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ABSTRACT

This article investigates the effect of surface radiation on the surface heat flux of a two-dimensional hypersonic panel flow by comparing
the surface heat fluxes of penetrating-radiative-equilibrium cases with those of constant-wall-temperature cases. A Du Fort–Frankel-type
difference scheme is applied to cases with different external flow properties and is verified by comparing the results under a constant-
wall-temperature boundary condition with self-similar solutions. Both laminar and turbulent flows are considered, and turbulence is
modeled using a Baldwin–Lomax turbulence model with the assumption that full-scale turbulence is reached at the leading edge. The
results show that the surface heat fluxes for laminar penetrating-radiative-equilibrium cases are greater by the order of 10% than those for
constant-wall-temperature cases with the same temperature value at the corresponding points. Though turbulent instances are substan-
tially more difficult, surface heat fluxes of penetrating-radiative-equilibrium cases are fairly similar to those of constant-wall-temperature
cases. These results serve as the foundation for a brief discussion of how parameters affect the outcome and the proposal of a modified ref-
erence enthalpy method that can be used to predict heat flux when surface radiation causes a streamwise variation in wall temperature.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0139774

I. INTRODUCTION

Ever since the first launch of the V-2 rocket in the 1940s, hyper-
sonic flow has attracted the attention of researchers. Well-known
studies in the field include the National Aerospace Plane (NASP)1 and
the Hyper-X2 programs. During the design of a hypersonic aircraft,
the problem of high temperatures on its surface has to be handled
properly before it is deemed suitable for practical use. In this context,
the use of thermal protection systems (TPSs) is effective and even
essential.

With recent developments in computer technology, computa-
tional aerothermoelasticity has attracted more interest and has been
applied to a wide range of objects related to hypersonic flows, includ-
ing TPS, hypersonic inlets, and composite wings.3–5 However, even
with the availability of high-performance computers, it is not always
feasible to implement a full-scale aerothermoelastic analysis using
computational fluid dynamics (CFD) and computational thermostruc-
tural dynamics (CTSD). Low-fidelity tools might be less accurate than
high-fidelity tools, but they impose much less of a burden on compu-
tational resources. Culler and McNamara6 showed that quasi-static
coupling and time-averaged dynamic coupling yielded almost identical
results to instantaneous dynamic coupling. For a low-fidelity approxi-
mation of the surface heat flux, McNamara and Friedmann7 suggested

the use of Eckert’s reference enthalpy method.8 Xie et al.3 analyzed the
effect of TPS size on the aerothermoelastic stability of a hypersonic
panel by using this method to compute the aerodynamic heat flux.
However, Eckert’s reference enthalpy neglects the effect of variations
in wall temperature on the flow field, which can be relevant for
vehicles like the Space Shuttle.9,10 A recent study conducted by Yang
et al.11 reveals that the surface heat flux of radiative-equilibrium cases
is significantly different from that of isothermal cases with the same
temperature because of the spatial variation in wall temperature. This
suggests that when such a kind of variation is present, approximation
methods developed for constant-wall-temperature cases, including
Eckert’s reference enthalpy method, may provide greatly inaccurate
predictions on surface heat flux.

In consideration of the application scenarios of the TPS, it is rea-
sonable for the passive TPS to utilize an outer layer that radiates heat
to the surrounding and a lower layer that insulates heat.12 A TPS based
on the advanced metallic honeycomb concept, for instance, consists of
a thermal insulation layer and a radiation shielding layer.6,13 Because
of the relatively low thermal conductivity of the outer layers, the tem-
perature at the interface between the layers and the fluid can be greatly
different from that at the inner surface of the layers. This also implies
a greater streamwise variation in the wall temperature of the flow field.
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For more practical purposes, we choose to investigate the effect of
surface radiation, or specifically the effect of spatial variation in wall
temperature caused by surface radiation, on the surface heat flux of
two-dimensional (2D) hypersonic panel flow by looking into penetrat-
ing-radiative-equilibrium cases and comparing the results of these
cases with those of the corresponding constant-wall-temperature cases.
With regard to the practical needs of empirical estimations of surface
heat flux, the method to predict surface heat fluxes for laminar cases
will also be discussed.

