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A frequency-domain formulation is proposed to compute the far-field noise generated by flows with
periodically oscillating or rotating boundaries. The proposed formulation significantly enhances the
efficiency of the frequency-domain method in handling the multi-frequency sources with nonrec-
tilinear motion. The novelty of the proposed method is that the frequency- and time-dependent
components of the Ffowcs Williams and Hawkings (FW-H) integral are separated by using the
far-field asymptotic Green’s function. The separation of the frequency- and time-dependent com-
ponents avoids the need for an expensive time integration in computing the multi-frequency noise
generated by flows with periodically moving boundaries. They proposed only one Fourier trans-
form computation in obtaining the noise at different frequencies. The efficiency of the proposed
formulation is investigated by analyzing the required number of floating-point operations. Its valid-
ity is examined by computing the noise from rotating or oscillating permeable boundaries around
composite monopoles and a flapping wing. The proposed formulation is applicable to the FW-H
integral with periodically oscillating or rotating boundaries when the maximum velocity on the
moving boundary is subsonic.

Keywords: Ffowcs Williams and Hawkings integral; broadband noise; multi-frequency noise;
frequency-domain formulation; moving boundaries.
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1. Introduction

Aerodynamic noise prediction is an important issue in engineering applications.1–5 The
Ffowcs Williams and Hawkings (FW-H) equation is widely used for predicting aerodynam-
ically generated noise. This inhomogeneous wave equation6 is derived from the extension of
Lighthill’s acoustic analogy equation7 for problems with moving boundaries. The solution of
the FW-H equation reflects the process of acoustic radiation, in which the effects of moving
boundaries are represented by moving sources in the inhomogeneous wave equation.

Various types of time-domain formulations8,9 and frequency-domain formulations10,11

have been proposed to solve the FW-H equation. Time-domain formulations have been
successfully used to predict tonal or broadband noise generated from flows with fixed bound-
aries,2,12 and moving boundaries.4,13–15 However, the application of frequency-domain for-
mulations to problems with moving boundaries is usually limited to predicting the tonal
noise, where only the noise at specific frequencies is computed.16 The use of these frequency-
domain formulations in predicting multi-frequency or broadband noise is computationally
expensive due to the time integral computation for each frequency in the broadband.16

Gennaretti et al.17 proposed a frequency-domain formulation based on frequency-
response-function matrices to predict the multi-frequency tonal noise generated by rotors
in arbitrary steady motion. The proposed formulation is derived from “Formulation 1A”
for the solution of the FW-H equation.8 Fully populated transfer function matrices are
constructed to relate the source noise harmonic to the far-field observer noise harmonics.
This formulation has the advantage of identifying the featured radiated sound from each
specific single-harmonic input. For a given single-harmonic input source noise, the proposed
formulation outputs the multi-harmonic noise signals at the observer points. The approach
of Gennaretti et al.17 has been successfully applied to compute multi-frequency noise gen-
erated by steady rotating boundaries in arbitrary forward motion and is applicable to rotor
configurations from which the tonal noise is much higher than the broadband noise.

Lockard10 proposed a frequency-domain formulation that has the capability to efficiently
compute the broadband noise generated from flows with subsonic moving boundaries. The
formulation proposed by Lockard10 is efficient in computing the broadband noise because
the time integral is not computed for each frequency. This method is derived from a Galilean
transformation, where the problem of uniform rectilinear motion of boundaries and observers
in a medium at rest is transformed to the problem of stationary boundaries and fixed
observers in a moving medium. The formulation is valid when the observers are at rest
relative to the boundaries. Bozorgi et al.18 then reformulated the problem by defining a
reference frame that moves with the boundary, resulting in a problem with a stationary
boundary and a movable observer in a moving medium. These formulations have been
validated for the case of noise generated by flows with rectilinearly moving boundaries.
However, they are not applicable to problems with rotating or oscillating boundaries.

The aim of this work is to propose a frequency-domain formulation that can efficiently
compute the multi-frequency or broadband noise generated by flows with periodically oscil-
lating or rotating boundaries. The proposed frequency-domain formulation is based on the
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framework developed by Lockard10 and Bozorgi et al.,18 which can efficiently compute multi-
frequency and broadband noise. We focus on the problem of a fixed observer in an ambient
medium at rest. The periodically moving boundary can be permeable or nonpermeable. The
motion of the boundaries is either periodically oscillating or rotating. We do not consider
combined rectilinear and oscillating/rotating motion in this work, except when the rectilin-
ear motion is negligible and the Green’s function for the convective wave equation can be
approximated by that for the standard wave equation.

Compared with conventional frequency-domain formulations, the proposed formulation
provides an efficient means of computing the multi-frequency noise or broadband noise.
The novelty is that we utilize the asymptotic Green’s function to separate the frequency-
and time-dependent components of the FW-H integral and to circumvent the expensive time
integral computation for each frequency. The required floating-point operations for different
formulations are analyzed in detail to clarify the efficiency of the proposed formulation.
Our formulation is applicable to both two-dimensional (2D) and three-dimensional (3D)
problems with periodically oscillating or rotating boundaries. We must point out that the
discussion in this work focuses on a comparison of the efficiency of the proposed method and
that of the conventional frequency-domain method. We do not discuss the advantages and
disadvantages of the frequency- and time-domain formulations, because it is well known that
the frequency-domain method is more efficient than the time-domain method in computing
the noise generated by 2D flows.11 Readers are referred to the work of Lockard,19 which
presents a detailed comparison between the efficiency of a frequency- and time-formulations.

The remainder of this paper is organized as follows. The FW-H equation in the frequency
domain is briefly formulated in Sec. 2. Details of the proposed frequency-domain formulation
are given in Sec. 3. The proposed formulation is validated in Sec. 4. Finally, the conclusions
to this study are presented in Sec. 5.

2. Governing Equations

We begin with the frequency-domain FW-H equation, which is given by10

(iω)2

c2
0

F(p′H(f)) − ∂2F(p′H(f))
∂yi∂yi

=
∂2F(TijH(f))

∂yi∂yj
+ iωF(Q) − ∂

∂yi
F(Fi), (1)

where

Tij = ρvivj + Pij − c2
0ρ

′δij ,

Fi = (Pij + ρvi(vj − Vj))nj ,

Q = (ρ(vi − Vi) + ρ0Vi)ni.

(2)

Hereafter, we follow the Einstein’s index notation. The FW-H equation is formulated in
Cartesian coordinate system. The Cartesian coordinates and time are denoted as yi and t,
respectively. The acoustic pressure waves are assumed to propagate without being affected
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by advection. The Lighthill stress tensor is denoted as Tij in which Pij = (p− p0)δij − τij is
the compressive stress tensor, δij is the Kronecker delta function and τij is the viscous stress
tensor. The density, sound speed and pressure in the undisturbed medium are represented
by ρ0, c0 and p0, respectively. The density and pressure in the flow field are denoted as ρ

and p, respectively. The fluctuations of density and pressure are defined as ρ′ = ρ − ρ0 and
p′ = p−p0, respectively. A physical or permeable boundary of the moving sources is defined
by f = 0 where f is a signed distance function. The outward unit normal vector on the
boundary is denoted as ni. The Heaviside function is H(f) and the Dirac delta function
δ(f). The ith components of the flow velocity and boundary moving velocity are represented
by vi and Vi, respectively. The Fourier transform of q(t) is denoted as F(q(t)). The Fourier
transform pairs used in this work are defined as

F(q(t)) = q(ω) =
∫ ∞

−∞
q(t)e−iωtdt,

F−1(q(ω)) = q(t) =
1
2π

∫ ∞

−∞
q(ω)eiωtdω.

In Eq. (1), the surface defined by f = 0 varies with time. Therefore, H(f) and δ(f) should
be considered in the Fourier transform.

