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ABSTRACT

Inertial migration has proven effective for high-throughput manipulation of tiny particles in confined flows. However, complex and even
controversial relationships between hydrodynamic forces and flow conditions hinder the development of an explicit formula for inertial lift
acting on finite-sized particles at Reynolds numbers in the hundreds. Herein, we reveal the different scaling laws for shear gradient-induced
inertial lift and wall-induced inertial lift by separating the contributions of pressure stress and viscous stress. A direct result of this treatment
is a new explicit formula for the total inertial lift, valid for Reynolds numbers up to 400 and particle blockage ratios up to 0.25. This study
provides an alternative way to understand inertial lift, thereby greatly facilitating the prediction of particle migration in practical microfluidic

applications.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0168474

I. INTRODUCTION

Inertial migration was first observed in a cylindrical pipe, where
neutrally buoyant spheres migrate along streamlines to an annulus
with a radius of ~0.6 times the pipe radius.' * This counterintuitive
phenomenon is called the tubular pinch effect and has attracted much
interest in explaining its mechanism. For cross-stream migration to
occur, the inertial contribution to the flow governed by the
Navier-Stokes equations must be signiﬁcant.’”L However, such a nonlin-
ear inertial term introduces great complexity into the Navier-Stokes
equations and limits theoretical analysis to simplified model systems
(e.g., flow between parallel plates) with the particle blockage ratio
a/H < 1, where a is the particle size and H is the channel height.”
Over the past two decades, the development of inertial microfluidics
has revived interest in the study of inertial migration, particularly for
inertial migration of finite-sized particles in confined flows.'”""” Since
Di Carlo et al.'' performed the first experiment using inertial effect to
focus and separate microparticles and cells in curved microchannels,
many works have demonstrated the advantages of inertial effect for
high throughput manipulation of various particles in microfluidic
platforms.'®

The inertial migration of microparticles is mainly determined by
the shear gradient-induced lift force and the wall-induced lift force,
which are generally summed and referred to as inertial lift.” Square or
rectangular channels are the most commonly used structures in micro-
fluidic applications.'® In these situations, finite-sized particles initially
migrate rapidly into square or rectangular annuli and then slowly con-
centrate into stable equilibrium positions within the annuli near the
wall centers and channel corners."” There can be two, four, or eight
equilibrium positions depending on the particle blockage ratio, chan-
nel width/height ratio, and Reynolds number."”"*"” To predict the
migration trajectories and equilibrium positions, our group proposed
a method™ to correct Ho and Leal’s lift formula® by considering the
slip-shear lift and the correction of the shear gradient-induced lift.
Later, we provided a new alternative approach based on machine
learning™ to obtain the inertial lift.

To date, many attempts have been made to derive the inertial lift
formula for finite-sized particles.””*” " Ho and Leal” were the first to
theoretically propose an explicit formula for the inertial lift F; in a
plane Poiseuille flow, ie., F, = Crp Ufn at J/H 2, where C is the lift coef-
ficient, p is the fluid density, and U, is the maximum fluid velocity.
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However, the a/H < 1 constraint precludes direct application to micro-
fluidics, where the particle size is often comparable to the channel size.
Numerical simulations have also been used to study inertial lift. Di Carlo
et al.'” numerically studied inertial lift in a square channel and found
F; = CrpU2a®/H near the channel center and F; = CrpU2a®/H*
near the channel wall, and confirmed that this scaling law is valid for
a/H > 0.1. Based on the above results, Hood, Lee, and Roper% empha-
sized that an O(a®) correction term should be included to extend the
scaling law of Ho and Leal® for finite-sized particles. Recently, Asmolov
et al”’ proposed a formula for finite-sized particles at Reynolds number
Re <20 (Re = pU,,H/ i, where u is the fluid viscosity) in the form
Fi = [c + ca(a/H) ™" + c3(a/H) *pU2a*/H?, where ¢, ¢, and ¢
are lift coefficients. The existing results manifest different scaling
dependencies of the dimensionless force Fy/(pU2a*) on the dimen-
sionless quantity a/H, indicating that the physical contribution to the
inertial lift force has been a controversial issue. Such inconsistency sug-
gests an urgent need to clarify the role of critical parameters, including
the Re number and the particle blockage ratio, in the precise formula-
tion of inertial lift. The inertial lift F; has typically been obtained by
integrating and summing the pressure and viscous stresses acting on
the particle surface.'”'”® In other words, the inertial lift consists of a
pressure-induced inertial lift (hereafter referred to as pressure lift, Fyp)
and a viscosity-induced inertial lift (hereafter referred to as viscous lift,
Frv), ie, Fy = Fip + Fry. To the best of our knowledge, all existing
studies have treated F; as a whole by integrating the total stresses. In
contrast, in this work, we characterize F; p and F;y separately and reveal
the different scaling laws under different conditions. We aim to clarify
how the shear gradient effect and the wall effect affect the lift force and
propose a new explicit formula for F; based on particle size, Re num-
ber, and particle lateral position.

