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ABSTRACT

Cavitation research has important implications in fields such as mechanical drag reduction, material processing, and new medical device
development. Bubble cluster formation, development, and collapse are critical steps in the cavitation process. High-precision numerical simu-
lations have shown that the collapse of bubble clusters exhibits a characteristic energy focusing from the outside to the inside. This study pro-
poses a focus-type model for the energy transfer in bubble clusters to analyze the formation mechanism of collapse pressure and improve the
accuracy of quantitative predictions. The model comprises multiple bubbles (a) radiating energy and a bubble (b) receiving energy. Through
numerical simulation, the energy transfer law during bubble interaction is studied, showing that relative energy transfer decreases as the
dimensionless distance increases, which corresponds with the theoretical model. The study further analyses the relationship between energy
transfer in basic and composite bubble cluster structures. Additionally, the study observed the pressure focusing effect of the bubble clusters
and found a strong correlation between the focusing effect and dimensionless distance.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0157661

I. INTRODUCTION

Cavitation is ubiquitous in nature and plays an important role in
several scientific and engineering fields. For example, in turbine
machineries, cavitation effects are widely used to reduce the friction
and drag of turbine blades, thereby improving the operational effi-
ciency.1,2 In materials processing, bubble flow impacting material sur-
faces can enhance the mechanical properties of the materials.3–6 In
materials and equipment cleaning, the cavitation effect generated by
ultrasound is widely used for cleaning semiconductor materials, metal
parts, and industrial equipment.7–10 In medical technologies, micro-
bubbles generated by high-frequency ultrasound can be used as a non-
invasive treatment method in operations such as stone fragmentation,
tumor ablation, and imaging, without necessarily cutting into impor-
tant organs such as the kidneys, thereby considerably reducing the sur-
gical risks and patient discomfort.11–14 Researchers have found that
the complex dynamic characteristics of bubble clusters are the main
reason for the occurrence of cavitation effects.15–17 Hence, the study
and application of bubble cluster dynamics have become one of the
most important topics in the field of cavitation science. As the

application areas for cavitation effects continue to expand and deepen,
research in this direction has become increasingly essential.

The study of bubbles can be traced back to Besant,18 who estab-
lished a single bubble model in 1859 and successfully predicted the
period of the bubbles. Furthermore, Rayleigh19 established a mathe-
matical model for a spherical bubble based on the assumption of non-
viscous and incompressible fluids and predicted the pressure of the
bubbles. Plesset20 further analyzed the influence of liquid viscosity and
surface tension on bubble motion based on Rayleigh’s work and found
that viscosity reduces the size of the bubble expansion, while surface
tension affects the period of the bubble motion. Researchers21,22 have
also studied the effect of viscosity on the bubble motion by replacing
water solutions with other liquid solutions such as kerosene and sili-
cone oil. When the bubbles violently collapse, the velocity of the bub-
ble boundary is of the same order of magnitude as that of the sound
speed c in water, thereby resulting in strong pressure waves during the
bubble expansion.23–25 Bubble models tend to be developed based on
an assumption of incompressibility. To address the problem of com-
pressibility, several researchers, such as Keller and Kolodner,26 Keller
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and Miksis,27 Gilmore,28 Trilling,29 Keller and Kolodner,26 Prosperetti
and Lezzi,17 and Lezzi and Prosperetti,30 have proposed different mod-
els based on the weakly compressible and perturbation theory.
Another topic of interest is the interaction between bubbles and com-
plex boundary conditions. Some researchers31–38 studied the interac-
tion between a solid wall and single bubble and found that bubbles
undergo non-spherical deformation and induce liquid jets toward
solid walls. Others, such as Pearson et al.,39 Wang et al.,40 Zhang
et al.,41 Trummler et al.,42 and Li et al.,43 studied bubbles near the free
surfaces and found that such bubbles produce high-speed liquid jets
away from the free surface direction. Furthermore, Bremond et al.44

and Harkin et al.,45 investigated the interactions among few bubbles
and analyzed the influence of pressure waves and jet flows on the
translation and spherical oscillations of the bubbles.