3. Solution of the FW-H Equation in the Frequency Domain

By using the frequency-domain Green’s function for the wave equation in free space, the
solution of Eq. (1) can be given as follows.

p′(x, ω)H(f) = IT(x, ω) + IL(x, ω) + IQ(x, ω), (3)

where

IT(x, ω) =
∫ ∞

−∞
iωF(Qδ(f))Gdy,

IL(x, ω) = −
∫ ∞

−∞

∂

∂yi
F(Fiδ(f))Gdy, (4)

IQ(x, ω) =
∫ ∞

−∞

∂2

∂yi∂yj
F(TijH(f))Gdy,

are the thickness, loading and quadrupole terms of the solution, respectively. Farassat used
thickness and loading rather than monopole and dipole because the radiation patterns com-
puted by using the first and second lines in Eq. (4) are different from stationary monopoles
and dipoles.20 The thickness and loading noise equation can be obtained with an imperme-
able FW-H surface. Although we consider a permeable FW-H surface here, we follow the
terminology used by Farassat.20

The positions of the observer and source are denoted as x and y, respectively. The
Green’s function of the wave equation in the frequency domain is denoted as G(x,y, ω). We
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ignore the contributions of the quadrupole term in accordance with the work of Lockard10

and Bozorgi et al.18 Although the quadrupole source term decays rapidly as the Mach num-
ber decrease, the quadrupole sources outside the FW-H surface might generate nonnegligible
spurious sound. We assumed that the flow Mach number is sufficiently low or the perme-
able surfaces for the FW-H equation are large enough to include all relevant quadrupole
sources. A quadrupole correction model for estimating the contribution from quadrupole
sources outside the FW-H surface might be necessary for some formulations when strong
quadrupole sources are convected across the integral surface.21–24

3.1. Computation of the thickness term

The thickness term in Eq. (3) can be expressed as follows:

IT(x, ω) =
∫ ∞

−∞

∫ ∞

−∞
iωQδ(f)Ge−iωtdydt. (5)

By using the sifting property of the Dirac delta function δ(f), the spatial integral in Eq. (5)
can be reformulated as the integral on the surface (or contour) f = 0, that is

IT(x, ω) =
∫ ∞

−∞

∫
f=0

iωQGe−iωtdldt, (6)

where the differential dl is the limitation of the discretized element on the integral surface
(or contour) f = 0. Note that dl is the limitation of length or area of the 2D or 3D discretized
element. The Green’s function is different for 2D and 3D problems.

Equation (6) is a conventional frequency-domain formulation for noise generated by the
thickness term, and enables efficient computations of tonal noise at a given frequency.16 For
example, to compute the tonal noise at ω = ω1, one only needs to transform the variable
iω1Q(y, t)G(x,y, ω1) into the frequency domain and compute the spatial integral over the
surface f = 0. The Green’s function G(x,y, ω1) depends on the given frequency ω1. One
must compute the Fourier transform N times for iωiQ(y, t)G(x,y, ωi) (i = 1, 2, . . . , N) for
noise with N given frequencies. Therefore, the computation is inefficient if Eq. (6) is directly
used to evaluate the multi-frequency or broadband noise where a large number of frequency
samples need to be computed.

We propose a frequency-domain formulation that circumvents the difficulties encoun-
tered by Eq. (6) to compute the multi-frequency or broadband noise. The proposed
frequency-domain formulation can efficiently compute the far-field multi-frequency or broad-
band noise generated by the thickness term. As will be discussed later, the Fourier transform
only needs to be computed once in the proposed formulation to obtain the noise at different
frequencies. For convenience, the discussion focuses on 2D flows, which are quite difficult
to compute using the time-domain formulations due to the long tail of the Green’s func-
tion.11 The 3D version of the proposed method can be directly obtained by replacing the
2D Green’s function with the 3D Green’s function. We will give the formulations for 3D
flows at the end of this section.
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The far-field asymptotic form of the 2D Green’s function for the wave equation in free
space is11

G(x,y, ω) ≈ − i
4

(
2c0

πωR

)1/2

e
i
“

π
4
−ωR

c0

”
, R = |x− y|. (7)

The asymptotic form must satisfy the assumption that the observer is far away from the
sources (|x| � |y|) and ω|x − y|/c0 � 1.11

The far-field noise generated by the thickness term given by Eq. (6) can be expressed as

IT(x, ω) =
∫ ∞

−∞

∫
f=0

iωQ

(
− i

4

(
2c0

πωR

)1/2

e
i
“

π
4
−ωR

c0

”)
e−iωtdldt. (8)

The term − i
4

(
2c0
πω

)1/2
e

iπ
4 in Eq. (8) depends only on the frequency ω. Therefore, Eq. (8) can

be rearranged as

IT(x, ω) =
1
4

(
2ωc0

π

)1/2

e
iπ
4

∫ ∞

−∞

∫
f=0

(
1
R

)1/2

Qe−iω(t+R/c0)dldt. (9)

We introduce a new temporal variable τ = t + R/co and rewrite Eq. (9) as

IT (x, ω) =
1
4

(
2ωco

π

)1/2

e
iπ
4

∫ ∞

−∞

∫
f=0

Q

1 + MR

(
1
R

)1/2

e−iωτdldτ, (10)

where MR = 1
co

dR
dt is the Mach number of the source in the direction pointing toward the

observer. Note that the substitution of the time variable will not affect the spatial integral
although the integral boundary is time-dependent.

Equation (10) is the proposed frequency-domain formulation for the thickness term. It

is emphasized that the Fourier transform of
Q
(
y,τ
)

1+MR

(
1
R

)1/2 only needs to be computed once
using Eq. (10) to obtain the noise at different frequencies. Therefore, compared with the
conventional frequency-domain formulation of Eq. (6), the proposed formulation in Eq. (10)
is much more efficient in computing multi-frequency or broadband noise.

To compute the noise generated by 3D flows, the Green’s function in Eq. (7) should be
replaced by

G(x,y, ω) =
1

4πR
e
− iωR

c0 . (11)

The 3D form of the proposed frequency-domain formulation for computing the noise gen-
erated by the thickness term is as follows:

IT(x, ω) =
iω
4π

∫ ∞

−∞

∫
f=0

Q

1 + MR

1
R

e−iωτdSdτ. (12)
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3.2. Computation of the loading term

The loading term in Eq. (4) can be expressed as follows:

IL(x, ω) =
∫ ∞

−∞

∫ ∞

−∞
−∂(Fiδ(f))

∂yi
Ge−iωtdydt. (13)

Through integration by parts and using the sifting property of the Dirac delta function
δ(f), we obtain

IL(x, ω) =
∫ ∞

−∞

∫
f=0

∂G

∂yi
Fie

−iωtdldt. (14)

Equation (14) is a conventional frequency-domain formulation for noise generated by the
loading term, which allows the efficient computation of the tonal noise at a given frequency.16

Similar to the conventional frequency-domain formulation for the thickness term given by
Eq. (6), this formulation for the loading term requires the Fourier transform to be computed
N times for Fj

∂G(x,y,ωi)
∂yj

(i = 1, 2, . . . , N) in the case of noise with N given frequencies.
Therefore, the direct use of Eq. (14) to evaluate multi-frequency or broadband noise is
inefficient.

