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We consider the two-point, two-time (space-time) correlation of passive scalar R(r,7) in the Kraichnan model
under the assumption of homogeneity and isotropy. Using the fine-gird PDF method, we find that R(r, 7) satisfies a
diffusion equation with constant diffusion coefficient determined by velocity variance and molecular diffusion. Its
solution can be expressed in terms of the two-point, one time correlation of passive scalar, i.e., R(r, 0). Moreover,

the decorrelation of R(k, z), which is the Fourier transform of R(r,7), is determined by R(k,0) and a diffusion

kernal.

Space-time correlation functions are fundamental for understand-
ing the dynamic coupling between the spatial and temporal scales of
motion in turbulent flows [1-4]. It and its Fourier counterpart, the
wavenumber-frequency spectra, describe the distributions of physical
quantities over both space and time scales. It is notoriously hard to
study them due to their complexity, and in this short letter we tackle
this problem by investigating the space-time correlation of passive scalar
for the case of Kraichnan model flow [5], which is a non-trivial model
for chaotic flows with spatial correlation. The Kraichnan model is re-
ferred to as the passive scalars advected by a white-in-time velocity field.
This model is analytically solvable and thus provides valuable implica-
tions to turbulent flows, such as anomalous scaling of structural func-
tions for passive scalars. It has been extensively and successfully used
in the studies of passive scalar turbulence [6-11]. Recently, Pagani and
Canet [10] have used the functional renormalization group method to
study the space-time correlations in turbulent flows. In this work, we
use a different method, that is, the fine-grid PDF methods [12] to ana-
lytically investigate the space-time correlations of passive scalar in the
Kraichnan model flow.

The space-time correlation function of passive scalars 6 is a correla-
tion between values of 6 at two different points and two different times:
R(x,y;t,5) = (0(x,1)0(y, s)), where 0 could be concentrations and tem-
peratures, etc. In a turbulent flow 6 evolves according to the advection-
diffusion equation

00(x, 1)
ot
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where v is an incompressible turbulent velocity field, « is the molecular

diffusion coefficient, f is the source term representing the injection of

the passive scalar into the flow, which is assumed to be white-noise in
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time. We start with the formal solution of Eq. (1)

0(x,1) = 0(X, (), 9) + / F(X, (@), 1)dr, )

where X, ,(¢') is the position of a particle at time ¢/, which would move

under the advection of the turbulent velocity and the Brownian motion

of molecular diffusion at x at time 7. X, ,(s) satisfies the equation

dX, (")
dr’

with initial condition

= (X, () 1) = (X, (), 1) + V2xE, 3)

X, x() =x, )

where ¢ is a Wienner process, i.e., &NE;(s) = 6;;0(t — 3), corresponding
to the Brownian motion of molecular diffusion. The overline symbol =~
denotes the ensemble average of the Wiener process & for a given real-
ization of velocity field v and forcing f, so when applying the operation
—, the fields v and f are all frozen for each realization of &.

We now consider the space-time correlation function at two partic-
ular times, ¢ and s. Without loss of generality, we assume s < ¢. Using
Eq. (2), we have

t
(O, 000y, ),y = <[/ FX (@), Dt +9(Xt,x(s)as):|9(y! S)> B %)
s v,
The subscript ( ),, denotes the ensemble average of different realiza-
tions of velocity and forcing, and we will drop it in the later derivations
for simplicity. We will take time s and the scalar field at s as fixed value,
and derive the equation for (8(x,)0(y, s)) as a function of the time lag
due to the evolution of 8(x,¢). It is helpful to rewrite Eq. (5) as the fol-
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lowing form

(6(x.00(y. )) = < / &p [ / 10,18 (p = X (1)d! +0(p, 5)5%(p - X,,x<s>>] oy s>>.
(6)

Now as the source term f is assumed to be white-noise in time, we would
have (f(p,1")0(y, s)) = 0 for any ¢ > s, thus in this case the first term on
the r.h.s. of Eq. (6) vanishes. Also in Eq. (6), the passive scalar field at
time s depends on the velocity field before time s, and the position of
particle X, ,(s) depends on the velocity between time s and ¢. Therefore,
for delta-correlated flows like the Kraichnan’s model, 8(p, s) or 8(y, s) has
no correlation with X, , (s), which yields

(00009 = | 00059009 (5o = X1 ™

Notice that for the case when the passive scalar field is prescribed at
time s, Eq. (7) is also satisfied even for velocity fields with finite cor-
relation time, but in general, Eq. (7) is only an assumption when the
velocity is not delta-correlated. The term <53(p -X ,’x(s))> is the prob-
ability distribution function (PDF) of particle appears at p at time s
given that it is at position x at time ¢, that is, the backward disper-
sion PDF of single particle in turbulent flows. We denote it p(p, s; x,1) =
<63(p -X ,’x(s))>, and for homogeneous isotropic and stationary flows,
p(p,s;x,1) = p(|x — pl,t — s) = p(n, 7).

