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We consider the two-point, two-time (space-time) correlation of passive scalar 𝑅 ( 𝑟, 𝜏) in the Kraichnan model 

under the assumption of homogeneity and isotropy. Using the fine-gird PDF method, we find that 𝑅 ( 𝑟, 𝜏) satisfies a 

diffusion equation with constant diffusion coefficient determined by velocity variance and molecular diffusion. Its 

solution can be expressed in terms of the two-point, one time correlation of passive scalar, i.e., 𝑅 ( 𝑟, 0) . Moreover, 

the decorrelation of 𝑅̂ ( 𝑘, 𝜏) , which is the Fourier transform of 𝑅 ( 𝑟, 𝜏) , is determined by 𝑅̂ ( 𝑘, 0) and a diffusion 

kernal. 
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Space-time correlation functions are fundamental for understand-

ng the dynamic coupling between the spatial and temporal scales of

otion in turbulent flows [1–4] . It and its Fourier counterpart, the

avenumber-frequency spectra, describe the distributions of physical

uantities over both space and time scales. It is notoriously hard to

tudy them due to their complexity, and in this short letter we tackle

his problem by investigating the space-time correlation of passive scalar

or the case of Kraichnan model flow [5] , which is a non-trivial model

or chaotic flows with spatial correlation. The Kraichnan model is re-

erred to as the passive scalars advected by a white-in-time velocity field.

his model is analytically solvable and thus provides valuable implica-

ions to turbulent flows, such as anomalous scaling of structural func-

ions for passive scalars. It has been extensively and successfully used

n the studies of passive scalar turbulence [ 6–11 ]. Recently, Pagani and

anet [10] have used the functional renormalization group method to

tudy the space-time correlations in turbulent flows. In this work, we

se a different method, that is, the fine-grid PDF methods [ 12 ] to ana-

ytically investigate the space-time correlations of passive scalar in the

raichnan model flow. 

The space-time correlation function of passive scalars 𝜃 is a correla-

ion between values of 𝜃 at two different points and two different times:

( 𝒙 , 𝒚 ; 𝑡, 𝑠) = ⟨𝜃(𝒙 , 𝑡 ) 𝜃(𝒚 , 𝑠 )⟩, where 𝜃 could be concentrations and tem-

eratures, etc. In a turbulent flow 𝜃 evolves according to the advection-

iffusion equation 

𝜕 𝜃(𝒙 , 𝑡 ) 
𝜕𝑡 

+ 𝑣𝑖 (𝒙 , 𝑡 )
𝜕 

𝜕𝑥𝑖 
𝜃(𝒙 , 𝑡 ) = 𝜅∇2 𝜃(𝒙 , 𝑡 ) + 𝑓, (1)

here 𝒗 is an incompressible turbulent velocity field, 𝜅 is the molecular

iffusion coefficient, 𝑓 is the source term representing the injection of

he passive scalar into the flow, which is assumed to be white-noise in
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ime. We start with the formal solution of Eq. (1) 

(𝒙 , 𝑡 ) = 𝜃(𝑿 𝑡,𝒙 ( 𝑠 ) , 𝑠 ) + ∫
𝑡 

𝑠 

𝑓
(
𝑿 𝑡,𝒙 ( 𝑡′) , 𝑡′

)
d 𝑡′, (2) 

here 𝑿 𝑡,𝒙 ( 𝑡′) is the position of a particle at time 𝑡′, which would move

nder the advection of the turbulent velocity and the Brownian motion

f molecular diffusion at 𝒙 at time 𝑡 . 𝑿 𝑡,𝒙 ( 𝑠 ) satisfies the equation 

d𝑿 𝑡,𝒙 ( 𝑡′) 
d 𝑡′

= 𝒗̃ 
(
𝑿 𝑡,𝒙 ( 𝑡′) , 𝑡′

)
= 𝒗 

(
𝑿 𝑡,𝒙 ( 𝑡′) , 𝑡′

)
+
√
2 𝜅𝝃, (3) 

ith initial condition 

 𝑡,𝒙 ( 𝑡 ) = 𝒙 , (4)

here 𝝃 is a Wienner process, i.e., 𝜉𝑖 ( 𝑡 ) 𝜉𝑗 ( 𝑠 ) = 𝛿𝑖𝑗 𝛿( 𝑡 − 𝑠 ) , corresponding

o the Brownian motion of molecular diffusion. The overline symbol ⋅
enotes the ensemble average of the Wiener process 𝝃 for a given real-

zation of velocity field 𝒗 and forcing 𝑓 , so when applying the operation

⋅ , the fields 𝒗 and 𝑓 are all frozen for each realization of 𝝃. 