We propose the following formulation to circumvent the difficulties encountered by
Eq. (14) and to efficiently compute the far-field multi-frequency noise generated by the
loading term. The far-field asymptotic form of the Green’s function can be derived from
Eq. (7) as follows25:

∂G

∂yi
≈ −ω(yi − xi)

4c0R

(
2c0

πωR

)1/2

e
i
“

π
4
−ωR

c0

”
. (15)

Equation (15) must satisfy the assumption that the observer is far away from the sources
(|x| � |y|) and that the wave number is much greater than the reciprocal of the distance
(ω/c0 � 1/|x − y|). Terms of the order o((1/R)1/2) are neglected when differentiating
the Green’s function. Several detailed derivations have been presented.23–25 Similar to the
derivation of Eq. (10), by substituting Eq. (15) into Eq. (14) and introducing the new
temporal variable τ = t + R/c0, we obtain the following formulation:

IL(x, ω) =
−1
4

(
2ω
πc0

)1/2

e
iπ
4

∫ ∞

−∞

∫
f=0

Fi(yi − xi)
1 + MR

(
1
R

)3/2

e−iωτdldτ. (16)

Equation (16) is the proposed frequency-domain formulation for the loading term. Similar to
Eq. (10), the Fourier transform of Fi(yi−xi)

1+MR

(
1
R

)3/2 only needs to be computed once to obtain
the noise at different frequencies. Therefore, compared with the conventional frequency-
domain formulation of Eq. (14), the proposed formulation in Eq. (16) is much more efficient
for computing multi-frequency or broadband noise generated by the loading source.
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To compute the noise generated by 3D flows, the gradient of the Green’s function in
Eq. (15) should be replaced by23

∂G

∂yi
≈ iω(xi − yi)

4πc0R2
e
− iωR

c0 . (17)

Equation (17) must satisfy the assumption that the observer is far enough from the sources
that the wave number is much greater than the reciprocal of the distance (ω/c0 � 1/|x−y|).
Terms of o(1/R) are neglected when deriving Eq. (17).

The 3D form of the proposed frequency-domain formulation for the computation of noise
generated by the loading term is

IL(x, ω) =
iω

4πc0

∫ ∞

−∞

∫
f=0

Fi(xi − yi)
1 + MR

1
R2

e−iωτdSdτ. (18)

Note that Eq. (18) is applicable to the far-field sound prediction, and significant error may
occur in the case of near-field sound prediction.

3.3. Details of implementation

For clarification, we define the integrands in Eqs. (10) and (16) for the noise generated by
2D flows as auxiliary sources as Q̃ and F̃ :

Q̃(x,y, τ) =
Q

1 + MR

(
1
R

)1/2

, (19)

F̃ (x,y, τ) =
Fi(yi − xi)
1 + MR

(
1
R

)3/2

. (20)

By swapping the space and time integrals, the proposed frequency-domain formulation for
noise generated by 2D flows then can be rewritten as follows:

IT(x, ω) =
1
4

(
2ωc0

π

)1/2

e
iπ
4

∫
f=0

∫ ∞

−∞
Q̃e−iωτdτdl, (21)

IL(x, ω) =
−1
4

(
2ω
πc0

)1/2

e
iπ
4

∫
f=0

∫ ∞

−∞
F̃ e−iωτdτdl. (22)

Note that in an Eulerian frame of reference, the integral boundary f = 0 varies with time.
We define a coordinate system that is fixed to the moving surface so that f = 0 is no longer
time-dependent and the space and time integrals can be swapped. We compute the boundary
integration by referring to a set of moving points located on the moving boundaries. We
track the coordinates of each moving point Y(y, t) and sample the sources Q(y, t) and
Fi(y, t) at the moving points.
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Similarly, we can define the integrand in Eqs. (12) and (18) as auxiliary sources Q̃ and
F̃ for the noise generated by 3D flows as follows:

Q̃(x,y, τ) =
Q

1 + MR

(
1
R

)
, (23)

F̃ (x,y, τ) =
Fi(yi − xi)
1 + MR

(
1
R

)2

, (24)

where MR = 1
c0

dR
dt is the Mach number of the source in the direction pointing toward the

observer in the 3D flows.
The proposed frequency-domain formulation for noise generated by 3D flows can be

rewritten as follows:

IT(x, ω) =
iω
4π

∫
f=0

∫ ∞

−∞
Q̃e−iωτdτdS, (25)

IL(x, ω) =
−iω
4πc0

∫
f=0

∫ ∞

−∞
F̃ e−iωτdτdS. (26)

Usually, it is convenient to sample the variables Q and Fi during a period of [tbegin, tend]
with a constant time step Δt in both numerical simulations and experimental measurements.
For periodically oscillating or rotating boundaries, the corresponding variables Q̃(x,y, τ)
and F̃ (x,y, τ) given by Eqs. (19) and (20) for 2D flows or Eqs. (23) and (24) for 3D flows
in the Fourier transform are not uniformly sampled, because the time intervals between
the signals of Q̃(x,y, τ) and F̃ (x,y, τ) depend on both the sampling time step Δt and the
velocity of the moving boundary Vi. To use the regular fast Fourier transform (FFT), we
must interpolate the variables Q̃(x,y, τ) and F̃ (x,y, τ) to obtain two time series that are
uniformly spaced with respect to the new temporal variable with Δτ ≈ Δt. The duration of
validity of the uniform time series is [τbegin,max, τend,min], where τbegin,max is the maximum of
τ at the beginning and τend,min is the minimum of τ at the end of motion among all moving
boundaries. The detailed procedure for computing the 2D noise using Eqs. (21) and (22)
from the sampled thickness and loading sources Q(y, t) and Fi(y, t) can be summarized
as follows. It is emphasized that the inputs for the computation are the thickness source
Q(y, t) and the loading source Fi(y, t), which are obtained from the velocity and pressure
field during the sampling process.

(i) Compute the auxiliary sources Q̃(x,y, τ) and F̃ (x,y, τ) using Eqs. (19) and (20).
(ii) Compute the uniformly spaced time series of auxiliary sources Q̃′(x,y, τ) and

F̃ ′(x,y, τ) based on the auxiliary sources Q̃(x,y, τ) and F̃ (x,y, τ) with nonuniform
time steps by using linear temporal interpolation.

(iii) Transform the uniformly spaced time series of auxiliary sources Q̃′(x,y, τ) and
F̃ ′(x,y, τ) to the frequency domain using the FFT.

(iv) Calculate the spatial integral on the surface of the moving sources to obtain IT(x, ω)
and IL(x, ω).
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The procedure for computing 3D noise can be obtained by replacing Eqs. (19)–(22) with
Eqs. (23)–(26), respectively.

We use linear interpolation in step (ii) to obtain the uniformly spaced time series for
the regular FFT algorithm. Recall that the interpolation may produce spurious modes in
the frequency domain, though these are not encountered in the problems investigated in
this work. Steps (ii) and (iii) can be replaced by a NUFFT algorithm to reduce the risk of
introducing spurious modes, such as used by Fessler and Sutton26 where the min-max scaling
factor optimization interpolation method is used to minimize the worst-case approximation
error over all signals.

Specifically, when the velocity of the moving sources is zero, we have 1
1+MR

= 1 and
dτ = dt. Thus, the proposed 2D frequency-domain formulations for the thickness and
loading terms reduce to

IT(x, ω) =
∫ ∞

−∞

∫
f=0

Q

(
1
R

)1/2 1
4

(
2ωc0

π

)1/2

e
iπ
4
− iωR

c0 e−iωtdldt, (27)

IL(x, ω) =
∫ ∞

−∞

∫
f=0

Fi

(
−(yi − xi)

4

(
2ω
πc0

)1/2( 1
R

)3/2

e
iπ
4
− iωR

c0

)
(28)

× e−iωtdldt.

The proposed 3D frequency-domain formulations for the thickness and loading terms
reduce to

IT(x, ω) =
∫ ∞

−∞

∫
f=0

Q
iω

4πR
e
− iωR

c0 e−iωtdSdt, (29)

IL(x, ω) =
∫ ∞

−∞

∫
f=0

Fi

(
(xi − yi)

4π

(
1
R

)2

e
− iωR

c0

)
e−iωtdSdt. (30)

Considering the far-field asymptotic form of the Green’s function and its derivation, the
thickness and loading terms can be further reduced to

IT(x, ω) =
∫

f=0
iωF(Q)Gdl, (31)

IL(x, ω) =
∫

f=0
F(Fi)

∂G

∂yi
dl, (32)

which is consistent with the frequency-domain formulation used for the FW-H equation
with fixed boundaries.10

4. Results and Discussion

First, we validate the accuracy of the proposed frequency-domain formulation by comparing
the computed far-field acoustic pressure generated from composite monopoles with the
analytical result. Then, we discuss the efficiency of the proposed formulation in computing
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the multi-frequency noise generated by composite monopoles and a flapping rectangular
wing. Finally, the effects of the rotation velocity on the validity of the formulation and
sample frequency requirements are discussed.

