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A B S T R A C T   

The present paper presents a computational study based on a validated Volume-of-Fluid method on the effects of 
film thickness and film width on spray characteristics for the simplified jet-film injection element with varying 
mass flow rate conditions. First, the spray characteristics of a typical jet-film collision were analyzed in terms of 
the spatial distribution of Sauter Mean Diameter and Voronoi tessellation. Both the Voronoi diagram and the 
Sauter Mean Diameter contour are useful to evaluate the spray characteristics because they show two different 
aspects of the sprays. Second, the jet-film spray characteristics were analyzed by decreasing either film thickness 
or film width to change the mass flow rate. The results show that decreasing film width results in approximately 
insensitive spray angle and improved uniformity of droplet distribution for different throttleable levels. The 
present computational results verified our design concept that adopting traditional jet-film injection at a large 
mass flow rate and modified jet-jet injection at a small mass flow rate to maintain good spray performance during 
the entire throttleable levels.   

1. Introduction 

The throttleable engines with variable thrust capacities [1,2] are 
promising and superior for wide-range flight vehicles, for example, the 
Rocket-based Combined Cycle (RBCC) engine [3], and hypersonic ve-
hicles [4] to improve the maneuverability. The capacity of variable 
thrust is generally achieved by varying the mass flow rate of propellants, 
and the pintle injector [5] for injection strategy and combustion is one of 
the best choices owing to its simple geometric structure, continuous 
change of mass flow rate, and combustion stability. The most successful 
engineering application of pintle injectors is the Lunar Module Descent 
Engine (LMDE) [6] designed and developed by TRW Company [7] in the 
Apollo 11 lunar landing program of the United States in the 1960s. 

The operating principle of pintle injectors [5,8,9] has the main 
feature that the moveable pintle can continuously control radial and 
axial injection areas and thereby simultaneously change corresponding 
mass flow rates of fuel and oxidizer, where the radial and axial flows 
encounter to form a spray cone and then develop to subsequent spray 
atomization. For each injection element uniformly distributed along the 
circumferential direction of the pintle, it adopts either film-film or 
jet-film collision. For the film-film collision [9,10], two films emitting 

respectively from radial and axial directions collide to form a hollow 
conical liquid film. The subsequent development of surface capillary 
waves and film fragmentation results in a spray distributed away from 
the axis. For the jet-film collision [11–13], the radial jet collides with the 
axial film to create a spray distributed in the vicinity of the axis and the 
radial direction. Compared with the film-film injection element, the 
jet-film injection element is frequently used in the practical pintle 
injector for its more optimized spray characteristics [5] owing to the 
synergetic jet- and film-breakup mechanisms. 

Many parametric studies were conducted on the spray atomization 
and subsequent combustions of the pintle injector, for example, the in-
fluences of geometric or flow parameters on the spray angle [10–12,14, 
15], the process of film fragmentation, atomization, and mixing char-
acteristics between fuel and oxidizer [16–18], and the spray combustion 
stabilities [17,19,20]. Apart from the spray atomization and combus-
tion, the physical and mathematical models for the evaporation, igni-
tion, and combustion in poly-dispersed non-uniform fuel sprays have 
been studied in previous studies. For example, Betelin et al. [21] 
numerically studied the single droplet evaporation in a streaming flow 
and the modeling of evaporating and combustion for fuel sprays. Smir-
nov et al. [22–24] studied the ignition and combustion onset of a het-
erogeneous mixture with droplet non-uniformity in space and size 
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distribution. It consolidated our understanding that the effects of 
non-uniformity of droplet size and spatial distribution are the key factors 
for the fuel droplet atomization, evaporation, ignition delay and mild 
initiation of detonation, and subsequent combustion process. 

For the spray characteristics of moveable pintle injectors at different 
throttling levels, a few studies adopted variable geometric parameters 
[13–15,25] to change the opening outlet area and thereby the mass flow 
rate. Lee et al. [13] experimentally studied different throttling levels of 
the radial flow and obtained an optimal throttleable pintle injector with 
high atomization efficiency from the aspects of spray angle, spray uni-
formity, and droplet size distribution. Heo et al. [15] experimentally 
found that adopting a grooved pintle tip to change the structure of the 
radial flow can improve the spray characteristics and reduce the great 
changes of spray characteristics with varying throttling levels, which is 
advantageous from the perspective of design simplicity. Radhakrishnan 
et al. [25] studied the mixing performance at a different opening dis-
tance of the pintle injector and found that the low mixing quality at a 
small opening distance can be improved by increasing the mass flow rate 
or the opening distance of the pintle. However, it is noted that the above 
studies concerned only the change of outlet area of the radial flow but 
not the corresponding change of the axial annular film flow. For the 
situation with approximately fixed injection pressure or velocity, the 
mass flow rate is merely related to the injection area, and the radial and 
axial flow areas should be changed simultaneously at different throttling 
levels to ensure the optimized fuel-oxidizer mass ratio. In that situation, 
two prominent disadvantages of the jet-film injection element on the 
spray characteristics appear. First, the axial film thickness is generally 
very thin when compared to the radial jet diameter, and it is extremely 
difficult to further reduce the film thickness at a small mass flow rate 
with a high accuracy. Second, the thinner film at a small mass flow rate 
can weaken the local jet-film collision and increase the spray angle, 
leading to poor spray characteristics varying greatly with the changing 
of throttling levels. 