Il. METHODOLOGY

Particles suspended in the flow field are subject to pressure stress
from the pressure field and viscous stress from the velocity field. These
two stresses make up the total hydrodynamic force acting on the par-
ticles. We perform three-dimensional direct numerical simulations
(DNS) to evaluate the contributions of the pressure and viscous
stresses (see Fig. 1). The channel center is set as the origin of the coor-
dinates, and the x-axis, y-axis, and z-axis are the channel length,
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height, and width directions, respectively. A fully developed Poiseuille
flow velocity profile for the channel cross section is imposed at the
inlet, and the flow is in the x-axis direction. The pressure constraint of
p+ 9p/On = 0 is imposed at the outlet. The no-slip boundary condi-
tions are applied to the channel walls and the particle surface. To accu-
rately predict the interaction between the particle surface and
surrounding flow, the Navier-Stokes equations for incompressible
flow and Newton’s second law for particle motion are numerically
coupled on the structured overlapping grids using the object-oriented
framework Overture.”” The Navier-Stokes equations are

V-u=0, (1)
%JruAVu:f@JrEVzu, (2)
ot p P

where u is the fluid velocity vector, t is the time, and p is the pressure.
The equations for particle motion are

dUu
L :J (x —x) X [(=p1 +7) - n]do, @)
dt s

where m, is the particle mass, U is the velocity of the particle centroid,
1 is the unit tensor, 7 is the shear rate tensor with t; = pu(Ju;/Ox;
+ 0u;j/x;), n is the unit normal vector of the particle surface, I is the
moment of inertia tensor of the particle,  is the angular velocity vec-
tor, x, is the position of the particle centroid, and the particle surface is
denoted by X. To obtain the lift forces at a given lateral position, the
particles are constrained to translate only in the x-axis direction but
are free to rotate. Once the translational and rotational motions have
both reached steady states, the forces F;p, Fry, and Fy, are calculated by
integrating the pressure stress, viscous stress, and total stress on the
particle surface, respectively, i.e.,

FLp = J —pnda, (5)
z
FLV:J ‘r-nda, (6)
=
FL \) Equilibrium position
FL

Shear gradient effect
Viscous stress Pressure stress

Wall effect — \\E),U/
p

— = %

FIG. 1. The schematics of the system. The overlapping grid for a sphere in a square microchannel consists of four component grids: the Cartesian grid for the channel (in
blue), the body-fitted grid for the sphere (in green), and two additional grids for the poles of the sphere (in red and purple). In this work, we examine the pressure lift and the
viscous lift separately to reveal the scaling dependence of the dimensionless inertial lift and the dimensionless particle size.
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F = L(—pl + 1) - ndo. (7)

The details of the simulation process can be found in our previous
works.'”*** The inertial lift coefficient C, = Fy/(pU2a*/H?) is used
to characterize the dimensionless inertial lift.”” Similarly, C;p = F;p/
(pU%a*/H?) and Cpy = Fryv/(pU%a*/H?) are the dimensionless
pressure lift and the dimensionless viscous lift, respectively.