The pressure wave generated by the bubble expansion and high-
speed jet induced by non-spherical collapse are the main causes of the
structural damage of the bubbles. Additionally, high-precision numeri-
cal simulations have shown that the arrangement of the bubble clusters
has a close relationship with the geometric focusing effect during bub-
ble collapse, wherein the pressure peak and energy propagate from the
outside to the inside, thereby generating extremely high collapse pres-
sure near the center of the bubble cluster.46–48 Currently, different the-
oretical models for bubble interaction are based on assumptions of
non-rotation and spherical bubbles in the construction of the potential
function. For cases with small numbers of bubbles, Zhang et al.49 pro-
posed a unified theory of bubble dynamics that can accurately predict
the characteristics of bubble oscillation, migration, and collapse pres-
sure. For larger numbers of bubbles, the Lagrangian method is usually
adopted to first solve for the potential function and derive the total
kinetic and potential energies of the entire field, after which substitu-
tions are made into the equations to calculate the pulsation and trans-
lation of any bubble.

Owing to the random distributions of the bubble clusters, an
accurate theoretical formula for the potential function cannot be
obtained. Hence, approximation methods are usually used to con-
struct the potential function to replace the real potential
function.50–53 Among these approximation methods, using the
series methods to approximate the potential function is one of the
most common. For example, Ilinskii et al.54 used a Taylor series,
whereas Kurihara et al.55 used a Bessel series. Although this
method simplifies the difficulty of solving the bubble cluster, there
are limitations in analyzing the problems and processes that
involve compressibility, such as bubble deformation. Hence, this
study proposes a focus-type model of the energy transfer in bubble
clusters based on an approximate solution of the potential func-
tion, with the aim of evaluating and describing the interaction
between the bubble clusters, and exploring the energy-focusing
characteristics of the focus effect in the bubble cluster collapse
process.

II. RESEARCHMETHODS

This study examines the characteristics of energy and pressure
aggregation toward the center of a bubble cluster during its collapse
process and constructs a concentrated bubble cluster energy transfer
model. Here, numerical simulations are conducted to analyze this
model.

A. Focused bubble cluster energy transfer model

The focused bubble energy transfer model is shown in Fig. 1. In
the model, the blue and red spheres represent the energy-radiating
bubble (a-bubble) and energy-absorbing bubbles (b-bubble). The ini-
tial radius of these two types of bubbles completely equals in the
simulation.

If the flow around the bubbles is irrotational and inviscid, then
there exists a potential function / that satisfies Eq. (1)

r2/ ¼ 0: (1)

Based on the spherical-bubble assumption, for any bubble i, Eq.
(2) must be satisfied at the boundary, where ui and _Ri represent the
translational velocity and pulsation velocity of the bubble, respectively,

@/
@ri

¼ _R þ Ui � ni: (2)

Approximation methods are usually used to solve the potential
function /. Ilinskii et al.54 integrated Eq. (2) to obtain a first-order
potential function /0i applicable to any bubble

/0i ¼ �R2
i

ri
_Ri � R3

i

2r2i
Ui � ni: (3)

Adding the first-order potential functions over the entire field
yields,

/0 ¼
X
i

/0i: (4)

Expanding /0 near the ith bubble yields,

/0 rið Þ ¼ /0i rið Þ þ
X
k6¼i

/0k rki þ rið Þ

¼ /0i rið Þ þ
X
k6¼i

/0k rkið Þ þ cki � ri þ � � �� �
: (5)

FIG. 1. Focus-type model for energy transfer in the bubble cluster.
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Here, cki � ri represents the first-order term of the Taylor series,
of which the higher-order terms are ignored. Hence, /0 no longer sat-
isfies Eq. (1) and needs to be supplemented. To do this, Ilinskii et al.
used a construction method similar to /0 to obtain an approximate
substitute function /1 for the higher-order terms and later added both
simultaneously to obtain an approximate solution to the potential
function, that is,

/ ¼ /0 þ /1: (6)

It is worth noting that the accuracy of the approximate solution
to / obtained using this method can reach the fourth order.