To solve the possibly poor spray characteristics of pintle injectors 
with varying mass flow conditions, we proposed a new design concept 
that adopts a traditional jet-film injection element at a large mass flow 
rate and a modified jet-jet injection element at a small mass flow rate to 
ensure the optimized spray angle and atomization are insensitive to the 
change of injection areas in the entire engine throttling range. The jet-jet 
injection element is achieved by blocking the axial annular flow to form 
various orifices that one-by-one correspond to the radial injection ori-
fices. In that situation, the original film thickness is fixed, and the axial 
flow area is merely controlled by the film width along the circumfer-
ential direction. The present paper intends to consolidate the under-
standing of the jet-film injection element in the pintle injector and 
computationally verify our design concept. It is worth mentioning that 
the flow field of a real pintle injector shows periodic characteristics 

along the circumferential direction and each injection orifice can be 
treated as an independent jet-film collision element. Thus, to reduce a 
large amount of computational cost, the present study mainly focuses on 
the simplified model of the collision between a jet and a planar film, as 
the schematic shown in Fig. 1. 

To quickly prescreen designs of pintle injectors, it is often sufficient 
to conduct cold flow tests because good atomization characteristics 
generally produce efficient combustion. A very common approach to 
evaluating the spray characteristics is using the Sauter Mean Diameter 
(SMD) [13,26–29], which shows the mean characteristic diameter at a 
spatial position during a period of time for a stable spray. However, a 
locally small SMD of sprays does not guarantee good combustion 
because droplet clustering characterizing the interaction between 
neighboring droplets is not reflected in SMD. Droplet clustering in sprays 
influences the flame propagation speed and the local combustion mode 
between the single droplet combustion and the group droplet combus-
tion [30–32]. Srikrishna [33–35] proposed an approach to analyzing the 
droplet clustering from the topological aspects by using the Voronoi 
tessellation, in which a defined group combustion number was evalu-
ated for each droplet cluster showing multi-scale droplet clustering and 
multi-mode combustion of the clusters during the spray burning process. 

The present paper is organized as follows. The numerical method and 
validation are presented in Sec. II, followed by the analysis of spray 
characteristics of a representative jet-film collision element by using 

Nomenclature 

Physical quantities 
D Droplet diameter 
h Film thickness 
ṁj, ṁf Mass flow rates for liquid jet and film, respectively 
t Physical time 
tosc Characteristic oscillation time, tosc = (ρD3/σ)1/2 

vj,vf Injection velocities for liquid jet and film, respectively 
w Film width 
μ Liquid dynamic viscosity 
ρ Liquid density 
θ Spray angle of jet-film collision element 
σ Surface tension coefficient 

Non-dimensional and normalized variables 
Oh Ohnesorge number, Oh = μ/

̅̅̅̅̅̅̅̅̅
ρDσ

√

T Non-dimensional time, T = t/tosc 

Wej Weber number, Wej = ρDv2
j /σ, for liquid jet 

Wef Weber number, Wef = ρhv2
f /σ, for liquid film 

Abbreviations 
BF Blockage factor 
LMR Local momentum ratio 
PDF Probability Density Function 
SMD Sauter Mean Diameter 
TMR: Total momentum ratio 
VOF Volume-of-Fluid method  

Fig. 1. Schematic of a pintle injector and its jet-film collision element.  
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SMD and Voronoi tessellation in Sec. III, and the effects of film thickness 
and width on the spray characterizations with varying mass flow rate 
conditions in Sec. IV, respectively. 

2. Computational methodology 

2.1. Problem description 

Three controlling design parameters were considered in the study, 
namely the jet diameter D, the thickness h, and the width w of axial film, 
which influences the spray characteristics of a jet-film injection element. 

Fig. 2. Comparison of spray angle and breakup characteristics upon the jet-film collision between (a) Cheng’s experiment [11] and (b–d) present simulations at 
Wef = 370 and Wej = 543 with different mesh refinement levels Ni, in which a close-up of probably nonphysical droplets is shown for Ni = 6. 
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The solid model of the jet-film collision element, as shown in Fig. 1, has a 
length of 22D and a skip distance between the outlet of the axial film and 
the radial jet of 10D. The cuboid computational domain has a length of 
100D and a width and height of 30D respectively. All boundaries except 
the inlet are specified as free outflow boundary conditions, and the solid 
model is set as the immersed non-slip wall boundary. 

For the typical film-film injection element, Cheng et al. [12] pro-
posed the relation between the spray angle θ and the total momentum 
ratio (TMR) as cos θ = (1 + TMR)− 1; whereas for the jet-film injection 
element, Cheng et al. [11] found that using the local momentum ratio 
(LMR) to replace TMR so as the relation of spray angle with momentum 
ratio is still valid. The results showed that the spray angle increases with 
LMR and generally had a good agreement between the experiment and 
theoretical model except for some underestimations of theoretical spray 
angle for the multiple rows of radial holes or the square holes with large 
length-width ratios. 