Ill. RESULTS

Figure 2 shows the lift forces for three different sizes a/H = 0.10,
0.20, and 0.30. Due to geometric symmetry, only a quarter of the chan-
nel cross section is plotted in Figs. 2(a)-2(c). The pressure lift C;p
tends to concentrate particles near the center of the channel wall for
all a/H [see Fig. 2(a)]. In contrast, the viscous lift Cyy tends to concen-
trate particles near the center of the channel wall (indicated by the
solid circle) for a/H = 0.10, induces unstable particle migration near
the channel corner (indicated by the dashed ellipse) for a/H = 0.20,
and concentrates particles near the channel corner (indicated by the
solid circle) for a/H = 0.30 [see Fig. 2(b)]. The total lift force, as the
sum of Crp and Cyy, results in particle focusing near the center of
the channel wall for all a/H, and leads to unstable particle migration

a/H=0.10 a/H=0.20

~
&0
'

pubs.aip.org/aip/pof

near the channel corner for a/H = 0.30 [see Fig. 2(c)]. During migra-

tion, particles near the channel center or wall are pushed toward a

square annulus by the combined action of C;p and C;y, as shown by

the red regions in Fig. 2(c), which represent the positions of zero net
lift force. The position of the square annulus, quantified by y/H,

decreases with increasing a/H. Since the square annuli of the two lift
forces do not coincide, we call the overlapping region between two
square annuli of C;p and Cyy the competition region. We compute the

variations of three types of lift forces along y/H for different a/H, as

shown in Figs. 2(d)-2(f). Within the competition region [vertical
shadow bands in Figs. 2(d)-2(f)], the pressure lift C;p points toward
the channel wall, while the viscous lift C;y points toward the channel
center. Note that the positive lift is defined as pointing toward the
channel wall. The particles reach the final focusing position when the
two types of lift forces are in equilibrium.

In Figs. 2(a) and 2(b), the pressure lift C; p shows similar contours
for different values of a/H while the viscous lift C;y obviously
decreases with increasing a/H, indicating that C;p is not sensitive to a/
H but Cyy is strongly related to a/H. The independence between Cyp
and a/H in the near-center region (y/H < 0.2) of the channel is also
demonstrated in Fig. 3(a), where the data of Cyp for different a/H col-
lapse into a single line. Furthermore, since the best fit exponent n for

alH=0.30 @)
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FIG. 2. Lift forces in a channel with a square cross section for Re = 100. The C;p (a), C,y (b), and C; (c) are shown in a quarter section with the channel center at (y/H, z/H)
of (0.0, 0.0). These three types of lift forces are plotted with vectors for directions and contours for magnitudes. The grid is drawn with the grid points corresponding to the parti-
cle centers. The black dashed lines mark the outermost position of the particle center, i.e., particles cannot move into the area beyond these lines. The migration trend is
marked by the white solid lines. The solid circles denote the stable equilibrium positions and the dashed ellipses denote the unstable equilibrium positions. To avoid masking
the contours, the migration trend and equilibrium positions are marked only in half of the plotted region, where the lift forces are symmetrical to those in the other half. The
three types of lift forces along the y-axis are compared for a/H = 0.10 (d), a/H=0.20 (e) and a/H=10.30 (f). The blue and red arrows in (d)—(f) indicate the direction of C,p

and Cy, respectively, within the competition regions (vertical shadow bands).
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FIG. 3. Investigation of the lift forces near the channel center. The data of C,» (a) and Cyy/(a/H) " (b) for different a/H collapse into a single line near the channel center,
which is marked by C;p_s (red dashed lines) and Cpy_s/ (a/H)’1 (black dashed lines), respectively. kip_s (c) and k.y_s (d) are linearly related to Re in logarithmic coordi-

nates. The black dots and red lines denote the calculated and fitted data, respectively.

