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ABSTRACT

In this study, oblique-shock/bow-shock interference is theoretically and numerically studied with two incident shock waves. The transition
criteria between the two modes of multiple shock–shock interference, i.e., the concomitant-jet (CJ) and dual-jet (DJ) modes, are given. The
oblique shock relationship and shock polar analysis are utilized to obtain the analytical solution of the transition condition. The theoretical
results indicate the existence of a dual solution interval (DSI) that widens with increasing Mach number and narrows with increasing deflec-
tion angle induced by the first incident shock wave. The DSI obtained by numerical simulation is considerably narrower than that theoreti-
cally predicted due to the advanced CJ!DJ and DJ!CJ transitions. The analysis reveals that the transitions are advanced due to the
downstream disturbance and secondary waves in the flow field.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0146200

NOMENCLATURE

D diameter of the cylinder
Ir dimensionless position parameter of the incident

shock wave
k flow parameters in region (k)

Mu upstream Mach number
Ma Mach number

Ma1 freestream Mach number
p pressure
p0 stagnation pressure
R radius of the cylinder

Tw wall temperature
x, y horizontal and vertical coordinates
b shock angle

bmax maximum shock angle
c specific heats ratio equals 1.4

Dt flow characteristics time
h flow deflection angle

hi
Det, hi

St, hi
vN critical angle of hi for detachment condition, sta-

tionary condition, and von Neumann condition,
respectively. i ¼ 1, 2.

hmax maximum flow deflection angle
n pressure ratio
/ turning angle of the compression ramp

I. INTRODUCTION

Hysteresis is a general property of multi-stable systems that
depends on their evolutionary history.1 The hysteresis in steady shock
wave reflection is best known, but it has been investigated through a
long and tortuous process. In the late 1870s, Ernst Mach2 experimen-
tally recorded two different shock-wave reflections, i.e., regular reflec-
tion (RR) and Mach reflection (MR), and laid the foundations for the
generous studies on shock wave reflection. Von Neumann3 first intro-
duced the two critical conditions between the RR$MR transition: the
detachment and von Neumann conditions. Beyond the detachment
condition, the RR configuration is theoretically impossible, and below
the von Neumann condition, the MR configuration no longer exists.
Hornung et al.4 hypothesized that hysteresis could exist in the
RR$MR transition. However, both Henderson and Lozzi5 and
Hornung and Robinson6 did not observe hysteresis in their experi-
ments. They concluded that the RR wave configuration is unstable in
the dual solution interval (DSI). Chpoun et al.7 were the first to
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experimentally record the stable RR configuration inside DSI and a
wedge-angle-induced hysteresis in the RR$MR transition. Then,
Vuillon et al.8 numerically obtained both stable RR and MR configura-
tions for the same Mach numbers and wedge angles. The above-
mentioned experimental and numerical studies kindled the interest of
researchers on the hysteresis in the RR$MR transition. Ben-Dor et al.9

and Hornung10 reviewed the literature related to this subject. The persis-
tent interest of the scientific community on hysteresis is due to not only
its academic background but also its important impact on flight perfor-
mance at supersonic speeds.9 Consequently, many researchers11–14 have
discussed hysteresis loops in geometries that resemble the geometries of
components of flight vehicles.

Shock–shock interference15–19 (SSI) of a single oblique shock
wave intersecting with a bow shock has been extensively studied in the
past 50 years since Edney’s pioneering work.20 Type IV SSI has
received significant attention because it produces severe aero-heating15

and is rich in complex flows.21 This configuration can be commonly
found in the internal and external flow fields of hypersonic vehicles.
However, under certain circumstances, a considerably more complex
phenomenon may arise wherein multiple shock waves intersect a bow
shock at bordering locations, which is called multiple SSI (MSSI).
MSSI can be observed when compression shock waves of multi-stage
compression surfaces fail to converge at the inlet entrance or when an
unexpected shock wave is generated due to the separation of the
boundary layer from the compression corner. MSSI can also be
observed at the leading edge of wings or fins when extra shocks are
generated because of the separation of the boundary layer of the fuse-
lage. In addition to the inherent flow involved in classical SSI, MSSI
comprises complicated and interesting flow physics and is worthy of
further study.

The interference between multiple oblique shock waves, notably
the shock interference for double-wedge22–24/-cone25,26 configurations,
has received some attention. Olejniczak et al.27 numerically repre-
sented the inviscid shock interactions for double-wedge geometries
and identified the transition criteria between the various interactions.
Hu et al.28 numerically confirmed the existence of an overall MR
(oMR) configuration with double inverse MR (InMR) patterns for a
double-wedge geometry. They proposed a geometric criterion for the
transition between RR and MR for a double-wedge geometry.29

Considering nonequilibrium high-temperature gas effects, Xiong
et al.30 examined the transition of type V SSI for a double-wedge
geometry. In recent years, numerous studies31–33 have focused on the
influence of the real-gas effect on interference characteristics over
double-wedge and double-cone configurations. Guan et al.34 stated
that shock reflection for the double-wedge configuration is usually
studied without considering a reflecting surface. They placed a reflect-
ing surface at the intersecting point of two incident shock waves and
studied the shock reflection with double incident shock waves.35,36

According to Guan et al., three types of reflections may occur when
two incident shock waves are reflected at the same point: RR, pre-MR,
and post-MR. Analogously, MSSI can be obtained by replacing the
reflecting surface with a bow shock wave.