To avoid the influence of chemical reactions, the cases studied in
this paper are limited to the Mach number range of 4.5–6.5 and exter-
nal flow properties corresponding to the Earth’s atmosphere at geo-
metric heights of 25 000–40 000m.14 The leading tip of the panel is left
out of the discussion, not only because the numerical method applied
is less accurate in this area but also because the basic assumptions of
boundary-layer flow do not hold so well there.

II. GOVERNING EQUATIONS

An order-of-magnitude analysis of the Navier–Stokes (N–S)
equation for steady laminar panel flow reveals that the pressure is
nearly constant in the direction normal to the panel. Although this is
not necessarily so for hypersonic flow,10 we will still take the pressure
to be constant in the normal direction, since the Mach numbers that
we consider are in the lower hypersonic range. To simplify even fur-
ther, we assume that the velocity of the external flow is constant, and
the pressure is then constant in the entire flow field, thus eliminating
its streamwise derivative. The derivation of the equations below is
omitted for conciseness, but details can be found in numerous relevant
articles and textbooks (see, e.g., Refs. 10 and 15).

The governing equations for steady laminar panel flow are as
follows:

the continuity equation

@ðquÞ
@x

þ @ðqvÞ
@y

¼ 0; (1)

the momentum equation

qu
@u
@x

þ qv
@u
@y

¼ @

@y
l
@u
@y

� �
; (2)

the energy equation

qucp
@T
@x

þ qvcp
@T
@y

¼ @

@y
k
@T
@y

� �
þ l

@u
@y

� �2

; (3)

and the equation of state

p ¼ qRT: (4)

The viscosity coefficient l, thermal conductivity k, and specific heat at
a constant pressure cp are assumed to be functions of temperature T.
In the calculations, their values are obtained through interpolation
based on the available data.16,17 The ideal gas law is used for the equa-
tion of state because the cases studied in this article do not involve
excessively low temperature or high pressure.

The boundary conditions at the outer edge of the flow field are
simply

y ! 1 : u ! ue; T ! Te;

where the properties of the external flow outside of the boundary layer
are indicated by subscript e.

At the wall boundary, the no-slip condition is imposed,

y ¼ 0 : u ¼ 0; v ¼ 0:

The temperature boundary condition on the wall for a constant-wall-
temperature boundary is

y ¼ 0; T ¼ Tw:

To derive the temperature boundary condition for the penetrat-
ing-radiative-equilibrium case, let us first consider the heat con-
vection within the outer layers of the panel. The longitudinal
convection of heat within the layers can be neglected, since the
vertical scale of the layers should be much smaller than the longi-
tudinal scale, and physically, the vertical gradient should be much
greater than the longitudinal gradient. Since we are dealing with
steady cases, the penetrating heat flux should be preserved as it
passes through the layers. Therefore, the value k@T=@y should be
constant along the vertical direction. Assuming that the heat con-
ductivity for each layer is constant, we may deduce that the tem-
perature is linearly distributed in the vertical direction within
each layer. Through simple calculations, we may obtain the pene-
trating heat flux,

qp ¼
Tjy¼0 � TinnerX

i

hi
ki

;

where ki and hi are the thermal conductivity and thickness of the ith
layer, respectively, while Tinner is the temperature of the inner surface
of the layers. In the calculations, we assume that there are two layers,
namely, the radiation shield layer and the thermal insulation layer,
and that their properties do not vary with temperature. The properties
are set as k1 ¼ 0:250 W/m/K, h1 ¼ 2:0 mm, k2 ¼ 0:0258 W/m/K,
and h2 ¼ 10:0 mm, the same as those specified in Ref. 6, and Tinner is
taken as 300K. Based on the discussion above, the temperature bound-
ary condition on the wall for a penetrating-radiative-equilibrium
boundary is

y ¼ 0 : k
dT
dy

¼ erðT4 � T4
envÞ þ

T � TinnerX
i

hi
ki

;

where r is the Stefan–Boltzmann constant, � is the surface emissivity of
the wall, and Tenv is the temperature of the surrounding environment.