4.1. Multi-frequency noise generated from monopoles with different

frequencies

We validate the proposed frequency-domain formulation by computing the aerodynamic
noise generated from composite monopoles fixed in a free space. The ambient medium is at
rest. A permeable boundary around the monopole is used to represent a rotating boundary.
The velocity potential corresponding to an unsteady monopole is given by10

φ(y1, y2, t) =
Ai
4

eiω0tH
(2)
0

(
ω0

c0

√
y2
1 + y2

2

)
, (33)

where H
(2)
0 is the zeroth-order Hankel function of the second kind. A and ω0 are the

amplitude and frequency of the monopole velocity potential, respectively. The composite
monopoles consist of 800 unsteady monopoles with different locations and frequencies. The
ith monopole is located at (0.01 cos(2πi/800)m, 0.01 sin(2πi/800)m), and the amplitude
and frequency of the potential velocity are (2πi/800)−0.75 m2/s and (0.025πi)rad/s, respec-
tively. The periods of these monopoles range from 0.1 to 10 s, providing a multi-frequency
signal of pressure fluctuations. The pressure, density and velocity fluctuations are the real
parts of the following functions:

p′ = −ρ0
∂φ

∂t
,

ρ′ = p′/c2
0,

u′
i =

∂φ

∂yi
,

(34)

where ρ0 and c0 are equal to 1 kg/m3 and 340m/s, respectively. The reference pressure is
taken as p0 in the undisturbed medium. The permeable boundary of the FW-H equation
is taken as a square that initially extends from −5m to 5m in the y1 and y2 directions,
respectively. The permeable square rotates around the monopole with an angular velocity
of ωspin = 5π rad/s, as shown in Fig. 1.

We uniformly discretize the permeable boundary with a grid length of L/100, where L is
the edge length of the permeable square. We track the positions Y(y, t) at each discretized
point and sample Q(y, t), Fi(y, t) on the discretized points over a time span of 160 s at time
steps of (160/16 384)s.

The acoustic pressure predicted in the frequency domain by the proposed formulation
is given in Fig. 2, where the observer position is at (0m, 1500m). The pressure spectrum
agrees well with the analytical solution especially for comparatively small potential velocity
frequencies. The maximum error is less than 2%, corresponding to a frequency of 10 Hz. This
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Fig. 1. Schematic of the monopole with a rotating FW-H surface.

Fig. 2. Pressure spectrum of the multi-frequency noise generated by monopole sources with different fre-
quencies.

indicates that the proposed formulation has the capacity to predict the multi-frequency noise
radiated from monopoles at different frequencies.

We also computed the acoustic pressure using the proposed method by replacing steps
(ii) and (iii) in Sec. 3.3 with a nonuniform FFT (NUFFT) algorithm. The results are con-
sistent with the analytical solution, with a maximum error of ≈1% in the high frequency
region, as shown in Fig. 2. The NUFFT algorithm may use optimized interpolation to reduce
the error associated with the interpolation process. This provides an alternative means of
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Table 1. Comparison of the number of flops required for the formulation proposed in this work (Eqs. (21)
and (22)) and a formulation for tonal noise (Eqs. (6) and (14)).

Name Symbol Formulation proposed Formulation for
in this work tonal noise

(Eqs. (6) and (14))

Number of Lagrangian
points on the moving
boundary

NL 400 400

Sampled time span Ts 160 s 160 s
Sampling frequency fs (16 384/160) Hz (16 384/160) Hz
Number of points in

sampled time series
NP 16 384 16 384

Number of required
Fourier transform or
time integration

NF NF1 = 1 NF2 = 800

Required flops in
computing IT + IL at
each Lagrangian point

NFT + NFL NFT1 + NFL1

= 2293 760 ≈ 2.29 × 106
NFT2 + NFL2

= 52 428 800 ≈ 5.24 × 107

Required flops in
interpolation at each
Lagrangian point

NFI NFI1 = 147 456 NFI2 = 0

Required flops in
computing the retarded
time at each
Lagrangian point

NR NR1 = 344 064 ≈ 3.44 × 105 NR2 = 344 064 ≈ 3.44 × 105

Required flops in
computing boundary
integrals at each
Lagrangian point

NIN NIN1 = 3200 NIN2 = 3200

Total number of required
flops

NT NT1 = 1115 392 000
≈ 1.12 × 109

NT2 = 21 110 425 600
≈ 2.11 × 1010

Speedup S NT2/NT1 ≈ 18.9

avoiding the explicit interpolation in step (ii) of Sec. 3.3 and improve the results at high
frequencies.

We evaluated the efficiency of the proposed method in computing multi-frequency noise
in the case where NM = 800 specified frequencies are explicitly provided. Table 1 presents
a detailed comparison between the proposed formulation and the conventional frequency-
domain formulation for tonal noise (Eqs. (6) and (14)). In this case, the number of discretized
Lagrangian grid points on the rotating boundary is NL = 400. We sample the signals at
each Lagrangian grid point during a time span of Ts = 160 s with a sampling frequency of
fs = (16 384/160) Hz. The number of points in the time series at each Lagrangian point is
NP = Tsfs = 16384.

Using the frequency-domain formulation proposed in this work, we need only to compute
the Fourier transforms of IT (Eq. (21)) and IL (Eq. (22)) once (NF = 1) at each Lagrangian
point to predict the multi-frequency noise. According to the widely used “radix-2” algorithm
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for the FFT,27 the required number of “flops” (floating-point operations)28 required to
compute the thickness term IT and the loading term IL is given by

NFT1 = NFL1 = 5NPlog2NP = 1146 880 ≈ 1.15 × 106. (35)

A detailed analysis of the number of flops required in each step can be found in Appendix
A. The subscript “1” indicates the first formulation (i.e. the formulation proposed in this
work) in Table 1.

The linear interpolation of step (ii) in Sec. 3.3 requires 9NP flops at each Lagrangian
point. The number of flops required at each Lagrangian point in computing the retarded
time and corresponding variables Q̃ and F̃ in step (i) of Sec. 3.3 is

NR1 = (5ND + 11)NP = 344 064 ≈ 3.44 × 105, (36)

where ND = 2 for 2D problems. The computation of the boundary integral in step (iv)
requires NIN1 = 4NM flops at each Lagrangian point, where NM = 800 is the number
of specified frequencies in this case. The total number of flops required in computing the
multi-frequency noise is

NT1 = NL(NFT1 + NFL1 + NFI1 + NR1 + NIN1) ≈ 1.12 × 109. (37)

By using the conventional frequency-domain formulation for tonal noise (such as Eqs. (6)
and (14)), the theoretical number of flops required is 2NP(NP − 1). According to Cooley
and Tukey,29 the direct use of the discretized Fourier transform (Eqs. (6) and (14)) includes
one complex multiplication and one complex addition for each frequency at each Lagrangian
point. For the special case investigated in this section, the number of flops can be reduced to
2NFNP, because the NF frequencies have been explicitly given and we only need to compute
the integrals in Eqs. (6) and (14) at the NF given frequencies. The number of flops required
to compute the thickness and loading terms is

NFT2 = NFL2 = 2NFNP = 26214 400 ≈ 2.62 × 107. (38)

The subscript “2” indicates the second formulation (i.e. the formulation for tonal noise)
in Table 1. The number of flops required for interpolation at each Lagrangian point is
zero, because the linear interpolation is not needed when using Eqs. (6) and (14). However,
the computation of the retarded time and the corresponding variables Q̃ and F̃ must still
be computed, requiring NR2 = (5ND + 11)NP = 344 064 at each Lagrangian point. The
computation of the boundary integral requires NIN2 = 4NM flops at each Lagrangian point.
The total number of flops required in computing the multi-frequency noise is