To date, few studies have been conducted on MSSI. Wieting37

was the first to conduct detailed experiments on the shock interactions
of two incident oblique shock waves. Two types of MSSI patterns were
observed: concomitant-jet (CJ) and dual-jet (DJ) patterns. The CJ pat-
tern constitutes two supersonic jets separated from each other by a

shear layer, while the DJ pattern constitutes two jets separated by a
subsonic region. This experiment was numerically repeated by Hsu
and Ijaz,38 who determined that the pattern of DJ identified in the
experiment exists only temporarily and eventually transforms into
the CJ pattern. They inferred that the CJ pattern is the only possible
quasi-steady-state solution. Since then, no further studies have been
conducted on these two patterns of MSSIs, except the study on the dis-
tribution characteristics of surface heat transfer by Jiang et al.39 and
verification for the numerical scheme by Hsieh et al.40

This study aims to clarify three issues. The first is the critical con-
dition for DJ interference, i.e., verifying whether the DJ mode is stable.
The second is to numerically confirm the DJ pattern, since the numeri-
cal results of the steady DJ pattern have not been reported in the litera-
ture. The third is to analyze the transition criterion between the two
patterns of MSSI and determine whether hysteresis exists.

This study attempts to investigate the aforementioned three
issues within the context of the inviscid flow of a perfect gas. The tran-
sition criteria of MSSI are established through shock polar analysis.
Numerical simulations are performed to determine the detailed flow
structures and verify the hysteresis. This paper is organized as follows.
In Sec. II, the conditions to obtain CJ and DJ patterns in MSSI are the-
oretically derived. In Sec. III, numerical simulations are presented to
support the theoretical results and depict more detailed flow structures
for MSSI. Moreover, discrepancies between the theoretical and numer-
ical results are analyzed. Conclusions are presented in Sec. IV.

II. THEORETICAL ANALYSIS

The geometric description of MSSI is provided in Sec. IIA.
Criteria, assumptions, and shock theory are given in Sec. II B. The suf-
ficient condition for CJ!DJ transition and the necessary condition for
DJ!CJ transition are presented in Sec. IIC. The theoretically obtained
DSI is shown in Sec. IID.

A. Geometry description

Figure 1 displays the geometric configuration of the MSSI studied
herein. The first incident shock wave K1A intersects with the strong
portion of the bow shock wave and induces type IV SSI. The second
incident shock K2I intersects with the transmitted shock of K1A, i.e.,
AI, and completes the MSSI. MSSI in other shapes can be produced by
changing the intersection positions of the two incident shock waves.
For example, K1A is incident on the supersonic portion of the bow
shock wave or K2I intersects with the bow shock segment BC. Among
all the possible interferences, the configuration shown in Fig. 1 is par-
ticularly interesting and needs to be studied. The MSSI transitions
determined by Hsu and Ijaz38 also occur within this configuration.

The transition criterion of MSSI is based on the types of shock
reflection at the intersection point. As shown in Fig. 2, RR [Fig. 2(a)]
and MR [Fig. 2(b)] can occur at point I, corresponding to the CJ and
DJ patterns of MSSI, respectively. The transition of MSSI is not sub-
stantially different from that of an asymmetric shock reflection but is
more complex. In this case, one incident shock wave is replaced by the
transmitted shock wave of MR (AI in Fig. 1), the parameters of which
are unknown and need to be solved. Another issue that needs to be
clarified is whether the transmitted shock wave AI is strong enough to
generate MR at point I.
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B. Assumptions and shock polar

Next, the transition condition is theoretically solved. The fol-
lowing two assumptions are made. First, K2I initially intersects with
AI. Second, AI is assumed to be straight, that is, the influence of
secondary waves is ignored. Classical shock relationships for perfect
gas are used herein. As shown in Figs. 1 and 2, the overall flow field
is divided into several flow regions. The flow is uniform in regions
(0)–(2) and considered uniform in infinitely small regions near the
intersection points of shock waves in regions (3)–(12). The sub-
script k is used to denote the flow parameters in the region (k).
Pressure–deflection (p–h) shock polars are utilized to illustrate the
derivation of the MSSI transition criteria. C(k) denotes the shock
polar, along which the locus of all the flow states downstream of
any shock wave generated in region (k) is present. The entire region
behind a planner shock wave can be represented by a single point
on the (p–h) diagram. The flow deflection angle h and pressure
ratio n across an oblique shock wave can be obtained by the
upstream Mach number M and shock angle b, respectively, which
are given as

h ¼ hðc;M;bÞ ¼ arctan
2 cot b M2 sin2b� 1

� �
M2ðcos 2bþ cÞ þ 2

( )
; (1)

n ¼ nðc;M; bÞ ¼ 1þ 2c
cþ 1

M2 sin2b� 1
� �

: (2)

Here, c denotes the ratio of specific heat, which is 1.4 in this study.
The flow deflection angle is assumed to be positive if it deflects toward
the shock wave. The transition criteria are displayed by the shock polar
diagram (Fig. 3). Polar C(0) is the locus of the flow state downstream
of the incoming flow (0). Given that the flow deflection angle across
K1A is h1, the flow parameters in region (1) lie at the point (h, p/p1)
¼ (h1, p1/p1). Polar C(1) is the locus of the flow states connected to
the state (h1, p1/p1) by any shock wave, which may be a weak solu-
tion, such as oblique shock K2I, or a strong solution, such as a Mach
stem II’ [Fig. 2(b)]. An intersection exists between polars C(0) and
C(1). This intersection yields two flow states: state (3) downstream of
the Mach stem (denoted as AD in Fig. 1) and state (5) downstream of
the transmitted shock (denoted as AI in Fig. 1). Thus, the intersection
of polar C(0) and C(1) represents the upper triple point formed by the

FIG. 1. Illustration of the MSSI configuration with the second incident shock K2I
intersecting with the transmitted shock AI.

