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A B S T R A C T

We study in this work the spatio-temporal characteristics of the centre-mode linear instability in viscoelastic
channel flows of Oldroyd-B and FENE-P fluids. The linear complex Ginzburg–Landau equation derived using an
amplitude expansion method is adopted to determine whether the flow is convectively unstable or absolutely
unstable. Comparison of the obtained results with those from the conventional saddle-point searching method
shows a favourable agreement. This demonstrates the good predictability of the linear complex Ginzburg–
Landau equation which is more suitable for a parametric study in a large space than the conventional method.
We found that the centre-mode instability in the viscoelastic channel flow is of a convective nature, i.e., the
trailing edge of the wavepacket travels downstream. This could be attributed to the relatively high phase speed,
low spreading rate and low growth rate of the instability, collectively preventing a disturbance from travelling
upstream. Our results show that stronger polymer elasticity (a greater elasticity number or larger polymer
concentration) marginally affects the trailing-edge velocity of the centre mode. Decreasing the maximum
polymer extensibility in the FENE-P model reduces the spreading rate of the wavepacket and makes the centre-
mode disturbance more convective. Theoretical derivations at asymptotically high Reynolds numbers confirm
the convective nature of the instabilities from numerical observations. Our results may be conducive to a better
understanding of the spatio-temporal instability in viscoelastic experiments.
. Introduction

As a typical type of viscoelastic fluids, polymeric solutions can
e obtained via an addition of a small amount of long-chain flexible
olymers into a Newtonian solvent. A well-known phenomenon of
he polymeric flow is the significant turbulent drag reduction up to
0% [1,2]. Drag reducing techniques using polymers have since been
xtensively tested and developed, including applications in crude-oil
ipelines [3], sewerages [4], on the marine vehicle hull [5], etc.
eanwhile, the mechanisms underlying the turbulent drag reduction

y polymers have also been intriguing researchers for a long time [6,7].
n recent times the onset of the viscoelastic turbulence, particularly the
low instability, has received increasing attention [8,9].

In the last few years, because of its relevance to the maximal drag
eduction asymptote, the discovery and characterisation of the elasto-
nertial turbulence (EIT) has significantly boosted the community’s
nterest in studying the flow transition to EIT [10–13]. The transi-
ion mechanism in the EIT is currently under active investigations.
raham and coworkers proposed a wall-mode transition route based
n the viscoelastically-modified Tollmien–Schlichting wave [14–16].
eanwhile, a novel centre-mode linear instability has been found in a
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E-mail address: mpezmq@nus.edu.sg (M. Zhang).

series of works (see the next section for a detailed summary). However,
this newly-found linear instability has so far solely been studied in a
temporal framework, i.e., only the ultimate fate of the global disturbance
is concerned at an asymptotically long time. In realistic flow systems,
the disturbances in the environment as well as imperfections of the
geometries are, however, local in nature. These noise signals can be
spatially amplified as they are convected downstream and the resultant
spatial pattern can play a role in the flow dynamics [17,18]. Imposition
of a local disturbance on viscoelastic flows has also been considered
recently by Hariharan et al. [19] and Shnapp & Steinberg [20] with new
discoveries of the elastic effect on the spatio-temporal development of
the disturbance. Characterisation of the linear instability in a spatio-
temporal framework is thus important and needed to be performed to
further our understanding of the transition process in the EIT flow.
In this work, we will examine the spatio-temporal instabilities of the
centre mode in viscoelastic plane Poiseuille flows. Below, we will first
present a literature survey on the centre-mode instability in viscoelastic
flows, and then review studies on the spatio-temporal instabilities in
various viscoelastic flows.
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1.1. Centre-mode instability in viscoelastic flows

The centre mode in the transition of viscoelastic Poiseuille flows
has been studied from various perspectives, including modal and non-
modal stability analyses, primary bifurcation analysis in a weakly non-
linear framework, finite-amplitude exact coherent structures (ECSs),
etc.

The centre-mode linear instability was first revealed numerically by
Garg et al. [21] in viscoelastic pipe flows of Oldroyd-B fluids. They at-
tributed this instability to a subtle balance of the effects of fluid inertia,
viscosity and polymer elasticity. Later, Khalid et al. [22] showed more
systematically the sole existence of the centre-mode instability only at
𝛽 ≳ 0.5 in the viscoelastic channel flow (where 𝛽 is the viscosity ratio
related to the polymer concentration). On the other hand, Chaudary
et al. [23] found that the instability persists down to very small values
of 𝛽 = 𝑂(0.001) in the pipe counterpart. Subsequently, Wan et al. [24]
discovered centre-mode instability in the UCM limit for the pipe flow
(i.e., 𝛽 = 0; see their Appendix E), helping to complete the instability
picture in the parameter space. Zhang [25]’s calculation showed that
the modal linear instability of the centre mode is also accompanied
by a strong non-modal energy growth in the viscoelastic pipe flows.
Scaling laws for the linear critical conditions have also been reported in
the linear stability analysis of Garg et al. [21] for the viscoelastic pipe
flows. These scaling laws were later revisited by Dong & Zhang [26]
using an asymptotic analysis and extended to the weakly nonlinear
regime in Wan et al. [27].

Experimental evidence for the centre-mode instability has been
iven by Choueiri et al. [13] in a controlled environment. However,
clean background with a low noise level is often not the case in real-
orld situations, rendering the supercritical excitation of this instability
ode rare. The first nonlinear study of the centre mode by Page

t al. [28] addressed exactly this problem by showcasing the existence
f ECSs born from the centre mode in strongly subcritical parameter
egime of viscoelastic channel flows of FENE-P fluids (i.e., the flow is
inearly stable but nonlinearly unstable), in addition to the supercritical
oute [21]. This study was further corroborated by Buza et al. [29]
sing a branch continuation approach. Such a coexistence of both
upercritical and subcritical bifurcations in the fluid system has also
een confirmed in a weakly nonlinear framework by Buza et al. [30]
for channel flows using the FENE-P model) and by Wan et al. [24]
for pipe flows based on the Oldroyd-B model). Additionally, finite-
mplitude travelling wave solutions (a kind of ECS) were found to
ersist even down to the inertialess limit [29,31] in viscoelastic channel
lows, extending again the linear instability in this limit discussed by
halid et al. [32]. Nevertheless, the ECSs in viscoelastic pipe flows have
et not been reported in the literature.

As we can see, in the current research on the centre-mode instabil-
ty, the linear stability analyses only concern the temporal stability. As
iscussed earlier, the spatio-temporal characteristics of the instability
re also important and should be understood. Next, we will summarise
revious works on the spatio-temporal analyses of the viscoelastic flows
nd then explain our research motivation in this work.

.2. Absolute/convective instabilities in viscoelastic flows

The spatio-temporal instability in a flow system can be charac-
erised by distinguishing between absolute instability (AI) and con-
ective instability (CI). This distinction was originally made by the
lasma physicists [33] and later introduced into the hydrodynamics
ommunity by Huerre & Monkewitz among others. The AICI property of
flow can be determined by examining the spatio-temporal evolution

f an initially localised infinitesimally small disturbance imposed on the
aminar base flow. At an asymptotically long time, if the disturbance
rows at any fixed location in the stationary frame, the flow is said to
e absolutely unstable; in this case, the initially localised disturbance
2

preads both upstream and downstream, gradually contaminating the p
whole geometry. On the contrary, if the disturbance decays at any
fixed location in the stationary frame (when the time is large) and its
growth can only be observed in some moving frames, the flow is said
to be convectively unstable, i.e., the disturbance is swept away from
its original location by the laminar base flow. The disturbance does not
propagate upstream in this case.

The AICI of viscoelastic flows have been investigated in a variety of
flow configurations in the past decades, including jets, mixing layers,
wake flows, mixed convection flows and so on. Concerning planar
viscoelastic jets, Ray & Zaki [34] demonstrated in an AICI analysis that
the single-stream jet of FENE-P fluids is absolutely unstable when the
elastic effect is sufficiently strong and the shear layer is thin enough.
For viscoelastic mixing layers (also known as free shear layers), using
the Oldroyd-B model, Sircar & Bansal [35] reported that the flow
instability is purely absolute at a viscosity ratio of 𝛽 = 0.35, while AI
nd CI coexist at 𝛽 = 0.20. Later, the authors extended their analysis
o the linear PTT model [36] to account for the shear-thinning effect.
heir instability diagram showed that for sufficiently strong elasticity
characterised by the elasticity number 𝐸) the flow is always absolutely
nstable and that the flow can only be convectively unstable in a
arrow region of small 𝐸 [37].

The AICI analysis has also been applied to wall-bounded viscoelastic
lows. In the Rayleigh–Bénard–Poiseuille mixed convection with poly-
ers, the analyses by Hirata et al. [38] demonstrated a coexistence of
I and CI in the parameter space. Recently, Qin et al. [39] conducted
xperiments on the viscoelastic flow around a confined cylinder. The
lastic wave in the flow was found to travel upstream and its speed
ncreases with the Weissenberg number 𝑊 𝑖, suggestive of an absolute
nstability in the flow. Returning to the rectilinear flow configuration,
he latest work by Shnapp & Steinberg [20] studies the spatio-temporal
evelopment of the disturbance in a canonical viscoelastic shear flow.
hey observed that a single initial impulse can excite multiple pulses
ownstream at high 𝑊 𝑖, signifying a novel pulse-splitting transition
oute to elastic turbulence. It should be noted that their experiments
ere conducted in the strongly-elastic inertialess regime (𝑅𝑒 ≈ 0, which

s not the case considered in the current work), and their focus is also
ot on the determination of AICI in a large parameter space.

