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A B S T R A C T   

Size effects and thermal effects together determine the microscale plastic response of metallic structures in high- 
integrated microelectromechanical systems (MEMS) at different temperatures. To investigate the microscale 
plastic behavior of metallic materials at different temperatures, a thermo-mechanical coupled microscale plas-
ticity model is developed. In the mechanical part of this model, the framework of conventional plasticity theory is 
maintained, and the plastic strain gradient is introduced as an internal variable to increase the tangential 
hardening modulus without the introduction of higher-order stress and higher-order boundary conditions. The 
influence of temperature on the mechanical parameters (e.g. the yield strength) is calibrated by experiment 
results. In the thermal part of this model, the heat generation in the plastic deformation stage is calculated by the 
difference between the plastic work and the hardening stored energy influenced by the plastic strain gradient. 
Due to the strong nonlinearity of the coupled equations, a finite element solution algorithm that combines the 
radial return method and the staggered solution scheme is proposed. The effectiveness of this model and its 
solution algorithm is verified by comparisons with the experiment results and a numerical benchmark example. 
Finally, taking the tensile behavior of a plate with a hole in its center as an example, the coupling effect of strain 
gradient strengthening and thermal softening on the microscale plastic behavior of metallic materials is inves-
tigated. The results show that the microscale plastic behavior of metallic materials at high temperatures depends 
on the competition between thermal softening and strain gradient strengthening. Our study provides a theo-
retical basis and a reliable simulation method for the design of MEMS at different temperatures.   

1. Introduction 

Due to their characteristics of lightweight, low energy consumption, 
and stable performance, MEMS have a wide range of applications in the 
fields of aerospace (Javed et al., 2019), deep earth exploration (Mid-
dlemiss et al., 2016), advanced manufacturing (Galetto et al., 2019), and 
so on. The microscale mechanical behaviors of metallic structures in 
MEMS have a close relationship with the functionality and stability of 
MEMS. Therefore, the mechanical behaviors of metallic materials at 
small-scale dimensions have been a hot research topic during the last 
few years (Askari et al., 2015; Chen et al., 2019; Tajalli, 2020; Tang 
et al., 2019). Different from the mechanical properties of metallic ma-
terials at the macroscale, those, especially the plastic behaviors, at the 
microscale will show a strong size dependence because of the influences 
of microstructure evolutions (Lu et al., 2019, 2020; Zhang et al., 2018a, 

2018b). For example, when the copper wire diameter is reduced from 
50 μm to 20 μm, the dimensionless resistance increases by about 1.7 
times (Liu and Dunstan, 2017). In addition to size effects, thermal effects 
on the plastic behavior of metallic materials at the microscale also 
cannot be ignored (Farokhi and Ghayesh, 2017; Velayarce et al., 2018; 
Wheeler et al., 2013). The heat accumulation in the work of MEMS 
devices and the extreme service environment can cause the temperature 
inside the device to rise significantly. An increase in temperature can 
cause changes in material properties (e.g. the yield strength) and leads 
to thermal stress, which affects the accuracy and service life of the de-
vice (Zhang et al., 2019). To optimize the design of MEMS and ensure 
their reliability across varying temperatures, it is crucial to accurately 
describe the microscale plastic behavior of metallic structures under the 
coupling influence of size effects and thermal effects. 

In the early stage, researchers only pay attention to the size effect of 
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the plastic behavior of metallic materials at the microscale (Chen and 
Wang, 2000; Danas et al., 2012; Dunstan and Bushby, 2013; Fleck and 
Hutchinson, 2001; Lin et al., 2016; Liu et al., 2013; Ran et al., 2013; 
Zhang et al., 2018a). The conventional theory based on local assump-
tions has no length parameter, so it cannot predict the influence of 
structure size on the mechanical response in the stage of plastic de-
formations. To describe the size-dependent plastic behavior, the strain 
gradient plasticity theories, in which additional internal variables are 
introduced to reflect the microstructure interactions, are proposed by 
previous researchers. According to whether the constitutive equation 
contains higher-order stress or whether additional boundary conditions 
are required in the calculation, the strain gradient plasticity theory can 
be divided into higher-order theory and lower-order theory. In terms of 
the higher-order theory, Fleck and Hutchinson (2001) established a 
phenomenological strain gradient plasticity theory (F–H theory) con-
taining two material length parameters: one length parameter is for the 
case where the stretch gradients are dominant, and the other one is for 
the problems when the rotation gradients (or shearing gradients) are 
controlling. Gudmundson (2004) and Gurtin & Anand (Gurtin and 
Anand, 2009) noted that under some straining history, the F–H theory 
would violate the thermodynamic requirement, and they gave another 
alternative formulation to meet the thermodynamic dissipation 
requirement. After that, Fleck et al. (2014) pointed out that this 
formulation given by Gurtin and Anand would lead to a discontinuous 
change of the higher-order stress due to arbitrary small load changes, 
and they modified the constitutive relations of the F–H theory to satisfy 
the thermodynamic requirement (Fleck et al., 2015; Hutchinson, 2012). 
Following their works, many other versions of phenomenological strain 
gradient plasticity theories were proposed and improved, see examples 
(Anand et al., 2012; Fleck and Willis, 2009; Miehe et al., 2013; Nielsen 
and Niordson, 2014; Polizzotto, 2009; Reddy et al., 2008; Voyiadjis 
et al., 2014). Apart from the pure phenomenological theories of gradient 
plasticity, strain gradient-enhanced models based on the dislocation 
flow in crystals are also established (Bittencourt, 2018; Gurtin and 
Reddy, 2014; Jebahi et al., 2020; Ryś et al., 2022; Scherer et al., 2019; 
Wulfinghoff and Böhlke, 2015). Because the higher-order theory needs 
additional boundary conditions, there are great difficulties in numerical 
realization and engineering application. In contrast, the lower-order 
theory maintains the framework of traditional plasticity and is easier 
to apply. Many researchers have conducted in-depth studies on the 
lower-order strain gradient plasticity theory. Based on the thermody-
namic principle, the possibility of a model of non-local plasticity in the 
absence of higher-order stresses or higher-order boundary conditions is 
examined by Acharya and Shawki (1995), and they concluded that the 
thermodynamic restriction does not preclude the existence of a class of 
second-deformation-gradient-dependent plastic constitutive relation-
ship. Acharya and Bassani (2000) pointed out that without changing the 
theoretical framework of J2 plasticity, the only possible formulation is a 
flow theory with strain gradient effects represented as an internal var-
iable to increase the current tangent hardening modulus. Inspired by the 
work of Acharya and Bassani, Chen and Wang (2000) proposed a specific 
hardening relationship and developed a lower-order strain gradient 
plasticity theory (C–W theory). Following the framework of 
mechanism-based strain gradient plasticity (MSG) (Gao et al., 1999), 
Huang et al. (2004) established a conventional theory of 
mechanism-based strain gradient plasticity (CMSG), and they concluded 
that the difference between CMSG and MSG is only significant within a 
thin boundary layer. Although the mathematical expressions of CMSG 
and C–W theory are different, they are essentially the same, that is, the 
strain gradient increases the instantaneous plastic tangent modulus. It is 
noted that there is a large discontinuity in plastic strain gradient in both 
theories. Acharya et al. (2004) investigated the boundary conditions and 

plastic strain-gradient discontinuity in lower-order gradient plasticity, 
and the results showed that the lower-order theory can accommodate 
the higher-order boundary conditions and there seems to be no adverse 
consequences of a discontinuity in the gradient of plastic strain. In 
addition, lower-order strain gradient plasticity theories based on the 
evolution of dislocation in crystals were also developed (Acharya and 
Beaudoin, 2000; Arora et al., 2023; Demiral et al., 2014; Haouala et al., 
2020; Xiao et al., 2019), and these theories successfully described the 
plastic deformation of metal polycrystals (Beaudoin et al., 2000), the 
fracture behaviors of ductile single crystals and the interface of a 
bicrystal with symmetric tilt boundary (Tang et al., 2004, 2005), and so 
on. 