FIG. 2. Types of shock interference/
reflection at point I: (a) type I, RR and (b)
type II, MR.

FIG. 3. Critical pressure–deflection shock polars for MSSI at M0 ¼ 8.0 and h1
< h1

St.
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intersection of K1A and the bow shock wave AD (Fig. 1). Starting
from state (5), polar C(5) is the locus of the flow states connected to
state (5) by any shock, which may be a weak solution, such as trans-
mitted shock [IJ in Fig. 2(a)], or a strong solution, such as a Mach
stem [II’ in Fig. 2(b)]. Polar C(5) intersects with the upper part of polar
C(1), producing another triple point, which is denoted as I’ in Fig. 2
(b). The flow parameters in regions (1), (3), and (5) can be determined
byM0 and h1.

C. Transition criterion

Next, the necessary condition for DJ!CJ transition is considered,
i.e., the von Neumann condition h2

vN (M0, h1) to produce RR at point I
[Fig. 2(a)]. The von Neumann condition is satisfied when the pressure
downstream of an infinitely small strong shock wave [II’ in Fig. 2(b) for
reference] is balanced by the pressure in regions (7) and (8),

p7 ¼ p8 ¼ p10=11: (3)

In the shock polar diagram (Fig. 3), state (10) is represented by the
intersection point of polars C(1) and C(5). Hence, Eq. (3) is satisfied
when C(2) passes through the intersection point between polars C(1)
and C(5), as shown by CvN (2) in Fig. 3.

The sufficient condition for CJ!DJ transition, i.e., the detach-
ment condition h2

Det (M0, h1) to produce MR at point I [Fig. 2(b)], is
realized when the shock polar C(2) is tangent to polar C(5), as repre-
sented by CDet (2) in Fig. 3. An intermediate angle h2

St (M0, h1) exists
between h2

vN (M0, h1) and h2
Det (M0, h1), wherein the SL stemming

from I is parallel to the flow in the region (1). In other words, the flows
of regions (1), (11), and (12) are in the same direction. The intersec-
tion of C(1) and CSt (2) indicates a stationary MR (StMR). SL is
denoted as a parallel slip line of the lower triple point: lower parallel
slip line (LpSL). When h2

vN < h2 < h2
St, the polar Ca(2) intersects the

upper-left part of C(1) and signifies an InMR. In this case, the lower
slip line deflects downward, which is denoted as the downward slip
line of the lower triple point: lower downward slip line (LdSL). When
h2

St < h2 < h2
Det, the polar Cb(2) intersects the upper-right part of

C(1) and signifies a direct MR (DiMR). The slip line stemming from I
deflects upward and is denoted as the upward slip line of the lower tri-
ple point: lower upward slip line (LuSL).

Moreover, a critical angle h1
St exists; in this case, the slip line

originating from the triple point A is parallel to the flow in region
(1). Figure 3 illustrates the shock polar analysis for a fixed h1 when h1
< h1

St. Figure 4 displays the schematic of the shock polar analysis
when h1 > h1

St. Since the shock polar system is similar, the analysis
for it is omitted here.

D. Dual solution interval

The theoretical criteria sketched in Figs. 3 and 4, i.e., h1
St, h2

vN,
h2

St, and h2
Det, are plotted in the (h1, h2) plane for M1 ¼ 8 in Fig. 5.

Figure 5 shows that the line of von Neumann criteria is well below
that of the detachment criteria, indicating the existence of DSI. The
line of stationary criterion divides the MR domain into two parts in
each dimension of Fig. 5. On one side of h1

St or h2
St, the MR is direct,

i.e., DiMR, and is inverse on the other side, i.e., InMR. On the criteria
line itself, the MR is stationary, i.e., StMR. Thus, the DSI shown in Fig.
5 is divided into three parts. One part is labeled “4þ 1,” whose overall
wave configuration can be either CJ or DJ. DJ comprises a downward

slip line of the upper triple point (upper downward slip line; UdSL)
and a LdSL, i.e., DJ [UdSL þ LdSL]. The overall wave configuration of
another part, which is labeled as “4þ 2” in Fig. 5, can also be either CJ
or DJ. In this case, DJ comprises an UdSL and a LuSL, i.e., DJ [UdSL
þ LuSL]. The last part, which is labeled as “4þ 3” in Fig. 5, is com-
posed of either CJ or DJ, and DJ comprises one upper upward slip
line (UuSL) and one LuSL, i.e., DJ [UuSL þ LuSL]. Figure 5 shows
that depending on whether h1 is smaller or larger than h1

St, two differ-
ent sequences of transitions of interference configurations occur dur-
ing the process of first increasing h2 and then decreasing it to its initial
value.

