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A B S T R A C T   

A system consisting of four cylinders positioned in the quadrilateral arrangement represents the prevalent and 
fundamental constituent within pipe bundles and tube banks in numerous engineering scenarios. This research 
presents a laboratorial study on flow-induced vibration (FIV) exhibited by four flexible cylinders positioned 
within a square geometric arrangement. The uniform flows were produced by a carriage on the top of a towing 
tank. Considering flow velocities and structural parameters, Reynolds number could reach 16000. The spacing 
between the cylindrical centres was selected as 6.0 D (D denotes the outer diameter of cylinders), and two typical 
incidence angles 0◦ and 45◦ were examined. For each flexible cylinder model, strain gages at seven distinct 
measuring positions were utilized to collect the oscillation data in cross-flow (CF) and in-line (IL) directions. 
Principal vibration modes, response frequencies, response amplitudes and motion trajectories were presented to 
understand the FIV features. For incidence angles 0◦, considering the four flexible cylinders as two sets of tandem 
cylinders arranged in parallel is not appropriate due to the proximate effect. The behaviours of the two upstream 
cylinders resembles those of the pair of cylinders positioned in a side-by-side configuration, whereas behaviours 
for the downstream cylinders are influenced by wake interference generated from leading cylinders. IL response 
frequencies decrease to the values close to the CF response frequencies, resulting in the elliptical-shaped motion 
trajectories with large IL displacements. For incidence angles 45◦, the upstream cylinder displays characteristics 
akin to those of a solitary cylinder experiencing vortex-induced vibration (VIV). Reactions for the central pair of 
cylinders result from the amalgamation of VIV and wake-induced flutter. While, reactions observed for down-
stream cylinder are characterized by low frequencies, significant IL displacements and more chaotic trajectories.   

1. Introduction 

Flow past cylindrical structure systems, such as mooring lines, ma-
rine risers, subsea pipelines and etc., will lead to vibration that is called 
flow-induced vibration (FIV). The fatigue-related damage resulted from 
FIV has prompted widespread concern in numerous engineering fields, 
which makes it essential to understand the FIV dynamic characteristics. 
The cylindrical structure system usually consists of multiple cylinders 
arranged in various configuration. The oscillations emanating from 
neighbouring cylinders will engage in mutual interaction through the 
wake flows, thereby enhancing the complexity of FIV. For the last few 
decades, extensive research efforts have been dedicated to investigating 
wake patterns, responses features and mutual interactions of multiple 
cylinders undergoing FIV (Alam et al., 2003; Bearman and Wadcock, 
1973; Khan et al., 2022; Kim and Alam, 2015; Nguyen et al., 2018; 

Sumner, 2010; Wang et al., 2019; Wu, 2017; Zdravkovich, 1987). 
The two cylinders are always considered as a prevalent and funda-

mental constituent within a cylindrical structure system. The wake 
patterns behind a pair of cylinders under the oncoming flow have 
attracted much attention in the beginning (Zdravkovich, 1985). Various 
wake patterns of two cylinders will be observed contingent upon the 
arrangement and spacing ratio P/D (P represents the interval between 
the cylindrical centres, and D represents the outer diameter). In the 
configuration where cylinders are placed side-by-side, the wake patterns 
are influenced by the proximate effect. A pair of vortex streets type, 
wide-narrow wake type and two pairs of vortex streets type gradually 
would appear with the increasing P/D (Sumner, 2010; Williamson, 
1985). For the tandem arrangement, it is essential to study the behav-
iours of shear layers. Various wake types can be gradually observed with 
increasing P/D, namely, shear layers wrapping downstream cylinder, 
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shear layers reattaching downstream cylinder, and vortex regenerating 
types (Sumner, 2010; Zdravkovich, 1987). The flow patterns encom-
passing two staggered cylinders are significantly impacted by both P/D 
and incidence angle. Totally nine types of wake pattern are recognized, 
demonstrating the considerably greater complexity in the flow charac-
teristics of two staggered cylinders (Sumner et al., 2000). 

Unlike a solitary cylinder, response characteristics observed for two 
cylinders exhibit noteworthy distinctions owing to their mutual inter-
action. Two rigid cylinders supported with elasticity and positioned 
side-by-side would vibrate together at a half frequency of a solitary 
cylinder when P/D is small. As P/D increases, the narrow wake and wide 
wake appear. Consequently, the cylinder experiencing a narrow wake 
pattern exhibits greater response amplitude and frequency compared to 
the cylinder subjected to a wide wake pattern. Once the two sets of 
coupled vortex patterns emerge, vibration characteristics of the pair of 
cylinders become comparable (Chen et al., 2015, 2022; Xu et al., 2022a). 
For a pair of cylinders positioned in a tandem configuration, the 
downstream cylinder could disturb flows coming from the upstream 
direction at small and intermediate P/D, resulting in distinct responses 
patterns for both cylinders. Once P/D reaches a sufficient magnitude for 
complete vortex maturation, the upstream cylinder resembles a solitary 
cylinder undergoing vortex induced vibration (VIV). Meanwhile, vi-
bration amplitude of the downstream cylinder notably escalates as a 
result of impacts from vortices generated upstream. (Assi et al., 2010; 
Haider and Sohn, 2022; Kim et al., 2009; Mousavisani et al., 2022; 
Narváez et al., 2020; Wang et al., 2017; Xu et al., 2019, 2021a). In 
staggered configurations, the FIV features predominantly contingent 
upon the spacing ratios and incidence angles. With a small P/D, the flow 
passing through the narrow gap can induce substantial amplitude os-
cillations in both cylinders when the incidence angle is below 15◦, while 
the two cylinders behave small amplitude vibrations as the increase of 
incidence angle (Alam and Kim, 2009; Griffith et al., 2017). With an 
intermediate P/D, oscillations of the upstream cylinder are mitigated 
owing to these incompletely developed downstream vortices when the 
incidence angle is below 15◦ (Xu et al., 2022b). As the P/D increases, the 
phenomenon of wake-induced flutter (WIF), characterized by a note-
worthy rise in IL vibration amplitude, becomes apparent for the down-
stream cylinder. (Assi, 2014; Fukushima et al., 2021; Prasanth and 
Mittal, 2009). The elliptical shape motion trajectory is observed owing 
to the comparable vibration frequency in the two directions (Huang and 
Herfjord, 2013; Xu et al., 2020). The FIV features of two flexible cylin-
ders are more complex. For a pair of side-by-side flexible cylinders, the 
threshold value of P/D at which the proximity effect appears is higher 
than that of two rigid cylinders with elastic support (Sanaati and Kato, 
2014; Xu et al., 2022). The proximity effect amplifies in-line (IL) oscil-
lations even as P/D is increased to 8.0 (Xu et al., 2018a). For a pair of 
tandem flexible cylinders, the continuous increase in the oscillation 
amplitude disappears in FIV of downstream flexible cylinders due to the 
occurrence of the high order mode vibrations (Huera-Huarte and Bear-
man, 2011; Xu et al., 2018b). Lin et al. (2021) carried out a numerical 
simulation on FIV of two tandem flexible cylinders and better revealed 
the interaction between the two cylinders. The influence of the upstream 
wake interference acting on the downstream cylinder reduced when the 
upstream vortex impinged on the downstream cylinder, and the influ-
ence enhanced as the downstream cylinder entered the gap between the 
upstream vortices. 