For each jet-film collision element, the local momentum ratio is 
defined as 

LMR=
TMR
BF

=
ṁjvj

ṁf vf

w
D

(1)  

where TMR = ṁjvj/ṁf vf is the total momentum ratio, ṁj, vj and ṁf , vf 

the mass flow rate and injection velocity for the radial jet and axial film 
flow, respectively, and BF = D/w the blockage factor. For the traditional 
jet-film pintle injector as decreasing the mass flow rate to different 
throttleable levels, the decrease of axial and radial mass flow rates is 
controlled by respectively reducing the film thickness h and the jet 
diameter D with the mass ratio ṁj/ṁf and injection velocities vj and vf 

being fixed. Thus, as decreasing mass flow rates, TMR is unchanged but 
LMR increases owing to the decreased BF (w is fixed), which causes an 
increase of spray angle that deviated from the optimal value of about 
45◦, and subsequent possibly poor spray characteristics. This motivates 
us to propose the new design in the present study by simultaneously 
changing jet diameter D and film width w rather than film thickness h as 
varying the mass flow rate so that LMR is approximately insensitive to 
the variation of different throttleable levels. 

The other non-dimensional parameters are given as follows. The 
collision Weber numbers of jet and film are Wej = ρDv2

j /σ and Wef =

ρhv2
f /σ respectively (ρ is the liquid density and σ the surface tension 

coefficient), measures the relative importance of the jet or film impact 
energy compared with its surface energy. The Ohnesorge number, Oh =

μ/
̅̅̅̅̅̅̅̅̅
ρDσ

√
(where μ is the dynamic viscosity of the liquid), measures the 

relative importance of the liquid viscous stress compared with the 
capillary pressure. The Reynolds number represents the relative effect of 
inertia force versus viscous force, which can be calculated by Oh and We 
as Re =

̅̅̅̅̅̅̅
We

√
/Oh. For the liquid water jet with a characteristic diameter 

of 1000 μm, the dimensionless time is defined as T = t/tosc and tosc =

(ρD3/σ)1/2
= 3.7 ms. 

2.2. Computational methodology 

The three-dimensional (3D) continuity and incompressible Navier- 
Stokes equations, 

∇ ⋅ u = 0 (2)  

ρ(∂u / ∂t+u ⋅∇u)= − ∇p+∇ ⋅ (2μD) + σκnδs (3)  

are solved by using the classic fractional-step projection method, where 
u is the velocity vector, ρ the density, p the pressure, μ the dynamic 
viscosity, and D the strain rate tensor defined as Dij = (∂jui + ∂iuj) /2. In 
the surface tension term σκnδs, δs is a Dirac delta function, σ the surface 
tension coefficient, κ the local curvature, and the unit vector n normal to 
the local interface. 

The present study adopts the Volume-of-Fluid (VOF) method. To 

solve both the gas and liquid phases, the density and viscosity are con-
structed by the volume fraction as ρ = cρl + (1 − c)ρg and μ = cμl + (1 −

c)μg, in which the subscripts l and g denote the liquid and gas phases, 
respectively. The volume fraction c satisfies the advection equation 

∂c / ∂t+∇ ⋅ (cu)= 0 (4)  

with c = 1 for the liquid phase, c = 0 for the gas phase, and 0 < c < 1 for 
the gas-liquid interface. 

Two major challenges of spray simulation are the accurate prediction 
of the primary breakup of liquid jet or film and the extremely fine mesh 
resolution for a large number of dispersed droplets and secondary 
breakup. Generally, the direct numerical simulation (DNS) of sprays [36, 
37] with accurate interface tracking methods [38–40] can provide more 
details with appropriate mesh resolution to certain physical problems. 
For example, Salvador et al. [36] analyzed the effects of turbulent inflow 
conditions on the primary breakup of a liquid jet by DNS with approx-
imately 66 million cells and a minimum cell of 2.34 μm. Shinjo and 
Umemura [37] performed a DNS of the primary breakup of a liquid jet 
with a total mesh number of about 6 billion and a minimum mesh grid of 
0.35 μm. To reduce the substantial computational cost of DNS of sprays, 
the coupled Eulerian-Lagrangian approach [41–43] was proposed to 
combine the Eulerian method for the primary breakup of liquid jet or 
sheet and the Lagrangian model for the dispersed droplet dynamics, 
where all small droplets with diameters that smaller than the reference 
value would be transformed into Lagrangian particles. Zaripov et al. 
[44] simulated the dilute gas-particle flow around a cylinder and liquid 
droplets in a gasoline fuel spray by using the code ANSYS Fluent with 
Discrete Phase Model (DPM), and produced good qualitative numerical 
results to experimental observations. Li and Soteriou [45] compared 
three grid configurations for the direct numerical simulation of a liquid 
jet in gas crossflow with a total mesh number of about 503 million for 
the uniform grid, 7.1 million for the adaptive mesh refinement grid, and 
5.5 million for adaptive mesh refinement with additional coarsening via 
the introduction of Lagrangian droplets. 