Figure 6 displays the sequence of shock polar solutions for
h1 ¼ 7.5� < h1

St. The theoretical results suggest the following wave

FIG. 4. Critical pressure–deflection shock polars for MSSI at M0 ¼ 8.0 and h1 > h1
St.

FIG. 5. Transition criteria for MSSI demonstrating DSI in the (h1 � h2) plane for
M1 ¼ 8.0.
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configuration sequence. The sequence commences with a CJ at h2
¼ 10� [Fig. 6(a)]. In this case, the only slip line originating from the
intersecting point I [Fig. 2(a)] deflects downward relative to the free-
stream, which is labeled as the downward slip line (dSL) in Fig. 6(a).
The CJ configuration is maintained with increasing h2 [Figs. 6(a)–6
(d)] until the detachment criterion h2

Det [Fig. 6(e)]. At this point, the
CJ pattern translates into DJ [UdSL þ LuSL], i.e., the upper slip line
deflects downward and the lower slip line deflects upward in the DJ
pattern. On the reverse path, DJ [UdSL þ LuSL] [Figs. 6(d)–6(f)] is
maintained with decreasing h2 until the stationary criterion h2

St. The
wave configuration changes to DJ [UdSL þ LpSL] exactly when h2 ¼
h2

St [Fig. 6(c)]. In this case, the lower jet is parallel to the flow in region
(1) (Fig. 1). Then, it translates into DJ [UdSL þ LdSL] and persists
until the von Neumann criterion: h2

vN. At this point, DJ changes back
to CJ. The sequence for h1< h1

St can be written as follows:

CJ !at h
Det
2 DJ UdSLþ LuSL½ � !on h

St
2 DJ UdSLþ LpSL½ �

!at h
St
2 DJ UdSLþ LdSL½ � !at h

St
2 CJ:

Figure 7 displays the shock polar solutions of the sequence for h1
¼ 19� > h1

St, and the following wave configurations are encountered.
The sequence starts with CJ and CJ is maintained [Figs. 7(a)–7(e)]
until the detachment criterion h2

Det [Fig. 7(e)]. At h2
Det, CJ translates

into DJ [UuSL þ LuSL], i.e., a DJ configuration comprising one UuSL
and one LuSL. On the reverse path, DJ [UuSL þ LuSL] is maintained
until the von Neumann transition h2

vN [Fig. 7(c)]. At this point, DJ
reverts to CJ. This sequence is written as follows:

CJ !at h
Det
2 DJ UuSLþ LuSL½ � !at h

vN
2 CJ:

Figure 8 depicts the influence of h1 on DSI. The figure denotes
that with increasing h1, the detachment condition is elevated less than
the von Neumann condition and the DSI becomes narrower.

III. NUMERICAL VERIFICATION

Inviscid numerical simulations are performed to verify the theo-
retical findings. The numerical method is introduced and verified in
Secs. IIIA and IIIB. Section III C presents the numerical results of the
two different sequences of wave configurations presented in Sec. IID.
The possible reasons for the confusing transition of the CJ mode to DJ
mode observed by Hsu and Ijaz38 are discussed in Sec. IIID.

A. Governing equations and numerical algorithm

Two-dimensional compressible Euler equations are numerically
solved to simulate MSSI. The convection terms of the governing equa-
tions are discretized with a second-order total variation diminishing
(TVD) method. An approximate Riemann solver called Harten–Lax–van

FIG. 6. Shock polar solutions illustrating the hysteresis loop for M0 ¼ 8.0, h1 ¼ 7.5� < h1
St, h2 ¼ 10� (a), 18� (b), 20.5� (c), 22� (d), 27.8� (e), and 30� (f).
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Leer contact is used to define the interface fluxes. The minmod limiter is
employed to suppress the spurious oscillations near the discontinuities.
Time integration is performed using a second-order fully implicit scheme.
This computational code has been used and validated in Peng et al.,41,42

Zhang et al.,43 and Lu et al.,44 showing excellent performance in solving
shock interactions. Turbulence, real gas effect, and unsteadiness are not
considered herein.

B. Method validation

The first detailed experiments of MSSI conducted by Wieting37

are numerically simulated to verify the reliability of the numerical
method. Then, the inviscid numerical results are compared with those
obtained by Hsu and Ijaz.38 The numerical method used by Hsu and
Ijaz is a second-order MUSCL (Monotonic Upwind Scheme for
Conservation Laws)-type TVD scheme based on Roe’s approximate
Riemann solver with an entropy correction. It uses a first- or second-
order time discretization option in the time integration. Wieting37

conducted the experiments at the Calspan University of Buffalo
Research Center 48 in. Hypersonic Shock Tunnel (48 in. HST) at a
nominal Mach number of 8, a total temperature of 1550K, and a free-
stream unit Reynolds number of 4.9� 106/m. In the experiments, a
bow shock wave was generated in front of a 7.6 cmdiameter cylinder.
The first incident shock wave was generated by a 7.5� shock generator
wedge. An interchangeable 5� or 6� wedge was mounted downstream
of the first wedge to produce the second incident shock wave. The 5�

or 6� wedge and the cylinder could be translated to facilitate the acqui-
sition of different shock interference patterns. In this study, the case of

FIG. 7. Shock polar solutions illustrating the hysteresis loop for M0 ¼ 8.0, h1 ¼ 19� > h1
St, h2 ¼ 20� (a), 20.8� (b), 21.2� (c), 25� (d), 30.1� (e), and 31� (f).