We now consider the space-time correlation function at two partic-

lar times, 𝑡 and 𝑠 . Without loss of generality, we assume 𝑠 < 𝑡 . Using

q. (2) , we have 

𝜃(𝒙 , 𝑡 ) 𝜃(𝒚 , 𝑠 )⟩𝑣𝑓 =
⟨ [ 

∫
𝑡 

𝑠 

𝑓 (𝑿 𝑡,𝒙 ( 𝑡′) , 𝑡′) 𝑑𝑡′ + 𝜃(𝑿 𝑡,𝒙 ( 𝑠 ) , 𝑠 )
] 
𝜃(𝒚 , 𝑠 )

⟩ 

𝑣𝑓 

. (5) 

he subscript ⟨ ⟩𝑣𝑓 denotes the ensemble average of different realiza-

ions of velocity and forcing, and we will drop it in the later derivations

or simplicity. We will take time 𝑠 and the scalar field at 𝑠 as fixed value,

nd derive the equation for ⟨𝜃(𝒙 , 𝑡 ) 𝜃(𝒚 , 𝑠 )⟩ as a function of the time lag

ue to the evolution of 𝜃(𝒙 , 𝑡 ) . It is helpful to rewrite Eq. (5) as the fol-
gust 2023 
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(  
owing form 

𝜃(𝒙 , 𝑡 ) 𝜃(𝒚 , 𝑠 )⟩ = ⟨ 

∫ d3 𝝆
[ 
∫

𝑡 

𝑠 

𝑓 (𝝆, 𝑡′)𝛿3 (𝝆 −𝑿 𝑡,𝒙 ( 𝑡′)) d 𝑡′ + 𝜃(𝝆, 𝑠 )𝛿3 (𝝆 −𝑿 𝑡,𝒙 ( 𝑠 )) 
] 
𝜃(𝒚 , 𝑠 )

⟩ 

. 

(6) 

ow as the source term 𝑓 is assumed to be white-noise in time, we would

ave ⟨𝑓 (𝝆, 𝑡′) 𝜃(𝒚 , 𝑠 )⟩ = 0 for any 𝑡′ > 𝑠 , thus in this case the first term on

he r.h.s. of Eq. (6) vanishes. Also in Eq. (6) , the passive scalar field at

ime 𝑠 depends on the velocity field before time 𝑠 , and the position of

article 𝑿 𝑡,𝒙 ( 𝑠 ) depends on the velocity between time 𝑠 and 𝑡 . Therefore,

or delta-correlated flows like the Kraichnan’s model, 𝜃(𝝆, 𝑠 ) or 𝜃(𝒚 , 𝑠 ) has

o correlation with 𝑿 𝑡,𝒙 ( 𝑠 ) , which yields 

𝜃(𝒙 , 𝑡 ) 𝜃(𝒚 , 𝑠 )⟩ = ∫ d3 𝝆⟨𝜃(𝝆, 𝑠 ) 𝜃(𝒚 , 𝑠 )⟩⟨ 

𝛿3 (𝝆 −𝑿 𝑡,𝒙 ( 𝑠 )) 
⟩ 

. (7) 

otice that for the case when the passive scalar field is prescribed at

ime 𝑠 , Eq. (7) is also satisfied even for velocity fields with finite cor-

elation time, but in general, Eq. (7) is only an assumption when the

elocity is not delta-correlated. The term 

⟨ 
𝛿3 (𝝆 −𝑿 𝑡,𝒙 ( 𝑠 )) 

⟩ 
is the prob-

bility distribution function (PDF) of particle appears at 𝝆 at time 𝑠

iven that it is at position 𝒙 at time 𝑡 , that is, the backward disper-

ion PDF of single particle in turbulent flows. We denote it 𝑝 (𝝆, 𝑠 ;𝒙 , 𝑡 ) ≡
 

𝛿3 (𝝆 −𝑿 𝑡,𝒙 ( 𝑠 )) 
⟩ 

, and for homogeneous isotropic and stationary flows,

 (𝝆, 𝑠 ;𝒙 , 𝑡 ) = 𝑝 ( |𝒙 − 𝝆|, 𝑡 − 𝑠 ) = 𝑝 ( 𝜂, 𝜏) . 
Next we try to find the expressions for 𝑝 ( 𝜂, 𝜏) , using the standard

unctional method of stochastic calculus we have [ 7,13 ] 