.3. The position and structure of the current work

The literature review detailed above has pointed to a research
ap due to a missing study on the absolute/convective instabilities in
iscoelastic channel flows. Such a work is properly needed as it can
upplement the ongoing temporal analyses of the viscoelastic flows
nd help us to understand more completely the linear dynamics of
hese flows. Knowledge of the spatio-temporal characteristics of the
nstable flow system is also helpful for experimental diagnostics and
low control as well as for understanding the associated pattern and
he chaotic behaviours in the flow [18]. Besides, experimental work on
he AICI in viscoelastic channel flow has started to be reported [20];
ur work may provide a timely analysis tool to understand future
xperimental observations.

The rest of the paper is organised as follows. In Section 2 we
ntroduce the governing equations and the important parameters in
he viscoelastic channel flow. We will describe in detail two methods
or the spatio-temporal analysis, i.e., the method of locating saddle
oints in a complex wavenumber plane and that using the linear
omplex Ginzburg–Landau equation. Implementation of the numerical
ethods is briefly explained in Section 3. We present the results in

ection 4, including the validation of the numerical methods and the
ICI of the centre-mode instabilities. Section 5 concludes the paper
ith a summary of the main findings and some discussions on the flow

hysics.
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2. Problem formulation

2.1. Governing equations and parameters

The hydrodynamic stability analysis is applied to a pressure-driven
viscoelastic flow of FENE-P (finitely extensible nonlinear elastic model
with Peterlin closure) fluids in a rigid stationary channel (plane Poi-
seuille flow). The channel has a half height of 𝐻 in the vertical
direction and is infinite in the other two directions in a Cartesian co-
ordinate system (with 𝑥, 𝑦 and 𝑧 denoting the streamwise, wall-normal
nd spanwise directions, respectively). The fluid is characterised by a
ensity of 𝜌 and a dynamic viscosity of 𝜇 = 𝜇𝑠 + 𝜇𝑝 with 𝜇𝑠 and 𝜇𝑝

being the viscosities due to the solvent and polymers respectively. At
the centreline of the channel, the Newtonian Poiseuille flow has the
velocity 𝑈𝑐 and its viscoelastic counterpart will have a slightly larger
value due to the nonlinear model of FENE-P, to be discussed shortly.
Quantities used to nondimensionalise the governing equations of the
flow include the length scale 𝐻 , velocity scale 𝑈𝑐 , reference pressure
𝜌𝑈2

𝑐 and reference polymeric stress 𝜇𝑝𝑈𝑐∕𝐻 .
The nondimensional nonlinear governing equations are given as

𝛁 ⋅ 𝒖̂ = 0, 𝜕𝒖̂
𝜕𝑡

+ 𝒖̂ ⋅ 𝛁𝒖̂ = −𝛁𝑝̂ + 𝛽
𝑅𝑒

∇2𝒖̂ +
1 − 𝛽
𝑅𝑒

𝛁 ⋅ 𝝉̂𝑝, (1a,b)

𝜕𝒄̂
𝜕𝑡

+ 𝒖̂ ⋅ 𝛁𝒄̂ − 𝒄̂ ⋅ 𝛁𝒖̂ − (𝛁𝒖̂)𝑇 ⋅ 𝒄̂ = −𝝉̂𝑝, (1c)

where the velocity vector 𝒖̂ = (𝑢̂𝑥, 𝑢̂𝑦, 𝑢̂𝑧), 𝑝̂ is the pressure, 𝝉̂𝑝 is the poly-
meric stress tensor and the conformation tensor 𝒄̂ = (𝑐𝑥𝑥, 𝑐𝑥𝑦, 𝑐𝑥𝑧, 𝑐𝑦𝑦, 𝑐𝑦𝑧,
𝑐𝑧𝑧). The FENE-P model reads [40]

𝝉̂𝑝 =
𝑓 (𝒄̂)𝒄̂ − 𝑰

𝑊 𝑖
with 𝑓 (𝒄̂) = 1

1 − tr(𝒄̂)∕𝐿2
(2)

being the Peterlin function, where 𝐿 is the maximally allowed extension
of polymers in a statistical sense and 𝑰 is the identity tensor. This model
is adopted for its ability to capture some of the most important flow
behaviours like the shear thinning [41] and drag reduction [42]. It has
been widely used in the stability analyses and numerical simulations of
viscoelastic flows ([10,14,28,43,44] among others). The FENE-P model
reduces to the Oldroyd-B fluid model when 𝐿 → ∞. In addition to
𝐿, the control parameters also include the Reynolds number 𝑅𝑒 =
𝜌𝑈𝑐𝐻∕𝜇, the Weissenberg number 𝑊 𝑖 = 𝜆𝑈𝑐∕𝐻 (where 𝜆 is the longest
polymer relaxation time) and the viscosity ratio 𝛽 = 𝜇𝑠∕𝜇. The case
𝛽 = 1 corresponds to the Newtonian fluid and 𝛽 = 0 the UCM fluid.
We also use the elasticity number in the following, defined as 𝐸 ≡
𝑊 𝑖∕𝑅𝑒 = 𝜆𝜇∕(𝜌𝐻2), which only depends on the fluid properties and
flow geometry.

The governing Eqs. (1) with no-slip boundary conditions 𝒖̂(𝑦 = ±1) =
𝟎 admit an analytical steady solution 𝑼 = (𝑈, 0, 0), 𝑃 = 𝑃 (𝑥) and
𝑪 = (𝐶𝑥𝑥, 𝐶𝑥𝑦, 0, 𝐶𝑦𝑦, 0, 𝐶𝑧𝑧) with the components being [45]

𝑈 (𝑦) = −𝑅𝑒
2𝛽

d𝑃
d𝑥

(

1 − 𝑦2
)

−
3(1 − 𝛽)
8𝐾0𝛽

[𝐺(𝑦) − 𝐺(−1)], (3a)

𝑥𝑥(𝑦) =
1 + 2𝑊 𝑖2𝑇 2

𝑥𝑦(𝑦)

𝐹 (𝑦)
, 𝐶𝑥𝑦(𝑦) =

𝑊 𝑖𝑇𝑥𝑦(𝑦)
𝐹 (𝑦)

, 𝐶𝑦𝑦(𝑦) =
1

𝐹 (𝑦)
,

𝐶𝑧𝑧(𝑦) =
1

𝐹 (𝑦)
, (3b)

here

(𝑦) = [𝐾0𝑦 + 𝐽 (𝑦)]
1
3 [3𝐾0𝑦 − 𝐽 (𝑦)] + [𝐾0𝑦 − 𝐽 (𝑦)]

1
3 [3𝐾0𝑦 + 𝐽 (𝑦)],

𝐹 (𝑦) = 1 +
2𝑊 𝑖2𝑇 2

𝑥𝑦(𝑦)

𝐿2
+ 3

𝐿2
, 𝑇𝑥𝑦(𝑦) = [𝐾0𝑦 + 𝐽 (𝑦)]

1
3 + [𝐾0𝑦 − 𝐽 (𝑦)]

1
3 ,

(𝑦) =
√

𝐾2
0𝑦

2 +𝐾3
1 , 𝐾0 =

𝑅𝑒𝐿2

4𝛽𝑊 𝑖2
d𝑃
d𝑥 , 𝐾1 =

𝐿2

6𝑊 𝑖2

(

3
𝐿2

+ 1
𝛽

)

. (4)

The solution (3) constitutes the laminar base flow in our stability
analysis. One can set the pressure gradient to be d𝑃

d𝑥 = − 2
𝑅𝑒 so as to

ecover the parabolic velocity profile 𝑈 = 1 − 𝑦2 when 𝛽 = 1.
3

𝑐 𝜸
To perform the linear spatio-temporal analysis of the flow, we
decompose the dependent variables in (1) into their laminar base flow
states and infinitesimal perturbations as 𝒖̂ = 𝑼 + 𝒖, 𝑝̂ = 𝑃 + 𝑝, 𝝉̂𝑝 =
𝑻 + 𝝉 and 𝒄̂ = 𝑪 + 𝒄. Inserting these decompositions into (1) and
linearising the equations about the laminar base flow solution lead to
the perturbation equations

𝛁⋅𝒖 = 0, 𝜕𝒖
𝜕𝑡

+𝒖⋅𝛁𝑼+𝑼 ⋅𝛁𝒖 = −𝛁𝑝+ 𝛽
𝑅𝑒

∇2𝒖+ 1 − 𝛽
𝑅𝑒𝑊 𝑖

𝛁⋅(𝑓0𝒄+𝑓1𝑪), (5a,b)

𝜕𝒄
𝜕𝑡

+𝒖⋅𝛁𝑪−𝒄⋅𝛁𝑼−(𝛁𝒖)𝑇 ⋅𝑪+𝑼 ⋅𝛁𝒄−𝑪 ⋅𝛁𝒖−(𝛁𝑼 )𝑇 ⋅𝒄 = −
𝑓0𝒄 + 𝑓1𝑪

𝑊 𝑖
, (5c)

along with no-slip boundary conditions 𝒖(𝑦 = ±1) = 𝟎 at the channel
wall (it should be noted that there is no need to specify any boundary
condition for 𝒄 because no 𝜕𝒄∕𝜕𝑦 terms exist in (5c). Here for the
nonlinear Peterlin closure, the linearisation based on the first-order
Taylor expansion at 𝑓 (𝑪) gives

𝑓 (𝒄̂) = 𝑓 (𝑪+𝒄) ≈ 𝑓 (𝑪)+
𝜕𝑓 (𝑪)
𝜕𝐶𝑥𝑥

𝑐𝑥𝑥+
𝜕𝑓 (𝑪)
𝜕𝐶𝑦𝑦

𝑐𝑦𝑦+
𝜕𝑓 (𝑪)
𝜕𝐶𝑧𝑧

𝑐𝑧𝑧 = 𝑓0+𝑓1, (6)

with 𝑓0 = 𝑓 (𝑪) and 𝑓1 = 𝑓 2
0 tr(𝒄)∕𝐿2.