In the case of turbulent flow, the order-of-magnitude analysis
shows that pressure variation across the boundary layer is still small,
and so it can be neglected in boundary-layer approximations.18 Here,
we adopt the zero-equation Baldwin–Lomax model,19 where the basic
form of the governing equations is identical to the laminar case. The
physical properties q, u, and T are replaced by their time-averaged val-
ues, while the coefficients l and k are modified by the addition of
terms lT and kT. For the penetrating-radiative-equilibrium case, we
neglect terms that have smaller order of magnitude values than the
main terms, and so the boundary conditions are also of the same form
as the laminar case.
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III. CALCULATIONMETHOD

The Du Fort–Frankel-type (D–F-type) difference schemes are a
type of difference scheme that can be used to solve a variety of equa-
tions such as boundary-layer equations, advection–diffusion equa-
tions, and even Schr€odinger equations.4,20,21 In the typical Du
Fort–Frankel (D–F) difference method for boundary-layer equations,
during the computation process of the diffusive terms, the value of a
variable at the current step is replaced by the average of its values at
the following streamwise step and the previous streamwise step. This
method does not require any iterative calculations, and it is relatively
tolerant of the spacing configuration. A D–F-type difference method is
adopted in this article because of its outstanding simplicity and stabil-
ity. The only difference between it and the typical D–F difference
method is the application of higher-order expansions to approximate
the first-order streamwise derivatives and the assumption that spac-
ings in the y direction are equal (see, e.g., Ref. 15 for the formulation of
the typical D–F difference method). Since the calculation method itself
is not the focus of this article, the detailed discretization process for
laminar cases is relegated to Appendix A.

When turbulence is taken into account, the coefficients l and k
in the momentum equation and the energy equation are replaced by
lþ lT and kþ kT , where lT and kT are determined using the
Baldwin–Lomax model.19 The details of the formulation of the coeffi-
cients and the underlying reasons are omitted here for conciseness,
but we should point out that the laminar-to-turbulent transition is not
considered owing to its complexity. Apart from this, the formulation
and turbulence-relevant constants utilized are the same as suggested
by Baldwin and Lomax.19

IV. RESULTS AND DISCUSSION
A. Verification of method

Cases subjected to the constant-wall-temperature boundary con-
dition are first investigated in order to assess the method’s validity and
accuracy. The results are then contrasted with those from self-similar
solutions. The surface heat flux deviates notably from the theoretical
value at the leading edge, but it quickly returns to the theoretical value
as x increases. When the intervals in the x and y directions are
Oð10�6Þ, the maximum relative deviations of the surface heat flux for
multiple cases with x coordinate ranging from 0.1 to 2.0 m are found
to be of the order of 0.1%.

Owing to a lack of relevant research and experimental data con-
cerning penetrating-radiative-equilibrium boundaries in the literature,
the results of cases with such boundaries cannot be verified by com-
paring with the existing data. For these cases, we validate the conver-
gence of our scheme and our selection of the magnitudes of the
intervals in the x and y directions by halving and doubling these inter-
vals in some of the cases and comparing the results with the original
ones. Again, the maximum relative deviations of the surface heat flux
are of the order of 0.1% for these cases, with the x coordinate ranging
from 0.1 to 2.0m.

So far, we can conclude that the D–F-type difference method
used in this article is capable of generating results with sufficient accu-
racy under certain ranges of flow field properties. Another observation
is that the accuracy of the method generally falls slightly when the wall
temperature approaches the adiabatic wall temperature. However, for
cases with penetrating-radiative-equilibrium boundaries, the wall

temperature should vary greatly from the adiabatic wall temperature
except at the leading edge.