In the present study, the direct numerical simulation, i.e. Eulerian 
approach, with the VOF method implemented in the open source code, 
Gerris [40,46,47], is adopted to analyze the spray characteristics of the 
jet-film collision element. Gerris features the 3D octree adaptive mesh 
refinement, the geometrical VOF interface reconstruction, and contin-
uum surface force with height function curvature estimation, which has 
been demonstrated to be competent for high-fidelity simulation of the 
breakup of liquid jets [48,49] or films and subsequent spray atomization 
[28,29,42,50–52]. 

2.3. Numerical validation 

To justify the computational approach discussed above, the experi-
mental validation and grid-independence analysis for the case of Wef =

370 and Wej = 543 from Cheng et al. [11] are shown in Figs. 2 and 3. To 
improve computational efficiency, the entire computational domain is 
divided into three physical zones, namely the gas, the liquid, and the 
gas-liquid interface zones, and different mesh refinement levels (Ng,Nl,

Ni) are used in these zones, respectively. Generally, Ni for the gas-liquid 
interface zone plays a dominant role in capturing jet or film breakup 
characteristics, and Ng for the gas zone and Nl for the liquid zone are one 
level smaller than Ni to reduce the total number of meshes. In the present 
study, Ng = Nl = 3 are fixed and three different levels, Ni = 4, 5, 6, 
corresponding to the minimum dimensional cell size of 62.5 μm, 
31.2 μm, and 15.6 μm, respectively, are analyzed by comparing the 
simulation results and Cheng’s experiment [11] of the collision between 
a jet and a film, in which red and gray contours denote the liquid mass of 
jet and film respectively. 

Fig. 2 shows the comparison of spray angle and jet-film breakup 
characteristics between experiment and simulation results for different 
mesh refinement levels. It is seen that the spray angles around the jet- 
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film collision position for three different levels are approximately the 
same, which is also consistent with the experimental observation of 
about 60◦ shown in Fig. 2(a). The film formation upon the jet-film 
collision is insufficient for the coarse mesh with Ni = 4, as shown in 
Fig. 2(b), leading to the numerically suppressed jet fragmentation and a 
low number density of atomized droplets away from the jet-film colli-
sion point. For a refined mesh with Ni = 5 in Fig. 2(c), the numerical 
results of jet-film collision present a typical cone-shape structure and 
qualitatively agree with the experimental images. As further refining 
mesh to Ni = 6 in Fig. 2(d), the spray shape and breakup characteristics 
are approximately the same as those for Ni = 5. 

To further verify the mesh refinement effects on the sprays quanti-
tatively, the comparison of the Probability Density Function (PDF) of 
dispersed droplet diameter is shown in Fig. 3. All fluid parcels with 
discrete spatial distribution of the VOF volume fraction are identified as 
the dispersed droplets by using a built-in function in Gerris, in which the 
effective droplet diameter is evaluated by the volume-to-surface char-
acteristic length for each liquid parcel. The results show that PDF is an 
approximately Poisson distribution for all the cases, and the peak value 
of PDF increases and shifts towards a smaller droplet diameter as 
increasing the mesh refinement level. The droplet diameter at each PDF 
peak for Ni = 4,5, 6 are 133.2 μm, 76.1 μm, and 37.2μm respectively, 
which is approximate twice the minimum mesh size of about 62.5 μm, 
31.2 μm, and 15.6 μm. It is noted that a smaller peak of PDF for Ni = 6 is 
observed with the droplet diameter of 8.1 μm which is even smaller than 
the minimum mesh size of 15.6 μm. This is because some probably 
nonphysical droplets are formed, as the closeup of dispersed droplets for 
Ni = 6 shown in Fig. 2. These numerical droplets are not supposed to 
occur for the pure Eulerian approach based on the VOF method since no 
additional strategy of dispersed droplets transformed into the 
Lagrangian mass has been implemented in the present study. Similar 
numerical results of PDF were also reported by Grosshans et al. [41,53], 

as the embedded figure shown in Fig. 3. The coupled 
Eulerian-Lagrangian approach was proposed [41,43] to remedy the 
inherent drawbacks of a full VOF simulation in dealing with the primary 
breakup of jet or film: strong grid dependence of PDF and substantial 
computational costs for the secondary breakup of sprays. The previous 
studies [41,53] suggest that the VOF simulation results are still reliable 
if we ignored the peculiar peak of the PDF in the range of small droplet 
sizes because the very small droplets that badly resolved in the VOF 
approach are insignificant to the total liquid mass and the related error is 
therefore negligible. 

In addition, the accumulation error for the used open-source code, 
Gerris, is analyzed. Referring to the error analysis method [54,55], the 
relative error of integration in one dimensional case is defined as Si =

(ΔL/Li)
k+1, where ΔL is the smallest cell size, Li the domain size in one 

dimensional, and k the order of accuracy of numerical scheme. For the 
adaptive mesh refinement in the present simulation, the smallest cell 
occurs on the gas-liquid interface with the size of 1/2Ni , and then the 
relative error can be expressed as Si = (1/2Ni Li)

k+1. For the 
three-dimensional simulation, the total interaction error is Serr =
∑3

i=1Si, where the presumed error value is generally less than 5%. The 
allowable value of total error Smax after the solution satisfies 
Serr •

̅̅̅
n

√
≤ Smax, where n is the number of time steps in the integration. 