A numerical observation by Zhang et al. [43] on the FENE-P
Poiseuille flow indicated that compared to 3-D disturbance, the 2-D
disturbance first becomes unstable (whereas for the Oldroyd-B fluids,
an analytical derivation for Squire’s theorem can be found in Ref. [46]).
This validates a 2-D analysis in the present study. By writing the state
vector 𝜸 = (𝑢𝑥, 𝑢𝑦, 𝑝, 𝑐𝑥𝑥, 𝑐𝑥𝑦, 𝑐𝑦𝑦, 𝑐𝑧𝑧)T for the 2-D disturbance, the linear
equation system in (5) can be recast into a compact form of

𝑴
𝜕𝜸
𝜕𝑡

= 𝑳𝜸, (7)

where 𝑴 and 𝑳 can be readily derived by matching (7) and (5).

2.2. Spatio-temporal analysis of the viscoelastic channel flow

In this section, we introduce two techniques (i.e., the saddle-
point searching method and the method based on the linear complex
Ginzburg–Landau equation) to characterise the spatio-temporal insta-
bility of a flow. Our focus is on the determination of the absolute or
convective nature of the instability. We set out the presentation by
stating that the two methods well provide consistent predictions of the
AICI property of the centre mode in the viscoelastic rectilinear flow;
the method based on the linear complex Ginzburg–Landau equation is
more suitable for an exploration in a larger parameter space. One of
the contributions of this work is to apply the linear complex Ginzburg–
Landau equation to probe the spatio-temporal characteristics in this
flow.

2.2.1. Locating the saddle point in the eigenvalue problem
In determining the AICI of a disturbed flow system, one conven-

tionally follows the method introduced by Huerre & Monkewitz [47] to
identify saddle points in a complex wavenumber plane (see their com-
prehensive review [18]). In this method, the linear impulse response of
a laminar flow can be described by Green’s function 𝐺(𝑥, 𝑡) in the form
of a wavepacket. By applying the steepest descent method to 𝐺(𝑥, 𝑡),
ne can obtain its long-time behaviour dominated by the characteristics
f the saddle points along various rays like (𝑥 − 𝑥0)∕𝑡 = Const. (𝑥0:
he initial location of the impulse). The growth rate at the saddle
oint along the ray (𝑥 − 𝑥0)∕𝑡 = 0 (i.e., at any fixed location 𝑥 when
→ ∞) corresponds to the (maximal) absolute growth rate. If this

bsolute growth rate is negative (positive), the flow instability is said
o be CI (AI). This method only requires solving the linear eigenvalue
roblem in the complex frequency and complex wavenumber space.
he mathematical procedure in determining the AICI of a flow using
his method is described as follows.

Assuming for Eq. (7) a wave-like solution

= 𝜸̃𝑒𝑖𝛼𝑥+𝜇𝑡 + c.c., (8)
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where 𝜸̃ is the shape function, 𝛼 = 𝛼𝑟 + 𝑖𝛼𝑖 is the complex-valued
wavenumber, 𝜇 = 𝜇(𝛼) = 𝜇𝑟 + 𝑖𝜇𝑖 is the eigenvalue with 𝜇𝑟 being the
linear growth rate and 𝜇𝑖 the frequency, and c.c. stands for the complex
conjugate of its preceding term. The complex phase speed 𝑐 is related
to 𝜇 as 𝜇 = −𝑖𝛼𝑐. Inserting (8) into (7) leads to the linear eigenvalue
problem

𝜇𝑴𝜸̃ = 𝑳̃𝜸̃, (9)

where 𝑴 and 𝑳̃ are corresponding operators of 𝑴 and 𝑳 in the spectral
pace.

The AICI property can be determined by locating the saddle point of
𝑟 in the complex wavenumber plane in the laboratory frame, satisfying
he pinching condition [18,47]. We however found that the saddle
oint in the viscoelastic flows is located far away from the real axis in
he complex wavenumber plane, making it difficult to find the saddle
oint. Suslov [48] also noted that for strong through flows the saddle
oint may be difficult to identify in the complex wavenumber plane in
laboratory frame. In our work, we follow the method of Ref. [49] to

xamine the wave growth in a moving frame with axial coordinate 𝑥m
and velocity 𝑣 by setting 𝑥 − 𝑣𝑡 = 𝑥m in (8). Then the complex growth
rate 𝜆 observed in the moving frame at asymptotically long time and
the corresponding saddle point 𝛼𝑠 can be obtained as

𝜆(𝛼, 𝑣) = 𝜇(𝛼) + 𝑖𝛼𝑣, 𝜕𝜆
𝜕𝛼

|

|

|

|𝛼𝑠
= 0. (10)

The AICI property can now be determined as follows. The complex
rowth rate at the saddle point is denoted as 𝜆𝑠(𝛼𝑠, 𝑣). If its real part
𝑠,𝑟 > 0, the wave growth can be observed in the moving frame
f velocity 𝑣. Otherwise, the wave decays in the moving frame. For
inearly unstable flows, we can always find two roots of the equation
𝑠,𝑟(𝛼𝑠(𝑣), 𝑣) = 0. One root corresponds to the velocity of the trailing
dge 𝑣− of the wavepacket and the other the leading edge 𝑣+. Here 𝑣+
s always positive, i.e., the wave front propagates in the same direction
s the laminar base flow. If 𝑣− > 0, the whole wavepacket moves
ownstream, indicating a convective instability; on the contrary, 𝑣− < 0
eans that the wave trailing edge travels upstream and can spread

cross the whole channel, corresponding to an absolute instability.
However, some additional difficulties prevented us to use this

ethod extensively in our work (especially when we do the parametric
tudy of the centre mode). One of the difficulties is that the centre-mode
nstability in viscoelastic flows is characterised by strong elasticity. Nu-
erically resolving a strongly-elastic centre mode is time-consuming,

equiring a high resolution even in the spectral method. In addition
o this, in the saddle-point searching method, a sufficiently large area
n the complex wavenumber plane should be resolved, i.e., one needs
o calculate many data points (each being costly), in order to find one
enuine saddle point. These factors give rise to a low efficiency of using
his method to determine the AICI of the centre mode.

.2.2. Amplitude expansion: linear complex Ginzburg–Landau equation
To overcome the above-discussed difficulty of applying the tradi-

ional AICI method, we will adopt the linear complex Ginzburg–Landau
quation (CGLE) in this work to study the AICI in viscoelastic channel
lows. This equation serves as an approximate model describing the
patio-temporal evolution of a small disturbance. This equation can
e used to evaluate the absolute growth rate (i.e., in the laboratory
rame) to determine the AICI. For example, Gao et al. [50] adopted
his method in their study of the natural convection of air between
wo vertical plates and found that the corresponding absolute growth
ate is positive, confirming the absolute instability reported in Ref. [51]
here the saddle-point searching method was used. Alternatively, the
ICI property can also be determined from the linear CGLE by cal-
ulating the velocities of the trailing edge and leading edge of the
avepacket [52]. Although this method only gives a second-order ap-
roximation of the linear dispersion relation, it proves to be a sufficient
nalysis tool to reliably determine the AICI properties of the viscoelastic
4

hannel flow. This method has been applied successfully to study the
ICI in an electrohydrodynamic flow subjected to a Poiseuille flow by
eng et al. [53].

The CGLE can be formally derived in a weakly nonlinear analysis
f a flow [54–56] via a multiple-scale expansion of the perturbation
quation in the neighbourhood of linear critical conditions. An alter-
ative is the amplitude expansion method which is valid even away
rom the linear critical conditions as long as the amplitude is not too
arge to invalidate the expansion. This method was originally proposed
y Watson [57] for a weakly nonlinear analysis of Newtonian channel
low, and has been further developed and applied in many other
tudies [56,58–62]. Conventionally, the amplitude expansion method
ill give rise to a truncated Stuart–Landau equation (without a spatial
erivative term compared to the CGLE). Feng et al. [53] incorporated
he spatial-derivative term into their amplitude expansion of electrohy-
rodynamic flows, enabling a spatio-temporal analysis of the first-order
isturbance. Their results demonstrate a favourable agreement between
he predictions of AICI from the amplitude expansion method and those
rom direct numerical simulations (see their Table B.2) even away from
he linear critical conditions.

Since the present work is dedicated to the determination of the AICI
n the linear regime, we will not follow the conventional procedure to
erive the nonlinear CGLE first and then linearise it. We note that many
tudies have demonstrated that the (relatively weak) nonlinearity will
ot influence significantly the front propagation speed, but saturate
he wave amplitude. This means that the results of linear AICI will
ikely translate into the nonlinear regime in such flow scenarios, for
nstance, the wake flow [63], the Blasius boundary layer [64], the
ixing layer [65] and the electrohydrodynamic flow [53]. Thus, we

an simply only derive the linear terms in the CGLE governing the
isturbance amplitude 𝐴 = 𝐴(𝑥, 𝑡) as

𝜕𝐴
𝜕𝑡

= −𝑐𝑔
𝜕𝐴
𝜕𝑥

+ 𝑎1𝐴 + 𝑎2
𝜕2𝐴
𝜕𝑥2

. (11)

ere 𝑐𝑔 is the group velocity, 𝑎1 is the complex growth rate and 𝑎2 is the
iffusion coefficient (see Appendix A for the calculation of these three
oefficients in the spectral space based on the amplitude expansion
ethod).

The three coefficients in (11) can be approximated based on the
inear dispersion relation [55] of the eigenvalue problem (9) using
eal-valued wavenumber 𝛼. The relations are given as

𝑔 ≈ 𝑖
𝜕𝜇
𝜕𝛼

|

|

|

|𝛼𝑚
, 𝑎1 = 𝜇|𝛼𝑚 , 𝑎2 ≈ −1

2
𝜕2𝜇
𝜕𝛼2

|

|

|

|𝛼𝑚
. (12a,b,c)

It should be noted that at a given set of control parameters (𝛽, 𝐸,𝑅𝑒, 𝐿),
the coefficients in (11) and (12) should always be evaluated at the
wavenumber 𝛼 = 𝛼𝑚 where 𝛼𝑚 corresponds to the largest linear growth
rate. In this way, the group velocity 𝑐𝑔 is real-valued. We will use these
relations in Section 4.1 to validate our calculations using the amplitude
expansion method.