With the development of study and the increase of actual needs of 
engineering, researchers further pay attention to thermal effects on the 
basis of focusing on size effects (Faghihi and Voyiadjis, 2014; Voyiadjis 
and Faghihi, 2012; Voyiadjis et al., 2014; Wu et al., 2003). Wu et al. 
(2003) incorporated thermal effects into MSG to reconstruct the 
constitutive laws and examined the combined effect of strain gradient 
and temperature on the dynamic growth of voids. Voyiadjis and Faghihi 
(2012) developed a thermo-mechanical coupled strain gradient plas-
ticity theory with energetic and dissipative length scales and investi-
gated the mechanical behavior of a thin film on an elastic substrate 
under biaxial straining. In this context, Forest and Aifantis (2010) dis-
cussed some links between recent gradient thermo-elasto-plasticity 
theories and the thermo-mechanics of generalized continua, and Ber-
tram and Forest (2014) proposed an anisotropic model of strain gradient 
thermo-plasticity. In addition, Wcisło and Pamin (2017) established a 
gradient-enhanced thermo-mechanical model, in which the 
higher-order gradients of the temperature field are incorporated. Alda-
kheel and Miehe (2017) extended the gradient plasticity model of Miehe 
(Miehe et al., 2013) to account for the thermal effect under small de-
formations and finite deformations in the logarithmic strain space and 
developed two classes of solution schemes (Global product formula al-
gorithm and implicit coupled algorithm) for this coupled problem. Most 
of the thermo-mechanical coupled strain gradient plasticity theories 
mentioned above are based on the higher-order theory. Due to the ex-
istence of higher-order stress or additional boundary conditions, the 
framework of these theories is different from that of traditional J2 
plasticity theory, which leads to difficulties in numerical realization and 
engineering application. In addition, with regard to the 
thermo-mechanical coupled response of metallic materials at the 
microscale, most studies focus on the influence of strain gradient on the 
plastic hardening and heat generation, but neglect the combined effect 
of strain gradient and temperature on the plasticity of microscale 
metallic materials under high temperatures. Therefore, it is necessary to 
develop a thermo-mechanical coupled microscale plasticity model based 
on the lower-order theory and investigate the couple effect of strain 
gradient and temperature. 

In this work, the thermal effect is incorporated into the C–W theory 
(Chen and Wang, 2000) to construct a new thermo-mechanical coupled 
microscale plasticity model and the combined effect of strain gradient 
strengthening and thermal softening on the plasticity of metallic mate-
rials at the microscale is investigated. What should be emphasized is that 
our model realizes the coupling of strain gradient effect and thermal 
effect under the framework of traditional J2 plasticity theory, which is 
very beneficial for practical applications and numerical implementation. 
This paper is organized as follows: Section 2 outlines the framework of 
the thermo-mechanical coupled microscale plasticity model. In Section 
3, the finite element solution algorithm of this model is developed by 
combining the staggered solution scheme and the radial return method. 
The effectiveness of this model and its numerical implementation is 
validated by comparisons with the experiment results, and the coupling 
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effect of strain gradient and temperature on the microscale plasticity of 
metallic materials is analyzed in Section 4. In Section 5, the main con-
clusions are summarized. 

2. Theory 

The thermo-mechanical coupled microscale plasticity model pre-
sented here stands on the C–W strain gradient plasticity model. Firstly, 
the kinematics are presented in Section 2.1. Secondly, in Section 2.2, the 
balance equations and boundary conditions of this model are introduced 
in detail. Then, the constitutive equations are described in Section 2.3. 
Finally, the control equations, boundary conditions, and initial condi-
tions are concluded. 

2.1. Kinematics 

The proposed theoretical framework refers to an elastic-plastic solid 
occupying a domain Ω⊂R

d
(d= 1,2, 3) with an external boundary ∂Ω⊂ 

R
d− 1, and the outward unit normal vector of the boundary is denoted as 

n. The coordinate of an arbitrary material point in the elastic-plastic 
solid is set as X and the kinematic variables (the displacement and the 
temperature) at time t can be expressed as u(X, t) and θ(X, t). The 
framework of the thermo-mechanical coupled microscale plasticity 
model is limited to the isotropic and small deformation conditions. The 
total strain tensor ε is defined as 

ε= 1
2
(∇u+u∇) (1) 

For the thermo-plastic problem, the elastic strain tensor εe is ob-
tained in an additive format from the total strain ε, the plastic strain εp , 
and the thermal strain εθ: 

εe = ε − εp − εθ (2)  

where εp is a symmetric second-order tensor and starts to evolve from 
the initial condition εp(X, t) = 0, and εθ is a spherical second-order 
tensor and can be calculated by 

εθ =α(θ − θ0)I (3)  

where α is the coefficient of thermal expansion, θ is the current tem-
perature, θ0 is the initial temperature, and I is the unit second-order 
tensor. 

2.2. Balance equations and boundary conditions 

The balance equations of thermo-plastic problems are composed of 
the force field balance equation and the thermal field balance equation. 
Firstly, the balance equation of the force field is given based on the 
balance of linear momentum in Section 2.2.1. Then, the balance equa-
tion of the thermal field that accounts for the influence of strain gradient 
is introduced in Section 2.2.2. 