The maximal allowable number of time steps is determined as nmax =

(Smax/Serr)
2. The time step ratio RS = nmax/n characterizes the reliability 

of results, indicating that the higher RS leads to lower error and RS 
closing to unity denotes the maximal allowable error. Consequently, the 
accumulation error analysis with different mesh resolution is present in 
Table 1. The results show that the accumulation errors decrease as 
increasing the mesh refinement and scheme accuracy, and all simula-
tions demonstrate high reliability of the present code. 

In the present study, the intermediate mesh refinement level Ni = 5 
was used for all simulation cases based on the following considerations. 
First, the spray cone and breakup characteristics are approximately 
unchanged with further increasing Ni and qualitatively agree with the 
experiment; Second, a coarse mesh improves the computational effi-
ciency and reduces the possibility of nonphysical droplets generated on 
a refiner mesh; Third, the droplet diameter at the PDF peak for Ni = 5 is 
the order of O(100) μm, which is consistent with the droplet diameter 
measurement in previous experiments [48] under the injection velocity 
condition of a jet in the order of O(10)m/s. A typical simulation run with 
the mesh refinement level (3,3,5) results in about 4.0 × 106 grid points 
in the entire domain, taking about 165 h of real-time to simulate up to 
T = 1.5 on one AMD EPYC 7452 processor with 64 cores. 

3. Spray characterizations of jet-film collision 

3.1. Phenomenal description of the jet-film collision 

A representative case of jet-film collision at Wef = 742 and Wej =

2119 is analyzed in this section, corresponding to the dimensional in-
jection velocity of vj = 12.26m/s and vf = 10.21m/s and dimensional 
mass flow rate of mj = 10.2g/s and mf = 81.9g/s, respectively, which is 
in the range of injection velocity of a real rocket engine. The simulated 
liquid jet and film are water, with the jet diameter D = 1 mm, film 
thickness h = 0.52 mm, and film width w = 15 mm. 

Fig. 4 compares the experimental image and simulation results of the 

Fig. 3. Probability Density Function (PDF) of the diameter of discrete droplets 
for the simulation results in Fig. 2 with different mesh refinement levels Ni. 

Table 1 
Accumulation error analysis.  

Allowable error 
(%) 

Mesh resolution (Ng ,

Nl ,Ni) 
Physical time 
simulated (μs) 

Number of time 
steps (n) 

Accumulated error 
(Serr) 

Allowable number of time 
steps (nmax) 

Reliability (Rs =

nmax/n) 

5 (3, 3, 4) 5.6 4001 1.83286E-08 7E+12 1.86E+09 
5 (3, 3, 5) 5.6 4236 2.29108E-09 5E+14 1.124E+11 
5 (3, 3, 6) 5.6 13616 2.86385E-10 3E+16 2.239E+12  
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contour in three different views. Again, the spray angle shown in the 
front view is consistent with the experimental observation with a value 
of about 70◦, which is larger than that shown in Fig. 2(a) owing to the 
increased LMR. The typical cone-shaped structure of the jet-film colli-
sion also qualitatively agrees with the experimental images. The jet 
marked by red dyed function penetrates through the film marked by 

gray, leading to the jet liquid mass mainly spreading over in the y-di-
rection (equivalent to the radial direction in real pintle injectors) and 
film liquid mass is mainly distributed around the x-axis (equivalent to 
the axial direction in real pintle injectors). Two more views from the top 
and right sights provide some additional information about sprays that 
cannot be seen in the experiment. The dense sprays mainly occur around 

Fig. 4. Experimental image (extract from Cheng’s experiment [11]) and simulation results of spray contour from three different views for a representative jet-film 
collision at Wef = 742 and Wej = 2119. 

Fig. 5. Contour of Sauter Mean Diameter (SMD) at different slices of z = 0.0 ∼ 0.6 for the representative case shown in Fig. 4.  

C. He et al.                                                                                                                                                                                                                                       



Acta Astronautica 206 (2023) 100–113

106

the jet and the jet-film interaction region, which is caused by the 

synergetic roles of jet and film breakup mechanisms. It is also seen the 
dilute sprays after the jet in the x-direction and other film regions 
without impacting the jet because the film width is sufficiently larger 
than the jet diameter. In addition, it shows non-uniform spray charac-
teristics along the z-direction (equivalent to the circumferential direc-
tion in real pintle injectors). To clearly illustrate the spatial 
characteristics of sprays, the coordinate is shown for each figure and all 
coordinate values at x-, y-, and z-directions have been scaled with a 
factor of 0.1. 

The Kelvin-Helholz instability is likely occurring around the gas- 
liquid interface of jet or film due to the different velocities for the gas 
and liquid phases. Physically, the jet or film breakup can be divided into 
few stages. In the early stage, the Kelvin-Helholz instability [56] prob-
ably develops on the jet or film interface accompanied by the developed 
capillary waves owing to the shear velocity between gas and liquid 
phases; in the middle stage, the R-T instability [57] may drive the 
interface with enhanced capillary waves into multiple finger structures 
owing to the magnified perturbation where there is a density jump 
across the liquid-gas interface; and in the late stage, the gas-liquid 
interface starts to breakup into smaller droplets that caused by the 
Plateau-Rayleigh instability [58]. 