𝜕 𝑝 ( 𝜂, 𝜏) 
𝜕𝜏

= 1 
𝜂2 

𝜕 

𝜕𝜂
( 𝐾( 𝜂, 𝜏) 𝜂2 𝜕 𝑝 ( 𝜂, 𝜏) 

𝜕 𝜂
) , (8)

here 𝐾( 𝜂, 𝜏) = ∫ 𝜏

0 d 𝜏
′𝑆( 𝜂, 𝜏′) , and 𝑆 is the longitudinal component of

he single-point two-time Lagrangian velocity correlation function 

 ( 𝜂, 𝜏′) =
⟨
𝑣̃𝐿 ( 𝜂, 𝜏)𝑣̃𝐿 (𝑿 𝜏,𝜂( 𝜏′) , 𝜏′)

⟩
=
⟨
𝑣𝐿 ( 𝜂, 𝜏) 𝑣𝐿 (𝑿 𝜏,𝜂( 𝜏′) , 𝜏′)

⟩
+ 2 𝜅𝛿( 𝜏′ − 𝜏) .

(9) 

or Kraichnan model with velocity satisfying 

𝑣𝑖 (𝒙 , 𝑡 ) 𝑣𝑗 (𝒚 , 𝑡′)
⟩
= 𝐷𝑖𝑗 (𝒙 − 𝒚 ) 𝛿( 𝑡 − 𝑡′) , (10)

here 𝐷𝑖𝑗 (𝒙 − 𝒚 ) is a diffusivity tensor (see Eqs. (12) and (13) of

ef. [9] ), 𝑆 = 𝐷𝐿𝐿 (0) 𝛿( 𝜏′ − 𝜏) + 2 𝜅𝛿( 𝜏′ − 𝜏) , thus 𝐾 = 𝐷𝐿𝐿 (0) + 2 𝜅 is a

onstant and 𝑝 ( 𝜂, 𝜏) could be solved as the solution of Eq. (8) 

 ( 𝜂, 𝜏) = 1 
8( 𝐾π𝜏)3∕2 

e−
𝜂2 

4 𝐾𝜏 . (11)

or homogeneous, isotropic and stationary flows, we have 𝑅 ( 𝑟 = |𝒙 −
 |, 𝜏 = 𝑡 − 𝑠 ) ≡ ⟨𝜃(0 , 0) 𝜃( 𝑟, 𝜏)⟩ = ⟨𝜃(𝒙 , 𝑡 ) 𝜃(𝒚 , 𝑠 )⟩. Then from Eqs. (7) and

11) we could obtain 

 ( 𝑟, 𝜏) = ∫ d𝝆𝑅 (𝒓 − 𝝆, 0) 1 
8( 𝐾π𝜏)3∕2 

e−
𝜌2 

4 𝐾𝜏

= ∫
𝜋

0 
2π sin ( 𝜃)d 𝜃 ∫

∞

0 
𝛾2 d 𝛾𝑅 ( 𝛾, 0) e

− 𝛾2 + 𝑟2 +2 𝑟𝛾 cos ( 𝜃) 
4 𝐾𝜏

8( 𝐾 π𝜏)3∕2 

= ∫
∞

0 
2π𝛾2 d 𝛾𝑅 ( 𝛾, 0) e−

𝛾2 + 𝑟2 

4 𝐾𝜏

8( 𝐾 π𝜏)3∕2 
4 𝐾 𝜏sinh ( 𝑟𝛾

2 𝐾𝜏
) 

𝑟𝛾

= ∫
∞

0 
𝛾d 𝛾𝑅 ( 𝛾, 0) e−

𝛾2 + 𝑟2 

4 𝐾𝜏

( 𝐾 π𝜏)1∕2 
sinh ( 𝑟𝛾

2 𝐾𝜏
) 