2.2.1. Force field equation 
Under the static and physical conditions, the balance of linear mo-

mentum of arbitrary subdomains Ωsub in the elastic-plastic solid can be 
expressed as 
∫

Ωsub

tsubdSsub = 0 (4)  

where tsub is the surface force on the boundary Ssub of the subdomain 
Ωsub. Herein, the body force is neglected. Based on the Gauss theorem, 
the local form of Eq. (4) is 

∇ ⋅ σ = 0 (5)  

where σ is the Cauchy stress tensor. The Dirichlet- and Neuman- 
conditions for the deformation and the external traction on the bound-
ary are 

u=u0 on∂Ωu (6a)  

σ ⋅ n = t on∂ΩT (6b)  

2.2.2. Thermal field equation 
The local form of the first law of thermodynamics that holds at every 

point in the elastic-plastic solid reads 

ρΘ
⋅
= ε⋅ : σ + r − ∇⋅q (7)  

where ρ denotes the density of the material, Θ is the internal energy per 
unit mass, r is the amount of heat supply per unit time and unit volume, 
and q is the heat flux vector. Here, q is given by Fourier’s law of heat 
conduction q = − k∇θ, where k is the thermal conductivity. The in-
ternal energy per unit mass Θ can be obtained in an additive format from 
Helmholtz’s free energy ψ and the product of entropy s and temperature 
θ: 

Θ=ψ + sθ (8) 

Using Eq. (8) in Eq. (7), one can get 

ρ
(

Ψ
⋅
+ s⋅ θ+ sθ

⋅)
= ε⋅ : σ + r − ∇⋅q (9) 

In our work, the main purpose is to construct the thermo-mechanical 
coupled microscale plasticity model based on the lower-order theory. 
The higher-order stress will be neglected, and the effect of the strain 
gradient on plasticity is introduced by increasing the plastic tangent 
modulus. In the traditional case, the balance equation of the thermal 
field can be written as (the detailed derivation can be found in 
Appendix) 

ρcεθ
⋅
= k∇2θ+ r − θD : αI :

(
ε⋅ − εp

⋅ )
+ σ : εp

⋅
− Kεp

⋅
(10)  

where cε = − θ∂2Ψ/∂θ2 is the specific heat capacity, D is the fourth-order 
elastic tensor, and K is the thermodynamic force that is energy conju-

gated to the effective plastic strain εp. εp can be calculated by εp =
∫

εp
⋅
dt 

and εp
⋅
=

̅̅̅̅̅̅̅̅̅

2(εp
⋅

√

: εp
⋅
)/3. In the traditional J2 plasticity flow theory, K 

reads 

K(εp)=

∫ εp

0
A′(β)dβ (11)  

where A′(β) is the tangent hardening modulus. In order to consider the 
effect of strain gradient without introducing the higher-order stress, the 
strain gradient term is used as a correction parameter to correct K 
referring to the previous work (Chen and Wang, 2001). When the strain 
gradient effect is introduced into K, K is 

K(lη, εp)=

∫ εp

0
A′(β)g(lη, β)dβ (12)  

where g(lη, β) is the correction term that considers the effect of strain 
gradients, and its detailed form will be introduced in Section 2.3. What 
needs to be emphasized is that Eq. (12) can not be integrated analyti-
cally due to the reason that the strain gradient term η varies with the 
gradient of the effective plastic strain under a complex state of stress. In 
previous research, it also appears in the form of an integral (Ban et al., 
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2017). At this time, the balance equation of the thermal field reads 

ρcεθ
⋅
= k∇2θ+ r − θD : αI :

(
ε⋅ − εp

⋅ )
+ σ : εp

⋅
−

∫ εp

0
A′(β)g(lη, β)dβεp

⋅
(13) 

The Dirichlet- and Neuman-conditions for the thermal field on the 
boundary are 

θ= θ0 on∂Ωθ (14a)  

q ⋅ n = h on∂Ωh (14b)  

where h is the heat flux. Eqs. (5), (6), (13) and (14) are the balanced 
equations and the boundary conditions of the thermo-mechanical 
coupled microscale plasticity model. 

2.3. Constitutive equations 

The constitutive equations include three parts: the stress-strain 
relationship, the yield function, and the evolution law of plastic strain. 
In Section 2.3.1, the stress-strain relationship is presented first. Then, 
the yield function adopted in our work is introduced in Section 2.3.2. 
Finally, the evolution law of plastic strain is described in Section 2.3.3. 

2.3.1. The stress-strain relationship 
The constitutive equation of the thermo-mechanical coupled micro-

scale plasticity model reads 

σ =D :
(
ε − εp − εθ) (15) 

According to the previous experiment results (Seungwoo et al., 2008; 
Wheeler et al., 2013), it can be known that the influence of temperature 
on the elastic constant is relatively small when the temperature is not 
very high. Therefore, the effect of temperature on D is neglected. The 
incremental form of Eq. (15) is 

σ⋅ =D :
(

ε⋅ − εp
⋅
− εθ

⋅ )
(16)  

2.3.2. The yield function 
On the premise of meeting the thermodynamic limitations and 

maintaining the traditional form of J2 plasticity theory, Acharya and 
Bassani (2000) pointed out that the only possible form to realize the 
gradient plastic strengthening is a flow theory represented as an internal 
variable that plays a role in increasing the plastic tangential modulus. 
Following their viewpoint, Chen and Wang (2001) proposed a specific 
hardening relationship. In order to introduce the strain gradient effect 
and avoid the complexity of the theoretical framework, the yield func-
tion proposed by Chen and Wang is adopted. The C–W yield function f 
reads 

f = σ－σy0 (θ)－K (17)  

where σ is the effective stress, and σy0 (θ) is the yield strength. σ can be 
calculated by 

σ =

̅̅̅̅̅̅̅̅̅̅̅̅̅
3
2

S : S
√

(18)  

where S is the deviatoric part of Cauchy stress σ, and it can be obtained 
by S = σ − Iσii/3. According to the previous experimental results 
(Seungwoo et al., 2008; Wheeler et al., 2013), it can be known that when 
the temperature is not extremely high, the influence of temperature on 
the modulus of metallic materials is small, but it has a significant impact 

on the yield strength (Ottosen and Ristinmaa, 2005). The relationship 
between the yield strength and the temperature can be fitted by exper-
iment results. In this paper, a linear softening relationship (e.g. σy0 =

σθ=0
y0

− kθ⋅θ) is adopted on the premise of accuracy and simplicity. In the 
C–W yield function, K is written as 

K(lη, εp)=

∫ εp

0
A′(β)

(

1 +
l2η2

β2

)γ

dβ (19)  

where l is the intrinsic characteristic length of materials for the rotation 
gradient, and γ is the exponent. Referring to previous work (Chen and 
Wang, 2000), the range of γ is 0–1, and in our study γ is taken to as 1. η is 
the plastic strain gradient term, and it is defined as 

η=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

l1

l

)2

ρ(1)
ijk ρ(1)

ijk + χe
2

√

(20)  

with 

χe =

̅̅̅̅̅̅̅̅̅̅̅̅
2
3

χijχij

√

, χij = eitsρjts, ρjts = εp
jt,s (21)  

where l1 is the intrinsic characteristic length of materials for the stretch 
gradient, ρ(1)

ijk is the stretch gradient tensor, χe is the effective rotation 

gradient, and ρnts is the gradient of the plastic strain. ρ(1)
ijk can be calcu-

lated by (Fleck and Hutchinson, 2001) 

ρ(1)
ijk = ρS

ijk −
1
5

(
δijρS

kpp + δkjρS
ipp + δikρS

jpp

)
(22)  

where ρS
ijk = 1

3 (ρijk +ρjki +ρkij) is the ‘symmetrical’ part of ρnts. 