3.2. Sauter Mean Diameter 

Apart from the qualitative description, the statistical distribution of 

Fig. 6. Probability density function (PDF) of Sauter mean diameter (SMD) at 
different z = 0.0 ∼ 0.6 for the representative case in Fig. 4. 

Fig. 7. Voronoi diagram of all dispersed droplets at different z = 0.0 ∼ 0.6 for the representative case in Fig. 4.  
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atomized droplet size can be quantified by characteristic diameter [26]. 
The discrete form of characteristic diameter is defined as 

Dpq =
1
t

∑t

Δt=1

[∑∞
i=1niDi

p
∑∞

j=1njDj
q

]1/(p− q)

(5)  

where p and q are positive integers, n the number of droplets with a 
diameter of D, and t the number of total discrete sampling time. In 
general, the Sauter Mean Diameter (SMD), D32, is the most representa-
tive one that measures the volume-to-surface ratio of a finite fluid par-
cel. The quantitative analysis of the contour of SMD at different z 
coordinates is presented in Fig. 5, in which the statistical droplet in-
formation for each slice is analyzed at a certain z coordinate with a finite 
thickness equaling to the characteristic length. The contour results show 
that the area occupied by large SMD (or larger than 250μm) increases 
from z = 0.0 to the maximum at z = 0.4 and then decreases to a small 
value at z = 0.6, showing a non-monotonic variation along the z-di-
rection. Whereas the area of nonzero SMD is largest at z = 0.0 and 
monotonically decreases with z because the jet-film impact point is 
located at z = 0.0 and their interaction is increasingly weakened as 

being away from the impact point, as shown in Fig. 5. 
Fig. 6 further shows the PDF of SMD at different z coordinates. It is 

seen that both the droplet size and PDF value at the peak point of SMD 
decrease as increasing z, which indicates that the strong jet-film impact 
at z = 0.0 generates a large number of atomized droplets spreading over 
a wide region but the droplet size is relatively large, whereas the weak 
jet-film impact away from z = 0.0 causes smaller droplets but only 
distributed in a narrow region, which is consistent with the contour of 
SMD shown in Fig. 5. For the representative slice at z = 0.4, as the curve 
shown in Fig. 6, the droplet size at the peak of SMD is smaller than other 
slices, however, large SMDs are also observed in the range between 
200μm to 250μm, showing an extreme non-uniform distribution of SMD. 
Compared with the axisymmetric film-film collision as discussed in the 
introduction, the jet-film collision shows lots of local characteristics of 
sprays that merit further analysis. The best spray characteristics tend to 
simultaneously have a smaller SMD but also a uniform distribution of 
dispersed droplets. This motivates us to analyze the atomized droplets 
by using the Voronoi tessellation in the following. 

3.3. Dispersed droplet distribution by Voronoi tessellation 

To analyze the spatial distribution of dispersed droplets, Voronoi 
tessellation [33,34,59,60] has been used to identify the influence region 
for each dispersed droplet. As the 2D example at z = 0.0 shown in Fig. 7, 
Voronoi tessellation divides the entire space into many subspaces 
around droplets and guarantees every point in a subspace is closer to its 
corresponding droplet coordinate than other droplets. As a result, the 
points on a boundary between two subspaces have the same distance to 
the droplets belonging to the subspaces. Voronoi tessellation can be 
mathematically described as that, for each droplet j occupying the co-
ordinate xj, its influence region R(j) is defined as 

R(j)=
{

x∈Rn
⃒
⃒d0( x, xj

)
≤ d0(x, xk), for all k∕= j

}
(6)  

where x is the coordinate for a droplet in the Euclidean space Rn (n is the 
dimension), and d0 is the natural Euclidean metric (distance function). 

Fig. 7 shows the Voronoi diagram at different z coordinates. It is seen 
the dense spray with large number density of dispersed droplets or small 
Voronoi volumes and diluted spray with small number density of 
dispersed droplets or large Voronoi volumes. The dense spray mainly 
occurs close to z = 0.0 and is diluted as varying the z coordinate because 
the jet-film collision around z = 0.0 causes a large number of dispersed 
droplets. As shown in Fig. 8(a), as increasing the z coordinate, the PDF 
value decreases but the normalized volume at the peak of PDF increases, 
indicating the majority of Voronoi cells with small Voronoi volumes are 
distributed in the vicinity of the jet-film collision region, namely close to 
z = 0.0, in which min (A) is the minimum of all Voronoi volumes. 
Thereby, the number of droplets and mean Voronoi volume respectively 
decrease and increase as being away from the impact plane z = 0.0, as 
shown in Fig. 8(b). To quantitatively characterize the uniformity of 
dispersed droplets, the square deviation of Voronoi volumes is defined as 
s2 =

∑∞
i (Ai − Ai) /N and shown in Fig. 8(b). For locations being away 

from impact point, although the SMD shown in Fig. 6 is small, the square 
deviation s2 is large, indicating it is possibly unreasonable to evaluate 
the spray characteristics by only one indicator of either SMD or square 
deviation. 