FIG. 8. Transition criteria for MSSI demonstrating the dual solution domain in the
(Ma1–h2) plane for h1 ¼ 7.5�, 12�, and 15�.
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Run 85 is simulated because it produced the most typical MSSI. The
two deflection angles for this case are h1¼ 7.5� and h2¼ 5�.

Two kinds of computational domains are utilized herein. The
first kind [Fig. 9(a)] is used for method validation, which contains
only a portion of the front of the cylinder. This domain is consistent
with the computation domain used in the simulations in Hsu and
Ijaz.38 The second computation domain [Fig. 9(b)] is used to verify the
hysteresis. As shown in Fig. 9(b), the computational domain is
bounded by inlet, outlet, and wall boundaries. The left boundary of the
domain is set as the user-defined inlet, where the freestream values,
post-shock values behind the first incident shock, and post-shock val-
ues behind the second incident shock are specified above and below
the first and second shock impingement points, respectively. The top,
right, and bottom of the computation domain are set as zero-gradient
outflow. The slip boundary condition is used for the solid wall in the
inviscid calculations. The main difference between these two kinds of
grids is that the second computation domain [Fig. 9(b)] ensures that
the flow returns to supersonic at the outlet. The reason for using this
domain is provided in Sec. IIID.

The comparison between the density contours calculated by Hsu
and Ijaz38 and the present numerical method is given in Fig. 9(a). The
obvious deviation at the incident shock wave is caused by the coarse
shock calculated by Hsu and Ijaz38 smearing several grids. The resolu-
tion of the grid used herein is higher and the calculated shock waves
are sharper than those of Hsu and Ijaz.38 The distributions of nondi-
mensionalized pressure obtained by experiments37 and present invis-
cid computations are compared in Fig. 9(c). The comparison with the
reference computational results is not provided here because Hsu and
Ijaz38 did not provide the results of the surface parameters for Run 85.
The surface pressure p is normalized by the stagnation pressure p0 of
the cylinder at the same incoming flow without shock interference.
The current computational fluid dynamics results afford both the
instantaneous values and arithmetic mean values obtained by the
time-accurate simulation. The time step used in the simulation is less
than 1/1000 of the flow characteristics time Dt¼D/u1, which is
1� 10�7 s in this simulation. Here, D is the cylinder diameter and u1
is the freestream velocity. The distribution of instantaneous pressure
shown in Fig. 9(c) denotes the unsteady characteristics of the flow
field. The experimental measurements are averaged over the response

time of the sensor and are analogous to the numerically calculated
instantaneous values. Due to the flow field oscillation, the magnitude
and location of the numerically calculated peak do not exactly agree
with the experimental results, but the overall trend is consistent. The
flow structure is the major focus of this study. Figure 9 shows that the
numerical method used herein can well reproduce the MSSI flow
structures.

C. Hysteresis phenomenon

In this section, the two different wave configuration sequences
discussed in Sec. IID are validated by inviscid numerical simulations.
The computational domain and boundary condition specifications are
displayed in Fig. 9(b). The freestream Mach number for the cases
depicted in this subsection is M1 ¼ 8, and the flow deflection angle
across the first incident shock wave h1 is 7.5� (Fig. 10) and 19� (Fig.
11). When h1 ¼ 7.5�, the second flow deflection angle h2 varies from
12� to 24�, and when h1 ¼ 19�, h2 varies from 25� to 26�. The calcula-
tions are performed based on the following strategies. The first calcula-
tion of each sequence commences from a uniform incoming flow and
converges to a quasi-steady state. Then, the solution of the preceding
calculation is taken as the initial condition for the simulation of the
new h2. h2 is adjusted by changing the impingement position and the
pre- and post-shock parameters of the incident shock waves in the set-
tings of the user-defined inlet, given in Sec. IIIB. The relative position
of the incident shock is denoted by the dimensionless position param-
eter Ir, which is defined as the ratio of the intercept of the incident
shock to the radius of the cylinder R, i.e., Ir ¼ I/R. Here, Ir1 and Ir2
denote the dimensionless incident positions of the first impinging
shock K1A and the second impinging shock K2I, respectively. The rela-
tive positions of the two incident shock waves are set as 0.15 and 0.13
herein and are kept constant throughout the sequence. The conver-
gence of the interference flow field is impossible to realize because the
flow is inherently unstable. Unsteady phenomena exist that are con-
nected to the Kelvin–Helmholtz instability of the shear layers and
oscillations of the supersonic jets. Time-accurate simulations are per-
formed with the time step of less than 1/1000 of the flow characteris-
tics time Dt¼D/u1. The solution is considered converged when the
overall MSSI configuration remains unchanged or oscillates in small
regions during several iteration steps.