2.3.3. The evolution law of plastic strain 
According to the second law of thermodynamics, mechanical dissi-

pation needs to satisfy the inequality: 

γmech ≡ σijε
⋅

ij
p − Kεp

⋅
≥ 0 (23) 

In addition, the yield function f(σij,K) is always less than or equal to 
zero. Following the postulate of maximum dissipation, the evolution law 
of plastic strain can be obtained by minimizing − γmech under the 
constraint that f(σij,K) ≤ 0. Herein, the yield function is assumed to be a 
convex function of σe and K. The Lagrange function of this problem is 
defined as 

L
(

σij,K, λ
⋅)

= − σijε
⋅

ij
p+Kεp

⋅
+ λ

⋅
f
(
σij,K

)
(24)  

where λ
⋅ 

is a Lagrange multiplier. Following the equations 

∂L
∂σij

= 0,
∂L
∂K

= 0 (25) 

the evolution law of the plastic strain can be obtained: 

ε⋅
ij

p= λ
⋅ ∂f
∂σij

, εp
⋅
= − λ

⋅ ∂f
∂K

(26) 

Based on Eqs. (17) and (26), it can be known that the Lagrange 

multiplier λ
⋅ 

is equal to the effective plastic strain εp
⋅
. 

Finally, the thermo-mechanical coupled microscale plasticity model 
can be described as follows. The governing equations are 
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇⋅σ = 0

σ = D :
(
ε − εp − εθ)

ρcεθ
⋅

= k∇2θ + r − θD : αI :
(

ε⋅ − ⋅ εp
)
+ σ

: ⋅ εp − K ⋅ εpε =
1
2
(∇u + u∇), εe = ε − εp − εθ, εθ = α(θ − θ0)If

= σ－σy0－K, ⋅ εp
ij = λ

⋅ ∂f
∂σij

, ⋅ εp = − λ
⋅ ∂f
∂K

σ =

̅̅̅̅̅̅̅̅̅̅̅̅̅
3
2

S : S
√

, σy0

= σθ=0
y0

− kθ⋅θ,K(lη, εp) =

∫ εp

0
A′(β)

(

1 +
l2η2

β2

)γ

dβη

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

l1

l

)2

ρ(1)
ijk ρ(1)

ijk + χe
2

√

, χe =

̅̅̅̅̅̅̅̅̅̅̅̅
2
3
χijχij

√

, χij = eitsρjts, ρjts = εp
jt,sρ

(1)
ijk

= ρS
ijk −

1
5

(
δijρS

kpp + δkjρS
ipp + δikρS

jpp

)
, ρS

ijk =
1
3
(
ρijk + ρjki + ρkij

)
(27) 

The boundary conditions read 
⎧
⎪⎪⎨

⎪⎪⎩

u = u0 on∂Ωu

σ⋅n = t on∂ΩT

θ = θ0 on∂Ωθ

q⋅n = h on∂Ωh

(28) 

The initial conditions are specified as 
{

u(X, 0) = 0 in Ω
θ(X, 0) = θ0 in Ω (29)  

3. Numerical implementation 

In this section, combining the radial return algorithm and the stag-
gered solution scheme, a numerical implementation strategy of the 
thermo-mechanical coupled microscale plasticity model is proposed. 
First, in Section 3.1, the radial return method to implement the C–W 
strain gradient plasticity model is presented. The staggered solution 
scheme related to the thermo-plastic problem is described in Section 3.2. 
Finally, Section 3.3 provides a detailed introduction to the weak 
formulation and the solving flowchart of the thermo-mechanical 
coupled microscale plasticity model. 

3.1. The radial return method for solving the C–W strain gradient 
plasticity model 

Algorithm 1. The radial return algorithm for the C–W strain gradient 
plasticity model.  

1. Setting the initial value: k = 0, εp(0) = εp
n, εp(0) = εp

n, Δλ(0) = 0, σ(0) = D : (εn+1 −

εθ
n+1 − εp(0)), n(0) =

̅̅̅̅
3
2

√
S(0)

σ(0) ; 

2. Judging whether the system is in balance. If [Fsystem]total ≤ TOL, the iteration ends. 
Otherwise, go to step 3; 
3. Calculating the correction of effective plastic strain based on Eq. (33); 
4. Updating the effective plastic strain increment, the plastic strain, and the stress: Δ 
λ(k+1) = Δλ(k) + δλ(k), εp(k+1) = εp(k) + δλ(k)rn+1, σ(k+1) = σ(k) − 2μδλ(k)rn+1. Let k =
k+1, and then go to step 2.  

The C–W strain gradient plasticity model maintains the framework of 
traditional J2 flow plasticity theory, so the radial return algorithm can be 
used to implement it numerically. Here, the incremental finite element 
method is adopted. The deformation, stress, and temperature of step n 
are known, and they are written as εn, εp

n, εp
n, σn, un, θn. Based on the 

backward Euler method, the stress and strain of step n+1 can be 
obtained: 

εn+1 = εn + Δε (30a)  

εp
n+1 = εp

n + Δλn+1rn+1 (30b)  

εp
n+1 = εp

n + Δλn+1 (30c)  

σn+1 =D :
(
εn+1 − εθ

n+1 − εp
n+1

)
(30d)  

where Δε is the incremental strain tensor, and it can be calculated by 
solving the balance equation of force field (the detailed process can be 
found in Section 3.3); rn+1 is the flow direction tensor of plastic strain, 
and it reads 

rn+1 = 3Sn+1/2σn+1 (31) 

Using Eqs. (30a), (30b) and (30c) in Eq. (30d), the stress of step n+1 
can also be written as 

σn+1 = σ0
n+1 − Δλn+1D : εp

n+1 = σ0
n+1 − Δλn+12μrn+1 (32)  

where σ0
n+1 = D : (εn+1 − εθ

n+1) is the elastic predicted stress tensor. It is 
noted that the flow direction is unchanged during the process of plastic 
strain correction. Namely, it can be calculated by the elastic predicted 
stress: rn+1 = 3S0

n+1/2σ0
n+1. In Eqs. (30a), (30b), (30c), and (31), only the 

incremental plastic strain Δλn+1 is unknown. Obviously, once Δλn+1 is 
obtained, the stress and strain of step n+1 will be known. The incre-
mental plastic strain Δλn+1 can be obtained by solving the yield function: 

fn+1 = σn+1－σy0－K(lηn+1, ε
p
n+1)= σ0

n+1 − 3μΔλn+1－σy0－K(lηn+1, εp
n+1)

(33) 

Eq. (33) is nonlinear, so the Newton iterative method needs to be 
used to calculate Δλn+1. It is noted that the forward Euler method is used 
to calculate ηn+1. Namely, ηn+1 can be obtained based on the plastic 
strain of step n with Eqs. (20)–(22). At this time, the step needs to be 
small enough to reduce the calculation error. The derivation of Eq. (33) 
with respect to Δλn+1 is 

∂fn+1

∂Δλn+1
= 3μ + Ep (34)  

where Ep = ∂K/∂εp|εp
=εn + 1p is the plastic tangent modulus. Then, in the 

k-step iteration of the radial return method, the effective plastic strain 
correction δλ(k) = Δλ(k+1) − Δλ(k) is 

δλ(k) =
f (k)n+1

3μ + Ep(k) (35) 

The detailed process of the radial return algorithm for solving the 
C–W strain gradient plasticity model is shown in Algorithm 1. 