B. Overview of results

We now present a brief overview of the results concerning surface
heat transfer. Figure 1 shows how the surface temperature varies with
the x coordinate for two specific cases subjected to the penetrating-
radiative-equilibrium boundary condition: one laminar and one turbu-
lent. While the surface temperature for the turbulent case is higher
than that for the laminar case, it falls smoothly with x for both cases.

Although there is a streamwise variation in the wall temperature
caused by surface radiation, the streamwise derivative of the tempera-
ture is obviously much smaller than its normal derivative, just as sug-
gested by the order-of-magnitude analysis. One might have expected
the surface heat transfer to be rather close to that in the constant-wall-
temperature cases, but, as suggested by our results, this is not necessar-
ily true.

For brevity, we denote by h the ratio of the surface heat flux at a
specific point under the penetrating-radiative-equilibrium boundary
condition to the heat flux at the same point under the constant-wall-
temperature boundary condition (with the constant wall temperature
taken to be that at the given point in the penetrating-radiative-equilib-
rium case). The degrees to which h deviates from 1 indicate the magni-
tude of the effect of surface radiation on the surface heat flux. They
also show the roughly expected amount of relative errors when apply-
ing methods based on the results of constant-wall-temperature cases
to estimate the surface heat flux in situations where the wall tempera-
ture varies spatially because of surface radiation.

For the cases we have investigated, h varies in the range of
1.00–1.20. The surface heat flux for the penetrating-radiative-equilib-
rium case is always larger than that for the corresponding constant-
wall-temperature case, as shown by the fact that h is always greater
than 1. This is not surprising since for any point on the wall, the
upstream wall temperature is always greater than the temperature at

FIG. 1. Variation of wall temperature with x for two sample cases, where
Mae¼ 5.0, height ¼ 30 000 m, and e ¼ 0:7.
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that point, recalling the fact that the wall temperature always decreases
with x. In comparison, h for turbulent cases is much smaller than that
for laminar cases, varying only in the range of 1.00–1.06. Additionally,
only for small x does h in turbulent cases vary considerably with x,
dropping from values as high as 1.05 at x¼ 0.1 m to as high as 1.03 at
x¼ 0.4 m. Since the transition from laminar to turbulent flow is not
modeled in our calculation, we expect that the values of h at larger x
would better reflect the circumstance of a full-scale turbulent flow.
Assuming that the Baldwin–Lomax model is at least qualitatively cor-
rect for our cases and that other effects, such as chemical reactions, are
left out, we can deduce that the effect of surface radiation on the sur-
face heat flux for a full-scale turbulent flow is much smaller than that
for a laminar flow with the same external flow properties.

Since the focus of this article is on surface heat transfer, the data
regarding the Reynolds analogy factor for laminar cases are relegated
to Appendix B.

C. Parametric analysis

The main parameters studied in this article are the Mach num-
ber, the corresponding geometric height of the external flow, and the
surface emissivity. Figures 2–7 show the influence of these parameters
on the effect of surface radiation on heat flux. We observe the
following:

1. The Mach number is negatively correlated with the ratio h, for
both laminar and turbulent cases. This is mainly because the
adiabatic wall temperature and the surface heat flux increase
rapidly with the Mach number, thereby diminishing the influ-
ence of surface radiation on the surface heat flux from a relative
perspective.

2. The corresponding height is negatively correlated with h for lam-
inar flow. This might result from the increase in external flow
temperature with the corresponding height. For turbulent flow,
the dependence of h on the corresponding height is not so appar-
ent, and the reason behind this is yet to be verified.

3. The surface emissivity is negatively correlated with the ratio h
for both laminar and turbulent cases. This may seem counterin-
tuitive in the first place since higher surface emissivity implies a
stronger effect of surface radiation. However, a higher surface
emissivity brings the wall temperature closer to the temperature
of the surrounding environment and the temperature of the
inner surface of the panel layers. Intuitively, the x-wall tempera-
ture curves of cases with greater values of surface emissivity
would be flatter except at the leading edge, and therefore, their
surface heat fluxes would be closer to their corresponding con-
stant-wall-temperature cases. In terms of the magnitude of the
influence of the parameters on h, the surface emissivity appears
to be less influential than the Mach number and the correspond-
ing height.