NT2 = NL(NFT2 + NFL2 + NFI2 + NR2 + NIN2) ≈ 2.11 × 1010. (39)

The speedup of the proposed formulation is S = NT2/NT1 ≈ 18.9 for this case. This result
shows that the proposed formulation is more efficient than the conventional formulation
for tonal noise (Eqs. (6) and (14)) in computing the multi-frequency noise generated by
composite monopoles.
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There are various of frequency-domain formulations for computing tonal noise. The
conventional formulation for tonal noise (Eqs. (6) and (14)) investigated in Table 1 might
not be the most efficient for multi-frequency noise. However, the trends reported in Table 1
in terms of number of fops are correct. Based on Eqs. (37) and (39), the speedup of the
proposed formulation for predicting multi-frequency noise when the frequencies are explicitly
given can be expressed as follows:

SE =
NL(NFT2 + NFL2 + NFI2 + NR2 + NIN2)
NL(NFT1 + NFL1 + NFI1 + NR1 + NIN1)

≈ NF

5log2NP
, (40)

where we use the condition that fewer flops are required for linear interpolation and com-
puting retarded time than for FFT. The proposed formulation is efficient when the number
of specific frequencies is large (NF > 5log2NP). This might not be typical for problems with
explicitly specified multi-frequencies. However, it can be useful in quickly estimating the fea-
tures of broadband noise. Equation (40) indicates that the frequency-domain formulation
for tonal noise (such as Eqs. (6) and (14)) requires more flops as the number of frequencies
(NF) increases. This result is consistent with the discussion of Ghorbaniasl et al.,16 who
state that the frequency-domain formulation for tonal noise is computationally expensive
when a wide range of frequencies is to be computed.

4.2. Sound generated by flows around a flapping rectangular wing

We now compute the noise generated by flows around a benchmark flapping rectangular
wing to investigate the efficiency of the 3D frequency-domain formulation proposed in this
work. The flapping wing consists of a rectangular flat plate with an aspect ratio of ls/lc =
4.0, where ls is the span length and lc the chord length. The flat plate heaves and pitches
in a uniform freestream flow in the wind-tunnel frame of reference, as shown in Fig. 3,
where the y1-direction is parallel to the streamwise direction, the y2-direction is parallel to
the spanwise direction, and the y3-direction is parallel to the vertical direction. The initial
center of the rectangular wing (at t = 0) is at the origin of the frame of reference. The

Fig. 3. Schematics of the coordinate system for the flapping rectangular wing.
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kinematics of the heaving and pitching are

α(t) = α0 + αm cos(2πf0t),

y3c(t) = y30 + A sin(2πf0t),
(41)

where α(t) and α0 are the instantaneous and time-averaged angles of attack, respectively,
and αm is the pitching amplitude. y3c(t) and y30 are the instantaneous and time-averaged
vertical center positions of the plate, respectively. A is the heaving amplitude and f0 is the
pitching and heaving frequency. These parameters are set, according to the work of Wang
et al.,30 as α0 = 10◦, αm = 30◦, zc0 = 0, A = 0.25 lc and f0 = Uf/lc. The freestream
velocity Uf is 1 m/s and the speed of sound is 340m/s. The Reynolds number and the Mach
number based on the freestream velocity are 300 and 1/340, respectively. More details of
the flows and forces can be found in our previous work.30–32

We computed the noise at the far-field using the proposed formulation (Eqs. (25) and
(26)) and the conventional frequency-domain formulation for tonal noise (Eqs. (6) and (14)).
The Green’s function for the medium at rest is used to approximate the Green’s function for
the convective wave equation considering that the Doppler effect is weak at the low Mach
number investigated in this case. The sound pressure spectrum predicted by the proposed
formulation is consistent with that predicted by the formulation for tonal noise (Eqs. (6)
and (14)), as shown in Fig. 4.

Table 2 presents a detailed comparison of the proposed formulation and the conventional
frequency-domain formulation for tonal noise (Eqs. (6) and (14)). In this case, the number
of discretized Lagrangian grid points on the flapping rectangular flat plate is NL = 10000.
We sample the signals at each Lagrangian grid point over a time span of Ts = 15Uf/lc with a
sampling frequency of fs = 200Uf/lc. The number of points in the time series of the signals
at each Lagrangian point is NP = Tsfs = 3000.

Fig. 4. Pressure spectrum of acoustic pressure generated by flapping flight using different formulations.
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Table 2. Comparison of the prediction of sound generated by flows around a flapping rectangular wing
between using Eqs. (25) and (26) or using Eqs. (6) and (14).

Name Symbol Formulation proposed Formulation for
in this work tonal noise

(Eqs. (6) and (14))

Number of Lagrangian
points on the moving
boundary

NL 10 000 10 000

Sampled time span Ts 15Uf/lc 15Uf/lc
Sampling frequency fs 200Uf/lc 200Uf/lcHz
Number of points in

sampled time series
NP 3000 3000

Number of required
Fourier transform or
time integration

NF 1 2999

Required flops in
computing IT + IL at
each Lagrangian point

NFT + NFL NFT1 + NFL1

= 491 520 ≈ 4.92 × 105
NFT2 + NFL2

= 35 988 000 ≈ 3.60 × 107

Required flops in
interpolation at each
Lagrangian point

NFI NFI1 = 27 000 NFI2 = 0

Required flops in
computing the retarded
time at each
Lagrangian point

NR NR1 ≈ 7.5 × 104 NR2 ≈ 7.5 × 104

Required flops in
computing boundary
integrals at each
Lagrangian point

NIN NIN1 = 12 000 NIN2 = 12 000

Total number of required
flops

NT NT1 = 6055 200 000
≈ 6.06 × 109

NT2 = 360 750 000 000
≈ 3.61 × 1011

Speedup S NT2/NT1 ≈ 59.6

As discussed in Sec. 4.3, the Fourier transforms of IT (Eq. (25)) and IL (Eq. (26)) are
computed only once (NF = 1) at each Lagrangian point in predicting the multi-frequency
noise using the frequency-domain formulation proposed in this work. The number of flops
required for computing the thickness term IT and the loading term IL is

NFT1 = NFL1 = 5NP′ log2NP′ = 245 760 ≈ 2.46 × 105. (42)

In the original time series, NP = 3000, which is unsuitable for the FFT. The original
time series needs to be extended to 2n1 points.27 The expanded time series of signals at
each Lagrangian point on the flapping rectangular wing consists of N ′

P = 4096 = 212. The
subscript “1” indicates the first formulation (i.e. the formulation proposed in this work) in
Table 2. The number of flops required for linear interpolation at each Lagrangian point is
NFI1 = 27000. The number of flops required to compute the retarded time and the variables
Q̃ and F̃ in step (i) of Sec. 3.3 is NR1 = (5ND + 10)NP ≈ 7.5 × 104, where ND = 3 for
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3D flows. The computation of the surface integral in step (iv) requires NIN1 = 4NP flops at
each Lagrangian point. The total number of flops required in computing the multi-frequency
noise is

NT1 = NL(NFT1 + NFL1 + NFI1 + NR1 + NIN1) ≈ 6.06 × 109. (43)

Unlike the case in Sec. 4.3, where the frequencies of the noise were known, the frequency
ω is not known in this case before we conduct the Fourier transform. According to the
work of Cooley and Tukey,29 the direct use of the discretized Fourier transform (Eqs. (6)
and (14)) includes one complex multiplication and one complex addition for each frequency
at each Lagrangian point. Thus, the number of required flops is 2NP(NP − 1) when the
frequency-domain formulation for tonal noise (Eqs. (6) and (14)) is employed to compute
the multiple-frequency noise,

NFT2 = NFL2 = 2NP(NP − 1) = 17 994 000 ≈ 1.80 × 107. (44)

The subscript “2” indicates the second formulation (i.e. the formulation for tonal noise) in
Table 2. The number of flops required for the interpolation at each Lagrangian point is zero,
because the linear interpolation is not needed when using Eqs. (6) and (14). The compu-
tations of the retarded time and the corresponding variables Q̃ and F̃ are still necessary,
requiring NR2 = (5ND + 10)NP = 75 000 flops at each Lagrangian point. In addition, the
surface integral computation requires NIN2 = 4NP flops at each Lagrangian point. The total
number of flops required in computing the noise using the formulation for tonal noise is

NT2 = NL(NFT2 + NFL2 + NFI2 + NR2 + NIN2) ≈ 3.61 × 1011. (45)

The speedup of the proposed formulation is S = NT2/NT1 ≈ 59.6 for this case. This result
shows that the proposed formulation is more efficient than the conventional formulation for
tonal noise (Eqs. (6) and (14)).