3.2. The staggered solution scheme for the thermo-plastic problem 

When it comes to addressing the thermo-plastic issue, two kinds of 
solution approaches are available: the simultaneous solution algorithm 
and the staggered solution scheme. Aldakheel and Miehe (2017) pointed 
out that the simultaneous solution algorithm arises from high compu-
tational efforts in comparison with the staggered solution scheme under 
the same computational accuracy. Therefore, in this work, the staggered 
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solution scheme, as shown in Fig. 1, is adopted to solve the 
thermo-plastic problem. The procedure is as follows: within a time step 
Δtn, the temperature field calculated at time ti is used as an input in the 
calculation of the force field. The calculation is performed to obtain the 
displacement field at time ti+1. After that, the displacement field at time 
ti+1 is used as an input in the calculation of the thermal field. The 
calculation is performed to obtain the thermal field at time ti+1. Then, 
judging whether the force field equation and the thermal field equation 
are satisfied at the same time according to the thermal field and 
displacement field at time ti+1. If it is not, the next iteration is performed. 
When both the force field equation and the thermal field equation are 
satisfied, the next time step Δtn+1 is performed. 

3.3. The weak formulation and the solving flowchart of the thermo- 
mechanical coupled microscale plasticity model 

Based on the principle of virtual work and the balance equation of 
force field, the weak form of force equation reads 

δΠu =

∫

Ω

σijδ
(
εij
)
dV −

∫

∂Ω

tiδ(ui)dV = 0 (36) 

For the analysis of the plastic behavior of materials, the incremental 
finite element method is usually adopted. Therefore, the incremental 
form of Eq. (36) needs to be given. If the stress σij + Δσij and the 
boundary force ti + Δti at the time of t + Δt meet the balance equation of 
force, the total virtual work done by these forces along the virtual 
displacement δ(Δui) that satisfies the geometric equation is zero: 

δ(ΔΠu)=

∫

Ω

(
σij +Δσij

)
δ
(
Δεij

)
dV −

∫

∂Ω

(ti +Δti)δ(Δui)dV

=

∫

Ω

σijδ
(
Δεij

)
dV +

∫

Ω

Δσijδ
(
Δεij

)
dV −

∫

∂Ω

(ti +Δti)δ(Δui)dV = 0
(37) 

Eq. (37) will be used to calculate the displacement field. With regard 
to the thermal field, the weak form can be obtained based on Eq. (13):  

Following the backward Euler method, the time-related items in Eq. 
(38) are discretized as 

θ
⋅
=

θ − θn

Δt
, εij

⋅
=

εij − εn
ij

Δt
, ε⋅

ij
p =

εp
ij − εpn

ij

Δt
, εp

⋅
=

εp − εpn

Δt
(39) 

Using Eq. (39) in Eq. (38), one can obtain 

δΠθ =

∫

Ω

ρcε
θ − θn

Δt
δ(θ)dV −

∫

Ω

(
kijθ,j

)

,iδ(θ)dV

+

∫

Ω

[

θαDijklδkl

(εij − εn
ij

Δt
−

εp
ij − εpn

ij

Δt

)

− r − σij
εp

ij − εpn
ij

Δt
+K

εp − εpn

Δt

]

δ(θ)dV = 0

(40) 

Eq. (40) will be used to calculate the thermal field. 
The numerical solution of the thermo-mechanical coupled micro-

scale plasticity model is implemented using Fenics (Alnæs et al., 2015; 
Logg et al., 2012). The iterative predictor-corrector return mapping al-
gorithm is embedded in the global loop for restoring equilibrium, and 
the linear solver is used in our code. The core of the algorithm is the 
combination of the radial return method and the staggered solution 
scheme, and the detailed process of the algorithm is shown in Fig. 2. 

4. Numerical results and discussion 

In this section, firstly, the proposed thermo-mechanical coupled 
microscale plasticity model and its numerical implementation are vali-
dated by comparisons with the experiment results and a benchmark 
numerical example. Then, the coupling effect of strain gradient 
strengthening and thermal softening on the microscale plastic behavior 
of metallic materials is investigated through the tensile behavior of the 
plate with a hole in its center. 

4.1. Validation of the model and the numerical implementation 

The verification process of the effectiveness of the thermo- 
mechanical coupled microscale plasticity model is divided into three 
parts: the verification of the effectiveness of the numerical imple-

mentation of the strain gradient plasticity model, the verification of the 
effectiveness of the numerical implementation of the thermal effect on 
plastic behavior, and the verification of the effectiveness of the nu-
merical implementation of staggered solution scheme. It should be noted 
that we validated the effectiveness of the above three parts separately. 

(1) The verification of the effectiveness of the numerical imple-
mentation of the strain gradient plasticity model: the bending test 
of Ni foils 

When validating the effectiveness of the numerical implementation 
of the strain gradient plasticity model, the thermal effect is not consid-
ered. The bending of Ni foils is often used to validate the effectiveness of 
the phenomenological model by previous researchers (Chakravarthy 
and Curtin, 2011). Therefore, the bending test of Ni foils is used to verify 
the effectiveness of our model in the numerical implementation of the 
strain gradient plasticity model. Ehrler et al. (2008) measured the 
stress-strain relationship of Ni foils in flexure by the load-unload 
method, which provided accurate data from the elastic region to high 
plastic strain. The schematic of the load-unload method is shown in 
Fig. 3. The Ni films used in the bending test are obtained commercially. 

Fig. 1. The staggered process for the thermo-plastic problem within a time 
step Δt. 

δΠθ =

∫

Ω

ρcεθ
⋅
δ(θ)dV +

∫

Ω

[
θαDijklδkl

(
εij

⋅
− ε⋅

ij
p
)
− r − σijε

⋅

ij
p+Kεp

⋅ ]
δ(θ)dV −

∫

Ω

kθ,i iδ(θ)dV = 0 (38)   
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The thicknesses h of the three specimens are 10 μm, 50 μm, and 125 μm 
of purity 99.95%, 99.90%, and 99.99%. The average grain size d is about 
30 μm at each thickness. According to the experiment, the modulus of 
the Ni film is about 200 GPa, and the Poisson’s ratio of the Ni foils is 
taken to be 0.31. The yield strength is calibrated by simulating the 
bending behavior of Ni with a thickness of 125 μm. By comparing the 
simulation results with the experiment, the yield strength is determined 
as 50 MPa. The power hardening exponent is taken to be 0.2 based on 
the previous study (Song and Voyiadjis, 2018). Referring to the previous 
study (Chen and Wang, 2000), the intrinsic characteristic length pa-
rameters of Ni foil for the rotation gradient and the stretch gradient are 
3.3 μm and 3 μm, respectively. 