The mutual interaction between the two-cylinder system may 
represent some basic mechanisms of interference among multiple cyl-
inders. However, there are still some typical phenomena that are not 
observed in the two-cylinder system. Some researchers have studied the 
wake interference of a three-cylinder system (Bansal and Yarusevych, 
2017; Gu and Sun, 2001; Kareem et al., 1998; Ma et al., 2019; Pour-
youssefi et al., 2009; Sayers, 1987, 1990; Wang et al., 2013; Xu et al., 
2014; Yang et al., 2020; Zheng et al., 2016; Xu et al., 2021c). Tatsuno 
et al. (1998) conducted an experimental exploration of wake patterns 
involving a group of cylinders positioned in triangular configuration. 

The distinctive deflective wake pattern was noted for two downstream 
cylinders. In contrast, the orientation of this deflective wake remained 
consistent, unlike the intermittent changes observed in a configuration 
of side-by-side. Gu and Sun (2001) identified seven wake patterns for 
three equilateral-triangular arrangement cylinders various spacing ra-
tios and incidence angles. Seven wake patterns can be attributed to three 
kinds of mutual effects. Yang et al. (2020) discovered that the wake 
interaction generating from a group of three cylinders exhibited certain 
resemblances to that observed with two cylinders. However, the inclu-
sion of the third cylinder introduced various flow patterns contingent 
upon factors like P/D and incidence angle. In a study conducted by Wang 
et al. (2013), FIVs of a set of rigid cylinders supported by elasticity and 
positioned triangular were presented by a numerical simulation. To-
wards the conclusion of resonance region, Strouhal number for three 
cylinders exhibited a minor reduction compared to that of a solitary 
cylinder. As the upstream vortices traversed through the insides of the 
downstream cylinders, their interaction with internal shear layers 
generating from the leading cylinders made downstream cylinders have 
large oscillation amplitude in IL direction and move along an elliptical 
shape motion trajectory. Xu et al. (2014) declared that downstream 
cylinders within three equilateral-triangular arrangement cylinders 
oscillated following elliptical orbits, meaning that the response fre-
quency in cross-flow (CF) direction matched the frequency in IL direc-
tion. Meanwhile, oscillation amplitudes were magnified under the 
influence of the upstream wake flows. Ma et al. (2019) carried out model 
tests on FIV characteristics of a group of flexible cylinders positioned in a 
triangular configuration. The downstream cylinder demonstrated 
significantly heightened oscillation amplitudes in IL direction, showing 
an enhancement of more than 30% in comparison with a solitary cyl-
inder. In IL displacement spectrograms of downstream cylinder, two 
distinct frequencies stood out prominently. The high-frequency 
component approximated principal frequency in IL direction of a soli-
tary cylinder, while the low-frequency component closely matched 
principal frequency in CF direction. These low-frequency components 
influenced the downstream cylinder’s motion trajectory, deviating it 
from the typical figure-eight, crescent, and C-shaped patterns commonly 
observed for a solitary cylinder subjected to VIV. 

Several researchers have delved into the investigation of flow pattern 
and oscillation characteristics of a group of cylinders arranged in the 
quadrilateral configuration (Gao et al., 2019; Han et al., 2013; Lam 
et al., 2003a, 2003b; Lam and Fang, 1995; Lam and Lo, 1992; Tu et al., 
2020). Fig. 1 provides a schematic representation of four 

Fig. 1. Illustration of four cylinders arranged in the quadrilateral 
configuration. 
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quadrilateral-arranged cylinders, with distinct labels of I, II, III, and IV 
assigned to each cylinder. Lam and Lo (1992) conducted an investiga-
tion into the flow pass through four stationary cylinders in a quadri-
lateral arrangement. Under an incidence angle of 0◦, the configuration of 
the four cylinders could be approximated as two pair of identical tandem 
cylinders when P/D surpassed 3.94, primarily owing to the limited in-
fluence of the proximity effect. With a more pronounced reduction in 
P/D, the downstream cylinders inhibited the upstream vortices and a 
deflective gap flow was observed. As for 0◦<β < 45◦, the gap flow was 
much more easily deflective to cylinder IV, consequently leading to the 
broad flow region around cylinder III. Under an incidence angle of 45◦, 
the flow region around cylinder I was narrow and short due to the gap 
flow between cylinder I and cylinder II or cylinder IV. The wake flows of 
cylinders II and IV were biased to the outsides, which caused a wide 
wake flow of cylinder III. Han et al. (2013) observed that the deflective 
flow region encompassing cylinders III and IV would disturb the shed-
ding of vortices at P/D = 1.6 and β = 0◦. As P/D progressively enlarged, 
the deflective wake flow disappeared and gave way to two pairs of 
antisymmetric vortex streets, which resembled the flow region encom-
passing two side-by-side cylinders. At β = 45◦ and P/D ≤ 2.0, four cyl-
inders could be perceived as a single bluff body, exhibiting two rows of 
irregular vortex. However, as P/D climbed to 3.0, the vortices generated 
by cylinder II and cylinder IV started to intermingle with those produced 
by cylinder III, which made the vortex shedding more disordered. All the 
four cylinders could generate vortices and the wake flow became regular 
again with P/D exceeding 3.5. The vortices originating from cylinder III 
exhibited an inclination to those generated by cylinder II and cylinder 
IV. As a consequence, the wake flows of cylinder II and cylinder IV 
displayed an outward bias, resulting in the wide wake behind cylinder 
III. Gao et al. (2019) carried out a numerical simulation focusing on four 
quadrilateral-arranged rigid cylinders with elastic support. Under an 
incidence angle of 0◦, motion trajectories of figure-eight shape appeared 
for upstream cylinders I and II. While, downstream cylinders III and IV 
exhibited motion trajectories with elliptical shape characterized by 
substantial displacements in two directions. Under an incidence angle of 
45◦, cylinders II, III and IV experience large vibration amplitudes owing 
to the upstream wake interference. The vortex behind cylinder III was 
suppressed and the motion trajectory was disordered at low velocity. 
The vortices from cylinder III were developed as the increasing velocity, 
which caused a motion trajectory with tear shape. 