K ¼ �q
2

X
i

ð
Si

_R þ Ui � ni
� �

/dSi: (7)

Furthermore, the potential function / is substituted into Eq. (7),
and an approximate solution to the total field kinetic energy level of
the focused bubble array near the receiving bubble is obtained. The
specific form is expressed by the following equation:

K ¼ K1 Ri; _Ri

� �
þ K2 Ri;Rk; _Ri ; _Rk ;Ui;Uk; rik

� �
þ K3 Ri;Rj;Rk; _Ri ; _Rk ; rik; rjk

� �
: (8)

Here, K1 represents the kinetic energy generated by the ith bubble
itself

K1 Ri; _Ri

� �
¼ 2pq

X
i

R3
i
_R2
i þ

1
6

X
i

R3
i U

2
i

" #
; (9)

K2 represents the change in the kinetic energy caused by the
interaction between the kth and ith bubble expressed as follows:

K2 ¼
Xi6¼k

i;k

_R2
i R

2
k

rik
Ri _Rk þ 1

2

Xi6¼k

i;k

R2
i R

2
k

r2ik
Ri _Rk Ui � nikð Þ þ Rk _Ri Uk � nkið Þ
� �

þ 1
4

Xi6¼k

i;k

R3
i R

3
k

r3ik
Ui � Ukð Þ � 3 Ui � nikð Þ Uk � nikð Þ½ �; (10)

and K3 represents the effect of other bubbles (excluding the ith and
kth bubbles) on the interaction between the kth and ith bubble
expressed as follows:

K3 ¼ 1
2

Xk6¼i;j

i;j;k

R2
i R

2
j R

3
k

r2ikr
2
jk

_Ri _Rj nik � njkð Þ: (11)

The preceding equations show the method of series expansion to
obtain an approximate solution for the kinetic energy based on the
assumption of a multi-bubble system, with the bubble at position i as
the focus (assuming that there are no other bubbles between the
receiving and radiating bubbles). However, the conventional
Lagrangian method ignores the compressibility of the liquid when cal-
culating the motion of the bubble cluster. As such, directly using this
method to solve the motion of each bubble in the bubble cluster may
result in large errors. To solve this problem, we combine the solution
derived thus far with the potential function method to develop an
energy transfer model suitable for a focused bubble cluster. In the
numerical calculation process of the model, we set a reasonable

operating range to ensure that the surrounding energy-radiating bub-
bles a do not produce a jet after the central receiving bubble b reaches
its maximum receiving energy. At this point, the a bubble maintains a
spherical shape, whereas the central b bubble shrinks to its minimum
volume. Through the aforementioned processing method, we can use
the potential function method to study the energy transfer between
the bubbles and reduce the errors. However, from the perspective of
energy conservation, when a surrounding bubble a expands, most of
its energy is converted into the kinetic energy of the liquid.
Furthermore, the liquid with the kinetic energy generates pressure on
the surface of the central bubble b, thereby converting it into the
energy of the central bubble b. Hence, it is assumed that the kinetic
energy K(t) and energy d of the central bubble b can be expressed by
the following linear relationship:

K tð Þ ¼ c � d t þ s0ð Þ: (12)

Equation (12) describes the conversion of the kinetic energy into
the potential energy of the central bubble b through a proportional
coefficient c and a time delay s0. This means that the kinetic energy is
converted into the potential energy of the central bubble b proportion-
ally by c, but this conversion process takes time s0 to complete. Some
researchers have studied the time-phase difference problems related to
the bubble research.56,57 However, we focus more on energy transfer
here and thus approximate that s0 � 0. From this, we can obtain the
expression for the relative potential energy ek of the central bubble b,

eK ¼ d tð Þ
pb 0ð ÞVb 0ð Þ : (13)

Combining Eqs. (8), (12), and (13) yields a rank expression for
the relative potential energy of the central bubble b in the form

eK ¼
Xi6¼k

i;k

a1i
rik

þ
Xi6¼k

i;k

a2i
r2ik

þ
Xi6¼k

i;k

a3i
r3ik

þ
Xi6¼k

i;k

a4i
r2ikr

2
jk

; (14)

where a1i; a2i; a3i, and a4i are undetermined coefficients, whereas rik
and rjk represent the distances between the bubbles i and j, and j and k,
respectively. Owing to the nature of the energy transfer model, the
central bubble b does not radiate energy. Hence, the kinetic energy
caused by the central bubble is zero, that is,

eK1 ¼ 0: (15)