𝑟 
, (12) 

here we denote 𝜸 = 𝒓 − 𝝆. Now given the exact expression of 𝑅 ( 𝛾, 0) ,
e could integrate Eq. (12) and obtain the analytical expressions for

 ( 𝑟, 𝜏) . For example, if 𝑅 ( 𝛾, 0) = e− 𝛾
2 ∕𝑟2 0 , where 𝑟0 is some typical length

cale, then we have 

 ( 𝑟, 𝜏) = e
− 𝑟2 

𝑟2 0 +4 𝐾𝜏

(1 + 4 𝐾𝜏

𝑟2 0 
)3∕2 

. (13)
b

2 
On the other hand, from Eqs. (7) and (8) we can deduce that 𝑅 ( 𝑟, 𝜏)
atisfies the diffusion equation, and from Eq. (8) we have the integral

xpression of 𝑅 

 ( 𝑟, 𝜏) = ∫ d𝝆𝑅 (𝒓 − 𝝆, 0) 𝑝 ( 𝜌, 𝜏) , (14)

hus 

𝜕𝑅 ( 𝑟, 𝜏) 
𝜕𝜏

= ∫ d𝝆𝑅 (𝒓 − 𝝆, 0) 𝜕𝑝 ( 𝜌, 𝜏) 
𝜕𝜏

, (15)

nd 

𝜕𝑅 ( 𝑟, 𝜏) 
𝜕𝒓 

= ∫ d𝝆 𝜕 

𝜕𝒓 
𝑅 (𝒓 − 𝝆, 0) 𝑝 ( 𝜌, 𝜏) 

= −∫ d𝝆 𝜕 

𝜕𝝆
𝑅 (𝒓 − 𝝆, 0) 𝑝 ( 𝜌, 𝜏) 

= − 𝑅 (𝒓 − 𝝆, 0) 𝑝 ( 𝜌, 𝜏) |𝑏𝑜𝑢𝑛𝑑𝑎𝑟𝑦 + ∫ d𝝆𝑅 (𝒓 − 𝝆, 0) 𝜕𝑝 ( 𝜌, 𝜏) 
𝜕𝝆

= ∫ d𝝆𝑅 (𝒓 − 𝝆, 0) 𝜕𝑝 ( 𝜌, 𝜏) 
𝜕𝝆

, (16) 

rom which we have 

𝜕2 𝑅 ( 𝑟, 𝜏) 
𝜕𝑟2 

= ∫ d𝝆𝑅 (𝒓 − 𝝆, 0) 𝜕
2 𝑝 ( 𝜌, 𝜏) 
𝜕𝜌2 

, (17)

herefore, from Eq. (8) we know that 

𝜕𝑅 ( 𝑟, 𝜏) 
𝜕𝜏

= 1 
𝑟2 

𝜕 

𝜕𝑟 
( 𝐾( 𝜏) 𝑟2 𝜕𝑅 ( 𝑟, 𝜏) 

𝜕𝑟 
) . (18)

ow if we apply Taylor expansion to 𝑅 ( 𝑟, 𝜏) at point 𝑟 = 0 and 𝜏 = 0 , we

ave 

 ( 𝑟, 𝜏) = 𝑅 (0 , 0) + 𝜕𝑅 

𝜕𝑟 
(0 , 0) 𝑟 + 𝜕𝑅 

𝜕𝜏
(0 , 0) 𝜏 + 𝜕2 𝑅 

𝜕 𝑟𝜕 𝜏
(0 , 0) 𝑟𝜏 + 1 

2 
𝜕2 𝑅 

𝜕𝑟2 
(0 , 0) 𝑟2 

+1 
2 
𝜕2 𝑅 

𝜕𝜏2 
(0 , 0) 𝜏2 + ⋯ . (19) 

or physical flows 𝑅 should satisfy 𝜕𝑅 
𝜕𝑟 
(0 , 0) = 𝜕2 𝑅 

𝜕 𝑟𝜕 𝜏
(0 , 0) = 0 , thus plug-

ing Eq. (19) into Eq. (18) we have 𝜕𝑅 

𝜕𝜏
(0 , 0) = 3 𝐾(0) 𝜕

2 𝑅 
𝜕𝑟2 

(0 , 0) . From

q. (9) we can see that if 𝜅 ≠ 0 , 𝐾(0) is nonzero and thus the isolines of

 ( 𝑟, 𝜏) should be parabolic for small 𝑟 and 𝜏. When 𝜅 = 0 , the value of

(0) will be depended on the velocity field: if the velocity field is delta-

orrelated, 𝐾(0) is nonzero and the isolines should still be parabolic,

hile if the velocity field is finite-time correlated, 𝐾(0) = 0 and the iso-

ines of 𝑅 ( 𝑟, 𝜏) are elliptical in this case. 