Nevertheless, research regarding the FIV characteristics of flexible 
cylinders positioned within a square geometric arrangement remains 
scarce. Based on the findings from FIV analysis of multiple flexible 
cylinders, it becomes evident that multiple mode vibrations of flexible 
cylinders differ significantly from the reaction observed in rigid cylin-
ders with elastic support. Exploring the FIV characteristics of a group of 
four flexible cylinders takes on vital importance in enhancing compre-
hension about the mutual interaction of multi-cylinder system. This 
paper mainly aims to perform a laboratorial study on FIV exhibited by 
four flexible cylinders positioned within a square geometric arrange-
ment. Previous studies indicated that noteworthy mutual interference 
exists in the case of P/D = 6.0 (Huera-Huarte and Gharib, 2011; Xu et al., 
2018a, 2018b). As a consequence, P/D was set as 6.0. Two representa-
tive scenarios involving incident angles of 0◦ and 45◦ were examined. A 
thorough exploration of the commonalities and distinctions within FIV 
characteristics of a group of four flexible cylinders and those of two or 
three flexible cylinders was undertaken and discussed by analysing the 
principal vibrations modes, response frequencies, displacement ampli-
tudes, and motion trajectories. 

The subsequent sections are structured as follows. Section 2 offers 
succinct overviews for the experimental arrangements. Section 3 out-
lines the methodology for data analysis. The outcomes for the two 
different incidence angle conditions are deliberated upon in Section 4. 
Ultimately, Section 5 provides concluding observations. 

2. Experimental arrangements 

Fig. 2 shows the experimental apparatus. The upper extremities of 
vertical supporting rods were affixed to the terminations of horizontal 
supporting structures. The lower ends of two vertical supporting rods 
were linked to the supporting plates, which provided necessary supports 
for the guide plates. The function of guide plates was to mitigate flow 
disturbances arising from the presence of vertical supporting rods and 
supporting plates. Within the support plate’s central region and the 
guide plate’s central region, apertures were integrated to accommodate 
installation of supporting plate dials and guide plate dials, respectively. 
One extremity of each model was equipped with a universal joint for 
installation, while the opposite end was linked to a steel wire across the 
pre-drilled cavity and routed through a pulley. The axial tension should 
be added at the end of flexible cylinder to resist the large IL deflections 
resulting from the mean drag. The value of pretension should not be too 
high because the large stiffness of flexible cylinder was not conducive to 
excite higher mode vibrations. As a compromise, the value of pretension 
was set as 450N. 

Fig. 3 shows the sketch of a model consisting of an outer silicone tube 
and an internal copper pipe. The outer silicone, measuring 16 mm in 
diameter, snugly enveloped the internal copper pipe, ensuring smooth 
surface. The internal copper pipe, measuring 8 mm in diameter, was 
equipped with strain gages. A total of seven measuring positions were 
evenly distributed, with each of these points being equipped with four 
strain gages. Table 1 shows the primary parameters of cylinder models. 

The experiment was performed within a tank that measured 137.0 m 
in length, 7.0 m in width, and had a depth of 3.3 m. The experimental 
apparatus was installed under a carriage that can move along the towing 
tank. The flexible cylinders were submerged in water and departs from 
the bottom and the free-surface at least 1.0m, which could avoid bottom 
effects and free-surface effects. The carriage traversed the length of the 
tank to create uniform flow conditions. Towing velocities spanned from 
0.05 m/s to 1.00 m/s in increments of 0.05 m/s, corresponding to 
Reynolds numbers ranging from 800 to 16000. The velocity accuracy 
was 0.001 m/s. The velocity was set taking into account both the 
average deformation in IL direction and the vibration mode that can be 
excited. A high velocity is beneficial for exciting higher mode vibrations. 
However, the higher velocity would cause the larger average deforma-
tion of the model in IL direction, which could destroy the strain gages. 
The upper limit of flow velocity 1.0 m/s was determined by an iterative 
design. The flow velocity is high enough to excite the 3rd-order mode 
vibration in CF direction, and the IL average deformation dose not 
destroy the strain gages at the same time. Sampling was performed at 
100 Hz, chosen to prevent the aliasing concerns. Data collection 
extended over a period of 50 s after achieving stable towing velocity. To 
ensure complete restoration of undisturbed water conditions, a 15-min 
interval was expended between consecutive runs. The initial spacing 
ratio remained constant at 6.0, and subsequently, the incidence angles 
were sequentially established at 0◦ and 45◦. Alterations in the incidence 
angle were accomplished by rotating the dials shown in Fig. 2. 

The structural nature frequencies were acquired from decay tests and 
shown in Table 2. It should be noted that the nature frequencies in two 
vibration directions were almost exactly the same and the IL nature 
frequencies were not presented here. As a comparison, Table 2 also in-
cludes the theoretical values calculated from Eq. (1). 

fn =
n

2L

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
Tc

ms+0.25ρπD2 +
(nπ

L

)2 EI
ms+0.25ρπD2

√

(1)  

where n represents the mode number. It was found that the structural 
nature frequency of flexible cylinder model is dominated by the tension. 
The theoretical values demonstrated favorable correspondence with the 
measured values, falling well within the acceptable margin of error. The 
agreement demonstrates the dependability of both the experimental 
setup and the measuring system. The damping ratio was also obtained 
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from the decay tests. The damping ratio in water of the cylinder models 
is near 0.032. 

3. .Data analysis 

Modal analysis method, a commonly utilized displacement recon-
struction technique, was applied to reconstruct the structural displace-
ments. The strain data was pre-processed before using the modal 
analysis method. The half-bridge method was used to measure the 
strains, meaning that the temperature effect and the components due to 
the axial pretension could be ignored. The measured IL strains contain 
the mean components due to the mean drag, and the varying compo-
nents due to IL VIV and the errors. The IL VIV strains vary with time, and 
the mean value in a period is close to zero. However, mean components 
due to the mean drag do not change with time and is basically close to a 
constant value at the same flow velocity. After eliminating the error by 
filtering, the IL VIV strains could be obtained by subtracting the mean 
value of filtered strain signals. The measured CF strains contain CF VIV 
strains and the errors. The CF strains could be obtained after filtering. A 
band-pass filter spanning the frequency range of 1.0–40.0 Hz was 
implemented to effectively eliminate inherent noise signals of both low 
and high frequencies. 

