0, the amplitude responses of cylinders 1 and 3 are identical, the same is true for cylinders
2 and 4. It is evident from Fig. 9 that the heave amplitude of the same cylinder in the array is quite different using the
1-DOF and the 5-DOF models. As shown in Fig. 9(a), at kpa = 1.16, the dimensionless amplitudes of cylinders 1 and 3
(Upstream cylinders of the array) reach 1.14 based on the 1-DOF model while it is 0.72 based on the 5-DOF model that
if the 1-DOF model is used to analyze the problem which is actually a 5-DOF problem, the error is as high as 57%. The
difference between the results of the two models for downstream cylinders of the array (cylinder 2 or 4) is also large at
koa = 1.0, which is 39%. This difference still exists when the cylinder spacing changes. For example, as shown in Fig. 9(b),
the error is 22% for the upstream cylinder at koa = 1.66, and 37% for the downstream cylinder at koa = 1.30.

It can be seen from Eqs. (46), (47), and (49) that the result of the oscillating amplitudes of each cylinder will directly
affect the wave power extraction performance of the array. Fig. 10 shows the comparisons of the capture width w of a
WEC array based on the two different models. As shown in Fig. 10(a), the 1-DOF model underestimates the capture width
when 0.65 < koa < 0.97, while it overestimates the capture width when 0.97 < kpa < 1.49. The difference between the two
models reaches 71% at koa = 1.13. As shown in Fig. 10(b), when the cylinder spacing is large (L = 10a), the 1-DOF model
overestimates the capture width at almost all wavenumbers, and the biggest difference reaches 51% at koa = 1.33.
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Fig. 10. Capture width w of a WEC array based on the 1-DOF and 5-DOF models. (a) L = 3a and (b) L = 10a.
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Fig. 11. Interaction factor q of a WEC array with the 1-DOF and 5-DOF models. (a) L = 3a and (b) L = 10a.

Fig. 11 shows the comparisons of the interaction factor g of a WEC array based on the two different models. g > 1
means that the power extraction performance of the WEC array is better than that of the same number of isolated WECs,
which indicates that the hydrodynamic interactions among cylinders are constructive to the array performance. q < 1
means that the interactions are destructive. As shown in Fig. 11(a), at kpa = 1.17, the q factor reaches 1.30 based on the
1-DOF model, while it is only 0.75 based on the 5-DOF model, the difference is up to 73% for the case L=3a. As shown in
Fig. 11(b), the biggest difference reaches 45% at koa = 1.66 for the case L = 10a.

It can be seen that if the other degrees of freedom are not fully constrained, even if only the oscillation in the heave
direction is used to generate power, it is recommended to consider the effect of other degrees of freedom on hydrodynamic
modeling and analysis; otherwise, it may lead to large errors.

Incidentally, for WEC arrays with large individual energy absorption but small q coefficient, it may be possible to
consider how to further improve its interaction coefficient through layout optimization, and to improve the capture width
as well. It is also recommended to use the 5-DOF hydrodynamic model for layout optimization.

5. Extensions to the situation of irregular waves

In the previous sections, we studied the hydrodynamic interactions between single-directional harmonic waves and
arrays of cylinders. However, this section will discuss the situation when incident waves are omnidirectional irregular
waves.

To analyze the hydrodynamic interactions between waves and arrays of floating cylinders in the presence of multidi-
rectional irregular incident waves, a multidirectional irregular model presented in Yu et al. (1991) is adopted to represent
the incident waves, in which the omnidirectional irregular waves are expressed by the superposition of many regular
component waves. As a result, the free surface elevation (X, Y, t) of incident waves at point (X, Y) can be expressed, as
shown below

M N

mX,Y,t)=Re Z Z awe—i[w,wt—k,w(x cos By+Y sin 6,)—e,n | (50)
n=1v=1
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where
_ Sw Sw
a)wza)u—?-l-(v—l-l-l‘ﬂu)ﬁ (51)
A = +/25(wy, 6,)8w 60 (52)

&, is the random phase with a uniform distribution from 0 to 2m, and r,, is a random number uniformly distributed
within the interval [0, 1], introduced to impart a random component to w,,,. ,,, ®,., and k,,, are the amplitude, angular
frequency, and wavenumber of the component wave, respectively.