Fig. 9 compares the SMD contour and Voronoi cells at z = 0.0 and 
z = 0.4. The results show that there is no prominent correlation between 
SMD and Voronoi volumes, for example, as the white squares 1 and 2 
shown in Fig. 9(a), the approximate SMD distribution leads to dense 
spray (small Voronoi volumes) in square 1 and dilute spray (large Vor-
onoi volumes) in square 2; similarly, for the approximately Voronoi cells 
shown in Fig. 9(a) and (b), the SMD at z = 0.4 is prominently larger than 
that at z = 0.0. It is inferred that both the Voronoi diagram and the SMD 
contour are significant to evaluate the spray characteristics because they 
reflect two different aspects of the spray. The SMD contour reflects the 

Fig. 8. Comparison of (a) probability density function (PDF) of Voronoi vol-
umes and (b) the discrete droplet number, mean Voronoi volume, and square 
deviation of Voronoi volumes at different z = 0.0 ∼ 0.6 for the representative 
case in Fig. 4. 
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time average of discrete droplets at a certain spatial location, whereas 
the Voronoi cells reflect the local characteristics of discrete droplet 
distribution at a certain time. The droplet clustering effects character-
ized by Voronoi tessellation in sprays influence the local combustion 
mode of spray combustion. The coupling effects of SMD and Voronoi 
distribution can benefit a complete sub-grid model for group combustion 
[33–35] in spray combustion, which provides some new understanding 
and theoretical references of the spray combustion and merits studies in 
the future. 

4. Effects of film thickness and width 

In the present study, the variation of mass flow rates mj and mf are 
achieved by varying injection areas, namely jet diameter D, film thick-
ness h, and width w, with approximately fixed injection velocities for the 
convenience of injection pressure drop control of a real throttleable 
pintle injector. This section focuses on numerically verifying the design 
idea as discussed in the introduction that adopting a traditional jet-film 
injection element at a large mass flow rate and a modified jet-jet injec-
tion element at a small mass flow rate to adjust the local momentum 

ratio and improve the spray characteristics during the entire throttleable 
range of mass flow rate. 

4.1. Effects of film thickness 

Fig. 10 shows the SMD contour and Voronoi diagram for different 
film thickness h but fixed film width w. As reducing mass flow rate by 
decreasing the film thickness, the 100%, 50%, and 25% throttleable 
levels in Fig. 10(a–c) respectively correspond to the local momentum 
ratio LMR of 2.24, 3.17, and 4.48, resulting in an increase of the spray 
angle from about 70◦ in Fig. 10(a) to approximately 90◦ in Fig. 10(c) and 
significantly deviated from the optimal spray angle. Although a thinner 
film in Fig. 10(c) is more easily to break up for itself, the effective impact 
inertia upon the jet-film collision is weakened, leading to the impact 
inertia distributed either along the axial direction for the film or the 
radial direction for the jet and thereby an extremely nonuniform dis-
tribution of dispersed droplets. This is because the radial jet is nearly 
uninfluenced by the axial film, where the breakup of the jet is merely 
controlled by jet instability instead of the synergetic mechanisms of jet- 
film interaction, and thereby the jet breakup is weakened with a large 

Fig. 9. Spatial distribution of SMD contour and Voronoi diagram at (a) z = 0.0 and (b) z = 0.4, respectively.  
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SMD distribution as shown in Fig. 10(c). In addition, the region area of 
nonzero SMD contour is reduced, and the region with relatively large 
SMD is enlarged decreasing the mass flow rate. 

To further characterize the spatial characteristics of sprays with 
varying mass flow rates, Fig. 11 quantitatively shows the PDF of discrete 
droplets diameter, PDF of Voronoi volumes, and the number, mean 
Voronoi volume, and square deviation for different film thicknesses. As 
decreasing the film thickness h, both the PDF value and the droplet 
diameter at the peak of PDF in Fig. 11(a) decrease slightly, indicating a 
thinner film favors smaller droplets but the number of small droplets is 

also reduced. The decrease of film thickness h results in an increased PDF 
value but a decreased Voronoi volumes at the peak of PDF for h =

0.13 mm, as shown in Fig. 11(b), which indicates a thinner film tends to 
generate some local clustering droplets with a smaller Voronoi volume 
(in other words the neighboring droplets are closer to each other), 
however, the droplet clustering is locally and the global uniformity of 
droplet distribution is reduced, as the increased square deviation shown 
in Fig. 11(c). A conclusion can be obtained that the spray characteristics 
of jet-film collision become worse by decreasing the film thickness for 
different mass flow rate conditions owing to the increased spray angle 

Fig. 10. Comparison of spray characteristics and SMD contour and Voronoi diagram at z = 0.0 for different film thicknesses. (a) h = 0.52 mm at 100% throttleable 
level, (b) h = 0.26 mm at 50% throttleable level, and (c) h = 0.13 mm at 25% throttleable level, with fixed w = 15 mm as decreasing the mass flow rate. 
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and nonuniformity of spray spatial distribution. 