FIG. 9. Validation of the numerical method and the computation domain used for the numerical simulations. (a) Domain, grid generation, and comparison of density contour
for method verification. (b) Computation domain. (c) Comparison of pressure obtained by numerical simulation and experiment.
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Figure 10 displays the numerical results of the first sequences of
wave configurations for M1 ¼ 8.0 and h1 ¼ 7.5�, i.e., h1 < h1

St. The
flow interference structures of MSSI are displayed by the constant
Mach number lines and the subsonic regions are colored gray. The ori-
gin of the coordinates is located at the center of the cylinder and x and
y are normalized by R. The vertical pairs of the figures, i.e., Figs. 10(b)
and 10(l), 10(c) and 10(k), 10(d) and 10(j), 10(e) and 10(i), and 10(f)
and 10(h), share the same boundary conditions but develop from dif-
ferent initial flow fields. Thus, the existence of hysteresis in MSSI is
verified. Since the relative positions of the two incident shock waves,
Ir1 and Ir2, are kept constant in the numerical simulations, the
impingement position of the second incident shock gradually shifts
downward with increasing second incident shock angle. As shown in
Figs. 10(g)–10(l) and 11(b)–11(c), the lower jet exists in the form of a
slip line. The classical configuration of the DJ pattern comprising two
type IV supersonic jets can be obtained by shifting the relative posi-
tions of the two incident shock waves upward.

Figures 10(f) and 10(g) show that the numerical critical values
for the CJ!DJ transition are between 22� and 24�, which is consider-
ably lower than the theoretical value of h2

Det, which is 27.8�. Figures
10(l) and 10(a) show that the DJ!CJ transition occurs between 12�

and 14�, which is slightly higher than h2
vN ¼ 11.5�. Thus, the DSI

obtained by numerical simulation is narrower than that theoretically
obtained. Numerical results of the second sequences of the wave con-
figurations for M1 ¼ 8.0 and h1 ¼ 19�, i.e., h1 > h1

St, are shown in
Fig. 11. In this case, the MR at triple point A can only be an InMR,
with the slip line deflecting upward. Figure 11 shows that the CJ!DJ
transition occurs when 25� < h2 < 25.5�, while the DJ!CJ transition
occurs when 25.5� < h2 < 26�. The numerical results indicate that
both the CJ!DJ and DJ!CJ transformations are dramatically
advanced compared to the theoretical values, leading to the disappear-
ance of DSI for M1 ¼ 8.0 and h1 ¼ 19�. The CJ!DJ transition is
advanced due to the occurrence of DJ at h2 < h2

Det, which is theoreti-
cally disallowed.

FIG. 10. Numerical results with Mach contours illustrating the hysteresis loop for M1 ¼ 8.0, h1 ¼ 7.5�, h2 ¼ 12� (a), 14� (b), 16� (c), 18� (d), 20� (e), 22� (f), and 24� (g) in
the process of h2 increase and h2 ¼ 22� (h), 20� (i), 18� (j), 16� (k), and 14� (l) in the process of h2 reduction.

FIG. 11. Numerical results with Mach contours illustrating the transformation of wave structures for M1 ¼ 8.0, h1 ¼ 19� and h2 ¼ 25� (a), 25.5� (b), 26� (c), and 25.5� (d).
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The pressure ratios and flow deflection angles obtained by the
shock polar analysis are quantitatively compared with those obtained
through numerical simulations in Tables I and II, respectively. The
numerical results in Tables I and II are given in the form of a parame-
ter range, which is the variation of the pressure ratios and flow deflec-
tion angles in a small range across the slip lines at the shock
intersection points due to the following reasons. In theory, the shock
wave exists as a strong discontinuity surface, after which the flow
parameters abruptly change. In contrast, in the numerical simulations,
the flow parameters continuously vary. The shock wave is simulated
by a sharp but continuous change in the flow parameters over a finite
distance. Based on the accuracy of the numerical method and grid res-
olution, this finite distance could smear several grids. On the other
hand, in theory, only the cases where the shock wave is followed by a
uniform flow field, i.e., a straight shock wave, are dealt with. For the
triple point with the participation of a bow shock wave, the theory pre-
dicts the flow parameters in an extremely small region very close to
the shock intersection point, where the bow shock wave can be
regarded as an oblique shock wave of infinitely small length.

Tables I and II show that for the CJ mode (the cases without
superscript �), the deviation between the theoretical and numerical
results is well within the acceptable range, and the pressure ratios
obtained from the simulations are generally higher than those theoreti-
cally obtained. For the DJ mode, the deviations between the theoretical
and numerical results are large, which are mainly concentrated in the
regions (9)–(12) [Fig. 2(b)]. The numerically calculated flow deflection
angles, h9–h12, are lower than the theoretical values, while the corre-
sponding pressure ratios, p9–p12, are higher than the theoretical values.
The discrepancies between the theoretical and numerical results may
partly stem from the errors introduced by the numerical method, grid
resolutions, and observations, but they mainly stem from the strong
back pressure afforded by the cylinder downstream and the secondary
waves generated by the disturbance introduced by the cylinder. The
deviations between the theoretically and numerically obtained flow
deflection angle and pressure also lead to the discrepancies of the theo-
retically and numerically obtained transitional angles.

The deviations between the theoretically and numerically
obtained transitional angles are analyzed. The transformation of

TABLE I. Comparison of the pressure ratios of different interference regions obtained by shock polar analysis (theory) and numerical calculations (simulation). The case with
superscript � indicates the DJ pattern; otherwise, it denotes the CJ pattern.