The measurement results for Ni foils with different thicknesses and 
the corresponding numerical values based on our model are presented in 
Fig. 4. As shown in this figure, strong size-dependent plastic behaviors 

are observed in the relationship between the normalized bending stress 
and the surface strain. Under the same surface strain, the normalized 
bending stress increases with the decreasing thickness of Ni foils in the 
plastic stage. Namely, the yield path of metallic materials at the 
microscale strongly depends on the state of the strain gradient. The 
simulation results can reproduce the size-dependence phenomenon in 
the bending test of Ni films, which shows that the numerical imple-
mentation of the strain gradient plasticity in our code is effective. 
However, there are still some errors between the simulation and the 
experiment at the beginning stage where h = 125 μm and at the finishing 
stage where h = 10 μm. At the beginning stage where h = 125 μm, the 
slope of the simulation result is higher than that of the experiment, and 
the difference between them is about 32.2%. At the finishing stage 
where h = 10 μm, the simulation is lower than the experiment, and the 
difference between them is about 10%. The reasons for this are as fol-
lows. First, the size-dependence behavior in the elastic stage is not 
considered in the lower-order strain gradient plasticity. In the simula-
tion, the modulus is set to be a constant (200 GPa), which leads to the 
error between the simulation and the experiment at the beginning stage 
where h = 125 μm. Second, our model is isotropic. However, in practice, 
the Ni film is not completely isotropic. The difference between the model 
and the reality leads to the error between the simulation results and the 
experiment. 

(2) The verification of the effectiveness of the numerical imple-
mentation of the thermal effect on plastic behavior: the tensile 
behavior of Ni film 

When validating the effectiveness of the numerical implementation 
of the thermal effect on plastic behavior, the strain gradient effect is not 

Fig. 2. The numerical implementation algorithm of the thermo-mechanical 
coupled lower-order strain gradient plasticity model. 

Fig. 3. The schematic of the load-unload method. The solid line represents the 
Ni foil in the loaded state, and the dashed line represents the Ni foil in the 
unloaded state after elastic recovery. 

Fig. 4. The relationship between the normalized bending stress M/wh2 and the 
surface strain κh/2. W is the width of the Ni foils and κ is the curvature of the Ni 
foils in the loaded state. The symbols are for the experiments (Ehrler et al., 
2008), and the lines are for the simulation results. 

Y. Liu et al.                                                                                                                                                                                                                                      



European Journal of Mechanics / A Solids 102 (2023) 105117

8

considered. Seungwoo et al. (2008) developed a micro tensile testing 
system that consists of a high-temperature furnace and a digital image 
correlation system to investigate the tensile behavior of Ni film at high 
temperatures. The Ni films used in the tensile test were prepared by 
MEMS processes and electroplating. The schematic of the 
dumbbell-shaped specimen used in the experiment is shown in Fig. 5. 
Referring to the work of Seungwoo et al. (2008), the modulus and 
Poisson’s ratio of Ni film are 115 GPa and 0.31, respectively. The power 
hardening exponent is taken to be 0.2. The yield strength is calibrated by 
simulating the tensile behavior of Ni at different temperatures, and then 
the relationship between the yield strength and the temperature is fitted. 
Combining the simulation results and the experiment, it can be found 
that the linear function (σy0 = σθ=0

y0
− kθ⋅θ) can fit the relation between 

the yield strength and the temperature well. The yield strength σθ=0
y0 

and 
kθ are respectively calibrated as 400 MPa and 0.778 MPa ◦C− 1 based on 
the experiment data. Referring to the previous study (Song and Voy-
iadjis, 2018), the density, specific heat capacity, thermal diffusion co-
efficient, and thermal expansion coefficient of the Ni film are taken as 
8.902 g/cm3, 0.54 (J/g)⋅K, 2.042⋅10− 5 m2/J and 13.1 (μm/m)⋅K, 
respectively. 

Fig. 6 displays the comparisons between the simulation results 
calculated by our model and the experiment results at four different 
temperatures, i.e. 18 ◦C, 75 ◦C, 145 ◦C, and 218 ◦C. From this figure, it 
can be found that the temperature-dependent plastic behavior is pre-
sented in the stress-strain relationship. The initial yield strength de-
creases with the increase in temperature, and the yield path is almost 
parallel to each other at different temperatures. In other words, the 
temperature significantly influences the initial yield strength but has no 
effect on the yield path. In addition, the temperature has little effect on 

the modulus of Ni films. What needs to be emphasized is that the 
simulation results calculated by our model and the experiment data 
correspond closely with each other, which implies that the numerical 
implementation of the thermal effect on plastic behavior in our code is 
effective. 

(3) The verification of the effectiveness of the numerical imple-
mentation of the staggered solution scheme: the thermo-plastic 
coupled problem of cylinder expansion 

When validating the effectiveness of the numerical implementation 
of the staggered solution scheme, the strain gradient effect is not 
considered. As a commercial code, ABAQUS has good performance in 
solving the thermo-plastic coupling problem. Therefore, the simulation 
results of ABAQUS are considered as benchmarks to verify the effec-
tiveness of our code in the numerical implementation of the staggered 
solution scheme. The model used in ABAQUS is the same as that used in 
our code. The schematic of the cylinder expansion problem including the 
physical model, boundary conditions, and initial conditions is shown in 
Fig. 7. The material parameters for the physical model are determined 
with reference to those of Al. The modulus, yield strength, and Poisson’s 
ratio are 70 GPa, 250 MPa, and 0.3, respectively. In the plastic stage, the 
linear hardening mode is adopted, and the hardening modulus is set to 
707.07 MPa. The density, specific heat capacity, thermal diffusion co-
efficient, and thermal expansion coefficient are taken as 2.7 g/cm3, 0.88 
(J/g)⋅K, 2.5⋅10− 4 m2/J and 10 (μm/m)⋅K, respectively. 

The distributions of the total displacement, effective plastic strain, 
and temperature calculated by ABAQUS and our code are shown in 
Fig. 8. As shown in this figure, we can find that the calculation results of 
our code are consistent with those of ABAQUS. To quantify the error 
between the calculation results of ABAQUS and those of our code, the 
results on the A-B line are shown in Fig. 9. As we can see, the maximum 
differences between the results of ABAQUS and those of our code in the 
displacement magnitude, the effective plastic strain and the temperature 
are less than 1%. It can be seen from the comparisons that the numerical 
implementation of the staggered solution scheme in our code is effec-
tive. In addition, the CPU time used by our code is longer than that by 
ABAQUS. In future work, we will further improve the computational 
efficiency of our code. 

4.2. Coupling effect of strain gradient strengthening and thermal softening 

Based on the results of Section 4.1, it can be known that the proposed 
thermo-mechanical coupled microscale plasticity model and its numer-
ical implementation are effective. In this section, taking the tensile of a 
plate with a hole in its center as an example, the coupling effect of strain 
gradient strengthening and thermal softening on the plastic behavior of 
metallic materials is investigated by numerical simulations. In order to 

Fig. 5. The schematic of the dog bone specimen and its dimensions (Seungwoo 
et al., 2008). 

Fig. 6. The stress-strain response of Ni film at four different temperatures. The 
symbols are for the experiments (Seungwoo et al., 2008), and the lines are for 
the simulation results calculated by our model. 

Fig. 7. The schematic of the cylinder expansion problem including the physical 
model, the boundary conditions, and the initial conditions. 
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Fig. 8. The comparison between the calculation results of ABAQUS and those of our code. (a) and (d) are the distributions of the total displacement; (b) and (e) are 
the distributions of the effective plastic strain; (c) and (f) are the distributions of the temperature. (a), (b) and (c) are the results of ABAQUS. (d), (e) and (f) are the 
results of our code. 