D. Implications

It is clear from the results obtained from the D–F-type difference
scheme that the ratio h for laminar flow varies smoothly with x and
the parameters, namely, the Mach number, corresponding height, and
surface emissivity. The issue is more complicated for turbulent cases,
possibly because we have neglected laminar–turbulent transition.
However, we have shown that the laminar and turbulent cases
exhibit a similar trend in the variation of h with the Mach number
and surface emissivity. This implies that the idea of utilizing a ref-
erence enthalpy may still be practicable in situations where surface
radiation is present.

The relative error of the calculations in this article conducted
using the D–F-type difference method is expected to be Oð0:1%Þ.
Modifications to the method, such as reducing the intervals in x
and y, are necessary if a higher level of accuracy is required. Apart
from this, future studies could focus on the effect of surface radia-
tion on turbulent flows, especially with regard to the stability of
laminar boundary layers and the transition from laminar to turbu-
lent flow.

V. MODIFIED REFERENCE ENTHALPY METHOD

Since Eckert’s reference enthalpy method typically provides good
predictions on the surface heat fluxes for constant-wall-temperature
cases, it should come as no surprise that Eckert’s reference enthalpy
method under-predicts the surface heat flux for penetrating-radiative-
equilibrium cases by the order of 10%, as shown in Fig. 8.

Based on the results obtained from the D–F-type difference
scheme, we propose a modified reference enthalpy method for laminar
flow with high surface emissivity. The basic form of this method is
assumed to be the same as that of Eckert’s reference method,8,10

h� ¼ ahe þ ð1� aÞhw þ br
c� 1
2

� �
Ma2ehe; (5)

C�
H ¼ c1

ðRe�xÞc2
Pr�ð Þ�2=3

; (6)

haw ¼ he þ r
u2e
2
; (7)

qw ¼ q�ueC�
H haw � hwð Þ: (8)

Physical quantities with an asterisk are evaluated at the reference
enthalpy,

FIG. 2. Variation of h with x for laminar cases with different Mach numbers, where
height ¼ 30 000 m and e ¼ 0:7.
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q� ¼ pe
RT� ; Re�x ¼

q�uex
l�

; Pr� ¼ l�c�p
k�

:

Recovery factor r is assumed to be 0.845, and c is assumed to be 1.4.
To determine the value for other parameters, we have chosen a and b
as the optimization variables. For each set of values of a and b, the
corresponding values of c1 and c2 are determined using the weighted
nonlinear least squares method and part of the results of penetrating-
radiative-equilibrium cases provided by the difference scheme,
with the optimization goal being to maximize the coefficient of
determination.

The optimal parameters we obtain from the optimization process
are a ¼ 1:12; b ¼ 0:43; c1 ¼ 0:3688, and c2 ¼ 0:5009, and the asso-
ciated coefficient of determination is greater than 0.999. This set of

parameters allows for a good estimation of the surface heat fluxes for
penetrating-radiative-equilibrium cases, as shown in Fig. 9. In most
cases, the relative difference between surface heat fluxes calculated
using this method and those we obtained using the D–F-type differ-
ence scheme is less than 2%.

For penetrating-radiative-equilibrium cases, the method can also
give a quick and accurate approximation of the wall temperature dis-
tribution by setting the estimation of surface heat flux equal to the
sum of heat radiated away from the surface and heat penetrating
through the surface layers. For instance, if the external flow properties
and a specific value of wall temperature are given, the surface heat flux
can be obtained from the temperature boundary condition. The
expression for the Stanton number and the reference enthalpy can

FIG. 3. Variation of h with x for turbulent cases with different Mach numbers, where
height ¼ 30 000 m and e ¼ 0:7.

FIG. 4. Variation of h with x for laminar cases with different corresponding heights,
where Mae¼ 5.0 and e ¼ 0:7.