As discussed in Sec. 4.3, the formulation for tonal noise (Eqs. (6) and (14)) investigated
in Table 2 might not be the most efficient for computing multi-frequency noise generated
by flapping wings. However, the trends in the number of flops reported in Table 2 should
be correct. From Eqs. (43) and (45), the speedup of the proposed formulation for predicting
multi-frequency noise without explicitly given frequencies can be expressed as follows:

SI =
NL(NFT2 + NFL2 + NFI2 + NR2 + NIN2)
NL(NFT1 + NFL1 + NFI1 + NR1 + NIN1)

≈ NP

5log2NP
. (46)

It is assumed that fewer flops are required for linear interpolation and computing the
retarded time than for the FFT. The proposed formulation is efficient when the number of
points in the sampled time series satisfies NP > 5log2NP.

We also compared the CPU time and wall-clock time required by the different for-
mulations. Here, the CPU time and wall-clock time are defined according to the work of
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Pacheco.33 The CPU time is defined as the amount of time that the CPU spends in pro-
cessing the instructions of a program. The wall-clock time is defined as the amount of time
that the program takes from start to finish. The computation of noise was conducted on a
workstation powered by a 2.93 GHz Intel Xeon X5670 processor and 24 GB DDR3 mem-
ory. The computations reported in Fig. 4 using the proposed formulation required 280.9 s
CPU time and 735.3 s wall-clock time, while the conventional frequency-domain formulation
(Eqs. (6) and (14)) required 7726.8 s CPU time and 8469.6 s wall-clock time, respectively.
The speedups factors of the proposed formulation are 27.5 in terms of CPU time and 11.5
in terms of wall-clock time, listed in Table 3. The speedup factors obtained from the flops,
CPU time and wall-clock time are different. This is because they reflect different aspects
of efficiency. The measurement of flops reflects the required floating-point operations but
does not distinguish between addition and multiplication operations. The CPU time reflects
the total time of processing the required flops, but does not account for the I/O or system
operation times. That is, the CPU time is highly-dependent on the computer hardware.
For example, the use of a coprocessor in a field-programmable gate array can significantly
reduce the CPU time for floating-point operations. The wall-clock time counts all of the time
required to run code. The wall-clock time may depend on both the hardware and software
of the computer. However, the comparisons of flops, CPU time and wall-clock time show
that the proposed formulation is more efficient than the conventional frequency-domain
formulation.

4.3. Constraints on the rotation velocity

One constraint of the proposed method is that the freestream Mach number must approach
0, because we have neglected the effects of convection on the far-field sound radiation.
Furthermore, to avoid a singularity in the integral function, the proposed method should
be limited to sound prediction of FW-H surfaces in subsonic motion. A detailed derivation
is presented in this section.

We have introduced a new temporal variable τ = t + R/c0, which results in dt = dτ
1+MR

with MR = 1
c0

dR
dt being the Mach number defined by the velocity of the moving source dR

dt

and the speed of sound c0. In the computation of the acoustic pressure with the proposed
formulation, we need to avoid a rotation velocity that causes 1 + MR = 0; i.e. we need to
ensure that 1 + MR �= 0 when applying the proposed formulation.

Table 3. CPU time and wall-clock time comparison of serial computations for
one observer from 3000 temporal samples with 10 000 grid points. Computations
were performed on a 2.93 GHz, Intel Xeon X5670.

Formulation proposed Formulation for tonal Speedup
in this work noise (Eqs. (6) and (14))

CPU time 280.9 s 7726.8 s 27.5
Wall-clock time 735.3 s 8469.6 s 11.5
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Note that R is
√

(Y1 − x1)2 + (Y2 − x2)2 for 2D problems. Thus, we have

MR =
1
c0

dR

dt

=
1
c0

d
√

(Y1 − x1)
2 + (Y2 − x2)

2

dt

=
1
c0

(
(Y1 − x1)

d(Y1−x1)
dt + (Y2 − x2)

d(Y2−x2)
dt

)
√

(Y1 − x1)
2 + (Y2 − x2)

2

=
1
c0

(
(Y1 − x1)

R

d(Y1 − x1)
dt

+
(Y2 − x2)

R

d(Y2 − x2)
dt

)
. (47)

According to Fig. 1, (Y1−x1)
R is − cos θ2 and (Y2−x2)

R is − sin θ2. In addition, d(Y1−x1)
dt and

d(Y2−x2)
dt are equal to −∣∣dYdt

∣∣ sin θ1 and
∣∣dY

dt

∣∣ cos θ1, respectively. Hence, Eq. (47) can be
further reduced to

MR =
1
c0

(
(Y1 − x1)

R

d(Y1 − x1)
dt

+
(Y2 − x2)

R

d(Y2 − x2)
dt

)

=
1
c0

(cos θ2 sin θ1 − cos θ1 sin θ2)
∣∣∣∣dYdt

∣∣∣∣
=

sin(θ1 − θ2)
c0

∣∣∣∣dYdt

∣∣∣∣ . (48)

Therefore, for the computation of the far-field acoustic pressure, the inequality 1+MR �=
0 can be expressed as

1 +
sin(θ1 − θ2)

c0

∣∣∣∣dYdt

∣∣∣∣ �= 0. (49)

As the observer position is assumed to be in the far-field, θ2 is approximately equal to θ0, as
shown in Fig. 1. For each point on the rotating boundary, θ1 ranges from 0 to 2π. Therefore,
sin(θ1 − θ2) varies from −1 to 1. The condition 1

c0

∣∣dY
dt

∣∣
max

< 1 is is necessary to ensure
that Eq. (49) holds. For a boundary rotation as a rigid body, the rotating velocity should
satisfy ωspin < c0/lmax, where lmax is the maximum distance between the boundary and the
rotating center. The same constraint can be obtained for the noise generated by 3D flows.

4.4. Effects of a rotating boundary on the sampling frequency

To compute the sound pressure, the flow information at the boundary must be sampled with
the FW-H equation. For problems with a fixed boundary, the sampling frequency depends on
the frequency of the sound, and this has been widely investigated to obtain the correct sound
signal. For problems with rotating boundaries, as investigated in this work, the sampling
frequency depends on both the frequency of the sound and the rotation velocity of the
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boundary. We must therefore consider the sampling frequency when addressing problems
with rotating boundaries.

We use the benchmark flow generated by the monopole in Sec. 4.1 to investigate the
effects of a rotating boundary on the sampling frequency. The same parameters are used to
set up the flows and numerical computations, except for the sampling frequency, unsteady
monopole frequency ω0, and rotating velocity of the permeable square ωspin. To identify the
minimum number of sampling points, we fix the sampling time step at (20/512) s and vary
the monopole frequency ω0 and rotation velocity ωspin from 2π rad/s to 14π rad/s. Details
of the settings for the monopole frequency ω0 and rotation velocity ωspin are presented in
Table 4.