H3, h5 (�) h7, h8 (�) h9, h10 (�) h11, h12 (�)

h1 h2 Theory Simulation Theory Simulation Theory Simulation Theory Simulation

7.5 12 �23.2 (�23.1, �22.8) �8.1 (�8.3, �7.8) � � �
16 (�23.5, �22.8) �4.2 (�4.5, �3.5)
20 (�23.6, �21.2) �0.7 (�1.0, 1.0)
24� (�24.0, �22.5) � � � �8.8 (�12.5, �10.0) 16.3 (13.1, 14.0)
20� (�25.0, �23.0) (�13.0, �11.0) 13.1 (5.0, 7.5)
16� (�25.0, �23.5) (�14.0, �12.0) �0.1 (�2.5, 0)

19 25 �1.5 (�1.3, 0) 22.9 (22.5, 23.0) � � �
25.5 (�4.8, �3.6) 23.4 (18.8, 21.0)
25.5� (�0.4, 1.8) � � � 19.6 (13.3, 15.6) 27.2 (27.3, 29.7)
26� (�1.7, 2.0) (22.5, 25.6) 28.1 (27.5, 31.2)

TABLE II. Comparison of flow deflection angles of different interference regions obtained by shock polar analysis (theory) and numerical calculations (simulation). The case
with superscript � indicates the DJ pattern; otherwise, it denotes the CJ pattern.

P3, p5 p7, p8 p9, p10 p11, p12

h1 h2 Theory Simulation Theory Simulation Theory Simulation Theory Simulation

7.5 12 73.7 (74.3, 75.7) 174.4 (176.4, 180) � � �
16 (76.3, 78.8) 213.4 (215.2, 220)
20 (72.0, 78.0) 254.3 (252.2, 259.0)
24� (73.8, 75.0) � � � 168.6 (165.0, 172.5) 169.2 (167.0, 171.0)
20� (76.8, 82.4) (160.0, 172.5) 169.3 (171.7, 176.7)
16� (80.0, 82.5) (168.3, 172.5) 169.2 (170.0, 180.0)

19 25 74.5 (70.0, 72.5) 305.7 (304.0, 308.0)
25.5 (86.0, 88.0) 312.7 (343.5, 350.0)
25.5� (62.0, 66.0) � � � 257.7 (275.0, 300.0) 257.2 (255.0, 267.5)
26� (62.3, 69.7) (280.0, 300.0) 257.1 (263.3, 271.7)
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DJ!CJ is believed to be driven by the curvature of the transmitted
shock AI. In the theoretical analysis, AI is assumed to be straight to
evaluate the flow parameters at I through those of A. However, in an
actual flow, AI is curved due to the influence of secondary waves in
the flow field. Figure 12 provides the dimensionless pressure contour
of the flow field ofM1 ¼ 8.0, h1 ¼ 19�, and h2 ¼ 26� [Fig. 11(c)]; dis-
tributions of the flow deflection angle behind AI, that is, h5; and the
corresponding shock polar solutions. Figure 12(a) shows that the flow
in the region AIJ is non-uniform due to the entropy waves generated
behind the bow shock segment AD. Figure 12(b) suggests that the
deviation of the flow deflection angle between A and I is about 3.5�.
Figure 8 shows that the von Neumann condition is significantly ele-
vated as h1 increases, which is equivalent to the increase in h5. When
the h1 value is increased so that the flow deflection angle in region (5)
agrees with the numerical results, Fig. 12(c) shows that the intersection
of the polar C(5) and polar C(2) lies very close to the von Neumann
condition (see the blue lines). Therefore, the DJ!CJ transition
obtained by numerical simulation unsurprisingly occurs at h2 ¼ 25.5�.
The CJ!DJ transition is advanced most likely because of the down-
stream disturbance. Hu et al.29 determined that the transition of
RR!MR was advanced due to the downstream disturbance in the
double-wedge configuration. Moreover, the oMR configuration with a
diverging subsonic stream tube can be numerically obtained, which is
theoretically impossible. In this study, the cylinder acts as a source of
strong disturbance downstream, affecting the shock reflection at point
I through the subsonic region. The mechanism will be studied in
future studies. Further numerical confirmations of the hysteresis for h1
> h1

St can be obtained by appropriately increasing M1 or decreasing
h1, as suggested in Fig. 8.

D. Influence of computation domain

This section investigates the possible reasons for the DJ!CJ
transition observed by Hsu and Ijaz.38 The investigated case corre-
sponds to Run 86 in Wieting’s experiments,37 wherein M1 ¼ 8.0, h1
¼ 7.5�, and h2 ¼ 6�. As shown in Fig. 5, h2 ¼ 6� is well below the line
of h2

vN; thus, the CJ configuration is the only possible steady solution.
Figure 13 displays the shock polar solution for this case. The intersec-
tion point of polar C(5) and polar C(2) lies below the strong solution

portion of C(1). This indicates that the pressure increases across the
transmitted shock AI’ and I’J and that K2I and BI [Fig. 2(b)] cannot be
balanced with the pressure across the Mach stem II’ without specifying
additional boundary conditions. On the other hand, shock polars C(5)
and C(2) intersect with the upper portion of C(1) and generate a
UuSL and an LdSL, respectively. In this case, a diverging subsonic
stream tube forms, which is theoretically unstable. The aforemen-
tioned analysis shows that the transition reason speculated by Hsu and
Ijaz38 is partly correct. They stated that the CJ pattern is the only possi-
ble quasi-steady-state solution and the DJ pattern is a transient phe-
nomenon. However, our findings suggest that this statement should be
limited to the flow field under the same boundary condition of Run 86
and that the flow is clear of disturbances.