The contribution in terms of the relative potential energy caused
by the influence of the kth bubble on the ith bubble is expressed as
follows:

eK2 ¼
Xi6¼k

i;k

a1i
rik

þ
Xi6¼k

i;k

a2i
r2ik

þ
Xi6¼k

i;k

a3i
r3ik

: (16)

The contribution in terms of the relative potential energy caused
by the influence of the third bubble j on the relationship between bub-
ble k and i is expressed as follows:

eK3 ¼
Xi6¼k

i;k

a4i
r2ikr

2
jk

: (17)

When there are only two bubbles present, Eq. (14) simplifies to
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eK� ¼ a1
r
þ a2

r2
þ a3

r3
: (18)

Furthermore, when a1 ¼ a3 � 0, the relative potential energy is
inversely proportional to the square of the distance, which corresponds
with previous research results.58 Hence, Eq. (14) is more general.

Equation (14) shows that the relative potential energy of the
central bubble is related to the initial energy of the radiating bub-
bles, the distance between the bubbles, and their spatial positions.
In this study, we aim to investigate this characteristic further and
explore the effects of the multiple bubble arrangements. To achieve
this, we decompose the bubble cluster in Fig. 1 into three basic
structural arrangements and perform numerical validation. Here,
we refer to the bubble cluster in Fig. 1 as the composite bubble
cluster and distinguish the three basic arrangements, visualized in
Fig. 2, by their serial numbers. In Fig. 2, the red and blue spheres
represent the receiving and radiating bubbles, respectively. The
upper 3D image shows the spatial arrangement of the bubble clus-
ter, whereas the lower image illustrates the position relationship
between the radiating bubbles a on the cubic surface. Hence, for
our approach, we first obtain the relative energy received by the
center bubble in the composite bubble cluster. Furthermore, we
calculate the relative energy of the three decomposed bubble clus-
ters and center bubbles under identical dimensionless distance
conditions. Furthermore, their results are superimposed. Finally,
the obtained numerical results are compared to those of the
numerical simulation for the composite bubble clusters.

In the numerical simulation, we also implement a dimensionless
approach on the model and study the energy transfer between the
bubbles by varying the dimensionless distance d expressed as follows:

d ¼ l
2R

; (19)

where l represents the edge length of the cube and R the initial volume
of the bubble.

The different bubble cluster structures differ mainly in the dis-
tance between the radiating bubbles on the cube face at a similar
dimensionless distance d. This factor leads to differences in the relative
received energy of the center bubble. To compare the effects of the dif-
ferent bubble cluster structures, we normalize the distances between
the radiating bubbles in the different structures, as shown in Fig. 3.

Of these diagrams, Fig. 3(a) portrays the hindrance effect
between a the bubbles in the composite structure, Fig. 3(b) the hin-
drance effect between a the bubbles in the second basic structure,
and Fig. 3(c) the hindrance effect between a the bubbles in the
third basic structure. Thus, the relationship between the bubble
positions in the basic arrangement and energy of the central bubble
can be obtained. Similarly, both dimensionless distances between
the radiating bubbles in the second and third types of the basic
structures can be determined (there is only one radiating bubble
on the surface of the first basic structure. There are no two extra
dimensionless distances).

1. In the second type of basic arrangement, the distances between
the adjacent and diagonal bubbles are as follows:

da2 ¼ 1
3
d; d0a2 ¼

ffiffiffi
2

p

3
d: (20)

2. In the third type of basic arrangement, the distances between the
adjacent and diagonal bubbles are expressed as follows:

FIG. 2. Three symmetrical arrangements
of basic bubble cluster: (a) first arrange-
ment; (b) second arrangement; and (c)
third arrangement.

FIG. 3. Secondary dimensionless dis-
tance (distance between the a-bubbles) in
the three types of bubble cluster arrange-
ments. (a) Composite arrangement; (b)
second arrangement; and (c) third
arrangement.
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da3 ¼
ffiffiffi
2

p

6
d; d0a3 ¼

1
3
d: (21)

By the substitution of the theoretical values of the dimensionless
distances into the theoretical model Eq. (14), the theoretical formula
for the relative energy received by the central bubble in each basic
structure for the three bubble clusters can be obtained as follows:

• For the first basic structure,

eK1 ¼ 6
a1
d
þ a2
d2

þ a3
d3

	 

: (22)