Following the spatio-temporal analysis in Ref. [52], we can rewrite
the linear CGLE (11) in a moving frame with velocity 𝑣 and the axial
oordinate 𝑥𝑚 = 𝑥 − 𝑣𝑡 as

𝜕𝐴
𝜕𝑡

= −(𝑐𝑔 − 𝑣) 𝜕𝐴
𝜕𝑥𝑚

+ 𝑎1𝐴 + 𝑎2
𝜕2𝐴
𝜕𝑥2𝑚

. (13)

By assuming the normal mode form for the solution 𝐴 = 𝐴̃𝑒𝑖𝛼̌𝑥𝑚−𝑖𝜔𝑡, we
can obtain the following dispersion relation of the linear CGLE

𝐷(𝜔, 𝛼̌) ≡ −𝜔 + (𝑐𝑔 − 𝑣)𝛼̌ + 𝑖𝑎1 − 𝑖𝑎2𝛼̌
2 = 0, (14)

here 𝛼̌ is the modulation wavenumber of the first harmonic with
avenumber 𝛼𝑚, and 𝜔 is the complex frequency. There is an equilib-

ium in 𝐷(𝜔, 𝛼̌) given by the condition (𝜕𝜔∕𝜕𝛼̌)|𝛼̌𝑒 = 0, which results in
𝛼̌𝑒 = (𝑐𝑔 −𝑣)∕(2𝑖𝑎2). It should be mentioned that (𝛼̌𝑒+𝛼𝑚) directly serves
s an approximation of the saddle point 𝛼𝑠(𝑣) defined in Section 2.2.1.

At this equilibrium, the complex frequency 𝜔 and its imaginary part
𝑒
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Fig. 1. Validation of the predictions of the spatio-temporal growth rate as a function
f the frame moving velocity 𝑣 in the Newtonian plane Poiseuille flow at 𝑅𝑒 = 10000.
he linear instability pertains to a wall mode. The vertical line corresponds to the
roup velocity 𝑐𝑔 ≈ 0.341. The two black dots mark the trailing-edge velocity 𝑣− and

the leading-edge velocity 𝑣+ respectively of the wavepacket.

𝜔𝑒,𝑖 (i.e., the linear growth rate of the wave observed in the moving
frame of velocity 𝑣) are

𝜔𝑒 ≡ 𝜔(𝛼̌𝑒) = 𝑖

[

𝑎1 −
(𝑐𝑔 − 𝑣)2

4𝑎2

]

, 𝜔𝑒,𝑖 = 𝑎1𝑟 −
(𝑐𝑔 − 𝑣)2𝑎2𝑟

4|𝑎2|
2

. (15a,b)

ere 𝑎2𝑟 will be positive in the flow system considered here because
he linear growth rate 𝜇𝑟 as a function of 𝛼 can be approximated by a
arabola opening downwards, see equation (12c) and Fig. 3(𝑎). From

the expression of 𝜔𝑒,𝑖, we know that the maximum linear growth rate
𝜔𝑒,𝑖 = 𝑎1𝑟 can be observed in the frame moving with velocity 𝑣 = 𝑐𝑔
note its relevance to the saddle-point searching method). If 𝑎1𝑟 > 0, the
low is linearly unstable; otherwise, it is linearly stable. In the former
ase, by equating (15b) to zero, the trailing-edge velocity 𝑣− and the
eading-edge velocity 𝑣+ of the wavepacket can be obtained as

− = 𝑐𝑔 −

√

4|𝑎2|
2𝑎1𝑟

𝑎2𝑟
, 𝑣+ = 𝑐𝑔 +

√

4|𝑎2|
2𝑎1𝑟

𝑎2𝑟
. (16a,b)

hen the spreading rate of the wavepacket is

𝑠 ≡ 𝑣+ − 𝑣− = 4

√

|𝑎2|
2𝑎1𝑟

𝑎2𝑟
. (17)

As pointed out in Section 2.2.1, 𝑣+ is always positive, and the flow
instability is convective (absolute) when 𝑣− > 0 (𝑣− < 0).

3. Numerical methods

A spectral collocation method is adopted and implemented in MAT-
LAB to solve Eq. (9) (for locating the saddle points) and Eqs. (A.3a),
(A.6) (for the amplitude expansion). For the computational instances to
be presented, the number of Chebyshev–Lobatto nodes 𝑁 = 401 or 501
is adopted. For a few cases (where 𝑅𝑒 or 𝐸 is large), higher resolutions
up to 𝑁 = 1001 will be used to get converged results.

. Results and discussions

.1. Validation of the numerical methods

To benchmark the present implementation of the numerical meth-
ds, we compare results from solving the linear eigenvalue problem (9)
nd evaluations of the various coefficients in (11) with those reported
n Refs. [22,66], respectively. Good agreement has been achieved as
etailed in Appendix B. Moreover, the Newtonian plane Poiseuille flow
s taken as an example to illustrate the abilities of the saddle-point
earching method and the linear CGLE method for the prediction of
5

he AICI properties of the flow. Fig. 1 shows the variation of the linear p
growth rate with the frame moving speed 𝑣 in this flow at 𝑅𝑒 = 10000,
far from its linear critical condition of 𝑅𝑒𝑐 = 5772.2218. Overall, the
two methods adopted in the present analysis produce consistent re-
sults. Comparatively, the result from the saddle-point searching method
matches with the prediction in Ref. [49] better than that given by the
linear CGLE, especially when 𝑣 is away from that corresponding to the
maximum linear growth rate. This is expected in that the linear CGLE
is only a quadratic approximation of the true dispersion relation of the
problem. The maximum linear growth rate, attained at about 𝑣 ≈ 0.341
is positive, indicating the linear instability of the flow. The leading-edge
velocity of the wavepacket is 𝑣+ ≈ 0.403 and the trailing-edge velocity
is 𝑣− ≈ 0.288. The positiveness of velocities suggests that the whole
wavepacket moves in the same direction as the laminar base flow,
and the disturbance cannot contaminate the upstream laminar flows.
Therefore, the flow instability is of a convective nature, consistent with
the conclusion of Ref. [49].

We would like to emphasise that the predictive ability of the AICI
type by means of the linear CGLE is reliable, despite the minor devi-
ation from the traditional method. In view of the shortcomings of the
traditional method (see the discussions in Section 2), the linear CGLE
method appears to be the only method with which we can conduct an
extensive parametric study in a large parameter space.

4.2. Comparison of the two methods applying to the viscoelastic flows

We first present the AICI of the centre mode in the viscoelastic
channel flow by locating saddle points in a complex wavenumber plane
in a moving frame. As shown in Fig. 2, we take as an example the plane
Poiseuille flow of Oldroyd-B fluids at 𝛽 = 0.8, 𝐸 = 0.2 and 𝑅𝑒 = 500. By
solving the linear eigenvalue problem (9) at a given complex wavenum-
ber 𝛼, one obtains the eigenspectrum of the complex phase speed 𝑐.
n panel (𝑎) of the figure, we plot three such eigenspectra for three
ifferent values of 𝛼. The case of the real-valued 𝛼 = 1.0 corresponds to
he temporal stability analysis, and there is a single centre mode being
inearly unstable (see the green cross above the horizontal line in the
nset). For the complex wavenumbers 𝛼 = 1.0 ± 0.2𝑖, we also identify
heir centre modes (i.e., the red circle and blue dot in the inset). The
inear growth rates 𝜇𝑟 corresponding to these three most unstable or
east stable modes are represented by the three symbols in panel (𝑏)
here the contours of 𝜇𝑟 in the complex wavenumber plane 𝛼 is shown.
hese results are obtained in the stationary frame of reference. In some
low systems, saddle points can be easily identified in the complex
avenumber plane; then the absolute growth rate of the disturbance

an be evaluated at the saddle points and the AICI property is readily
etermined. However, for the present viscoelastic plane Poiseuille flow
aving centre-mode instabilities, the saddle point can be located far
way from the real axis 𝛼𝑖 = 0, rendering the task of identifying the
addle point in the parameter space difficult (a circumstance similar
o that encountered in Ref. [48]). The problem can be circumvented
y locating saddle points in a moving frame as follows based on the
ethod proposed by Deissler [49].

Recalling that the complex growth rate changes from 𝜇(𝛼) in the
aboratory frame to 𝜆(𝛼, 𝑣) = 𝜇(𝛼)+ 𝑖𝛼𝑣 in a moving frame with velocity
, we plot in Fig. 2(𝑐) the contours of 𝜆𝑟 in the same wavenumber plane
ut in a moving frame with 𝑣 = 1.0092 (which value is the group
elocity of the envelope of the whole wavepacket; when observing
he wavepacket in the moving frame of this group velocity, the linear
rowth rate is the largest, see Fig. 2(𝑓 )). One can see that there appears
saddle point, marked by the yellow star, lying on the real axis 𝛼𝑖 = 0

nd at the wavenumber 𝛼 ≈ 0.8618 giving the largest growth rate. In
he moving frame with the velocity 𝑣 = 1.005, the saddle point moves
elow the real axis (see the green star in panel (𝑑)). On the contrary, it
oves above the real axis when a higher velocity 𝑣 = 1.013 is used

the red star in panel (𝑒)). In panels (𝑐, 𝑑, 𝑒) we also superpose the
ocations (marked by black dots) of the corresponding saddle points