During the generation of a bow shock wave, the cylinder is a
source of strong disturbance, which can provide the strong back pres-
sure required to stabilize the theoretically unstable DJ [UuSL þ LdSL].
Figure 14(a) depicts the numerical results of MSSI with the same

FIG. 12. Numerical results of the dimensionless pressure p/p1 contours for M1 ¼ 8.0, h1 ¼ 19�, and h2 ¼ 26� (a) with an enlarged view of the distributions of the deflection
angle h5 near the intersection point I (b), and the shock polar solution in (c).

FIG. 13. Diagram of shock polar solution for Run 86 (M1 ¼ 8.0, h1 ¼ 7.5�, and
h2 ¼ 6�).
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incoming flow as Run 86, but the intersection position of the second
incident shock is more downward. As shown in Fig. 14(a), a stable DJ
[UuSL þ LdSL] forms due to the back pressure provided by the cylin-
der. The computation domain used in this study [Fig. 9(b)] is different
from that used by Hsu and Ijaz38 [Fig. 9(a)]. The same DJ!CJ trans-
formation occurs [Fig. 14(b)] when using the computation domain
shown in Fig. 9(a). This suggests that the transformation of the wave
patterns observed by Hsu and Ijaz was likely influenced by the compu-
tational domain. The computational domain shown in Fig. 9(a) cannot
guarantee that the flow is supersonic at the outlet. When the outlet
contains a large subsonic region, the downstream disturbance could
propagate upstream and influence the interference structures. Figure
14(b) shows that during the calculation process, the bow shock is
pushed ahead until the DJ pattern changes into the CJ pattern and the
flow returns to supersonic at the outlet.

IV. CONCLUSIONS

This study theoretically and numerically analyzed the transition
criterion and hysteresis of MSSI.

The transition criterion for MSSI was proposed based on the
reflection configuration at intersection point I of the second incident
shock K2I and the transmitted shock AI of the first incident shock
K1A. The sufficient condition for the CJ!DJ transition occurs at the
detachment condition h2

Det (M0, h1). The necessary condition for the
reverse occurs at the von Neumann condition h2

vN (M0, h1). The theo-
retical results showed that the line of h2

Det (M0, h1) always lies above
that of h2

vN (M0, h1), indicating the existence of a DSI. The DSI widens
whenM0 increases or h1 decreases.

The existence of DSI and the two different sequences of wave pat-
terns analytically predicted were numerically validated. The numerical
results showed that both the CJ!DJ and DJ!CJ transitions are
advanced compared to the theoretical predictions, resulting in a nar-
rower DSI. Comparison of the flow deflection angles and pressure
ratios obtained from the numerical simulations and theoretical analy-
sis showed that the numerically obtained pressure ratios were higher

than those theoretically obtained. The reasons for the advancement of
both transitions were analyzed. The CJ!DJ transition is advanced
due to the strong back pressure imposed by the cylinder, which leads
to the persistence of the DJ mode beyond its theoretical value.
Furthermore, the DJ!CJ transition is advanced because of secondary
waves in the flow field, which increases the actual flow deflection angle
in region (5). The results showed that the effect of the secondary waves
significantly increases with h1.

In addition, the possible reasons for the DJ!CJ transformation
observed by Hsu and Ijaz38 were analyzed. The results showed that the
transformation likely occurs due to the effect of the computational
domain. When the outlet of the computational domain does not guar-
antee the supersonic conditions, the perturbation propagates upstream
through the subsonic region and pushes the transmitted shock wave
forward until the DJ!CJ transition occurs. Moreover, the theoretically
impermissible DJ [UuSL þ LdSL] configuration can be stabilized by
the strong back pressure provided by the cylinder.

Subsequently, the transition criterion for MSSI was explicitly pro-
posed for the first time, and the existence of hysteresis was theoreti-
cally and numerically verified. Additional flow characteristics of MSSI
were elaborated by numerical simulations. These results are essential
when multiple compression shock waves fail to converge at the inlet
lip, which should be accounted for in the design of hypervelocity
intakes.

As an initial study on the MSSI phenomenon, the gas model con-
sidered in this study is quite a simplified gas model, the perfect gas
model, and does not consider the real gas effect and viscosity. The real
gas effect mainly affects the thermodynamic parameters of the flow
behind the strong shock waves, i.e., the flow behind the bow shock
wave and the Mach stem. In the considered Mach number range, the
real gas effect is mainly manifested by the vibration energy excitation
of gas molecules, the decrease in the specific heat ratio, and the
decrease in the stand-off distance of shock waves. Consequently, the
length of the Mach stem decreases, advancing the CJ!DJ transition
and delaying the DJ!CJ transition, which results in the widening of

FIG. 14. Numerical results of flow interference structures calculated based on the (a) present computation domain and (b) the computation domain used by Hsu and Ijaz.38

The incoming flow parameters are the same as those of Run 86, with a further downward intersection position of the second incident shock wave.
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the hysteresis interval. Viscosity mainly affects the shear layer and not
the boundary layer as the boundary layer of the cylinder surface is
poorly developed in such flow fields. The gas viscosity promotes the
dissipation of the shear layer and suppresses its instability. Therefore,
when the flow viscosity is considered, the scale and number of the vor-
tices formed by the destabilization and shedding of the shear layer will
be suppressed. The effect of viscosity on the interference configura-
tions and its hysteresis needs to be studied as its effect on the shear
layer needs to be considered in conjunction with the impingement
position and the intrinsic oscillatory characteristics of the jets, which is
a complex topic.
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