Cry~ (a/H)" is close to —1 in the near-center region (see Fig. 4), we
compute Cpy/(a/H) ™" for different a/H [see Fig. 3(b)]. The data of
Crv/(a/H)™" collapse into a single line in the near-center region, dem-
onstrating the scaling of C;y ~ (a/H) . Outside the near-center region
(y/H > 0.2), where the wall effect kicks in, both C;p and Cry/(a/H) ™"
deviate from the scaling laws observed in the near-center region,
indicating that the wall effect has a different dependence on a/H.

6.0 —

£ 4.0 - ;
c
Q
S 2.0- .
o n
3 .
w= 0.0- " -
:: e R B grecceeeeeserttniiiietttttiiieteataes .
2 2.04 - ]
8 . n -

'4.0 T T T

0.0 0.1 0.2 0.3 04

y/H

FIG. 4. The best fit exponent n for C,y~ (a/H)" under Re = 100.

To distinguish between the shear gradient effect and the wall effect, we
introduce the shear gradient-induced pressure lift (C;p_s) and the shear
gradient-induced viscous lift (Cpy_s) as two components of the shear
gradient-induced inertial lift (C;_g), ie, Cp_s = Crp_s + Cryv_s. The
wall-induced pressure lift Crp_w = Crp — Crp_s, the viscous lift
CLV_W = CLV — CLV_Sa and the inertial hﬁ CL_W = CL — CL_S> where
Ciw = Crp_w + Cryv_w.

Previous theoretical and numerical studies have shown that the
inertial lift near the channel center is approximately linearly propor-
tional to )/.(”8"75 The collapsed lines in Figs. 3(a) and 3(b) within the
near-center region can, thus, be characterized by Crp_s = krp_s(y/H)
and CLV_S/(a/HY1 = kyv_s(y/H), where kp_s and kpy_s are the
pressure lift and viscous lift coefficients, respectively. k;p_s and kpy _g
at Re values from 50 to 800 are plotted in Figs. 3(c) and 3(d), and they
decrease linearly with Re in logarithmic coordinates, indicating that
both kip_s and kpy_s are power functions of Re. The power functions
of kip ¢ = 2.6Re "% and k;y_s = Re " are assumed to fit the data
from the simulations very well (see Fig. S1). We now obtain an explicit
expression for the shear gradient-induced inertial lift, which dominates
in the near-center region (y/H < 0.2),

CL,S = CLP,S + CLV,S = (2.6R670'32 + Reio'Ss(a/H)il)(y/H). (8)

We then turn to the wall-induced lift force, which can be
obtained by subtracting the shear gradient-induced lift from the total
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FIG. 5. The dependence of the wall-induced lift forces on a/H. (a) The total wall-induced lift force C;_w is the sum of the wall-induced pressure lift force C;p_ and the wall-
induced viscous lift force C.y_. These three types of wall-induced lift forces for different a/H can collapse to a single curve through Cip_w /(a/H)™ (b), Cuv_w/(a/H)™"
(c), and C;_w/(a/H)™ (d). The ny, ny, and n,, are S-shaped along the y-axis and are shown in inset (b), inset (c), and inset (d), respectively.

lift [see Fig. 5(a)]. Similar to the treatment of the shear gradient-
induced lift force, we divide the wall-induced lift into a pressure lift
Crp_w and a viscous lift Cpy_w. As shown in Figs. 5(b) and 5(c), the
pressure lift Crp_ and the viscous lift Cpy_y collapse into a single
curve by dividing by (a/H)"™ and (a/H)™ ", respectively. The expo-
nents #n; and n, — 1 quantify the dependence of the pressure part and
the viscous part of the wall-induced lift on the particle size, ie.,
Crp_w~ (a/H)™ and Cry_w ~ (a/H)™". In particular, since the
pressure part and the viscous part of the shear gradient-induced lift
obey Crp_s~ (a/H)0 and Cry g~ (a/H)fl, the exponents 7, and 1,
characterize the difference between the dependence induced by the
wall effect and the shear gradient effect. We found that #; ~ 0 and
n, ~ 0 near the channel center and n; ~ 0.5 and n, ~ 0.5 near the
channel wall, manifesting an S-shaped variation along the y-axis
[insets in Figs. 5(b)-5(c)]. The S-shaped variation shows that both #;
and #, increase with y/H, indicating that the difference increases with
distance from the channel center. In addition, a similar function,
Cr_w/(a/H)™, can collapse all the data of the wall-induced lift C;_y
into a single curve [see Fig. 5(d)]. Here, the exponent ,, also has an S-
shaped distribution.