• For the second basic structure (d0 ¼
ffiffiffiffi
38

p
6 d),

eK2 ¼ 24
a1
d0
þ a2
d02

þ a3
d03

	 

þ 2a4

d02 �
ffiffiffi
2

p

3
d

	 
2 þ
a5

d02 � 2
3
d

	 
2

0
B@

1
CA

2
64

3
75;

¼ 24
3

ffiffiffiffiffi
10

p
a1

10d
þ 9a2
10d2

þ 27
ffiffiffiffiffi
10

p
a3

100d3

	 

þ 81a4

10d4
þ 81a5
40d4

	 
" #
:

(23)

• For the third basic structure (d
00 ¼

ffiffiffiffi
10

p
3 d),

eK3 ¼ 24
a1
d00 þ

a2
d002þ

a3
d003

	 

þ 2a4

d002 � 1
3
d

	 
2þ
a5

d002 �
ffiffiffi
2

p

3
d

	 
2

0
B@

1
CA

2
64

3
75

¼ 24
3

ffiffiffiffiffi
38

p
a1

19d
þ 36a2
38d2

þ 54
ffiffiffiffiffi
38

p
a3

361d3

	 

þ 81a4

19d4
þ 81a5
38d4

	 
" #
: (24)

The principle behind the derivations of the aforementioned for-
mulas is as follows: the relative potential energy of the central bubble
in the basic bubble cluster is the linear superposition of the energy
transmitted to the central bubble by all the radiating bubbles. Here,
numerical simulations are used to fit the coefficients of the energy
transfer model for the three basic structures. Furthermore, the energy
transfer law of the composite bubble cluster is analyzed.

B. Numerical simulation methods

In this study, the compressibleInterFoam solver under the
OpenFOAM framework is used for the numerical simulations, and the
volume-of-fluid (VOF) method is used to capture the gas–liquid inter-
face. The VOF method describes the changes in the gas–liquid inter-
face based on solving the volume fraction transport equation, Eq.
(25).59 Here, u represents the velocity field, Ur the relative velocity
between both phases, and pl and pa the pressures of the liquid phase
and gas phase, respectively, as follows:

@al
@t

þr � aluð Þ þ r � al 1� alð ÞUrð Þ

¼ al 1� alð Þ 1
qa

Dqa
Dpa

� 1
ql

Dql
Dpl

	 

Dpl
Dt

þ alr � u: (25)

This method has advantages in terms of a high computational
accuracy and fast calculation speed, and is widely used in fields such as
hydraulics, environmental engineering, and geological engineering.60–63

In the numerical simulations, it is necessary to confirm the
parameters of the gas and liquid state equation. In this study, the ideal
gas state equation is used to describe the gas inside the bubbles, which
is expressed as follows:

paVa ¼ nRTa; (26)

where VL, Tl, and p represent the volume of the liquid, temperature of
the liquid, and pressure, respectively. The state equation for pure water
is expressed as follows:

1
ql

¼ 0:001 278� 2:1055� 10�6Tl þ 3:9689� 10�9T2
l

� 4:3772� 10�13pl þ 2:0225� 10�13plTl; (27)

where Tl represents the temperature of the liquid. Other parameters
used in the numerical process are shown in Table I.

To ensure the accuracy of the computational results, appropriate
boundary conditions need to be set at the inlet and outlet of the com-
putational domain (away from the bubbles). In this study, the velocity
boundary condition is set to pressureInletOutletVelocity, which allows
the velocity to freely adjust its component perpendicular to the bound-
ary. Additionally, to eliminate the influence of the pressure wave
reflection at the boundary on the computational results, the pressure
inlet and outlet boundaries are set to waveTransmissive.64

Figure 4 shows a diagram of the meshing of the computational
domain. The snappyHexMesh was used to generate the mesh with five
levels of refinement. The ratio of the size of the outermost mesh ele-
ment to the size of the innermost mesh element was 25 : 1, and the
bubble was located at the center of the mesh refinement region. The
size of the domain during the calculation was 60� 60� 60mm3, and
the size of the core region was 10� 10� 10mm3. During the calcula-
tion, the coarse and fine mesh comprised 1.33� 106 and 32.8� 106

mesh elements, respectively, with a length of 0.0293mm per unit mesh
element within the computational domain.