1

a//. = E(wu + wufl) (53)

W, =y — |- dw (54)

S = PH @ (55)
M

50 = emax - Omin (56)
N

where w; and wy are the minimum and maximum angular frequencies, respectively. The interval [w;, wy] is equally
divided into M parts. 6, is the incident angle of the component wave. The interval [0, Omax] is equally divided into N
parts. [Omin, Omax| is the direction distribution interval, which is [—7m /2, 7 /2].

Generally, the directional spectrum S(f, #) can be considered as the product of a frequency spectrum S(f) and a
directional spreading function G(f, 0), i.e.,

S(f,0) =S(F)G(f. 0) (57)
JONSWAP spectrum recommended by Goda (1999) is used for the frequency spectrum in this study.

4 _ —(Tpf—1)% /202
S(f) = BH? 5T, ~° exp [—1.25(Tpf) ] - yEXp[ (Tof =12/207] (58)
where
0.06238
B = x [1.094 — 0.01915In y] (59)
0.230 + 0.0336y — 0.185(1.9 + )"
Ti3
T, = 60
P71.0 — 0.132(y 4 0.2)0559 (60)
) 007f <fp
o= { 0.09f > f, (61)

Hyss, Tyy3, Tp, f, are the significant wave height, the significant period, the peak period, and the peak frequency,
respectively, and y is the peak enhancement factor, which takes a value of 3.3 in this study.

For multidirectional irregular waves, the total energy should equal that of unidirectional irregular waves. This means
that the spectrum and directional spectrum need to satisfy the following relationship

oo [e¢] gmax
/ S(f)df =/ / S(f, 6)do df (62)
0 0

Omin

Then the direction spreading function G(f, 6) must satisfy

Gmax
f G(f,0)do = 1 (63)
Omin

The Mitsuyasu-type spreading function is adopted here for the directional spreading function, defined by Longuet-
Higgins et al. (1963) as

G(f,0) = Go(t) cos* (9 _290> (64)

where 7 is the directional spreading parameter (the larger the parameter 7, the narrower the direction distribution) and
6o is the principal wave direction. By combining (63) and (64), Go(s) can be solved as follows:
1

Omax _ -
Gol7) = [/ cos** (9 90) de] (65)
Omin 2

For simplicity, t is taken as independent of the frequency.
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Fig. 12. Comparisons between the frequency spectra.

The complex amplitude Ss(i) /A of the jth-cylinder’s displacement in the direction of the sth DOF for unit incident wave
amplitude has been obtained in Section 2. Some examples for ‘55(’)/A‘ are shown in Figs. 6 and 7 of sub-Section 3.2.

Considering that the object studied in this paper is a linear system, the time series of the displacements of the jth-cylinder
in the sth-direction in the presence of multidirectional irregular waves can be expressed as

M N
2010 =Re | 33" 195, 8, gue-lomt-e o] )
n=1v=1

where TS(’)(BH, 6,) is 5(’) /A when the angular frequency of incident waves is @,, and the incidence angle is 6,. o, =
lm[rﬁ')(mﬂ.ev )]

arctan ——-——7.

Re| T (@y,,60)

Subsequently, the time series of the multidirectional irregular waves are obtained using Eq. (50). In the calculation,
M = 300 and N = 100 are used. For verification, we carried out a fast Fourier transform (FFT) analysis on the obtained
irregular waves time series to obtain the frequency spectrum and compare it with the frequency spectrum calculated
with Eq. (58). The two examples (Yu et al,, 1991; Zhang et al., 2019) of comparison are shown in Fig. 12, both of which
are in good agreement.

With Eq. (66), the time series of the displacements of the jth-cylinder in the sth-direction in the presence of
multidirectional irregular incident waves can be obtained. Then, the frequency spectrum can be obtained by FFT analysis
of the time series. Next, the motions of an array of four truncated cylinders in the presence of the multidirectional irregular
incident waves are calculated. As shown in Fig. 5, each cylinder has a radius of g, a draught of h = 0.5a. The spacing L
and water depths are 4a and 10aq, respectively. The significant wave height Hy,3 = 5.0 m, significant period T1/3 = 10.0 s,
and principal wave direction 6, = 0°. The surge time series (Ef” (t)) of cylinder 1 for different directional spreading
parameter t are shown in Fig. 13. The time series of other DOFs and other cylinders are similar.