In cases A–D, the rotation velocity is fixed at ωspin = 2π rad/s, and the monopole
frequencies are set to 2π, 6π, 10π and 14π rad/s, respectively. The sound pressure predicted
by the proposed method is shown in Figs. 5(a)–5(d). The results show that the predicted
sound pressure matches the analytical expression well as long as the monopole frequency
ω0 ≤ 10π rad/s. The sound pressure is overpredicted by 25.4% when the monopole frequency
reaches 14π rad/s.

In cases E–H, the monopole frequency is fixed at ω0 = 2π rad/s, and the rotation veloc-
ities are set to 2π, 6π, 10π and 14π rad/s, respectively. The sound pressure predicted by
the proposed method for each case is shown in Figs. 5(e)–5(h). The results show that the
predicted sound pressure matches the analytical expression well when the rotation velocity

Table 4. Setups for the monopole frequency and rotation
velocity of cases A-H.

Cases A B C D E F G H

ω0(rad/s) 2π 6π 10π 14π 2π 2π 2π 2π
ωspin(rad/s) 2π 2π 2π 2π 2π 6π 10π 14π

(a) (b)

Fig. 5. Effects of different sampling frequencies on the far-field pressure fluctuations. (a)–(d) correspond
to ω0 values of 2π, 6π, 10π and 14π, respectively; (e)–(h) correspond to ωspin values of 2π, 6π, 10π and
14π rad/s, respectively. p and t in the figure have been nondimensionized by 1Pa and 1 s, respectively.
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(c) (d)

(e) (f)

(g) (h)

Fig. 5. (Continued)

ωspin ≤ 10π rad/s. The sound pressure is underpredicted by 11.5% when the rotation veloc-
ity reaches 14π rad/s.

For the cases considered in this section, the sampling time step is fixed at (20/512)s
and the sampling time span is 20 s. The predicted sound pressure agrees well with the
analytical solution when the sound frequency does not exceed 10π rad/s or the rotation
velocity of the boundary does not exceed 10π rad/s. The results indicate that at least
approximately, five points must be sampled in each characteristic period T , defined by
T = min(2π/ω0, 2π/ωspin). The results confirm that the required sampling frequency
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depends on both the frequency of the sound and the rotation velocity of the boundary.
We have provided a brief estimation of the required sampling frequency for an unsteady
monopole with a rotating permeable square boundary. Note that the sampling frequency
also depends on the frequency of the flow. The minimum sampling frequency might vary
with the flow and the rotating boundaries. A more detailed discussion on the required sam-
pling frequency for complex flows is needed for specific applications, although this is beyond
the scope of this work.

5. Conclusions

We have proposed a frequency-domain formulation for computing the far-field noise gener-
ated by flows with periodically oscillating or rotating boundaries. The proposed formulation
predicts broadband noise or multi-frequency noise at the far-field by efficiently computing
the FW-H integrals for the thickness and loading terms. The novelty of this work is that the
far-field asymptotic Green’s function is used to separate the frequency- and time-dependent
components in the FW-H integrals. This significantly simplifies the computation and cir-
cumvents the expensive time integration in computing the multi-frequency and broadband
noise when using the frequency-domain formulation. The proposed formulation has the
advantages of identifying noise at different frequencies by computing the Fourier transform
only once. The efficiency of the proposed formulation has been analyzed in detail by compar-
ing the required number of flops with that of a conventional frequency-domain formulation.
In predicting the multi-frequency noise with explicitly given frequencies, the efficiency of
the proposed method approximately scales with NF/(5log2NP), where NF is the number
of explicitly given frequencies and NP is the number of points in the time series of signals.
In predicting the broadband noise without explicitly given frequencies, the efficiency of the
proposed method approximately scales with NP/(5log2NP) when NP is large. We validated
the proposed formulation using a flow generated by composite monopoles. The results show
that the proposed formulation correctly predicts the time-dependent acoustic pressure. The
efficiency of the proposed method was validated by computing the multi-frequency noise
generated by composite monopoles and a flapping rectangular wing. To ensure the accu-
racy of the sound prediction, the proposed method must satisfy certain constraints. The
translational speed of the moving boundary should be low enough that the Doppler effect
corresponding to the freestream flow can be neglected. The observer should be far enough
from the source region. The wave number should be much greater than the reciprocal of
the distance between the observer and source. The rotation velocity of a rigid body should
satisfy ωspin < c0/lmax, where lmax is the maximum distance between the boundary and
the rotating center. The sampling frequencies vary with the boundary moving velocity as
discussed in Sec. 4.4.
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Appendix A. Analysis of the Required Number of Floating-point
Operations

In this section, we report the details of the estimation of the number of floating-point
operations (flops) required by the proposed formulation for 2D noise (Eqs. (21) and (22))
and 3D noise (Eqs. (25) and (26)). The number of flops required by the conventional
frequency-domain formulation (Eqs. (6) and (14)) in computing the same problem with
multi-frequency or broadband noise are also analyzed. We estimate the number of flops
according to the work of Trefethen and Bau34 where each addition, subtraction, multipli-
cation, division or square root counts as one flop.

Table A.1 presents the required number of flops for the proposed frequency-domain
formulation for 2D noise (Eqs. (21) and (22)). Our estimations are based on the setup of
NL Lagrangian points on the moving boundary and NP elements in the time series of the
signal at each Lagrangian point.

In step (i), for computing the 2D noise at each Lagrangian point and each time step,
the computation of the distance R =

√
(x1 − y1)2 + (x2 − y2)2 requires 3ND flops which

includes ND subtractions, ND multiplications, ND − 1 additions and one square root. The
computation of τ = t+R/c0 requires two more flops after the distance R has been computed.
Therefore, the total number of flops required in computing τ is 3ND+2. The computation of
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Table A.1. Flops for the 2D formulation proposed in this work (Eqs. (21) and (22)).

Step order and symbol Required computation Number of flops Total number of
flops in each step

Step (i) (NR1) τ = t + R/c0 (3ND + 2)NLNP (5ND + 11)NLNP

Q̃ = Q
1+MR

`
1
R

´ 1
2 8NLNP

F̃ =
Fi(yi−xi)

1+MR

`
1
R

´ 3
2 (2ND + 1)NLNP

Step (ii) (NFI1) Q̃′
j = Q̃iλ1 + Q̃i+1(1 − λ1) 6NLNP 9NLNP

F̃ ′
j = F̃iλ1 + F̃i+1(1 − λ1) 3NLNP

Step (iii) (NFT1, NFL1) fast Fourier transform of Q̃′ 5NLNP log2 NP 10NLNP log2 NP

fast Fourier transform of F̃ ′ 5NLNPlog2NP

Step (iv) (NIT1, NIL1) boundary integration of F(Q̃′) 2NLNP 4NLNP

boundary integration of F(F̃ ′) 2NLNP

the Mach number MR requires three more flops, including one subtraction and two divisions.
With the computed Mach number MR, the computation of the auxiliary thickness source
Q̃ requires five more flops, including one addition, one multiplication, one square root and
two divisions. The computation of the auxiliary loading source F̃ requires ND + 2 more
multiplications and ND−1 more additions, because 1

1+MR

(
1
R

) 1
2 , R and xi −yi have already

been calculated. Thus, the total number of flops required in computing the auxiliary sources
Q̃ and F̃ is 8 and 2ND + 1, respectively. Therefore, the total number of flops required in
computing step (i) for NL Lagrangian points and NP time steps is (5ND + 11)NLNP.

In step (ii), for computing the uniform spaced auxiliary sources at each Lagrangian point
and each step, the computation of the coefficient λ1 in the linear interpolation requires
two more flops, including one subtraction and one division. With the computed coefficient
λ1, computing the uniformly spaced time series Q̃′

j requires four more flops, including one
addition, one subtraction and two multiplications. The computation of the uniformly spaced
time series F̃ ′

j requires three more flops with the computed λ1 and 1 − λ1, including one
addition and two multiplications. Thus, the total number of flops required in computing
the uniformly spaced time series Q̃′

j and F̃ ′
j is 6 and 3, respectively. Therefore, the total

number of flops required in computing step (ii) for NL Lagrangian points and NP time steps
is 9NLNP.