The reconstruction process for CF displacement is presented for 
illustration. The CF displacement y(z, t) can be formulated using Eq. (2) 
(Lie and Kaasen, 2006). 

Fig. 2. Illustration of experimental apparatus.  

Fig. 3. An illustration of the arrangement of strain gages and the sketch of the cylinder model (Xu et al., 2018a).  

Table 1 
Primary parameters of the model (Ma et al., 2020; Xu et al., 
2018a, 2018b).  

Parameters Values 

Length, L 5.60 m 
Diameter, D 0.016m 
Aspect ratio, L/D 350 
Mass per unit length, ms 0.3821 kg/m 
Mass ratio, m* 1.90 
Axial tension, Tc 450 N 
Axial stiffness, EA 2.793 × 106 N 
Bending stiffness, EI 17.45 Nm2  

Table 2 
Structural nature frequencies in still water.  

Mode 
number 

Cylinder 
I 

Cylinder 
II 

Cylinder 
III 

Cylinder 
IV 

Theoretical 
values 

f1 2.49 Hz 2.54 Hz 2.56 Hz 2.64 Hz 2.49 Hz 
f2 4.78 Hz 4.70 Hz 4.83 Hz 4.75 Hz 5.08 Hz 
f3 7.81 Hz 7.41 Hz 7.58 Hz 7.42 Hz 7.84 Hz 
f4 10.51 Hz 10.42 Hz 10.61 Hz 10.55 Hz 10.85 Hz 
f5 14.21 Hz 13.80 Hz 14.11 Hz 13.98 Hz 14.16 Hz 
f6 17.66 Hz 17.60 Hz 18.09 Hz 17.88 Hz 17.85 Hz 
f7 22.91 Hz 22.01 Hz 22.35 Hz 22.28 Hz 21.95 Hz  
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y(z, t)=
∑S

i=1
χi(t)Φi(z) (2)  

Where t represents time, χi(t) corresponds to modal weights, i signifies 
the modal order number, S denotes the highest order mode, Φi(z) stands 
for the mode shape. A sinusoidal function is employed for the simply 
supported boundary conditions. 

Φi(z)= sin
iπz
L

(3) 

The displacements can be calculated according to the correlation 
between the strains and displacements. 

ε(z, t)
R

=
∂2y(z, t)

∂z2 =
∑S

i=1
χi(t)

d2Φi(z)
dz2 (4) 

R represents the distance between strain gages from the structural 
neutral layer, and ε(z, t) denotes strains. Rewrite Eq. (4) in a matrix 
form. 

Θ = ΩΥ (5)  

where 

Θ =
1
R
[ ε(z1, t) ε(z2, t) ⋯ (zM , t) ] (6)  

Ω =

⎡

⎢
⎢
⎣

Φ1
″(z1) Φ2

″(z1) ⋯ ΦS
″(z1)

Φ1
″(z2) Φ2

″(z2) ⋯ ΦS
″(z2)

⋮ ⋮ ⋱ ⋮
Φ2

″(zM) Φ2
″(zM) ⋯ ΦS

″(zM)

⎤

⎥
⎥
⎦ (7)  

Υ = [ χ1(t) χ2(t) ⋯ χS(t) ]
T (8)  

where z1, z2, …, zM denote the axial coordinate at the measuring posi-
tions, respectively. The modal weights can be calculated according to 
Eq. (9). 

Υ =
(
ΩTΩ

)− 1ΩTΘ (9) 

After calculating modal weights, CF displacements were obtained by 
Eq. (2). The errors of the modal analysis method had been further 
analyzed in the previous research (Lie and Kaasen, 2006). It is found that 
the low order modes are very sensitive to the strain errors because the 
amplitudes of strain mode shapes are proportional to the mode number 
squared. The low order modes may introduce errors when the high order 
mode dominates the vibrations. The modes participating in the modal 
analysis should be selected cautiously to reduce the errors caused from 
the low order mode. Hence, some lower order modes were eliminated 
during the modal analysis, depending on the actual conditions. 

4. Results and discussion 

Principal vibration modes, vibration frequencies, displacement am-
plitudes and motion trajectories of four quadrilateral-arranged cylinders 
were examined for two distinct incidence angle scenarios in this section. 
Reduced velocities were calculated using the fundamental natural fre-
quency f1. 

Ur =
U

f1D
(10) 

Considering the slight discrepancies among the measuring values, 
theoretical value of the fundamental natural frequency was employed in 
Eq. (10). 

Fig. 4. The principal mode in two directions for β = 0◦.  
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4.1. FIV responses for incidence angle 0◦

As the Ur increased, multiple modes of vibrations were excited in the 
four flexible cylinders due to their possessing multiple-order natural 
frequencies. Fig. 4 displays the principal mode in CF and IL vibrations at 
β = 0◦. Principal modes were identified as the modes with the highest 
modal weight. The principal modes of the solitary flexible cylinder un-
dergoing VIV were also included as a comparison. In Fig. 4, distinct 
colours are used to distinguish different principal modes, progressing 
from lower to higher orders. During the VIV of a solitary cylinder, the 
first four mode are triggered in CF direction. The principal modes in CF 
vibrations of the upstream cylinders I and II exhibit similarities to those 
of the solitary cylinder. When the flexible cylinders are positioned side- 
by-side, Xu et al. (2018a) has been verified that the higher-order mode is 
prone to being excited more readily in mode switching region, contrary 
to findings regarding the upstream cylinders I and II. The discrepancy 
implies that the downstream cylinders could impede the premature 
excitation of higher-order modes for the upstream cylinders I and II. The 
activation of the higher-order mode in downstream cylinders III and IV 
is postponed because of the wake shielding effect generated from cyl-
inders I and II, which aligns with conclusions drawn from observations 
made in the downstream cylinder of a tandem cylinder system (Xu et al., 
2018b). As an instance, oscillations of cylinders III and IV are primarily 
governed by the 2nd-order mode at Ur = 20.04 and 21.29. Meanwhile, 
the 3rd-order mode is principal in oscillations of the upstream cylinders I 
and II. 