redicted by the linear CGLE method (given by (𝑐𝑔 − 𝑣)∕(2𝑖𝑎2) + 𝛼𝑚; see
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Fig. 2. Determination of the AICI property using the saddle-point searching method by locating saddles points in the complex wavenumber plane for the plane Poiseuille flow of
Oldroyd-B fluids at 𝛽 = 0.8, 𝐸 = 0.2 and 𝑅𝑒 = 500. (𝑎) Eigenspectra of the complex phase speed 𝑐 = 𝑐𝑟 + 𝑖𝑐𝑖 for three different wavenumbers; the inset is an enlarged view around
the corresponding most unstable or least stable modes. (𝑏) Temporal linear growth rate 𝜇𝑟 in the complex wavenumber plane 𝛼 in the laboratory frame (𝑣 = 0); the three circles
correspond to the three most unstable or least stable modes in the inset of panel (𝑎). (𝑐) Spatio-temporal linear growth rate 𝜆𝑟 in the same complex wavenumber plane 𝛼 but in a
moving frame with velocity 𝑣 = 1.0092; the star marks the saddle point. (𝑑) 𝜆𝑟 in the moving frame with velocity 𝑣 = 1.005. (𝑒) 𝜆𝑟 in the moving frame with velocity 𝑣 = 1.013. (𝑓 )
The linear growth rate 𝜆𝑠,𝑟 at the saddle points observed in moving frames with varying velocity 𝑣; the three stars correspond to the three saddle points in panels (𝑐), (𝑑) and (𝑒),
respectively. Since the trailing-edge velocity 𝑣− > 0, the flow instability is convective.
Fig. 3. Determination of the AICI property using the linear CGLE method for plane Poiseuille flow of Oldroyd-B fluids at 𝛽 = 0.8, 𝐸 = 0.2 and 𝑅𝑒 = 500. (𝑎) The temporal linear
growth rate 𝜇𝑟 as a function of the real-valued wavenumber 𝛼. (𝑏) The spatio-temporal linear growth rate 𝜔𝑒,𝑖 as a function of the frame-moving velocity 𝑣; the relation between
𝜔𝑒,𝑖 and 𝑣 is given in (15b). (𝑐) Comparison of the results from the two methods: the obtained linear growth rate as a function of the frame moving velocity.
Eq. (14)). It can be seen that the prediction of the linear CGLE method
is accurate when the saddle point is on the real axis 𝛼𝑖 = 0; however,
the prediction becomes worse when the saddle point is further away
from the axis. This is because the linear CGLE adopted is only a second-
order approximation to the physical dispersion relation associated with
the wavepacket dynamics [52]. In panel (𝑓 ), the three accurate saddle
points are also plotted as the three data points (marked by coloured
stars accordingly) in the function curve 𝜆𝑠,𝑟 = 𝜆𝑠,𝑟(𝑣) obtained by
the saddle-point searching method. This curve can be obtained by
tracing the saddle point in the complex wavenumber plane by varying
the frame-moving speed 𝑣. The two roots satisfying 𝜆𝑠,𝑟(𝑣−) = 0 and
𝜆𝑠,𝑟(𝑣+) = 0 are marked in the panel by black dots, with 𝑣− ≈ 1.0028
corresponding to the trailing-edge velocity of the wavepacket and 𝑣+ ≈
1.0173 the leading-edge velocity. An asymmetry of the curve about the
group velocity 1.0092 (vertical dashed line) can be observed, similar
to the situation in Newtonian plane Poiseuille flow [49]. The reason
is not clear to us. Returning to the determination of AICI, since the
trailing-edge velocity 𝑣− > 0, the flow instability is convective.

The spatio-temporal instability of the flow can also be analysed
using the linear CGLE method based on the amplitude expansion in
6

a linear framework. For the case at 𝛽 = 0.8, 𝐸 = 0.2 and 𝑅𝑒 =
500, the variation of the linear growth rate 𝜇𝑟 with the real-valued
wavenumber 𝛼 is shown in Fig. 3(𝑎) where the blue dot marks the
wavenumber 𝛼𝑚 ≈ 0.8618 producing the largest linear growth rate
𝜇𝑟 = 0.00142. Evaluation of the coefficients in (11) at this wavenumber
𝛼𝑚 gives 𝑎1 = 0.001420 − 0.860354𝑖, 𝑐𝑔 = 1.009197 − 0.000002𝑖 and
𝑎2 = 0.009330 − 0.001849𝑖. Then the linear growth rate as a function
of the frame-moving velocity 𝜔𝑒,𝑖 = 𝜔𝑒,𝑖(𝑣) described in (15b) can be
plotted as shown in panel (𝑏) (note the symmetry of the predicted curve,
different from the former saddle-point searching method; the symmetry
stems naturally from the second-order approximation as in (14), so the
function 𝜔𝑒,𝑖 = 𝜔𝑒,𝑖(𝑣) is parabolic). Since the trailing-edge velocity of
the wavepacket evaluated (𝑣− ≈ 1.0018) is positive, the linear CGLE
method predicts convective instability for the flow.

In the above, two different methods are adopted to determine
the AICI property of the viscoelastic channel flow, with each method
generating a plot of the spatio-temporal linear growth rate as a function
of the frame-moving velocity. Fig. 3(𝑐) shows a comparison of results
from these two methods by superposing Fig. 2(𝑓 ) and Fig. 3(𝑏) (note
that we have used different notations 𝜆 and 𝜔 for the growth rate
𝑠,𝑟 𝑒,𝑖
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Fig. 4. Comparison of the predicted spatio-temporal linear growth rates from the
saddle-point searching method and the linear CGLE method for the viscoelastic plane
Poiseuille flow at 𝛽 = 0.8, 𝐸 = 0.2 and 𝑅𝑒 = 500 based on the FENE-P fluid model with

maximum polymer extensibility of 𝐿 = 200 (𝑎) and 𝐿 = 100 (𝑏), respectively. The
inear instability pertains to a centre mode.

o distinguish the two methods). Overall, the agreement is favourable,
specially in the range of 𝑣 where the growth rate is positive. Regarding
he trailing-edge velocity 𝑣−, the linear CGLE predicts 𝑣− ≈ 1.0018,

which deviates slightly from the value of 𝑣− ≈ 1.0028 predicted by
the saddle-point searching method, with the relative error being about
0.1%.

In addition to the Oldroyd-B fluid model, we have also compared
the corresponding predictions using the FENE-P fluid model as shown
in Figs. 4(𝑎, 𝑏) (for maximum polymer extensibility 𝐿 = 200 and 100, re-
pectively). Results from the linear CGLE method and the saddle-point
earching method show a quantitative agreement. The trailing-edge
elocities in the two cases are all 𝑣− ≈ 1 > 0, indicating the convective
ature of the centre-mode instability for viscoelastic channel flows
f FENE-P fluids. Moreover, the finite polymer extensibility seems to
educe the degree of asymmetry of the curves in these plots. Same
s that for the Oldroyd-B model, the linear CGLE method slightly
nderestimates the trailing-edge velocity 𝑣− predicted by the saddle-
oint searching method. In the following, we continue to use the linear
GLE method in the parametric study of the spatio-temporal instability
f the centre mode.

.3. A parametric study of AICI of the centre mode

Fig. 5(𝑎) shows the contours of the linear growth rate in a 𝑅𝑒–𝛼
lane for the flow at 𝛽 = 0.8 and 𝐸 = 0.2 based on the Oldroyd-B fluid
odel, where the solid curve is the neutral curve. The calculation of

he coefficients in the linear CGLE is performed at the wavenumber
𝑚 at which the linear growth rate is maximised for each 𝑅𝑒 (that is,

the red dashed line starting from the linear critical condition marked
by the red star traces the variation of 𝛼𝑚 with 𝑅𝑒). Based on the
obtained coefficients, the wavepacket velocities 𝑣−, 𝑐𝑔 and 𝑣+ around
the parametric point (𝛽, 𝐸,𝑅𝑒) = (0.8, 0.2, 1000) are calculated and
plotted in the remaining panels of Fig. 5. Panel (𝑏) shows the effect of
𝑒 at (𝛽, 𝐸) = (0.8, 0.2). The linear critical Reynolds number is about
69, marked by the red star in the panel. Upon increasing 𝑅𝑒, the

flow becomes linearly unstable. The velocities of the trailing edge and
the leading edge of the wavepackets are about one, indicating also
the convective instability of the flow (𝑣− > 0). Far from the linear
critical condition, the wavepacket velocities are almost independent
of 𝑅𝑒. In panel (𝑐) the elasticity number 𝐸 is varied and the other
parameters are fixed at (𝛽, 𝑅𝑒) = (0.8, 1000). The group velocity 𝑐𝑔
increases with 𝐸, while the variations of 𝑣+ and 𝑣− are not monotonic.
Nevertheless, they are much larger than zero, suggestive of again the
convective instability. The effect of varying 𝛽 with fixed values of
(𝐸,𝑅𝑒) = (0.2, 1000) is illustrated in panel (𝑑). The overall trend is that
𝑐 decreases monotonically with increasing 𝛽, whereas 𝑣 , 𝑣 decrease
7

𝑔 + −
but non-monotonically (note that the centre-mode instability ceases
to exist for 𝛽 ≲ 0.5 as first reported in Ref. [22]). As the value of
𝑣− is about one, the instability is still convective in the range of 𝛽
investigated. From the above results, we can observe the persistent
convective instability of the viscoelastic channel flow in the parameter
space around the parametric point (𝛽, 𝐸,𝑅𝑒) = (0.8, 0.2, 1000).