Fig. 9. The comparisons between the calculation results of ABAQUS and those of our code on the A-B line. (a) The magnitude of displacement; (b) Effective plastic 
strain; (c) Temperature. 
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better understand the effects of strain gradient and temperature on the 
plastic behavior of metallic materials, a two-step method is adopted. 
Firstly, only the influence of strain gradient on the plastic behavior 
including the hardening response and the heat generation is studied. 

Secondly, the coupling effect of strain gradient and temperature is 
investigated. 

The schematic of this tensile problem is shown in Fig. 10. Because 
this tensile problem is symmetric about the x and y axes, in order to 
reduce the calculation cost, a quarter of the plate is used for the simu-
lation. The material parameters used in the simulation are introduced as 
follows. Referring to the mechanical properties of Al, the modulus and 
Poisson’s ratio are taken to be 70 GPa and 0.3, respectively. In the plastic 
stage, the power law hardening mode is adopted, and the power hard-
ening exponent is set to 0.2. Referring to the previous study (Aldakheel 
and Miehe, 2017), the ratio of the intrinsic characteristic length 
parameter l to the width of the model L is from 0 to 0.1. The yield 
strength σθ=0

y0 
and kθ are set to 250 MPa and 0.8 MPa ◦C− 1, respectively. 

Referring to the thermal properties of Ni, the density, specific heat ca-
pacity, thermal diffusion coefficient, and thermal expansion coefficient 
are taken as 8.902 g/cm3, 0.54 (J/g)⋅K, 2.042⋅10− 5 m2/J and 13.1 
(μm/m)⋅K, respectively. The initial displacement u (X, t = 0) is 0, and the 
initial temperature θ(X, t = 0) is from 0 to 100 ◦C. There is no heat 
conduction between the plate and the surrounding environment.  

(1) Influence of strain gradient on the plastic hardening and heat 
generation 

When the influence of strain gradient on the plastic behavior is 
studied, the initial temperature θ(X, t = 0) is set to be 0 ◦C. Fig. 11 

Fig. 10. The tensile schematic of a plate with a hole in its center including the 
main dimension, boundary conditions, and initial conditions. 

Fig. 11. The distribution of the displacement at the final deformation with θ(X, t = 0) = 0. Distributions of displacement in x (a)–(c), displacement in y (d)–(f), and 
displacement magnitude (g)–(i) for three different characteristic length scales: l/L = 0.0005 in (a), (d), and (g); l/L = 0.05 in (b), (e) and (h); l/L = 0.1 in (c), (f) 
and (i). 
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Fig. 12. The distributions of the displacement magnitude on the A-B line (a) and the C-D line (b) at the final deformation, and the load-displacement relationship at 
point B (c). 

Fig. 13. Distributions of effective plastic strain (a)–(c), and temperature (d)–(f) at the final deformation for three different characteristic length scales with θ(X, t =
0) = 0: l/L = 0.0005 in (a) and (d); l/L = 0.05 in (b) and (e); l/L = 0.1 in (c) and (f). 
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depicts the distributions of displacement at the final deformation for 
three different ratios of the characteristic length parameter l to the width 
of model L. From this figure, it can be observed that the strain gradient 
significantly affects structural deformations. For example, the 
displacement decreases with the increase of l/L. In order to understand 
the enhancement effect of strain gradient more intuitively, the distri-
butions of U/L on A-B and C-D lines at different l/L are presented in 
Fig. 12 (a) and (b). As we can see from the figure, the larger the l/L, the 
smaller the U/L at the same position. The reason for this is that the closer 
the intrinsic characteristic length parameter is to the structure size, the 
more obvious the enhancement effect of the strain gradient on the 
plastic hardening, which is shown in Fig. 12(c). It can be known that the 
larger the l/L, the smaller the U/L under the same load p/σy0. Namely, 
the strain gradient effect enhances the mechanical behavior of the 
structure, which lays a foundation for the understanding of the coupling 
effect of strain gradient and temperature. 

The strain gradient also significantly influences the distributions of 
effective plastic strain and temperature. Fig. 13 presents the distribu-
tions of effective plastic strain and temperature at the final deformation 
for three different ratios of the characteristic length l to the width of the 
plate L. From this figure, it can be observed that a concentration of the 
effective plastic strain in Fig. 13(c) and the temperature in Fig. 13(f) in 
the diagonal direction for l/L = 0.1. When l/L decreases, the effective 
plastic strain and the temperature spread out. To see it more intuitively, 
the distributions of effective plastic strain and temperature on the B-D 
line are shown in Fig. 14. From this figure, it can be seen that the height 
and the width of the distribution of effective plastic strain and temper-
ature on the B-D line decrease with the increase of l/L. The above phe-
nomenon shows that the strengthening effect of the strain gradient 
inhibits the development of plastic deformations, which further affects 
the heat generation in the stage of plastic deformations.  

(2) Coupling effect of strain gradient and temperature on the plastic 
behavior 

In order to investigate the coupling effect of strain gradient and 
temperature, the tensile behaviors of the plate at two different ratios of 
the characteristic length l to the width of the model L and three different 
temperatures are simulated. The distributions of displacement and 
effective plastic strain at three different temperatures with l/L = 0 and l/ 
L = 0.05 are shown in Fig. 15. From this figure, we can see that the 
higher the temperature, the larger the displacement, and the wider the 
plastic zone. Namely, the increase in temperature weakens the me-
chanical behaviors of metallic materials. In addition, it can be observed 
that the displacement and the plastic zone decrease at the same 

temperature when l/L changes from 0 to 0.05, which implies that the 
strain gradient enhances the mechanical properties of metallic mate-
rials. To quantitatively show the coupling effect of strain gradient and 
temperature on the plastic deformation of metallic materials, U/L on the 
A-B and C-D lines and the effective plastic strain on the B-D line are 
shown in Fig. 16 (a), (b), and (c). These figures show that when the 
strain gradient effect is neglected, the displacement at the same position 
increases with the increase in temperature, and so do the height and 
width of the distribution of effective plastic strain on the B-D line. The 
reason for this is that the yield strength decreases with the increase in 
temperature. When the strain gradient effect is further considered on the 
basis of considering the thermal effect, the displacement at the same 
position and the height and width of the distribution of effective plastic 
strain will decrease. For example, U/L of the point B increases from 
0.0075 to 0.0265 when the temperature changes from 0 to 100 ◦C for the 
case where l/L equals 0, and decreases from 0.02653 to 0.0205 when l/L 
changes from 0 to 0.05 for the case where the temperature is 100 ◦C. The 
above phenomenon shows that the plastic behavior of microscale 
metallic materials at high temperatures depends on the competition 
between thermal softening and strain gradient strengthening. The same 
phenomenon also can be found in the load-displacement relationship at 
point B as shown in Fig. 16 (d). From this figure, it can be observed that 
when only the thermal effect is considered, the higher the temperature, 
the lower the load in the plastic stage. In addition, the yield paths at 
different temperatures do not intersect each other, which implies that 
the temperature has no effect on the evolution path of plastic de-
formations. This phenomenon is also found in previous experimental 
studies (Wheeler et al., 2013). When the strain gradient effect is further 
considered on the basis of the consideration of the thermal effect, the 
load in the plastic stage will be larger than the case where the strain 
gradient effect is neglected, and the path of the plastic deformation will 
not be parallel to that at zero temperature. 