4.2. Effects of film width 

Fig. 12 shows the SMD contour and Voronoi diagram for different 
film widths but the fixed film thickness. The transition from jet-film to 
modified jet-jet injection element is achieved by decreasing the film 
width w, and the continuous annular flow is thereby blocked to be 
several independent modified jet flows that one-by-one correspond to 
the radial jet flows. Again, as reducing mass flow rate by decreasing the 
film width, the 100%, 50%, and 25% throttleable levels in Fig. 12(a–c) 
respectively correspond to the local momentum ratio LMR of 2.24, 1.58, 
and 1.12, resulting in a decrease of the spray angle from about 70◦ in 
Fig. 12(a) to approximately 45◦ in Fig. 12(c), which is quite close to the 
empirical and optimal spray angle. This is because, in that situation with 
a fixed film thickness, the effective impact inertia of the film is 
approximately unchanged however the effective jet-film collision is 
enhanced because the jet diameter is decreased with the mass flow rate. 
The region area of nonzero SMD contour is reduced owing to the 
decrease in mass flow rate. In addition, owing to the enhanced effective 
impact between jet and film, apart from the axial direction for the film or 
the radial direction for the jet, the impact inertia can be also distributed 
along the resultant force direction, leading to the dispersed droplets 
showing a relatively uniform distribution. 

To further characterize the spatial characteristics of sprays with 
varying mass flow rates, Fig. 13 quantitatively shows the PDF of discrete 
droplet diameters, PDF of Voronoi volumes, and the number, mean 
Voronoi volume, and square deviation for different film widths. A 
prominent finding is that there are no substantial differences between 
the PDF of droplet diameter and Voronoi volumes as decreasing the film 
width w, indicating the spray angle or the spatial spray characteristics 
are insensitive to the variation of film width for different throttleable 
levels, which is convenient and preferable for the design of throttleable 
engines. It is seen that the number of dispersed droplets decreases and 
the square deviation of Voronoi volumes increases as decreasing the film 
width w, leading to enhanced nonuniformity of droplet distribution. 
However, the square deviation value for w = 3.75 mm at 25% throttle-
able level is about 0.03 and prominently smaller than that for h =

0.13 mm of 0.05, indicating the uniformity of droplet distribution of the 
former is better. Thus, it is concluded that the strategy of decreasing film 
width is superior to decreasing film thickness for variable mass flow rate 
conditions, owing to the improved uniformity of droplet distribution 
and approximately insensitive spray angle and SMD distribution for 
different throttleable levels. 

5. Conclusion 

The present paper numerically studied the spray characteristics of a 
simplified jet-film injection element. Compared to the film-film injection 
element, it presents the non-uniform distribution of dispersed droplets 
where the dense spray occurs around the jet and the jet-film interaction 
region and the dilute spray is distributed after the jet and other film 
regions without impacting with the jet, showing a non-monotonic 
variation of spray contour along the spanwise of liquid film and prom-
inent local characteristics of droplet clustering. 

To quickly prescreen designs of pintle injectors, the present numer-
ical study analyzed the spray characteristics based on both the Sauter 
Mean Diameter contour and the Voronoi tessellation. The results show 
that there is no prominent correlation between Sauter Mean Diameter 
and Voronoi volumes, but they reflect two different aspects of the spray. 
The Sauter Mean Diameter contour reflects the time average of discrete 
droplets at a certain spatial location, whereas the Voronoi cells reflect 
the local characteristics of discrete droplet distribution at a certain time. 
Thus, apart from the Sauter Mean Diameter substantially used in spray 
studies, the Voronoi tessellation characterizing the droplet clustering 
effects is also significant for the analysis of spray characteristics and the 

Fig. 11. Comparison of (a) PDF of discrete droplets diameter, (b) PDF of 
Voronoi volumes, and (c) the number, mean Voronoi volume, and square de-
viation for different film thicknesses h that shown in Fig. 10. 
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model of group combustion in sprays, which merits further study as an 
analysis method for the spray characteristics. The good spray charac-
teristics tend to simultaneously have a small Sauter Mean Diameter but 
also a uniform distribution of Voronoi cells for all dispersed droplets. 

Referring to the effects of film thickness and width on the spray 
characteristics of a jet-film injection element, it shows that decreasing 
film thickness leads to worse spray characteristics with increased spray 
angle and enhanced nonuniformity of droplet distribution, whereas 
decreasing film width can improve the uniformity of droplet distribution 
and approximately insensitive spray angle and droplet distribution for 

different throttleable levels, which is convenient and preferable for the 
design of throttleable engines. For a real pintle injector, the transition 
from jet-film to modified jet-jet injection element is achieved by 
decreasing the film width, and the continuous annular flow is thereby 
blocked to be several independent modified jet flows that one-by-one 
correspond to the radial jet flows. Thus, the numerical finding in the 
present paper verified a design concept that adopts traditional jet-film 
injection at a large mass flow rate and modified jet-jet injection at a 
small mass flow rate to maintain good spray performance during the 
entire throttleable levels. 

Fig. 12. Comparison of spray characteristics and overlapped SMD contour and Voronoi diagram at z = 0.0 for different film widths (a) w = 15 mm at 100% 
throttleable level, (b) w = 7.5 mm at 50% throttleable level, and (c) w = 3.75 mm at 25% throttleable level, with fixed h = 0.52 mm as decreasing the mass flow rate. 
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