Further exploration of the spatio-temporal instability in a large
parameter space covering approximately 𝛽 ∈ (0.65, 0.95), 𝐸 ∈ (0.05, 1.6)
nd 𝑅𝑒 ∈ (0, 2000) shows that the trailing-edge velocity 𝑣− correspond-
ng to the centre-mode instability in the flow of Oldroyd-B fluids is
lways close to one as plotted in Fig. 6(𝑎), implying that the instability
s convective. In addition to these observations based on the Oldroyd-B
luid model, we present in panel (𝑏) the corresponding variations of 𝑣−
sing the FENE-P fluid model with a maximum polymer extensibility
f 𝐿 = 200. For the high polymer concentration of 𝛽 = 0.65, the
entre-mode instability ceases to exist within the 𝑅𝑒 explored (thus
o blue curves in panel (𝑏)). When 𝛽 = 0.8 and 𝐸 = (0.2, 0.4), the
entre-mode instability only exists in a certain range of 𝑅𝑒 (confined by
he red dots and squares). These results indicate the stabilising effect
f the FENE-P model on the centre-mode instability, consistent with
hat reported in Ref. [25] for the centre mode in viscoelastic pipe
lows. For dilute polymer solutions of 𝛽 = (0.9, 0.95) the instability
ersists for the FENE-P fluid model. Moreover, regarding the value of
he trailing-edge velocity, it can be seen that 𝑣− increases for all the
ENE-P fluids compared to the Oldroyd-B model as long as the flow is
inearly unstable. Such an increase in 𝑣− suggests that the instability
n viscoelastic channel flow of FENE-P fluids is ‘‘more convective’’ than
hat of the Oldroyd-B fluids. The effect of varying 𝐿 on the AICI will
e further investigated below in Section 4.5.

.4. High-𝑅𝑒 behaviour of the centre-mode AICI

We observe in the last section that the characteristic velocities 𝑣+,
𝑔 and 𝑣− of the centre-mode instability approach constants at high
𝑒 (see Figs. 5(𝑏) and 6(𝑎)) for a given parameter setting (𝛽, 𝐸). This

empts one to look into the asymptotical spatio-temporal behaviour of
he centre mode at high 𝑅𝑒. Deissler [49] have conducted an asymptotic
nalysis of the Newtonian channel flows at high 𝑅𝑒, which however
ertains to the wall mode. Linear and nonlinear scaling laws exist in
he high-𝑅𝑒 limit of the viscoelastic centre mode [21,22,26,27]. As the
entre-mode instability persists down to very small 𝑅𝑒 ≈ 5, we consider
ases at 𝑅𝑒 = 𝑂(1000) as high-𝑅𝑒 scenarios. In the following, we will
irst show numerical results of the scaling behaviour of the large-𝑅𝑒
entre mode and then provide our theoretical derivation of the same
caling.

Fig. 7 illustrates the compensated variables as a function of 𝑅𝑒.
specially, the compensated variables (for 𝛼𝑚, 𝑎1, 𝑐𝑔 , 𝑎2, 𝑣𝑠) approach
onstant at large 𝑅𝑒, indicating the asymptotic behaviour of these
ariables, to be discussed as follows.

• Panel (𝑎) shows the value of the wavenumber 𝛼𝑚 (scaled by 𝐸2𝑅𝑒;
at 𝛼𝑚 the linear growth rate is maximised). One can see that at
each 𝛽 the curves for different 𝐸 collapse onto a single horizontal
line at large 𝑅𝑒, implying 𝛼𝑚𝐸2𝑅𝑒 becomes independent of 𝑅𝑒
and 𝐸 at a given 𝛽, i.e., 𝛼𝑚 scales with 𝐸−2𝑅𝑒−1.

• Panel (𝑏) plots the corresponding variation of the maximum linear
growth rate 𝑎1𝑟 (scaled by 𝐸𝑅𝑒). For each 𝛽 we probed three
different values of 𝐸 consisting of a low, an intermediate and a
high value. For the quantity 𝑎1𝑟, only the curves for the low and
intermediate values of 𝐸 can collapse up to 𝑅𝑒 = 2000. Similarly,
Khalid et al. [22] found that the neutral curves for the centre-
mode instability in the same flow can only collapse for low values
of 𝐸 at a given 𝛽 (see Figure 11 therein). Nevertheless, all the
curves in panel (𝑏) seem to become horizontal at high 𝑅𝑒 (except
those for 𝛽 = 0.65 which would require higher 𝑅𝑒 to manifest the
trend), implying the scaling law of 𝑎1𝑟 ∝ 𝐸−1𝑅𝑒−1 at relatively
small 𝐸.
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Fig. 5. (𝑎) Contours of the linear growth rate in a 𝑅𝑒–𝛼 plane for the flow of Oldroyd-B fluids at 𝛽 = 0.8 and 𝐸 = 0.2. The solid curve is the neutral curve with the red star
marking its linear critical condition. The dashed curve traces the wavenumber 𝛼𝑚. The corresponding characteristic velocities of the wavepackets (all obtained using the linear
CGLE method): (𝑏) at varying 𝑅𝑒 for 𝛽 = 0.8 and 𝐸 = 0.2; (𝑐) at varying 𝐸 for 𝛽 = 0.8 and 𝑅𝑒 = 1000; (𝑑) at varying 𝛽 for 𝐸 = 0.2 and 𝑅𝑒 = 1000. 𝑐𝑔 , 𝑣− and 𝑣+ are the group
velocity, wave trailing-edge velocity and wave leading-edge velocity, respectively.
Fig. 6. Trailing-edge velocity 𝑣− of the wavepacket in viscoelastic channel flows at varying 𝑅𝑒 for different combinations of 𝛽 and 𝐸 based on: (𝑎) the Oldroyd-B fluid model;
(𝑏) the FENE-P fluid model with a maximum polymer extensibility of 𝐿 = 200. The linear instability pertains to the centre mode. The stars and squares mark approximately the
beginning (as that in Fig. 5(𝑏)) and ending respectively of the centre-mode instability upon increasing 𝑅𝑒.
• Panels (𝑐, 𝑑) show the variations of the scaled 𝑎2𝑟 and 𝑎2𝑖 (the real
and imaginary parts of the diffusion coefficient 𝑎2). Since 𝑎2𝑖 is
always negative, we add to it a negative sign in the log scale. From
these two panels, we observe the scaling behaviours of 𝑎2𝑟 ∝ 𝐸3𝑅𝑒
and 𝑎2𝑖 ∝ 𝐸3𝑅𝑒 for each given 𝛽. The wiggles for 𝛽 = 0.95 curves
are due to its high resolution requirement, even though we have
used 𝑁 = 1001 Chebyshev–Lobatto nodes in this case.

• Panels (𝑒, 𝑓 ) display the high-𝑅𝑒 results of the group velocity 𝑐𝑔
and the wave spreading rate 𝑣𝑠 ≡ 𝑣+ − 𝑣−, respectively. Like the
trend present in panel (𝑏), the collapse of curves only happens for
relatively low 𝐸, implying the scalings of (𝑐𝑔 − 1) ∝ 𝐸 and 𝑣𝑠 ∝ 𝐸
at a given 𝛽, and specifically for 𝛽 = 0.65 higher 𝑅𝑒 would be
required to exhibit the scaling.
8

These scaling laws are summarised as

𝛼𝑚 ∝ 𝐸−2𝑅𝑒−1, 𝑎1𝑟 ∝ 𝐸−1𝑅𝑒−1, 𝑎2𝑟 ∝ 𝐸3𝑅𝑒, (18a,b,c)

𝑎2𝑖 ∝ 𝐸3𝑅𝑒, (𝑐𝑔 − 1) ∝ 𝐸, 𝑣𝑠 ∝ 𝐸. (18d,e,f)

Since they are valid for each given 𝛽, they can be re-written in the forms
of

𝛼𝑚 = 𝑓1(𝛽)𝐸−2𝑅𝑒−1, 𝑎1𝑟 = 𝑓2(𝛽)𝐸−1𝑅𝑒−1, 𝑎2𝑟 = 𝑓3(𝛽)𝐸3𝑅𝑒,

(19a,b,c)

𝑎 = 𝑓 (𝛽)𝐸3𝑅𝑒, 𝑐 = 1 + 𝑓 (𝛽)𝐸, 𝑣 = 𝑓 (𝛽)𝐸, (19d,e,f)
2𝑖 4 𝑔 5 𝑠 6
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Fig. 7. Scaling laws of various quantities in the determination of the centre-mode AICI in plane Poiseuille flow based on the Oldroyd-B fluid model. (𝑎) The wavenumber 𝛼𝑚 at
hich the linear growth rate 𝑎1𝑟 is maximised; 𝛼𝑚𝐸2𝑅𝑒 → Const. at high 𝑅𝑒 and the collapse of curves for different 𝐸 implies the scaling law of 𝛼𝑚 ∝ 𝐸−2𝑅𝑒−1 at a given viscosity

atio 𝛽. (𝑏) The maximum linear growth rate 𝑎1𝑟 corresponding to the 𝛼𝑚 in panel (𝑎). (𝑐, 𝑑) The real part 𝑎2𝑟 and imaginary part 𝑎2𝑖 of the diffusion coefficient 𝑎2. (𝑒) The group
elocity 𝑐𝑔 . (𝑓 ) The spreading rate of the wavepacket 𝑣𝑠.
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here 𝑓 (𝛽)s with subscripts represent coefficients which are functions
f 𝛽 only. Next, we will use an asymptotic approach to theoretically
erive these numerically observed scaling laws. Since the present work
s primarily dedicated to the determination of AICI of the flow, we
nly present the gist of the asymptotic approach. More details of the
pproach for viscoelastic pipe flows has been presented in Ref. [26],
here a three-layered asymptotic model consisting of a viscous wall-

ayer, a main layer and a viscoelastic centre layer was analysed.
The flow regime of interest in the determination of AICI of the flow

s at high 𝑅𝑒 for the viscosity ratio within 0.65 ≲ 𝛽 ≲ 0.95, an inter-
ediate level of polymer concentration. The centre-mode instability at

arge 𝑅𝑒 is associated with a small wavenumber 𝛼 (taken to be a real
umber here), i.e., the centre mode is of a long-wavelength nature.
or 0.65 ≲ 𝛽 ≲ 0.95, we follow the asymptotic analysis of the long
ave-length centre mode for an intermediate level of concentration in
ef. [26]