By performing FFT analysis on the surge time series in Fig. 13, the frequency spectra of the surge of cylinder 1 for
different directional spreading parameters t can be obtained. Similarly, the frequency spectra of other motion modes can
also be obtained. The frequency spectra of each DOF for cylinders 1 and 4 are shown in Fig. 14 as representatives. As shown
in Fig. 14, the larger the 1, the higher the spectral peaks of the cylinder’s surge and pitch. This result is because the larger
the directional spreading parameter t, the narrower the directional distribution is. Therefore, the incident wave energy is
more concentrated in the principal direction (i.e. the surge direction for the case investigated), resulting in greater surge
and pitch responses. When t becomes smaller, the incident wave energy is distributed in a wider direction, resulting in
higher spectral peaks of sway and roll in this example.

6. Conclusion

In this paper, the hydrodynamic responses of a truncated-cylinder array in the presence of incident waves are studied.
Relative motions are allowed among the cylinders in the array, with each cylinder allowed to oscillate with five DOFs:
surge, sway, heave, roll, and pitch. A semi-analytical method is developed to deal with the hydrodynamic problem of
interactions among waves and the array with relative motions consisting of truncated cylinders, in which the radiation-
diffraction velocity potential induced by the array motion is expressed by the linear combination of the oscillation
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Fig. 13. Surge time series of cylinder 1 for different directional spreading parameter t (Hy3 = 5.0 m, T3 = 10.0 s).

amplitudes to be solved in each direction of each cylinder, and then the radiation-diffraction hydrodynamic forces
expressed by the oscillation amplitudes to be solved is obtained. Considering the balance among wave excitation forces,
radiation-diffraction hydrodynamic forces, inertia forces of cylinder array, restoring forces, and other damping forces
(damping forces other than radiation damping forces), the amplitude in each DOF of each cylinder and the radiation and
diffraction velocity potentials of the array are obtained.

Subsequently, the amplitudes of every DOF of the array in the presence of incident waves are computed. Variations
in the amplitude of each DOF of the cylinder in the array with dimensionless wavenumbers for cases with different
incidence angles and cylinder spacings are obtained, and the amplitude distributions of free surface elevation for different
wavenumbers are given. Furthermore, extensions to the situation in the presence of the multidirectional irregular waves
are presented, and time series and frequency spectra of oscillation responses of cylinders are given.

Finally, the WEC array is analyzed based on 1-DOF model and 5-DOF models to investigate the influence of the multi-
DOF model on hydrodynamic responses and wave energy extraction performances (capture width and interaction factor).
Notably, the results obtained using the 5-DOF model differ greatly from those of the 1-DOF model in terms of oscillation
amplitudes and wave energy extraction performances. It is suggested that the 5-DOF model should be used to analyze
such cylinder arrays, especially in studying their wave extraction performances.
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Appendix A. Diffraction solution

The amplitude of the ambient incident wave is A, the angular frequency is wp. The incidence angle of the ambient wave
is at an angle of 8 with the positive direction of X-axis. Then the velocity potential of the ambient incident wave in the
local cylindrical coordinate o;r;6;z; at cylinder j is (Newman, 1977):

. o0
igA . .
=——= E [;e™ 278 . 70 (2) Jm (kor;) €™, A1
7] P lj 0 (2) Jm ( 0 ]) (A1)

m=—oo
where g denotes the gravitational acceleration, I; = effo(jcosB+Ysinf) the phase factor, (X;, Y;) the coordinate of the axis
of cylinder j in the global coordinate system, Zy = cosh ko(z 4 d)/ cosh kod, J,, the mth-order Bessel function of the first
kind, and wavenumber kg satisfies the dispersion relationship kq tanh kod = a)(z) /g.
In the coordinate system o;1;6;z;, the velocity potential of the diffracted waves in the exterior region of cylinder i is:

. o0 o]
i igA i i imé;
P p=—"—" [Ag’;zo @) Hn (ko)) + > AD 7, (2) K <knr,<>} e, (A2)
@®o m=—00 n=1

where A,(f,L is the undetermined complex coefficients, H,, the mth-order Hankel function of the first kind and K, the
mth-order modified Bessel function of the second kind. Z, = cos k,(z + d) is the characteristic function in z direction for

n > 1 and wave number k;, is given by positive real roots of k, tan k,d = —wé/g.
Egs. (A.1) and (A.2) can be written in matrix form:

igA

o=—2 a7y, (83)
1)

i igA _
opo=—— AYPE, (A4)
o

where the superscript T indicates the transpose. Elements of each vector are

]jeim(ﬁ/Z—ﬂ), n=0,
aj(n, m) = 0, n>1
'//1 ( ) Zo (2) Jm (korj) eimgj, n=0, (AS5)
. n’ m) = .
! Zn (@) In (katy) €™, 1> 1,
Zo (2) Hy (kory) €™, n =0,
11,:)75 . m) = 0 (2) Hm (kory) - (A6)
Zy (2) K (kpri) €™, n> 1,

t/f?‘E can be rewritten in term of the representation of it in the coordinate system o;1;6;z; by using Graf’s addition theorems
for Bessel functions:

o0
> Hunit (koRy) €9 - Zo (2) Jy (kor;) €', n=0,
¥ m) =1 (A7)
> Kot (kaRy) €MD (1) - Zy @) Iy (kar) €, 1> 1,
l=—00

where R; is the distance between the origins o; and o;, «;; the azimuthal angle of o; relative to o; (shown in Fig. 1(c)).
And it can be further written in the matrix form:

D-E I
¥ =Ty¥;. (A8)
where Tj; is a matrix representing the coordinate transformation from i to j:

Hm—i (koR;j) e®i™=D, n=0,

A A9
Kin—i (kaRy) €5™ D (=)', n> 1. (A9)

Tij (n, m, l) = {
Therefore, the diffraction potential in the exterior region of cylinder i represented by Eq. (A.4) can be written as follows
in the coordinate system o;1;6;z;:

. igA
o L= _?OAiTTijw}. (A.10)

25



X. Zeng, Q. Wang, M. Shi et al.

Journal of Fluids and Structures 115 (2022) 103785

The total incident waves of cylinder j consist of the ambient incident wave and the diffracted waves from other

cylinders:

igA

N
o =+ Y e ;e
i=1,i]

N
ajT—i- Z AiTTij VIJI
=1, i

=

(A.11)

The total incident waves and total diffracted waves in the vicinity of cylinder j can be related by its isolated-body

inherent diffraction transfer matrix BjE (Kagemoto and Yue, 1986):

N
Aj = BJF aj + Z TijTAi .
i=1,i

1,2,...,N,

(A.12)

Following the method given in Kagemoto and Yue (1986), elements of diffraction transfer matrix Bf and Bjc for an
isolated truncated circular cylinder are obtained, which are listed as follows:

' (koG D! cosh kod
BE (0,0, m) = — Jnto%) . n=0.g=0, (A13)
Hi(ko@;) — H! (koaj)N,'“eim(w/2=F)
Dl‘t
B} (q,0,m) = oo , n=0,q>1, (A.14)
’ K (kg N el 2=
D" - cosh kod
BJ(0,n,m)= "0 ——2° n>1,q=0, (A15)
H; (koaj)N,
Dl
— o, n>1,q>1,q#n,
K (kqai)NL/?
Bia.nm) =1 " o (A.16)
~ Knlke@) " K (egapng 2 nz1lg=1q=n,
n
C _ m0 _ —
B;(0,0,m) = Sqmim "= 0,p=0, (A17)
ct z+d
BS(p, 0, m) = mp cos (pn( + )) n=0p>1, (A.18)
I (pnaj/(d — hj)) i d— hj
n
C _ mO0 —
B;(0,n, m) = 24, n>1p=0, (A.19)
Cr z+d
B{(p.n,m) = - os (pn( + )) , n>=1p>1, (A.20)
In (pnaj/(d—hj)) d—h]'

where C,',’W and Dfnq are the unknown coefficients of the velocity potential of an isolated truncated cylinder in the core
region and exterior region respectively, Following the method given in Garrett (1971), they are obtained by solving