We found that decomposing the wall-induced inertial lift into pres-
sure and viscous components did not simplify the problem but rather
made the formula more complicated. We, therefore, decided to establish
the formula for the wall-induced lift C;_y directly from Fig. 5(d).

The exponent #,, can be fitted by a sigmoid function, #,, = 0.02
—0.7/(1 4 +30/H-027)) [see the inset in Fig. 5(d)]. The half S-shape
of the curve of C;_w/(a/H)™ in Fig. 5(d) inspires us to take another
sigmoid function, C;_w/(a/H)™ = —(2.6/(1 4+ e *0/H=F)) — 9 to
mathematically describe the wall-induced lift C;_y. Thus, we can for-
mulate the wall-induced inertial lift as

Cuw = =(26/(1+ e 00) —y)(a/H)™, )

where the coefficients of «, , and y depend only on the Re number
and satisfy the relation y = 2.6/(1 + ¢*) to guarantee C;_y = 0 at
the center of the channel. In Figs. 6(a) and 6(b), we study the variation
of o and f with y/H at Re numbers ranging from 50 to 400. The fitted
polymonials are obtained as o = 22.73 — 0.033Re + 2.64 x 10 °Re?
and f = 0.373 4+ 5.1 x 107#Re — 3.4 x 107/Re?.

Based on C; = C;_s + Cy_y, we obtain the final explicit formula
for the total inertial lift

CL = (2.6Re™* + Re™***(a/H) ") (y/H)
—(2.6/(1+ V) ) @/H)Y. (10)
The corresponding MATLAB code is provided in the supplementary
material. This formula shows excellent performance in predicting the

inertial lifts for Re numbers up to 400 and particle blockage ratios up
to a/H = 0.25, as shown in Figs. 6(c) and 6(d). The inertial lifts
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predicted in Eq. (10) are also compared with those from Nakagawa
et al,"” yielding good agreement for Re = 80 and a/H = 0.22 (see
Fig. S2 in the supplementary material). In Eq. (10), the influences of
particle size, Re number, and lateral position in the channels are
completely decoupled, which brings significant convenience in evalu-
ating the inertial lift force for various practical applications.

Furthermore, the present methodology is readily applicable to
microchannels with a rectangular cross section. The results for a rect-
angular microchannel with an aspect ratio (width/height) of 2 at
Re = 100 are shown in Fig. 7. Similar to the square channel, the scaling
laws obeyed by the pressure part and the viscous part of the shear
gradient-induced lift are Cp_s~(a/H)" and Cpy_s~(a/H) " are also
valid when the particles are on the long axis of the rectangular micro-
channel [see Figs. 7(a) and 7(b)]. In addition, the S-shaped function
can also be used to collapse all the data of the wall-induced lift into a
single curve [see Fig. 7(c)]. Using the above methodology, we summa-
rize the corresponding formula in Table S3 in the supplementary
material. The inertial lift forces obtained by the formula and DNS are
in good agreement, as shown in Fig. 7(d).

IV. DISCUSSION

This work aims us to explain the controversy about the scaling
dependence of the dimensionless inertial lift and the dimensionless
particle size. To address this issue, we propose a novel approach to
decompose the inertial lift into a pressure-contributing component

and a viscous-contributing component. In doing so, we clarify the
reasons for the different scaling dependencies observed in different
studies. In particular, we find that the pressure-contributing and
viscous-contributing components of the shear gradient-induced iner-
tial lift have different scaling dependencies on particle size, which has
hindered the investigation of the scaling dependence of inertial lift on
particle size in previous studies. Furthermore, these two components
also have different dependencies on the Reynolds number, further
complicating related studies. Our work has successfully overcome
these obstacles and effectively established the relationship between
inertial lift and particle size.