Compared to oscillations in CF direction, oscillations in IL direction 
typically stimulate modes of higher orders. The high-order mode vi-
brations usually involve serious mode competitions (Chaplin et al., 
2005), leading to mode jumps in the oscillations of the solitary cylinder 
at Ur = 5.01 and 8.77. The IL principal modes of cylinders I and II exhibit 
notable resemblances to those of the solitary cylinder, except for some 
slight differences observed in the initial region and mode switching re-
gion. However, the IL principal modes of cylinders III and IV are 
significantly affected by the upstream cylinders I and II. When Ur is 
below 7.52, the principal modes in IL oscillations of the downstream 
cylinders III and IV display only minor deviations compared to the sol-
itary cylinder. As the Ur increases, distinctions in principal modes be-
tween downstream cylinders and a solitary cylinder become evident. In 
the case of Ur = 11.27–25.05, the IL vibrations of the cylinders III and IV 
exhibit lower principal modes when contrasted with cylinders I and II. 
Specifically, the principal mode in IL oscillations of the cylinders III and 
IV often corresponds to the second order at various Ur values, while the 
highest observed principal mode reaches up to the 4th-order. 

Fig. 5 illustrates the dimensionless principal frequencies in the case 
of β = 0◦. Notably, the principal frequencies in CF oscillations for all the 
cylinders I, II and the solitary cylinder exhibit an increase as Ur rises. 
The occurrence of a mode switch is associated with a noticeable increase 
in principal frequencies. The CF principal frequencies of cylinders I and 
II exhibit a remarkable similarity to those of the solitary cylinder, which 
agrees well with the outcomes observed in studies involving a two cyl-
inder system positioned side-by-side. When Ur is lower than 15.03, 
principal frequency in CF direction of the downstream cylinders III and 
IV conforms to a comparable variation pattern as observed in the solitary 
cylinder. As Ur increases, the downstream cylinders III and IV have 
lower CF principal frequencies in contrast to those of the upstream 
cylinders, aligning with the conclusions drawn from the principal mode 
shown as Fig. 4. The phenomenon characterized by decreased principal 
frequencies of downstream cylinder was also noted in studies involving 
two tandem cylinders. It is verified that the reduction of principal fre-
quency mainly resulted from the wake shielding effects (Xu et al., 
2018b; Ma et al., 2019; Xu et al., 2018). 

The IL principal frequencies roughly increase with Ur, except for the 
cases where mode jump occurs. The principal frequencies in IL oscilla-
tions of upstream cylinders I and II demonstrate a strong concordance 
with those observed in the solitary cylinder. Conversely, the IL principal 

frequencies of downstream cylinders III and IV undergo a significant 
reduction. However, IL principal frequency of downstream cylinder just 
slightly decreased when two flexible cylinders were positioned in a 
tandem configuration (Xu et al., 2018b). This observation contrasts with 
the outcomes derived in the IL oscillations of cylinders III and IV, indi-
cating that the obvious decrease in IL principal frequencies is not solely 
attributed to the wake shielding effect. Within a quadrilateral-arranged 
cylinder system, oscillations of the downstream cylinders are subject to a 
combined influence originating from two upstream cylinders. Under the 
combined wake interference, the IL principal frequencies cease to 
maintain a twofold relationship with the CF principal frequencies. For 
downstream cylinders III and IV, a new proportional relation with a 
value near 1.0 is established between the principal frequencies in the 
two directions. 

The vibration frequencies at measuring positions of cylinders II and 
III in the case of β = 0◦ are presented to further discuss the frequency 
characteristics, shown in Fig. 6. The subplots presented in Fig. 6 are 
organized in rows, with each row corresponding to a distinct measuring 
position. G1 ~G7 are arranged from the uppermost row to the lowest. 
The vibration frequency is plotted along the horizontal axis, while the 
power spectral density (PSD) is represented on the vertical axis. To 
concentrate on the vibrations associated with high-order modes, a 
reduced velocity of 21.29 has been chosen. For cylinder II, the CF 
principal mode is the 3rd-order with a principal frequency of 8.42 Hz at 
Ur = 21.29. While, IL principal mode is the 5th-order with a principal 
frequency of 16.83 Hz, nearly twice the magnitude of the CF principal 
frequency. An incidental and weak harmonic component with a 

Fig. 5. Dimensionless principal frequencies of the four flexible cylinders when 
the incidence angle β = 0◦. 
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Fig. 6. CF and IL vibration frequencies at measuring positions of the four flexible cylinders for incidence angle 0◦.  
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frequency of 8.42 Hz is also discernible within the IL vibrations of cyl-
inder II. It can be certified that the frequency feature of upstream cyl-
inders bear resemblance to that observed in the solitary flexible 
cylinder. 

The CF principal frequency of cylinder III is 5.45 Hz, which shows a 
distinct reduction from that of cylinder II under an equivalent reduced 
velocity condition. A weak frequency component of 8.42Hz, corre-
sponding to the CF principal frequency of cylinder II, emerges owing to 
wake interactions from the leading cylinder. The phenomenon has been 
documented in the studies involving the oscillations in a pair of tandem 
cylinders (Xu et al., 2018b). Oscillation in IL direction of cylinder III has 
two notable frequency components. The first one has a value of 2.98 Hz, 
while the second one matches the CF principal frequency of 5.45 Hz. The 
IL frequency characteristic displayed by the downstream cylinder within 
a four flexible cylinder system at β = 0◦ has not been encountered in the 
investigation concerning two tandem flexible cylinders. Further dis-
cussed will be undertaken by considering the outcomes of the response 
amplitude and motion trajectory. 

Fig. 7 depicts the max root mean square (RMS) of displacements for 
four flexible cylinders at β = 0◦. The RMS values of vibration amplitudes 
at a specific spanwise location, denoted as zi, are calculated over time. 

yrms(zi)=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1
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)2

√
√
√
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xrms(zi)=
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√
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where K is the sampling number, xmean is the mean displacement 
resulting from the mean drag. The max RMS value of dimensionless 
displacements in two directions is employed to portray the intensities of 
FIV response. 