o0
Cp + ZF'"P‘ID% = R?np
q=0

o0
Dy =Y GngpCpyy =0
p=0

where
_ 2Hm(koaj)ko(d—hy)(— 1 sinh ko(d—h;) 0
o Hip(koaj)Ny [koX(d—h; 2+p?x2] ’
mpq — _ 2Kin(kqajkg(d—hj)(— 1) sin kq(d—h;) -1
Ki(kqaj)Ng"* [ kg2 (d—hj)2—p2x2] ’ -
Iml-sin kq(d—h;)
ISk, (@A) =0
2aj-d-kg?Ny/? b=5
Gmgp = l{n(gj—:é)-pn(dfh)(—l)ﬂsinkq(dfhj) :
- >
I g g2ty P —p2) p==
! . —1)pP —h:)si _h.
o N Imkoay) . (=1P-ko(d—h;)sinh ko(d—h;)
o 2i™[Jm(koa;) Hr/n(kOaj)Hm(koaj)] cosh kod-ko2(d—hy 2 +p?r2]’
mp = 1}, (knaj) (= 1)Pkn(d—h}) sin kn(d—h)
Z[Im(knaj) - me(kﬂa])] : kn2(d—h; 2 —p?n2 s

26

(A21)

(A22)

(A.23)

(A.24)



X. Zeng, Q. Wang, M. Shi et al. Journal of Fluids and Structures 115 (2022) 103785

By combining the equations of all A; as shown in Eq. (A.12), we can get

T T
A BE 0 .- 0 a 0 Ty - Ty A
Ay 0 Bg - 0 a T, O e Ty A,
= +| - . .
A 0 0o ... BE a T T A
N N N TlN TZN : 0 1 N
T T -
A BE 0 ... 0 21 T o 91 BE 0 ... 0 a
Ay o BE ... 0 2 0 Ty 0 BE ... 0 az
= =|E— . . . . . . .
E . E
An 0o 0o .- BE TR SRR o 0o .- BE an

(A25)

The unknown coefficient vector A; can be obtained by solving this linear system with N(ny+1)(2mg+1) unknowns. For
further matrix construction of B and Tjj, refer to Zeng et al. (2016).

The total velocity potential in the exterior region of cylinder j for the diffraction problem of a truncated-cylinder array
can be written as follows:

. N
; i
Vibg = —;ﬂ AT |+ Z ATy |9 (A26)
0 i=1,i%

Similarly, the total velocity potential in the core region of cylinder j has the form:

. N
] igA T ,p_
Pp-c == |+ D ATy | (B) ¥ (A27)
i=1,i%j

where Bf are given in Appendix A. Elements of vector ¥~ are

rl™eime p=0,

'/fjp_c (p,m) = { I:'n (pnrj

- (A28)
dfhj> e™i, p>1.

Appendix B. Radiation solution of an isolated cylinder

Following the method give in Yeung (1981) and Sabuncu and Calisal (1981), Cgp,, and Dgy, can be solved from
equations:

o0
CR;m + Z FmquRzm = RR;m
=0 . (B.1)

o0
s s _ ¢S
Dqu - 2 :GmCIPCRpm - Squ
p=0

In the above formula,

2 —h pr (z + d)
R :—7/ s As (@i, Z) cos |: dz, (B.2)
pm d — h » ms<is ( gl ) d _ hj
Ams [ A (a5, 2) Ams /0
s o oms 7 () dz + 2 Z,(2) dz, B3
Ram = §d /_d o AOET ) SORDE 53
where
1, s=1,2,
0, s =13,
f@D=1 "¢ 7. s—4 (B.4)
(z—-2), s=25,
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0, s=1,2,
1 d)2 'j2 -3
Z(d h) (Z"f' ) G ) §=2,
A = r 5, (B.5)
S e L S
Tj d2 rjz =5
Z(d h) (Z+ ) 4 | s§=),
Ap=Ais =3 Aot = Aos =0
m=1: }»13:0 ,m=O: )»03=1
Az =Au=+ hoz = Aos =0
) — 2i B.6
" At =A_15=3 (B6)
m=—1: A13=0 , m=others: Ays =0
App=Aigy=—1
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