Our work provides a complete and explicit formula for the total
inertial lift that can be applied to situations with Re numbers up to 400
and blockage ratio a/H up to 0.25. We have also investigated the cases
for larger Re and a/H beyond these limits. For Re number slightly
beyond 400 (e.g., Re=600), we found that the explicit formula can
effectively capture the inertial lift near the center of the channel, while
its prediction performance for the inertial lift near the channel wall is
less accurate. The deviation of the data has been observed in Fig. 6(c).
For Re = 600, the deviation of the lift force near the channel wall could
be more than 30%. Previous studies have shown that with the increas-
ing of the Re number, the focus position changes from one ring to two
rings in a circular tube,” indicating a change in the relationship
between inertial lift and Re number at high Re number conditions. For
particles with larger blockage ratios, the blocking effect of the particles
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along the z-axis and is shown in the inset (c). (d) The inertial lift forces obtained by the formula in Table S3 (lines) are compared with those obtained by DNS (symbols) under

a/H=0.10 (black) and a/H = 0.20 (blue), showing good agreement.

on the channel flow becomes pronounced. In particular, the wall-
induced lift for large particles (e.g., a/H = 0.3) exhibits a noticeable
difference compared to that for small particles (e.g., a/H = 0.1). As
shown in Fig. 5(d), the wall-induced lift for a/H = 0.3 is nearly 12%
less than the collapsed curve near the channel wall, which could make
the error of the total inertial lift up to 35%. This error would increase
with the blockage ratio.

In our previous work,” machine learning was used to obtain the
distribution of inertial lift within a rectangular cross section, allowing us
to gain insight into the underlying mechanisms. This work clarifies the
relationship between shear gradient-induced inertial lift and particle size
from different physical sources. In particular, shear gradient-induced
pressure lift and viscous lift have different scaling dependencies on parti-
cle size as a result of different mechanisms. As the Reynolds number
increases, pressure lift gradually becomes dominant, resulting in a
higher exponent in its power function with the Reynolds number than
in the power function with the Reynolds number for viscous lift. Based
on the shear gradient-induced inertial lift, we obtain the explicit expres-
sion for the wall-induced inertial lift. In this work, we focus on the iner-
tial lift expression on the principal axis. The inertial lift distribution on
the principal axis is highly representative, since the potential equilibrium
positions tend to lie on the square or rectangular annuli that pass
through the equilibrium positions on the principal axis.

Inertial lift is primarily used to predict the migration behavior
and equilibrium positions of particles, especially when other effects
(such as viscoelastic, acoustic and magnetic forces) are introduced.
Due to the effect of inertial lift, particles tend to migrate to certain
locations. When additional forces, such as those mentioned are pre-
sent, the behavior of particles can become more complex. Our
approach using the new formula provides the ability to estimate the
magnitude of inertial lift and its relative importance compared to other
forces, which is essential for the design and optimization of microflui-
dic devices.

V. CONCLUSIONS

In conclusion, we have studied pressure lift and viscous lift sepa-
rately in order to gain a deeper understanding of inertial lift. We found
that the shear gradient-induced pressure lift and the shear gradient-
induced viscous lift obey different scaling laws, i.e., the shear gradient-
induced pressure lift scales with the fourth power of the particle
diameter, whereas the shear gradient-induced viscous lift scales with
the third power of the particle diameter. By subtracting the shear
gradient-induced inertial lift from the total inertial lift force, we obtain
the wall-induced inertial lift and reveal the position-dependent depen-
dence of the wall-induced inertial lift on particle size. Our work goes
beyond existing inertial lift studies and provides a complete and
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explicit formula for the total inertial lift that can be applied over a
wide range of Re (up to 400) and particle blockage ratio a/H (up to
0.25), as well as different microchannel geometries.

SUPPLEMENTARY MATERIAL

See the supplementary material for additional information pre-
sented in additional figures and data collected in support of Sec. IIL
The inertial lift forces from DNS and Eq. (10) are compared, and the
corresponding MATLAB code for Eq. (10) is provided.
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