Furthermore, we used a single bubble with an initial radius of
0.6mm and internal pressure of 0.6MPa for the simulation, and the
results are shown in Fig. 5. During most of the bubble pulsation
phases, the mesh is able to accurately capture changes in the bubble
radius (the error in bubble radius, in both numerical and theoretical, is
kept within a maximum tolerance of 5%), which is already sufficient
to fulfill the requirements of the bubble cluster energy transfer model.

Finally, we validate our method for capturing bubble deformation
and jet morphology using experimental and numerical results of a

TABLE I. Parameters used in the numerical simulation of the double bubbles.

Unit Air Liquid Mixture

Specific heat capacities (Cp) J=ðmolKÞ 1007 � � � � � �
Specific heat capacities (Cv) J=ðmolKÞ � � � 4195 � � �
Dynamic viscosity Pa s � � � � � � � � �
Prandtl number 1 0.7 7 � � �
Heat of formation J/mol 0 0 � � �
Surface tension coefficient N/m � � � � � � 0.07
Ideal gas constant J=ðmolKÞ � � � � � � 8.31
Gravity acceleration m=s�2 � � � � � � 0.00
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bubble near a wall. The schematic diagram of this condition can be
seen in Fig. 6.

We calculated the cases with dimensionless distance d of 1.25
and 1.75, and the computed results are shown in Fig. 7. The error in

bubble volume, in both numerical and experimental aspects, is kept
within a maximum tolerance of 3%.

III. RESULTS AND ANALYSIS
A. Analysis of pressure characteristics

First, we analyzed the pressure characteristics during the evolu-
tion process of the bubble cluster. Taking the energy transfer model of
the first-type bubble cluster as an example, we extracted the results of
the bubble cluster motion at the eighth time step, as shown in Fig. 8.
The white outline in the figure represents the boundary of the bubble.
In analyzing the pressure transmission, we used relative pressure,
which is obtained by dividing the actual pressure by the ambient
pressure.

Furthermore, we conducted a thorough investigation of the pres-
sure of the central bubble. Specifically, we observed the pressure–time
curve of the central bubble in the third type of basic bubble cluster
(the pressure characteristics of the central bubble in the three types of
basic bubble clusters are similar) and plotted the pressure curves at dif-
ferent non-dimensional distances in Fig. 9. Here, Psat represents the
ambient pressure, and the bubble collapse time varies at different non-
dimensional distances, with ts ¼ 10�5. Our research results show that
the relative energy received by the central bubble is positively corre-
lated with the relative pressure inside the bubble. Figure 9 shows that
the peak pressure in the central bubble increases with the decrease of
nondimension distance, and the peak pressure can reach 800 times the
ambient pressure. Additionally, as the non-dimensional distance
increases, the time when the pressure peak appears also shifts back-
ward, that is, the collapse time of the central bubble is delayed. We
believe that these research results are very helpful for a deeper under-
standing of the energy transfer characteristics of the focused bubble
clusters, and also provide guidance in terms of exploring the evolution
rules of the bubble clusters.

B. Analysis of energy transmission

In the numerical simulation of the focused bubble clusters, we
adopted a method of varying the dimensionless distance to calculate
the energy received by the central bubble in four different bubble clus-
ter arrangements. First, we verified the three basic bubble cluster
arrangements and calculated the relative energy transferred from each
a bubble to the central b bubble on average for each arrangement. The
specific results are shown in Table II. Here, e�1; e

�
2; e

�
3, and e

� represent
the average relative energies transferred from a single a bubble to the
central b bubble in the first, second, and third types of basic bubble
cluster arrangements and the composite bubble cluster arrangement,
respectively. The results show that the relative energy transferred by
each a bubble to the central bubble decreases with an increase in the
number of a bubbles in the cluster arrangement. Additionally, the
average energy transferred from each bubble to the central bubble
decreases as the dimensionless distance increases.

Based on the theoretical models (15)–(17), we calculated the aver-
age energy transferred from each radiating bubble to the center bubble
for the three basic bubble arrangements and obtained the corresponding
fitting parameters, which are expressed by Eqs. (28)–(30), respectively,

e�K1 ¼
1:466
d

þ 1:000
d2

þ 0:920
d3

þ 0:099; (28)

FIG. 4. Schematic diagram of the grid in a one-eighth computational domain.