Next we try to find the expressions for p(y, r), using the standard
functional method of stochastic calculus we have [7,13]

dpn, 1) _ 1 0
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where K(n,7) = [OT d7’S(n,7"), and S is the longitudinal component of
the single-point two-time Lagrangian velocity correlation function

SO, ={0,00. )0, (X, (). 7)) = (v, (. D (X, ('), 7)) +2x8(z" — 7).
O]

For Kraichnan model with velocity satisfying
(U,-(X,I)U,-(y,t’» = D,-,-(x—}’)ts(t—t/), (10)

where D, J(x—y) is a diffusivity tensor (see Egs. (12) and (13) of
Ref. [9]), S = D; ;(0)5(¢' — 7) + 2k56(c' — 1), thus K = D, ; (0) + 2x is a
constant and p(y, 7) could be solved as the solution of Eq. (8)

,12

1 _n
p(n,7) = WG K (11

For homogeneous, isotropic and stationary flows, we have R(r = |x —
yl,r=1t—15)=(0(0,0)0(r, 7)) = (6(x,1)0(y, s)). Then from Egs. (7) and
(11) we could obtain

1 _~
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where we denote y = r — p. Now given the exact expression of R(y,0),
we could integrate Eq. (12) and obtain the analytical expressions for
R(r, 7). For example, if R(y,0) = %
scale, then we have

, where r( is some typical length
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R(r,7) = (13)
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On the other hand, from Egs. (7) and (8) we can deduce that R(r, )
satisfies the diffusion equation, and from Eq. (8) we have the integral
expression of R

R(r,7) =/dpR(r—P, 0)p(p, 1), (14)

thus

OR(r,T)
Jt

and

OR(r, 1)
Jar

/d R(r - 0)01’(””) as)

= / dp2-R(r = p,0)p(p. )

=- / dpaip R(r = p.0)p(p. 7)

ap(p,
= —R( = .00 Dl poundary + / dpR(r - p.0) "(’; 2
/dpR(r— p,O)"”(’;” (16)

from which we have
0*R(r, 1) / 0*p(p, T)
288 = [ dpRer - p,0) 222 17

o2 PR(r—p,0) 02 17
therefore, from Eq. (8) we know that
()R(r,r) 19 5 dR(r, 7)

K ). 1
Tor r2 0r( @r ar ) (18)

Now if we apply Taylor expansion to R(r, ) at point r = 0 and = = 0, we
have

R(r,7) = R(0,0) + —(0 O)r + —(0 0)r + —(0 O)yrz + la—R(O 0)r 2
%H(o 0)z? + - 19)
For physical flows R should satisfy %(0, 0) = gf—d’i(o, 0) = 0, thus plug-

ging Eq. (19) into Eq. (18) we have ‘f)—f(o, 0) = 3K(0)‘?;Tf(0, 0). From
Eq. (9) we can see that if k¥ # 0, K(0) is nonzero and thus the isolines of
R(r,7) should be parabolic for small r and . When x = 0, the value of
K (0) will be depended on the velocity field: if the velocity field is delta-
correlated, K(0) is nonzero and the isolines should still be parabolic,
while if the velocity field is finite-time correlated, K(0) = 0 and the iso-
lines of R(r, 7) are elliptical in this case.

Notice that K is only function of z, and when K is not a constant,
the solution Eq. (11) could still be used after modiﬁcation Denoting
= [{ KG)de', then df = K(x)dr, £ = & o = — = (n? 2417, which
is a diffusion equation with constant diffusion coefﬁment 1 Thus for
finite time correlation flows, the PDF solution could be written as

1 _ N /T o
,T)= ————¢ 4, = [ K(dr'. 20
p(n,7) S 7 A (e"dr (20)

Finally, applying Fourier transform to Eq. (14) yields

. e k*E

R(k,0) X ———, 21
24/2m3/2

Rk, 1) =

P _ 1 —ik-r _
where R(k,7) = G f dkR(r, t)e T, and 7 is the Fourier trans

form of the PDF solution Eq. (20). Equatlon (21) is actually applicable
to general turbulent flows if we assume the time correlation between
passive scalar and velocity field is negligible, which is the assumption
we use to simplify Eq. (6) and obtain Eq. (7). In this case, when z is
in the dissipative scale, K(z) ~ z thus 7 ~ 2. While when r is in the
integral scale, K(r) ~ Constant thus # ~ 7, and for time separation of
inertial scale, in general we need to know the behavior of Lagrangian
second order structure function. For the special case of Kraichnan model,
K = D;;(0) + 2k is a constant and 7 = Kz. Notice that D, (0) is just UZL
(see Eq. (10)), so in this case the diffusion coefficient K is determined
by the variance of velocity sz and the molecular diffusion «.
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In conclusion, we show that for homogeneous and isotropic flows,
under the assumptions of Gaussian velocity and weak correlation be-
tween velocity and passive scalar, the two-point two-time correlation of
passive scalar R(r, ) can be expressed in terms of the two-point single
time correlation R(r,0) and the PDF of single particle dispersion (see
Egs. (12) and (21)). When applying Taylor expansion to R(r, 7) at zero
point r = 7 = 0, the first-order derivative Z—I:(O, 0) is finite if the flow is
delta-correlated. Thus, the isolines of R(r, 7) are parabolic for short time
and small separation in this case. These results could be compared with
numerical simulations in future works and provide a cornerstone for
future studies of passive scalar in more realistic situations. For exam-
ple, temperature distribution could be measured in jets and grid turbu-
lence [12,14], and our theoretical approach derived in this work could
be readily extended to these cases and compared with experimental re-
sults, which would provide valuable insights into the space-time struc-
ture of passive scalar in turbulent flows. Other potential applications
might include turbulent mixing and combustion.
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