In step (iii), for transforming the uniformly spaced auxiliary sources to the frequency
domain at each Lagrangian point, we count the flops of the FFT according to the widely
used “radix-2” algorithm.27 The required number of flops is 5log2NP. Therefore, the total
number of flops required in computing step (iii) for NL Lagrangian points and NP frequencies
is 5NLNPlog2NP.

In step (iv), the boundary integration of the frequency-domain auxiliary sources F(F̃ )
and F(Q̃) requires one addition and multiplication for each frequency at each Lagrangian
point. We neglect the flops required for the multiplication between the boundary integration
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and the coefficient 1
4

(
2ωc0

π

)1/2
e

iπ
4 for the thickness term and −1

4

(
2ω
πc0

)1/2
e iπ

4 for the loading
term because the flops required for the multiplication is 2NP for all Lagrangian points and
frequencies, which is negligible compared to the number for boundary integration. Therefore,
the total number of flops required in computing step (iv) for NL Lagrangian points and NP

frequencies is 4NLNP.
Note that we have not accounted for the computation of sources Q(y, t) and Fi(y, t) in

the above estimation. The computations of the thickness and loading sources Q(y, t) and
Fi(y, t) require 2ND and 3ND flops, respectively. The required numbers of flops are estimated
as follows. For the thickness source Q = ρvini, the computation requires ND − 1 additions
and ND + 1 multiplications. The computation of the loading source Fi = pni + ρvivjnj

uses the result of the thickness source, thus leading to 3ND more flops, including 2ND

multiplications and ND additions. We have not taken these required flops into account
because (1) the computations can be conducted in the sampling process, (2) both the
proposed frequency-domain formulation and the conventional frequency-domain formulation
require these computations, and (3) the required number of flops for computing these sources
is negligible compared to that of the FFT.

Table A.2 presents the required number of flops for our proposed 3D formulation
(Eqs. (25) and (26)). The difference between Table A.2 and Table A.1 lies in the distance
decay factor in step (i), resulting from the distinction of the 2D and 3D Green’s function.

Table A.3 presents the required number of flops for the conventional 2D formulation.
Note that the computation of the integrand is also necessary for the conventional formula-
tion. According to the work of Cooley and Tukey,29 the direct use of the discretized Fourier
transform (Eqs. (6) and (14)) includes one complex multiplication and one complex addition
for each frequency at each Lagrangian point. The computation of the discretized Fourier
transform thus requires 2(NP − 1)NLNP additions, occupying most of the computational
operations listed in Table A.3.

Table A.2. Flops required for the 2D formulation proposed in this work (Eqs. (25) and (26)).

Step order and symbol Required computation Number of flops Total number of
flops in each step

Step (i) (NR1) τ = t + R/c0 (3ND + 2)NLNP (5ND + 10) NLNP

Q̃ = Q
1+MR

`
1
R

´
7NLNP

F̃ =
Fi(yi−xi)

1+MR

`
1
R

´2
(2ND + 1)NLNP

Step (ii) (NFI1) Q̃′
j = Q̃iλ1 + Q̃i+1(1 − λ1) 6NLNP 9NLNP

F̃ ′
j = F̃iλ1 + F̃i+1(1 − λ1) 3NLNP

Step (iii) (NFT1, NFL1) fast Fourier transform of Q̃′ 5NLNPlog2NP 10NLNP log2NP

fast Fourier transform of F̃ ′ 5NLNPlog2NP

Step (iv) (NIT1, NIL1) surface integration of F(Q̃′) 2NLNP 4NLNP

surface integration of F(F̃ ′) 2NLNP
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Table A.3. Flops required for the conventional 2D formulation (Eqs. (6) and (14)).

Step order and symbol Required computation Number of flops Total number of
flops in each step

Step (i) (NR2) τ = t + R/c0 (3ND + 2) NLNP (5ND + 11) NLNP

Q̃ = Q
1+MR

`
1
R

´ 1
2 8NLNP

F̃ =
Fi(yi−xi)

1+MR

`
1
R

´ 3
2 (2ND + 1) NLNP

Step (ii) (NFI2) — — —
— —

Step (iii) (NFT2, NFL2) discretized Fourier transform
of thickness sources

2(NP − 1) NLNP 4(NP − 1) NLNP

discretized Fourier transform
of loading sources

2(NP − 1) NLNP

Step (iv) (NIT2, NIL2) boundary integration of
thickness sources

2NLNP 4NLNP

boundary integration of
loading sources

2NLNP

Table A.4. Flops required for the conventional 3D formulation (Eqs. (6) and (14)).

Step order and symbol Required computation Number of flops Total number of
flops in each step

Step (i) (NR2) τ = t + R/c0 (3ND + 2) NLNP (5ND + 10) NLNP

Q̃ = Q
1+MR

`
1
R

´
7NLNP

F̃ =
Fi(yi−xi)

1+MR

`
1
R

´2
(2ND + 1) NLNP

Step (ii) (NFI2) — — —
— —

Step (iii) (NFT2, NFL2) discretized Fourier transform
of thickness sources

2(NP − 1) NLNP 4(NP − 1) NLNP

discretized Fourier transform
of loading sources

2(NP − 1) NLNP

Step (iv) (NIT2, NIL2) surface integration of
thickness sources

2NLNP 4NLNP

surface integration of loading
sources

2NLNP

Table A.4 presents the required number of flops for the conventional 3D formulation
(Eqs. (6) and (14)). The difference between Table A.4 and Table A.3 lies in the dis-
tance decay factor in step (i), resulting from the distinction of the 2D and 3D Green’s
functions.

2350001-28

J.
 T

he
or

. C
om

p.
 A

co
ut

. 2
02

3.
31

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 S
H

A
N

G
H

A
I 

JI
A

O
T

O
N

G
 U

N
IV

E
R

SI
T

Y
 o

n 
06

/2
6/

23
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



May 5, 2023 15:33 WSPC/S2591-7285 130-JTCA 2350001

A Frequency-Domain Formulation for Predicting Multi-Frequency Noise

(a) (b)

Fig. B.1. Schematic of the computational domain from the top view: (a) boundaries of six levels of refinement;
and (b) unstructured Cartesian mesh with hanging nodes.

Appendix B. Numerical Methods and Setups for the Flapping
Rectangular Wing

The flapping rectangular wing model, detailed in Sec. 4.2, provided the sound source field for
comparing the efficiency of the proposed method with that of the conventional frequency-
domain FW-H integral. The sound source field was obtained by numerically solving the
incompressible Navier–Stokes equation:

∂ui

∂t
+ uj

∂uj

∂yi
= − 1

ρ0

∂p

∂yi
+ ν

∂ui

∂yj∂yj
,

∂uj

∂yj
= 0.

(B.1)

The exact projection method is employed to decouple the pressure and velocity fields. A
second-order finite method based on an unstructured Cartesian mesh with hanging nodes is
used to discretize the computational domain and the three-step second-order Runge–Kutta
method is used to advance in the time direction. More details can be found in our previous
work.30–32

The computational domain is [−12.8lc, 32.0lc]× [−12.8lc, 12.8lc]× [−19.2lc, 19.2lc] where
lc is the chord length of the flapping wing. The nonslip boundary condition is used on the
wing surface. A uniform flow with velocity U = 1m/s is specified at the inlet. The free
convection boundary condition is applied at the outlet. The slip boundary condition is used
for the remaining boundaries. A Cartesian unstructured mesh with six levels of refinement
is used, as shown in Fig. B.1. The minimum grid size of the mesh is dh = 0.02lc and the
total number of discretized cells is 5.07 million. The time step is 0.005Uf/lc. The initial
velocity over the computational domain is u = (Uf , 0, 0).
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