5. Conclusions and future work 

In order to describe the deformation behavior of microscale metallic 
materials at high temperatures, the thermal effect is incorporated into 
the C–W theory to establish a new thermo-mechanical coupled micro-
scale plasticity model and a finite element solution algorithm for this 
model is proposed. Taking the tensile behavior of a plate with a hole in 
its center as an example, the coupling effect of strain gradient 
strengthening and thermal softening on the plastic behavior of metallic 
materials is investigated based on our model. The main conclusions are 
as follows: 

Fig. 14. The distributions of effective plastic strain and temperature on the B-D line.  
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(1) By comparisons with previous experimental results and a 
benchmark numerical example, our model has proved to be 
effective in simulating the microscale plastic behavior of metallic 
materials under different temperatures. In addition, the finite 
element algorithm combining the radial return method and the 
staggered solution scheme is proved to be a good numerical 
implementation solution to the thermal-mechanical coupled 
microscale plasticity model.  

(2) The closer the material size is to the characteristic length 
parameter, the more obvious the strain gradient effect is. The 
strain gradient effect will strengthen the mechanical behavior of 
the structure, restrain the development of the plastic zone, and 
reduce heat generation in the stage of plastic deformations.  

(3) The plastic behavior of microscale metallic materials at high 
temperatures depends on the competition between thermal soft-
ening and strain gradient strengthening. 

The current work mainly investigates the small deformation plastic 
behavior of microscale metallic materials at high temperatures under 
the framework of lower-order strain gradient plasticity. The model we 
proposed is preliminarily verified by experiments. It should be empha-
sized that full thermomechanical experiments are still needed to further 
verify our model, which will be one of the most important future di-
rections. When the deformation is not infinitesimal, the thermo- 
mechanical coupled strain gradient plasticity for the finite deforma-
tion should be used. In addition, the fracture is not considered in our 
current model, while in future work the cohesive zone model or phase- 

Fig. 15. Distributions of displacement magnitude (a)–(c), and effective plastic strain (d)–(f) at the final deformation for three different initial temperatures: (a) and 
(d) θ = 0; (b) and (e) θ = 50 and θ = 100 in (c) and (f). “1” is for the case where l/L = 0, and “2” is for the case where l/L = 0.05. 
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field fracture model can be incorporated into the model to study the 
fracture behavior of metallic materials under the coupling effect of 
thermal softening and strain gradient strengthening. The method in this 
work can also be used to construct the lower-order strain gradient 
plasticity theory coupled with other physical fields, which provides an 
opportunity to study the microscale mechanical behavior of metallic 
materials under multi-field coupling. 
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Appendix. The derivation of the balance equation of the thermal field in the traditional case 

In the traditional case, Helmholtz’s free energy ψ is considered as a function of temperature θ, total strain ε, plastic strain εp, and cumulative 
effective plastic strain εp: 

ψ =ψ(θ, ε − εp, εp) (A1) 

Based on Eq. (A1), ψ⋅ can be expressed as 

Fig. 16. The distributions of U/L on the A-B line (a) and on the C-D line (b), and the effective plastic strain (c) on the B-D line at the final deformation for three 
different initial temperatures with l/L equals 0 and 0.05. (d) is the load-displacement relationship at point B. 
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Ψ
⋅
= − sθ

⋅
+

∂Ψ
∂(ε − εp)

:
(

ε⋅ − εp
⋅ )

+
∂Ψ
∂εpεp

⋅
(A2) 

With the relationship s = − ∂Ψ
∂θ in mind, then s

⋅ 
can be obtained: 

s⋅ = −
∂2Ψ
∂θ2 θ

⋅
−

∂2Ψ
∂(ε − εp)∂θ

: ε⋅ + ∂2Ψ
∂(ε − εp)∂θ

: εp
⋅
−

∂2Ψ
∂εp∂θ

εp
⋅

(A3) 

Combining Eq (9), (A2), and (A3), one can get 

− ρθ
∂2Ψ

∂(ε − εp)∂θ
: ε⋅

+ ρ
(

θ
∂2Ψ

∂(ε − εp)∂θ
−

∂Ψ
∂(ε − εp)

)

: ⋅ εp +

(

ρ ∂Ψ
∂(ε − εp)

− σ
)

: ε⋅

+ρ
(

∂Ψ
∂εp − θ

∂2Ψ
∂εp∂θ

)

⋅ εp − ρθ
∂2Ψ
∂θ2 θ

⋅
= r − ∇⋅q

(A4) 

According to the definition of specific heat capacity cε = − θ∂2Ψ/∂θ2, Eq. (A4) can be expressed as 

ρcεθ
⋅
= k∇2θ+ r+ ρθ

∂2Ψ
∂(ε − εp)∂θ

:
(

ε⋅ − εp
⋅ )

+ ρ ∂Ψ
∂(ε − εp)

: εp
⋅

+

(

ρ ∂Ψ
∂(ε − εp)

− σ
)

: ε⋅ − ρ
(

∂Ψ
∂εp − θ

∂2Ψ
∂εp∂θ

)

εp
⋅

(A5) 

To simplify Eq. (14), we need to know the specific expression of Ψ . According to the second-order Taylor expansion of Helmholtz free energy and 
the first law of thermodynamics, Ψ can be expressed as (Ottosen and Ristinmaa, 2005) 

ρψ = ρcε

(

θ − θ ln
θ
θ∗

)

+
1
2
(ε − εp) : D : (ε − εp) − D : αI(θ − θ0) : (ε − εp) + ρψp(εp) (A6)  

where D is the fourth-order elastic tensor. It is noted that the coupling term of temperature and cumulative effective plastic strain is ignored. In 
addition, the constitutive equations can be obtained based on the thermodynamic low: 

σ = ρ ∂ψ
∂(ε − εp)

, s= −
∂ψ
∂θ

,K = ρ ∂ψ
∂εp (A7)  

where K is the thermodynamic force that is energy conjugated to εp. Using Eqs. (A6) and (A7) in Eq. (A5), the balance equation of the thermal field can 
be written as 

ρcεθ
⋅
= k∇2θ+ r − θD : αI :

(
ε⋅ − εp

⋅ )
+ σ : εp

⋅
− Kεp

⋅
(A8) 

It is noted that ψ can also be considered as a function of temperature θ, elastic strain εe, and cumulative effective plastic strain εp: ψ = ψ(θ,εe,εp). At 
this time, the expression of Helmholtz’s free energy is 

ρψ = ρcε

(

θ − θ ln
θ
θ∗

)

−
1
2

α(θ − θ0)I : D : α(θ − θ0)I+
1
2

εe : D : εe + ρψp(εp) (A9) 

Both Helmholtz’s free energy expressions can derive the same equation. 
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