FIG. 5. Comparison between numerical and theoretical results for a single bubble.

FIG. 6. Definition of dimensionless parameters.
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e�K2 ¼
0:972
d

þ 0:444
d2

þ 0:516
d3

þ 0:815
d4

þ 0:118
d5

þ 0:188; (29)

e�K3 ¼
0:994
d

þ 0:460
d2

þ 0:523
d3

þ 0:818
d4

þ 0:119
d5

þ 0:156: (30)

The fitting results are shown in Fig. 10. Here, the calculated and
theoretical results for the relative energy transferred from each bubble
to the central bubble, with respect to the increases in the dimensionless
distance, show a similar trend; that is, the relative energy transferred
from each bubble to the central bubble decreases as the dimensionless
distance increases.

Furthermore, we investigated the energy transfer pattern of the
central bubble in the composite bubble cluster arrangement by varying
the dimensionless distance d. To better visualize the results, we present

the calculated results for the four types of bubble clusters together
in Fig. 11. The results show that increasing the dimensionless dis-
tance also leads to a decrease in the relative energy received by the
central bubble in the composite bubble cluster structure.
Furthermore, by comparing the calculated results for the second
and third types of basic bubble clusters, we can conclude that when
the distance between a bubbles is reduced, the canceling effect
between neighboring a bubbles is increased, thus hindering the
energy transfer from the surrounding bubbles to the central bub-
ble. When the dimensionless distance is small (d< 3.6), the strong
interaction between a bubbles causes a considerable deformation
of the bubbles, which invalidates our assumptions. Hence, the fit-
ting data range for the composite bubble cluster is limited to
d> 3.6. The obtained fitting results are as follows:

FIG. 7. Experimental results vs OpenFOAM results: (a) d¼ 1.25; and (b) d¼ 1.75. Left side represents experimental data, and right side represents simulation results. The
maximum bubble radius in the experiments was 12 mm.

FIG. 8. Flow field analysis of the first-type
basic cluster.
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e ¼ 24:870
d

þ 81:844
d2

þ 55:713
d3

þ 26:787
d4

þ 11:528
d5

þ 9:715: (31)

Here, we directly superimpose the calculation results for the three
basic bubble cluster arrangements and compare the superimposed
result with the numerical calculation result for the composite bubble
cluster arrangement, as shown in Fig. 12.

The calculation results show that when 3:6 < d < 5:6, the rela-
tive error between the energy transferred from the radiation bubbles to
the central bubble in the basic bubble structure and that in the

composite bubble structure does not exceed 20%. This helps to
approximately estimate the energy of the central bubble in a known
structure when the bubble cluster collapses. To describe the difference
Eu between the composite bubble cluster and superimposed bubble
cluster, we assume that they satisfy the following relationship:

E dð Þ ¼ E1 dð Þ þ E2 dð Þ þ E3 dð Þ � Eu dð Þ; (32)

where E1, E2, and E3 represent the energy received by the central bub-
ble in the three basic bubble arrangements, respectively, whereas E
represents the energy received by the central bubble in the combined
bubble arrangement. The difference EuðdÞ reflects the non-linear
interaction between bubble clusters. By substituting the models (28)–
(31) into (32), we obtain the expression for EuðdÞ (d> 3.6),

EuðdÞ ¼ 31:110
d

� 54:148
d2

� 25:257
d3

þ 12:405
d4

� 5:84
d5

� 0:865:

(33)

We conducted an analysis to investigate the decreasing then
increasing trend of the Eu with increasing dimensionless distance.
Given the characteristics of the focused structure model, there are two

FIG. 9. Time-dependent variation of the relative pressure in the central bubble of
the third-class basic foam cluster.

TABLE II. Variation of the average energy transferred from a single a bubble to a b
bubble in terms of the dimensionless distance for the three basic bubble
arrangements.

d 3.2 3.6 4.0 4.4 4.8 5.0 5.2 5.6 6.0

e�1 0.68 0.6 0.55 0.49 0.45 0.44 0.43 0.39 0.38
e�2 0.55 0.51 0.48 0.44 0.42 0.4 0.39 0.38 0.37
e�3 0.53 0.48 0.45 0.42 0.4 0.37 0.36 0.35 0.34
e� 0.44 0.43 0.41 0.38 0.35 0.34 0.34 0.32 0.31

FIG. 10. Average relative energy received by the center bubble as a function of the
dimensionless distance d for each type of basic bubble cluster.