Notice that 𝐾 is only function of 𝜏, and when 𝐾 is not a constant,

he solution Eq. (11) could still be used after modification. Denoting

̃ = ∫ 𝜏

0 𝐾( 𝜏′)d 𝜏′, then d𝜏 = 𝐾( 𝜏)d 𝜏, 
𝜕𝑝 

𝜕𝜏
= 𝜕𝑝 

𝜕𝜏

1 
𝐾( 𝜏) =

1 
𝜂2 

𝜕 

𝜕𝜂
( 𝜂2 𝜕 𝑝 ( 𝜂,𝜏) 

𝜕𝜂
) , which

s a diffusion equation with constant diffusion coefficient 1. Thus for

nite time correlation flows, the PDF solution could be written as 

 ( 𝜂, 𝜏) = 1 
8(π𝜏)3∕2 

e−
𝜂2 
4𝜏 , 𝜏 = ∫

𝜏

0 
𝐾( 𝜏′)d 𝜏′. (20)

inally, applying Fourier transform to Eq. (14) yields 

̂
 ( 𝑘, 𝜏) = 𝑅̂ ( 𝑘, 0) × e− 𝑘2 𝜏

2
√
2 π3∕2 

, (21)

here 𝑅̂ ( 𝑘, 𝜏) = 1 
(2π)3∕2 

∫ d𝒌 𝑅 ( 𝑟, 𝜏)e−i𝒌 ⋅𝒓 , and e− 𝑘2 𝜏

2
√
2 π3∕2 

is the Fourier trans-

orm of the PDF solution Eq. (20) . Equation (21) is actually applicable

o general turbulent flows if we assume the time correlation between

assive scalar and velocity field is negligible, which is the assumption

e use to simplify Eq. (6) and obtain Eq. (7) . In this case, when 𝜏 is

n the dissipative scale, 𝐾( 𝜏) ∼ 𝜏 thus 𝜏 ∼ 𝜏2 . While when 𝜏 is in the

ntegral scale, 𝐾( 𝜏) ∼ Constant thus 𝜏 ∼ 𝜏, and for time separation of

nertial scale, in general we need to know the behavior of Lagrangian

econd order structure function. For the special case of Kraichnan model,

 = 𝐷𝐿𝐿 (0) + 2 𝜅 is a constant and 𝜏 = 𝐾𝜏. Notice that 𝐷𝐿𝐿 (0) is just 𝑣2 
𝐿 

see Eq. (10) ), so in this case the diffusion coefficient 𝐾 is determined

y the variance of velocity 𝑣2 
𝐿 

and the molecular diffusion 𝜅. 
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[  

[  

[

[

[  
In conclusion, we show that for homogeneous and isotropic flows,

nder the assumptions of Gaussian velocity and weak correlation be-

ween velocity and passive scalar, the two-point two-time correlation of

assive scalar 𝑅 ( 𝑟, 𝜏) can be expressed in terms of the two-point single

ime correlation 𝑅 ( 𝑟, 0) and the PDF of single particle dispersion (see

qs. (12) and (21) ). When applying Taylor expansion to 𝑅 ( 𝑟, 𝜏) at zero

oint 𝑟 = 𝜏 = 0 , the first-order derivative 𝜕𝑅 
𝜕𝜏

(0 , 0) is finite if the flow is

elta-correlated. Thus, the isolines of 𝑅 ( 𝑟, 𝜏) are parabolic for short time

nd small separation in this case. These results could be compared with

umerical simulations in future works and provide a cornerstone for

uture studies of passive scalar in more realistic situations. For exam-

le, temperature distribution could be measured in jets and grid turbu-

ence [ 12,14 ], and our theoretical approach derived in this work could

e readily extended to these cases and compared with experimental re-

ults, which would provide valuable insights into the space-time struc-

ure of passive scalar in turbulent flows. Other potential applications

ight include turbulent mixing and combustion. 
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