FIG. 5. Variation of h with x for turbulent cases with different corresponding
heights, where Mae¼ 5.0 and e ¼ 0:7.

FIG. 6. Variation of h with x for laminar cases with different surface emissivities,
where height ¼ 30 000 m and Mae¼ 5.0.
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then be used to solve the corresponding x. Figure 10 gives an example
of how well the surface temperature is estimated using the modified
reference enthalpy method for a particular penetrating-radiative-equi-
librium case. As can be seen, Eckert’s reference enthalpy method
under-predicts the surface temperature by around 10–20K, whereas
the approximation of the modified reference enthalpy method deviates
no more than 3K from the results from the difference scheme.
Nevertheless, it is important to keep in mind that the accuracy of the
modified reference enthalpy method would likely fall if it were applied
on the leading edge or on cases where the surface emissivity is too
small.

VI. CONCLUSIONS

Laminar and turbulent boundary-layer flows with a penetrating-
radiative-equilibrium boundary have both been studied, and it has
been discovered that if the spacing is small enough, the Du
Fort–Frankel-type difference scheme can provide a sufficient level of
accuracy. Although this scheme involves an iterative solution proce-
dure on the wall boundary, it is still relatively easy to implement. Its
accuracy has been verified by comparing the results with analytical val-
ues as well as the results after halving and doubling the intervals.

FIG. 7. Variation of h with x for turbulent cases with different surface emissivities,
where height ¼ 30 000 m and Mae¼ 5.0.

FIG. 8. Scatter diagram of surface heat flux calculated by difference scheme and
ratio of estimation of surface heat flux by Eckert’s reference enthalpy method to
that calculated by difference scheme for penetrating-radiative-equilibrium cases.

FIG. 9. Scatter diagram of surface heat flux calculated by difference scheme and
ratio of estimation of surface heat flux by the modified reference enthalpy method to
that calculated by difference scheme for penetrating-radiative-equilibrium cases.

FIG. 10. Comparison of estimated values of wall temperature using reference
enthalpy method and numerical results in Sec. IV for a sample laminar case, where
height ¼ 30 000 m, Mae¼ 5.0, and e ¼ 0:7.
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The heat fluxes for penetrating-radiative-equilibrium cases are,
according to the scheme’s results, greater by the order of 10% than
those for constant-wall-temperature cases with the same temperature
value at the corresponding points. When the Mach number is in the
lower hypersonic range or the corresponding height is low, the differ-
ence is more pronounced, indicating higher impacts of surface radia-
tion on the surface heat flux. The results have also revealed that
Eckert’s reference enthalpy method under-predicts the surface heat
flux by the order of 10% when there is a spatial variation in wall tem-
perature brought on by surface radiation.

Based on these results, a modified reference enthalpy method for
laminar flow under the influence of surface radiation is proposed, and
the parameters are calibrated using an optimization process. The
approximations provided by this method match the results from the dif-
ference scheme quite well. The findings in this paper have not yet been
confirmed by an experiment since there is a dearth of experimental data
about penetrating-radiative-equilibrium boundaries in the literature.

The transition from laminar to turbulent flow, streamwise varia-
tion in external flow properties, and the difference between steady and
unsteady flows are only a few of the significant effects outside the pur-
view of this article that must be taken into account in actual scenarios.
Therefore, further research is needed to determine how surface radiation
affects the surface heat flux of an actual unsteady boundary-layer flow.
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APPENDIX A: DISCRETIZATION PROCESS FOR
LAMINAR CASES

The detailed discretization process for laminar cases is as
follows:

1. The first-order derivatives in the convective terms of the equa-
tions are approximated as

@/
@x

� �
i;j
¼ 2Dx� þ Dx��

ðDxþ þ Dx�ÞðDxþ þ Dx� þ Dx��Þ/iþ1;j

� Dx� � Dxþ þ Dx��
Dx��ðDx� þ DxþÞ /i�1;j

� Dxþ � Dx�
Dx��ðDxþ þ Dx� þ Dx��Þ/i�2;j

þ OðDx2�� þ Dx2� þ Dx2þÞ (A1)

and

@/
@y

� �
i;j

¼ /i;jþ1 � /i;j�1

2Dy
þ OðDy2Þ; (A2)

where Dx�� ¼ xi�1 � xi�2; Dx� ¼ xi � xi�1, and Dxþ ¼ xiþ1

�xi. In the above expressions, / ¼ u for the momentum equa-
tion and / ¼ T for the energy equation. We have chosen the
value of / at step i � 2 instead of i in our approximation to
enhance the stability of the method.