FIG. 11. Relationship between the energy received by the central bubble and
dimensionless distance d for four types of bubble cluster arrangements.

FIG. 12. Evolution of the difference in the energy received by the central bubble
between the composite bubble clusters and overlapped bubble clusters as a func-
tion of dimensionless distance d.
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mechanisms that affect the transfer of energy from the surrounding
energy-radiating bubbles to the central bubble, as shown in Fig. 13.
Both mechanisms are explained as follows:

1. If the spacing between the a bubbles is kept constant while that
between the a bubbles and b bubbles is increased, then in this
case, the a bubbles will decrease their energy transfer to the cen-
tral bubble, thereby resulting in a weakened energy transfer.

2. If the spacing between a and b bubbles is kept constant while the
spacing between a bubbles is increased, then in this case, the
non-linear resistance is weakened, and the energy transfer from
the a bubbles to the central bubble is increased, thereby resulting
in strengthened energy transfer.

The combined action of both mechanisms results in very com-
plex characteristics for the bubble clusters during the collapse process.
Hence, it is not possible to simply linearly superimpose the numerical
results of the basic bubble cluster to fit the energy transfer law of the
complex bubble cluster. To accurately describe the influence of both
mechanisms on the energy transfer of the bubble clusters, further
quantitative research is needed.

IV. SUMMARY

The main contributions of this study are as follows:

1. A theoretical model for the energy received by the central bubble
was constructed by combining potential functions and the prin-
ciple of energy conservation.

2. Numerical simulations were conducted on three types of basic
bubble clusters and composite bubble clusters to validate the the-
oretical model and determine its parameters.

3. The superposition relationship of the bubble clusters was ana-
lyzed, and the applicability of the superposition rules was
explained under certain accuracy conditions.

4. The pressure characteristics of the bubble clusters were analyzed,
thereby revealing the presence of considerable pressure focusing
phenomena and identifying their influencing factors.

To elucidate the energy concentration characteristics in the col-
lapse process of the natural bubble clusters, this study proposes a

focused structure model for the energy transfer of the bubble clusters.
First, a potential function that satisfies the Laplace equation and bub-
ble boundary conditions is constructed to describe the flow field.
Based on the method by Ilinskii et al., the potential function in the
series form is obtained using the Taylor series near the receiving bub-
ble, and the series expression of kinetic energy is derived via the substi-
tution of the series form of the potential function into the kinetic
energy equation. By assuming that kinetic energy can be converted
into the energy of the central bubble based on certain rules, we indi-
rectly derive the energy transferred from the radiating bubbles to the
central bubble based on energy conservation.

First, we conducted an analysis of the pressure characteristics of
the central bubble. The results reveal the presence of considerable
pressure focusing the effects within the bubble cluster, closely corre-
lated with the dimensionless distance. As the dimensionless distance
increases, the pressure focusing effect weakens, and the peak occurs
with a time delay.

To verify the accuracy of the model, we designed four different
arrangements of the bubble clusters and conducted multiple numerical
simulations with variations in the dimensionless distance to study the
energy received by the central bubble in the three basic bubble cluster
arrangements. The numerical results show that the relative energy
received by the basic bubble cluster decreases as the dimensionless dis-
tance increases, which corresponds with the theoretical prediction. We
used the numerical results to fit the theoretical model and obtained
the fitting parameters. Additionally, we analyzed the superposition law
between the different basic bubble cluster arrangements. Under an
accuracy requirement in that the error should not exceed 20%, the
numerical results for the composite bubble cluster can be regarded as
the linear superposition of the numerical results for the basic bubble
cluster.

Finally, we also analyzed the sources of the error and found that
the error came mainly from the non-linear effects between the bubbles.
Specifically, when the distance between a–a bubbles remains
unchanged while the distance between a–b bubbles is increased, the
energy of the central bubble decreases. However, when the distance
between a–b bubbles remains unchanged while the distance between
a–a bubbles is increased, it reduces the non-linear resistance effect,
thereby resulting in an increase in the energy of the central bubble.
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