The outcomes from a solitary flexible cylinder are presented for 
comparison. As illustrated in Fig. 4, oscillations in CF direction of a 
solitary cylinder successively excite the initial four order modes. The 
maximum yrms/D of a solitary cylinder initially rises to its pinnacle and 
subsequently decreases consistently within the mode-synchronized re-
gions, aligning with findings from previous investigations (Song et al., 
2011; Trim et al., 2005). The maximum yrms/D values of cylinders I and 
II closely resemble those of a solitary cylinder until reaching a peak 
value within the 1st-order mode-synchronized region. As Ur increases, 
the maximum yrms/D of cylinders I and II gradually departs from findings 
observed in a solitary cylinder, owing to the influence of the proximity 
effect (Zdravkovich, 1985). However, variations in maximum yrms/D of 
cylinders I and II still follow an identical trend except for some certain 
values. It has been demonstrated that the proximity effect could result in 
the asymmetric wake when two flexible cylinders are arranged 
side-by-side (Han et al., 2018b), which gives rise to the discrepancy 
between cylinders I and II. Cylinder III follows a comparable pattern in 
the maximum yrms/D as observed in cylinder IV. The maximum yrms/D of 
cylinder IV exhibits a slight increment compared to that of cylinder III, 
indicative of the influence of the proximity effect. Further validation of 
the proximity effects is established through a comparative analysis be-
tween the outcomes of the downstream cylinders III and IV within the a 
four-cylinder system and the results derived from the downstream cyl-
inder within a pair of tandem cylinders. The maximum yrms/D values for 
cylinders III and IV closely resemble those of the downstream cylinder a 
pair of tandem cylinders when Ur is below 15.03. The influence of the 
proximity effect intensifies as Ur increases, resulting in significantly 
larger maximum yrms/D values for cylinders III and IV in comparison to 
both a solitary cylinder and a downstream cylinder within a pair of 
tandem cylinders (Xu et al., 2018b). Under wake interference, variations 
in maximum yrms/D for cylinders III and IV diverge from those exhibited 
by the solitary cylinder. Specifically, within the mode-synchronized 
region of the 1st-order mode, cylinders III and IV display lower dis-
placements compared to the solitary cylinder. The maximum yrms/D 
values for cylinders III and IV experience an increment following the 
attainment of a peak in the outcomes of a solitary cylinder. Similar 
variations in CF dimensionless displacement have also been noted in a 
study concerning FIV of four quadrilateral-arranged rigid cylinders with 
elastic support (Gao et al., 2019). The oscillations for the downstream 
rigid cylinders with elastic support undergo a substantial augmentation 
as Ur rises, resembling the FIV response observed in downstream cyl-
inder within two tandem rigid cylinders with elastic support. However, 
the continued substantial growth in the CF displacements is not is not 
apparent in the downstream flexible cylinders. This trend is consistent 
with findings from earlier investigations on FIV of a pair of tandem 
flexible cylinders (Huera-Huarte et al., 2016; Xu et al., 2018b), where it 
was confirmed that oscillation amplitudes in CF direction of the down-
stream cylinder do not experience significant enlargement owing to the 
excitation of higher-order mode vibrations. 

Cylinders I and II exhibit a similar pattern in the maximum xrms/D 
values, aligning with the trend observed for a solitary cylinder, as shown 
in Fig. 7(b). The maximum xrms/D values for cylinders I and II closely 
match those of the solitary cylinder when Ur is below 10.02. As Ur in-
creases, both cylinders I and II show heightened vibration displacements 
in contrast to the solitary cylinder, owing to the influence of the prox-
imity effect. It has been pointed that there remains a significant inter-
action in IL direction between a pair of flexible cylinders positioned side- Fig. 7. Max RMS of displacements for four flexible cylinders when the inci-

dence angle β = 0◦. 
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by-side with P/D below 8.0, which would amplify IL displacements (Xu 
et al., 2018a). The maximum xrms/D values for cylinders III and IV 
exhibit substantial increments in comparison to a solitary cylinder, 
which is of great concern. Different from the solitary cylinder, cylinders 
III and IV have continued increase in the maximum xrms/D until the 
maximum xrms/D reaches its first peak at Ur = 11.27 and 12.52 
respectively. The vibrations corresponding to the 2nd-order mode 
become stimulated as Ur increases further, and the maximum xrms/D of 
cylinders III and IV remain growth until the maximum xrms/D reaches its 
second peak at Ur = 20.04 and 21.29 respectively. Although oscillations 
in IL direction of cylinders III and IV are characterized by lower modes 
and frequencies, as illustrated in Figs. 4 and 5, the extreme values of 
xrms/D for cylinders III and IV are notably amplified by 76% and 71%, 
respectively, in comparison to the solitary cylinder. The notable 
augmentation in IL oscillations absents for a downstream flexible cyl-
inder within a pair of tandem cylinders (Huera-Huarte et al., 2016; Xu 
et al., 2018b). This discrepancy suggests that the configuration of four 
quadrilateral-arranged flexible cylinders cannot be equated to two sets 
of tandem cylinders arranged in parallel. The two upstream cylinders 
collectively exert substantial impacts on the oscillations in IL direction 
of downstream cylinders. Notably elevated displacements in IL direction 
are also apparent for downstream cylinders within four 
quadrilateral-arranged rigid cylinders, the increasing IL displacements 
are attributed to the intricate interplays arising from the shear layers 

detached from a pair of upstream cylinders and the mutual vortex 
shedding from a group of four cylinders (Gao et al., 2019). 

Fig. 8 displays the contour plot of dimensionless displacements, axial 
distribution plots of the RMS values, and temporal history curves at 
measuring positions of the four flexible cylinders for incidence angle 0◦. 
In order to examine the behaviours of high-order mode vibrations, a 
reduced velocity of 21.29 is selected. It becomes evident that the oscil-
lation response for the pair of upstream cylinders I and II exhibit a 
remarkable similarity. The contour plots of dimensionless displacements 
indicate that vibrations in both two directions of cylinders I and II 
encompass the hybrid feature of both standing and traveling wave. The 
axial distribution plot of CF RMS displacements displays asymmetry, a 
characteristic caused by the presence of multi-mode vibrations (Song 
et al., 2011). The 3rd-order mode predominantly governs CF vibration, 
while the 5th-order mode dominates IL vibration. Both the CF and IL 
vibrations have a better periodicity though some harmonic components 
are observed. Noteworthy harmonic responses are evident in CF vibra-
tions, particularly at measuring positions situated in proximity to the 
nodes in the axial distribution plot of the RMS displacements. The har-
monic responses are more prominent in IL direction, which is in accor-
dance with the spectral findings presented in Fig. 6(c). It is observed that 
the downstream cylinders III and IV have different features in the FIV 
responses. The variations in the contour plots of dimensionless dis-
placements are slightly more disordered than those of the upstream 

Fig. 8. Contour plot of dimensionless displacements, axial distribution plot of the RMS displacements, and temporal history curves of displacement at measuring 
positions of the four flexible cylinders for incidence angle 0◦. 
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cylinders. Hybrid features of standing and traveling wave are discernible 
for both CF and IL directions. Analysing axial distribution plot of RMS 
displacements, it becomes evident that the principal vibration mode of 
downstream cylinders III and IV is of lower order than that observed in 
upstream cylinders I and II. The oscillations in two directions have an 
identical principal mode of 2nd-order, a departure from the findings 
involving the solitary cylinder and a pair of flexible cylinders. The 
periodicity of the CF and IL vibrations becomes significantly weak due to 
the multiple harmonic components. 