2. The diffusive terms are approximated as

@

@y
k
@/
@y

� �� �
i;j

¼ 1
Dy

ki;jþ1
2

/i;jþ1 � �/ i;j

Dy
� ki;j�1

2

�/i;j � /i;j�1

Dy

 !

þ O
Dx2� þ Dx2þ

Dy2
þ Dy2

 !
; (A3)

where

ki;jþ1
2
¼ 1

2
ðki;j þ ki;jþ1Þ;

ki;j�1
2
¼ 1

2
ðki;j þ ki;j�1Þ;

�/ i;j ¼
Dxþ

Dxþ þ Dx�
/i�1;j þ

Dx�
Dxþ þ Dx�

/iþ1;j:

In the above expressions, / ¼ u and k ¼ l for the momentum
equation and / ¼ T and k ¼ k for the energy equation.
Although a term OððDx2� þ Dx2þÞ=Dy2Þ appears in the trunca-
tion error, the coefficient of its leading term is Oðk@2/=@x2Þ,
which is rather small for boundary-layer flow.15

3. The viscous dissipation term in the energy equation is approxi-
mated as

l
@u
@y

� �2
 !

i;j

¼ li;j
ui;jþ1 � ui;j�1

2Dy

� �2

þ OðDy2Þ: (A4)

4. The continuity equation is approximated as

@ðquÞ
@x

� �
iþ1;jþ1

2

¼ Dxþ
Dx�ðDx� þ DxþÞ

ðquÞi�1;j�1 þ ðquÞi�1;j

2

� Dx� þ Dxþ
Dx�Dxþ

ðquÞi;j�1 þ ðquÞi;j
2

þ Dx� þ 2Dxþ
Dx�ðDx� þ DxþÞ

ðquÞiþ1;j�1 þ ðquÞiþ1;j

2

þ OðDx2� þ Dx2þÞ (A5)

and

@ðqvÞ
@y

� �
iþ1;jþ1

2

¼ ðqvÞiþ1;jþ1 � ðqvÞiþ1;j

Dy
þ OðDy2Þ: (A6)

5. The boundary conditions at the outer edge are specified as

ui;jmax ¼ ue; Ti;jmax ¼ Te:

The boundary conditions on the wall are specified as
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ui;1 ¼ 0; vi;1 ¼ 0;

Ti;1 ¼ Tw for a constant-wall-temperature boundary;

kðTi;1Þ 4Ti;2 � Ti;3 � 3Ti;1

2Dy
¼ erðT4

i;1 � T4
e Þ þ

Ti;1 � TinnerX
i0

hi0

ki0

for a penetrating-radiative-equilibrium boundary:

8>>>>>><
>>>>>>:

In the case of a penetrating-radiative-equilibrium boundary, the
wall temperature is solved iteratively.

Since the approximations involve the flow properties from step
i � 2 to iþ 1, lower-order approximations are applied at the first
and second streamwise steps of the flow field.15,22

APPENDIX B: VARIATION OF THE REYNOLDS
ANALOGY FACTOR WITH X

Figures 11–13 show the variation of the Reynolds analogy fac-
tor s with x for laminar cases with different parameters. Here, s is
given by

s ¼ c�f
2C�

H

with

c�f ¼
sw

1
2
q�u2e

;

C�
H ¼ qw

q�ueðhaw � hwÞ :

The physical quantities with an asterisk are evaluated at the refer-
ence enthalpy given by our modified reference enthalpy method, as
described in Sec. V
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