𝑒 ≫ 1, 𝑅𝑒−1 ≪ 𝛼 ≪ 1, (𝛽, 1 − 𝛽) = 𝑂(1). (20a,b,c)

esides, the balance of various terms in the governing Eqs. (5) in the
pectral space when 𝐿 → ∞ (Oldroyd-B model) shows that the elastic
nd viscous centre layers scale as, respectively, 𝑦 = 𝑂(𝛼−1∕2𝑊 𝑖−1∕2)
nd 𝑦 = 𝑂(𝛼−1∕4𝑅𝑒−1∕4). As pointed out by Dong & Zhang [26], it is
he balance of these two layers that induces the centre-mode linear
nstability (see their Section 3.1), leading to the relation

𝑖 ∼ 𝛼−1∕2𝑅𝑒1∕2. (21)

n order to take into account this relation, scaled 𝑅𝑒 and 𝑊 𝑖 are
ntroduced as

= 𝑅𝑒∕𝛽, 𝑊 = 𝛼1∕2𝑅−1∕2𝑊 𝑖. (22a,b)
9

1 1 1
specially, 𝑊1 = 𝑂(1) despite the values of 𝛼,𝑅1 or 𝑊 𝑖 at a given 𝛽 ∈
0.65, 0.95]. Moreover, the complex phase speed 𝑐 (note that 𝜇 = −𝑖𝛼𝑐)
an be approximately expressed as

= 1 + 𝛼−1∕2𝑅−1∕2
1 𝑐1. (23)

ere 𝑐1 is also of order 1 for the 𝛽 considered [26].
By inserting (22a) into (22b), one can express the wavenumber as

= 𝑊 2
1 𝛽

−1𝑅𝑒𝑊 𝑖−2 = 𝑊 2
1 𝛽

−1𝐸−2𝑅𝑒−1. (24)

hen one can see that for a given parameter setting of (𝛽, 𝐸,𝑅𝑒) the
avenumber 𝛼𝑚 at which the maximum linear growth rate is attained

orresponds to a proper value of 𝑊1 (we denote this value as 𝑊1𝑚 with
he associated 𝑐1 having a real part of 𝑐1𝑟,𝑚 and an imaginary part of
1𝑖,𝑚). As 𝑊1𝑚 only depends on 𝛽, we may describe 𝛼𝑚 as

𝑚 = 𝑊 2
1𝑚𝛽

−1𝐸−2𝑅𝑒−1 = 𝑓1(𝛽)𝐸−2𝑅𝑒−1, (25)

.e., the scaling law observed numerically in (19a). From (23) the real
nd imaginary parts of 𝑐 are

𝑟 = 1 + 𝛼−1∕2𝛽1∕2𝑅𝑒−1∕2𝑐1𝑟, 𝑐𝑖 = 𝛼−1∕2𝛽1∕2𝑅𝑒−1∕2𝑐1𝑖. (26)

hen the real and imaginary parts of the complex growth rate 𝜇 = −𝑖𝛼𝑐
re

𝑟 = 𝛼𝑐𝑖 = 𝛼1∕2𝛽1∕2𝑅𝑒−1∕2𝑐1𝑖, 𝜇𝑖 = −𝛼𝑐𝑟 = −𝛼 − 𝛼1∕2𝛽1∕2𝑅𝑒−1∕2𝑐1𝑟.

(27a,b)

he maximum linear growth rate 𝑎1𝑟 can be obtained from 𝜇𝑟 at 𝛼𝑚
orresponding to 𝑊1𝑚 (and thus 𝑐1𝑖,𝑚 is attained) as

𝑎 = 𝜇 (𝛼 , 𝑐 ) = [𝑓 (𝛽)]1∕2𝛽1∕2𝐸−1𝑅𝑒−1𝑐 = 𝑓 (𝛽)𝐸−1𝑅𝑒−1, (28)
1𝑟 𝑟 𝑚 1𝑖,𝑚 1 1𝑖,𝑚 2
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which is the scaling law observed numerically in (19b).
In terms of the diffusion coefficient 𝑎2, noting that it can be approx-

mately evaluated from the dispersion relation (12c), one then obtains
rom (27) the expressions of 𝑎2𝑟 and 𝑎2𝑖 evaluated at the wavenumber
𝛼𝑚 which corresponds to 𝑊1𝑚 and 𝑐1𝑟,𝑚 + 𝑖𝑐1𝑖,𝑚 as (note that the chain
rule 𝑑

𝑑𝛼 = 𝑑
𝑑𝑊1

𝑑𝑊1
𝑑𝛼 needs to be used for 𝑐1𝑟 and 𝑐1𝑖)

𝑎2𝑟 ≈ −1
2
𝜕2𝜇𝑟
𝜕𝛼2

|

|

|

|𝛼𝑚 ,𝑊1𝑚

= 1
8

(

𝑐1𝑖
𝑊 3

1

− 1
𝑊 2

1

𝑑𝑐1𝑖
𝑑𝑊1

− 1
𝑊1

𝑑2𝑐1𝑖
𝑑𝑊 2

1

)

|

|

|

|𝑊1𝑚

𝛽2𝐸3𝑅𝑒

= 𝑓3(𝛽)𝐸3𝑅𝑒, (29a)

2𝑖 ≈ −1
2
𝜕2𝜇𝑖
𝜕𝛼2

|

|

|

|𝛼𝑚 ,𝑊1𝑚

= −1
8

(

𝑐1𝑟
𝑊 3

1

− 1
𝑊 2

1

𝑑𝑐1𝑟
𝑑𝑊1

− 1
𝑊1

𝑑2𝑐1𝑟
𝑑𝑊 2

1

)

|

|

|

|𝑊1𝑚

𝛽2𝐸3𝑅𝑒

= 𝑓4(𝛽)𝐸3𝑅𝑒, (29b)

here 𝑓3(𝛽) and 𝑓4(𝛽) are only functions of 𝛽. These are consistent with
he scaling laws (19c,d). As for the group velocity 𝑐𝑔 , it can also be
valuated from the dispersion relation (12a) as

𝑔 ≈ −
𝜕𝜇𝑖
𝜕𝛼

|

|

|

|𝛼𝑚 ,𝑊1𝑚

= 1 + 1
2

(

𝑐1𝑟
𝑊1

+
𝑑𝑐1𝑟
𝑑𝑊1

)

|

|

|

|𝑊1𝑚

𝛽𝐸 = 1 + 𝑓5(𝛽)𝐸, (30)

which is consistent with the scaling (19e). Lastly, for the spreading rate
𝑣𝑠, we have

𝑣𝑠 ≡ 𝑣+ − 𝑣−

= 2

√

4|𝑎2|
2𝑎1𝑟

𝑎2𝑟
= 2

√

4[𝑓 2
3 (𝛽)𝐸

6𝑅𝑒2 + 𝑓 2
4 (𝛽)𝐸

6𝑅𝑒2]𝑓2(𝛽)𝐸−1𝑅𝑒−1

𝑓3(𝛽)𝐸3𝑅𝑒

= 4

√

[𝑓 2
3 (𝛽) + 𝑓 2

4 (𝛽)]𝑓2(𝛽)
𝑓3(𝛽)

𝐸 = 𝑓6(𝛽)𝐸, (31)

being in agreement with the scaling (19f).
The above theoretical derivations support the scaling laws observed

numerically as summarised in (19). From these scalings, one can see
that the wavenumber 𝛼𝑚 and the maximum linear growth rate 𝑎1𝑟
decrease with 𝑅𝑒, while for the diffusion coefficient 𝑎2 its real and
imaginary parts 𝑎2𝑟 and 𝑎2𝑖 increase with 𝑅𝑒; this suggests that at high
𝑅𝑒 the wavepacket grows more slowly but diffuses faster, with the
combined effect to make the wavepacket spread at a constant speed of
𝑣𝑠. In the determination of AICI of the flow, the trailing-edge velocity
𝑣− plays the decisive role. Since 𝑣− = 𝑐𝑔 − 𝑣𝑠∕2 (as can be seen from
(16a) and (17)), for a given (𝛽, 𝐸) the asymptotic values of 𝑐𝑔 and 𝑣𝑠 at
high 𝑅𝑒 imply an asymptotic value of 𝑣−, that is,

𝑣− = 𝑐𝑔 −
𝑣𝑠
2

≈ 𝑐𝑔 −
𝑐𝑔 − 1

2
=

𝑐𝑔 + 1
2

≈ 1, (32)

where we have used the approximation 𝑣𝑠 ≈ 𝑐𝑔 − 1 as numerically
observed from Fig. 7(𝑒, 𝑓 ), and the fact that the group velocity 𝑐𝑔 ≈ 1
for the centre-mode instability. This indicates the convective instability
of the centre mode in viscoelastic channel flows at asymptotically large
𝑅𝑒.

4.5. Effects of finite extensibility of polymers on the centre mode

In this section, we examine how the finite polymer extensibility
𝐿 affects the spatio-temporal instability of the centre mode in the
viscoelastic channel flow. Figs. 8(𝑎) and (𝑏) show the neutral curves
(solid curves) and the characteristic wave velocities, respectively, at
various 𝐿, 𝛽 = 0.8 and 𝐸 = 0.2. The results for 𝐿 = ∞ are the same
as those presented in Fig. 5(𝑎, 𝑏) for the Oldroyd-B model. Bringing 𝐿
down from infinity to a finite value of 10000 exerts no visible effect on
both the neutral curve or the wavepacket velocities (the black and cyan
curves coincide). After further reducing the extensibility to 𝐿 = 1000,
the neutral curve still shows no apparent deviation, while all three
wavepacket velocities 𝑣−, 𝑐𝑔 , 𝑣+ increase, especially when 𝑅𝑒 is large
10

(the right part of the red curves bending up), with the largest increase
happening at the highest 𝑅𝑒 investigated. When 𝐿 = 200, the neutral
curve shrinks and the wavepacket velocities increase further. For the
lowest extensibility explored 𝐿 = 100, the neutral curve takes the form
of a closed loop, which continues to shrink with 𝐿 further decreased;
meanwhile, the wavepacket velocities are the highest. The centre-mode
instability disappears when the polymer extensibility is further reduced.
In addition, the spreading rate of the wavepacket 𝑣𝑠 ≡ 𝑣+ − 𝑣− is
reduced when the extensibility becomes smaller. These results suggest
that as long as the centre-mode instability exists, the finite polymer
extensibility makes the whole disturbance wavepacket travel faster
downstream.