Fig. 9 shows motion trajectories of four cylinders at measuring po-
sitions in the case of β = 0◦, and G1 ~G7 are arranged from the up-
permost row to the lowest. The time history range of the motion 
trajectory is during 26s–29s. The motion trajectories of the solitary 
cylinder form a pattern resembling the figure-eight shape, suggesting 
that the frequencies in IL oscillations are roughly double those in CF 
oscillations. The upstream cylinders I and II exhibit analogous motion 
trajectories characterized by figure-eight shape and C shape. Compared 
to the solitary flexible cylinders, the motion trajectories of the two up-
stream cylinders are disturbed due to the proximate effect. For example, 
motion trajectories of a solitary cylinder at the following measuring 
positions G1, G2, G3, G4 and G7 exhibit the typical pattern of figure- 
eight shape. While, the upstream cylinders at the above measuring 

positions display motion trajectories with notable distortions. In 
contrast to either a solitary cylinder or an upstream cylinder, down-
stream cylinders III and IV exhibit much more disordered motion tra-
jectories. Most of the motion trajectories are an elliptical shape, 
although their repeatability is compromised due to the presence of os-
cillations characterized by multiple frequencies and amplitudes. 

The motion trajectories of the elliptical shape are attributed to the 
close resemblance between the principal frequency in two directions. 
For the four quadrilateral-arranged rigid cylinders with elastic support 
(Gao et al., 2019), elliptical shape motion trajectories with large IL 
displacements are also observed for the two downstream cylinders 
within the unique resonance region. The present investigation provides 
further confirmation that the vibrations of the downstream flexible 
cylinders continue to exhibit substantial amplitudes and low frequencies 
in IL direction and motion trajectories of an elliptical shape. The phe-
nomenon has been elucidated by analysing wake flow patterns using a 
numerical approach (Gao et al., 2019). For four quadrilateral-arranged 
cylinders in the case of β = 0◦, the vortices released by the pair of up-
stream cylinders are in synchronization with each other. The inter-
connected wake patterns originating from upstream cylinder would 
persistently collide with the downstream cylinder and amalgamate into 
the vortices released from two downstream cylinders, resulting in the 

Fig. 9. Motion trajectories of four cylinders at measuring positions in the case of β = 0◦.  
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different FIV response characteristics. 

4.2. FIV responses for incidence angle 45◦

The incidence angle 45◦ is considered one of the common incidence 
angles in the arrangement of four quadrilaterally positioned flexible 
cylinders. Fig. 10 displays the principal mode in CF and IL vibrations 
when the incidence angle β = 45◦. It appears that there are minor dis-
crepancies in the principal modes of CF oscillations between the solitary 
cylinder and the four flexible cylinders. Cylinder I is positioned as the 
upstream cylinder within the grouping of four flexible cylinders, and its 
principal modes in CF direction closely resemble those of the upstream 
cylinder within the three flexible cylinder system positioned in a trian-
gular arrangement (Ma et al., 2019). Cylinders II and IV are side-by-side 
arranged between cylinders I and III. The excitation of higher-order 
mode oscillations in CF direction occurs earlier for cylinders II and IV, 
primarily attributed to the influence of wake interference and proximity 
effects. For example, cylinder IV exhibits the 2nd- and 3rd-order mode 
oscillations in CF direction at Ur = 8.77 and 17.57, respectively. While 
the solitary cylinder exhibits the 2nd- and 3rd-order mode oscillations in 
CF direction at slightly higher velocities Ur = 10.02 and 20.04, 
respectively. Cylinder III, positioned as the downstream cylinder within 
the grouping of four quadrilaterally positioned flexible cylinders, ex-
periences influence from the upstream cylinders that is not captured 
solely through the analysis of principal mode in CF oscillations. 

The IL principal modes of cylinder I exhibit strong similarity to those 
of the solitary cylinder except at Ur = 10.02, 16.28 and 25.05, sug-
gesting that the existence of downstream cylinders minimally affects 
behaviours of the upstream cylinder. When Ur exceeds 13.78, significant 
disparities become evident in the IL principal modes of cylinders II and 

IV compared to those of the solitary cylinder. Some square columns in 
Fig. 10 are annotated with numerical labels, indicating that the vibra-
tions are primarily governed by two distinct modes possessing nearly 
equivalent modal contributions. For example, the notation 2/4 signifies 
joint dominance of the 2nd- and 4th-order modes in IL direction. As Ur 
rises, the IL vibrations of cylinders II and IV exhibit multiple principal 
modes, such as the combination of 2/4, 3/5 and 4/6. 

To provide the better understanding of modal contributions, Fig. 11 
shows RMS of modal weights in IL vibrations of both the solitary cyl-
inder and cylinder IV at Ur = 21.29 and 25.05. It is observed that the 
modal weights corresponding to the 5th- and 6th-order modes distinctly 
surpass those of modes with other orders at Ur = 21.29 and 25.05 
respectively, indicating a single vibration mode unequivocally takes 
precedence and dominates the overall vibration behaviours of the soli-
tary cylinder at a certain Ur. Though the 5th- and 6th-order modal 
weights have the highest value of RMS at Ur = 21.29 and 25.05 
respectively, it is important to note that the oscillations of cylinder IV do 
not exhibit exclusive dominance by a single vibration mode. At Ur =

21.29, the value for the 3rd- and 5th-order modal weights is 0.33 and 
0.36, respectively. Both the 3rd- and 5th-order mode assert their 
dominance, as they are both prominent in this scenario, resulting in a 
shared control over the vibration behaviours. The similar result that 
multiple vibration modes dominate the IL vibrations together is also 
observed for cylinder IV at Ur = 25.05. 

Fig. 12 shows the time-frequency graph of the IL displacement of 
cylinder IV. The vertical axis denotes the frequency, and the horizontal 
axis denotes the time. The color bar represents the wavelet coefficient, 
which is positively correlated with the energy of the frequency 
component. Two velocity cases were selected as examples, namely Ur =
21.29 and 25.05. In each velocity case, the measuring position G3 was 

Fig. 10. The principal mode in two directions for β = 45◦.  
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selected. At Ur = 21.29, cylinder IV displays two distinct frequency 
components that are relative to the 3rd- and 5th-order vibration modes, 
respectively. The two frequency components persist for the entire time 
period of the test. The frequency component of 17.0Hz shows a clear 
intensity change with time, while intensity change of the frequency 
component with 8.60Hz requires careful observation to detect. At Ur =
25.05, the two frequency components are relative to the 4th- and 6th- 
order mode vibration modes, respectively. The intensity peaks of the 

two frequency components show remarkable alternate changes, indi-
cating the presence of the mode competition. 