5. Conclusions

In this paper, the spatio-temporal instability of viscoelastic plane
Poiseuille flows (modelled with the Oldroyd-B and FENE-P models)
subjected to infinitesimally small disturbances has been investigated in
a linear framework. The focus of our work is to determine the convec-
tive or absolute nature of the centre mode in these flows. The main
approach adopted for the determination of the AICI property is based
on a linear complex Ginzburg–Landau equation (CGLE) which governs
the spatio-temporal evolution of infinitesimal disturbances, favoured
by its relatively cheap computational burden and wider applicability
in the parametric space, compared to the conventional saddle-point
searching method. Several comparative examples demonstrate the good
agreement of characteristic wavepacket velocities predicted by the two
approaches, all indicating the convective nature of the flow instability
of the novel centre mode recently discovered by Khalid et al. [22] in
this flow.

Extensive parametric studies have then been conducted using the
Oldroyd-B fluid model, confirming the persistent convective nature
of the centre-mode linear instability of the viscoelastic channel flow
in a large parameter space. Specifically, the trailing-edge velocity 𝑣−
has been evaluated at parameters in the range of 0.65 ≤ 𝛽 ≤ 0.95,
0.05 ≤ 𝐸 ≤ 1.6 and 0 ≤ 𝑅𝑒 ≤ 2000. The results show that starting
from the linear critical Reynolds numbers, 𝑣− first decreases and then
becomes independent of 𝑅𝑒 in all cases. The values of 𝑣− are all close to
one, even at asymptotically large 𝑅𝑒, indicating clearly that the centre-
mode instability is convective. This trend at high 𝑅𝑒 is supported by an
asymptotic analysis following the method in Dong & Zhang [26]. The
theoretical analysis also explains the scaling laws of some compensated
quantities that we have observed numerically.

As a distinguished feature in the present viscoelastic rectilinear
flow, absolute instability is missing even at parameters exhibiting
highly strong polymer elasticity. This suggests that other complex
mechanisms must play a role in making the linear instability absolute
in the viscoelastic jets, mixing layers, mixed convection flows, and
flows over a confined cylinder [34,35,38,39]. The physical reason for
the present convective instability stems from the relatively high phase
speed, low growth rate and low spreading rate of the unstable centre
modes, all preventing them from travelling upstream (as in formulae
(16a)). This work can be extended in several ways. For example, three-
dimensional flows could be analysed to depict more closely the flow
structures in the wave evolution. A more interesting future direction
lies in the comparison to experimental work. The recent experiment by
Shnapp & Steinberg [20] on the spatio-temporal development of the
disturbance in viscoelastic channel flows at vanishingly small 𝑅𝑒 was
conducted in a highly nonlinear regime. Their elastic pulse-splitting
phenomenon is thus likely due to the nonlinear effect, negating a
direct comparison of our results to theirs. Future work can consider
either conducting a nonlinear AICI analysis [67] from the theoretical
perspective or purposely investigating the linear development in the
experiments, to which our results may be of some help.
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ppendix A. Calculation of the coefficients in the linear CGLE

We express the disturbance 𝜸 in the amplitude expansion as

=
(

𝐴𝜸̃11𝑒𝑖𝛼𝑥 + c.c.
)

+
( 𝜕𝐴
𝜕𝑥

𝜸̃21𝑒𝑖𝛼𝑥 + c.c.
)

+
(

𝜕2𝐴
𝜕𝑥2

𝜸̃31𝑒𝑖𝛼𝑥 + c.c.
)

+⋯ ,

(A.1)

here 𝐴 = 𝐴(𝑥, 𝑡) is the disturbance amplitude, 𝜸̃ with subscripts are
ave shape functions, and the wavenumber 𝛼 is taken to be real-valued

n this method. The linear CGLE (11) is copied below for convenience

𝜕𝐴
𝜕𝑡

= −𝑐𝑔
𝜕𝐴
𝜕𝑥

+ 𝑎1𝐴 + 𝑎2
𝜕2𝐴
𝜕𝑥2

. (A.2)

Inserting (A.1) and (A.2) into (7) and collecting like terms with the
ame amplitude result in a series of equations to be solved

𝑎1𝑴 − 𝑳̃1)𝜸̃11 = 𝟎, (A.3a)

(𝑎1𝑴 − 𝑳̃1)𝜸̃21 = 𝑐𝑔𝑴𝜸̃11 + 𝒏̃21 with 𝒏̃21 = 𝑳̃
◦

1 𝜸̃11 (A.3b)

(𝑎1𝑴−𝑳̃1)𝜸̃31 = −𝑎2𝑴𝜸̃11+𝒏̃31 with 𝒏̃31 = 𝑳̃
◦

2 𝜸̃11+(𝑳̃
◦

1+𝑐𝑔𝑴)𝜸̃21. (A.3c)

Following Ref. [53] (which in turn followed the solution strategy
11

originally proposed by [68] and refined recently by [61]), we apply i
an orthogonality condition to make the coefficients 𝑐𝑔 and 𝑎2 uniquely
etermined. The condition requires the projection of an eigenfunction
̃ onto the eigenfunction 𝜸̃11 of the first harmonic to be zero

𝜸̃11, 𝒇̃ ⟩ ≡ 𝜸̃H
11𝒇̃ = 0, (A.4)

here the superscript H means conjugate transpose and  is a positive
efinite Hermitian matrix (set to be the identity matrix in the present
nalysis). Applying the condition (A.4) to 𝒇̃ = 𝜸̃21 and 𝜸̃31 gives

𝜸̃H
11𝜸̃21 = 0, 𝜸̃H

11𝜸̃31 = 0. (A.5)

Then, the augmentation of (A.3b) and (A.3c) with (A.5) results in two
extended equation systems
[

(𝑎1𝑴 − 𝑳̃1) −𝑴𝜸̃11
𝜸̃H
11 0

][

𝜸̃21
𝑐𝑔

]

=

[

𝒏̃21
0

]

,

[

(𝑎1𝑴 − 𝑳̃1) 𝑴𝜸̃11
𝜸̃H
11 0

][

𝜸̃31
𝑎2

]

=

[

𝒏̃31
0

]

.

(A.6)

olving these two equation systems and Eq. (A.3a) results in the coef-
icients in the linear CGLE (11) in the main text.

ppendix B. Validation of the adopted methods

Solving the linear eigenvalue problem (9) accurately is the essential
art of locating the saddle point for the determination of AICI. We
alidate the present code by comparing the obtained complex phase
peeds 𝑐 with those reported by Khalid et al. [22]. The results listed in
able B.1 correspond to the unstable mode at given parameter settings.
good agreement can be observed in all three cases, including both

all-mode instability and centre-mode instability.
Additionally, calculations of the coefficients of the linear CGLE

re shown in Table B.2 for a Newtonian channel flow at its linear
ritical condition. The results obtained from the amplitude expansion
11) and those evaluated using the dispersion relation (12) agree well
ith each other. In the same table, we also list the corresponding

esults of multiple-scale expansion reported by Zhang [66] for the
alidation. A favourable agreement has been achieved for both the
roup velocity 𝑐𝑔 and the coefficient 𝑎2. The definition of 𝑎1 in the
ultiple-scale expansion of Ref. [66] is related to the present one by

he transformation 𝑎̄1 ≡ (𝜕𝑎1∕𝜕𝑅𝑒)|𝑅𝑒𝑐 . It should be noted that the
ispersion relation (12) only gives an approximation of the coefficients

n the linear CGLE (11).
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Table B.1
Validation of the complex phase speed 𝑐 of the unstable mode in 2-D viscoelastic channel flow of Oldroyd-B
fluids.
Mode type 𝛽, 𝐸, 𝑅𝑒, 𝛼 Results in Ref. [22] The present

wall mode 0.5, 0.001, 3960, 1.15 0.29643 + 1.73 × 10−7𝑖 0.2964299 + 1.7294 × 10−7𝑖
centre mode 0.96, 0.9, 650, 1 1.00087623 + 0.00130115𝑖 1.0008762331 + 0.0013011542𝑖
centre mode 0.6, 0.1, 800, 0.6 0.99778 + 5.78112 × 10−5𝑖 0.9977842 + 5.7811180 × 10−5𝑖
Table B.2
Validation of the coefficients in the linear CGLE for a 2-D Newtonian channel flow at its linear critical
condition 𝑅𝑒𝑐 = 5772.2218 and 𝛼𝑐 = 1.0205474. Note that there is a sign difference of 𝑐𝑔 between the study
in Ref. [66] and the present. The coefficient 𝑎1 in their study, obtained from a multiple-scale expansion, is
equivalent to 𝑎̄1 ≡ (𝜕𝑎1∕𝜕𝑅𝑒)|𝑅𝑒𝑐 in the present amplitude expansion. The last column shows the evaluations
of the coefficients based on the linear dispersion relation (12).

Results in Ref. [66] The present (using (11)) The present (using (12))

𝑐𝑔 −0.3830990 − 0.0000000𝑖 0.383098803 + 0.000000019𝑖 0.383098802 + 0.000000018𝑖
𝑎1 – −0.000000000 − 0.269424774𝑖 −0.000000000 − 0.269424774𝑖
𝑎̄1 (1.6825 + 8.1128𝑖) × 10−6 (1.6821 + 8.1120𝑖) × 10−6 (1.6821 + 8.1120𝑖) × 10−6

𝑎2 0.1867144 + 0.0274815𝑖 0.186714427 + 0.027481516𝑖 0.186714926 + 0.027481752𝑖
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