The phenomenon of multiple vibration principal modes has also been 
found in two adjacent downstream cylinders within a flexible cylinders 
system arranged in a triangular configuration (Ma et al., 2019). It has 
been verified that the presence of multiple principal mode responses in 
IL direction primarily arises from wake interference created from an 
upstream cylinder, as opposed to the proximate effect originating from a 

Fig. 11. RMS of IL modal weights for a solitary cylinder and cylinder IV.  

Fig. 12. Time-frequency graph of the IL displacement of cylinder IV.  
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nearby neighbouring cylinders (Ma et al., 2019; Xu et al., 2018a). Cyl-
inder III’s IL principal modes exhibit dissimilarities in comparison to 
both the remaining three cylinders and the solitary cylinder. The stable 
evolution of the IL principal mode with respect to Ur is attributed to 
influences of the three upstream cylinders, precluding occurrence of 
mode jumps. As Ur exceeds 11.27, the principal modes in IL direction of 
cylinder III exhibit notably lower magnitudes compared to those of a 
solitary cylinder. A previous observation indicates that the downstream 
cylinder positioned behind two upstream adjacent cylinders appears 
multiple principal mode responses in IL direction (Ma et al., 2019), 
inconsistent with the outcomes of cylinder III. This disparity arises from 
the fact that wake interference between cylinders II and IV is disrupted 
by the upstream cylinder I, subsequently leading to the modifications for 
vibration responses in downstream cylinder III. 

Fig. 13 displays the dimensionless principal frequencies in the case of 
β = 45◦. The principal frequencies in CF direction of cylinder I exhibit a 
remarkable similarity to those of the solitary cylinder, in accordance 
with findings regarding the principal modes of cylinder I. Cylinders II 
and IV are positioned adjacently in a side-by-side configuration. Minor 
distinctions are observed in the CF principal frequencies between cyl-
inders II and IV owing to their close proximity. Notably, when the 
principal vibration mode transitions, cylinders II and IV exhibit slightly 
higher CF principal frequencies compared to the solitary cylinder. This 
phenomenon can be ascribed to the occurrence of higher-order mode 
vibrations being initiated earlier for cylinders II and IV. The CF principal 
frequencies of cylinder III are mildly affected by the remaining upstream 
cylinders when Ur is below 15.03. With the increase of Ur, principal 
frequencies in CF direction of cylinder III progressively diverge from the 

outcomes observed in the solitary cylinder, ascribing the wake inter-
ference generated by the remaining three cylinders. Although the CF 
principal modes remain consistent between cylinder III and the solitary 
cylinder, the principal frequencies in CF direction of cylinder III 
significantly decrease compared to the solitary cylinder when Ur sur-
passes 15.03. 

The principal frequencies in IL direction of cylinder I exhibit a strong 
concordance with those of the solitary cylinder. However, the results of 
the other three cylinders are significantly affected. For cylinders II and 
IV, the mode jump phenomena are more frequently at low reduced ve-
locities. Corresponding to the multiple principal mode responses 
depicted in Fig. 10, the oscillations in IL direction observed for cylinders 
II and IV display two distinct and prominent frequency components 
when Ur exceeds 8.77. The high-frequency components, increasing with 
Ur, closely approximate the IL principal frequency of a solitary cylinder. 
While the magnitude for low-frequency component corresponds to 
roughly half the magnitude of the high-frequency component. In a prior 
investigation on FIVs of a flexible cylinder system arranged in a trian-
gular configuration (Ma et al., 2019; Ma et al., 2020), it has been 
identified that the downstream adjacent cylinders exhibit two promi-
nent frequency components, ascribing wake interference originating 
from the leading cylinder. The principal frequencies in IL direction of 
cylinder III exhibit significantly lower values compared to those of the 
solitary cylinder. Moreover, these principal frequencies even marginally 
fall below the low-frequency components observed in cylinders II and 
IV. In contrast to the outcomes from the remaining three upstream 
cylinders, the principal frequencies in IL direction of cylinder III 
demonstrate less sensitivity to decreasing velocities. Over a specific 
range of Ur, the principal frequencies remain relatively stable and 
exhibit slow growth instead of dramatic escalation. 

The IL vibration frequencies at measuring positions of the four 
flexible cylinders for incidence angle 45◦ are presented in Fig. 14. A 
prominent frequency of 16.63Hz, which is corresponding to the 5th- 
order vibration mode, is identified as the principal frequency of cylin-
der I. In addition to this principal frequency, a minor harmonic 
component at around 8.25 Hz that approximately matches the CF 
principal frequency is also observed in Fig. 14(a). Ascribing the influ-
ence of added mass, vibration frequencies for the cylinder can experi-
ence a slight elevation above the natural frequencies (Han et al., 2018a; 
Vikestad et al., 2000). In alignment with the outcomes depicted in 
Fig. 13, cylinders II and IV display two distinct and prominent frequency 
components in IL oscillation. These two components are relative to the 
3rd- and 5th-order vibration modes, respectively. It should be pointed 
out that the principal frequency refers to the vibration frequency of the 
principal mode. Competitions between the two components arise in IL 
direction due to the simultaneous dominance of two vibration modes. 
Despite the slightly higher RMS value of the modal weights for the 
5th-order mode, frequency component associated with this mode might 
not consistently surpass the frequency component linked to the 
competing mode at all axial positions. The outcomes of oscillation fre-
quency of cylinder III exhibit a high degree of complexity, attributed to 
the intricate wake interference caused by the presence of the three 
leading cylinders. Several wide frequency bands instead of the narrow 
frequency components are observed for cylinder III. The frequency band 
between 6.0 Hz and 8.0 Hz takes over the IL vibrations, and this band 
has dual peaks with the frequency components of 7.27Hz and 7.69Hz. 
The remaining two frequency bands emerge within the lower frequency 
range, around 2.5 Hz, and the higher frequency range, approximately 
14.5 Hz. 

Fig. 15 depicts the max RMS values of displacements of the four 
flexible cylinders at β = 45◦. The maximum yrms/D values for cylinder I 
exhibit a high level of concordance with those of the solitary cylinder 
across the majority of reduced velocities. However, noticeable dispar-
ities are observed in the maximum yrms/D values for cylinders II and IV, 
which can be attributed to three primary factors. Firstly, wake inter-
ference arising from the upstream cylinder I plays quite important roles. 

Fig. 13. Dimensionless principal frequencies of the four flexible cylinders when 
the incidence angle β = 45◦. 
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Fig. 14. IL vibration frequencies at measuring positions of the four flexible cylinders for incidence angle 45◦.  
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Secondly, the proximate effect stemming from their side-by-side 
configuration contributes to the variation. Lastly, downstream cylin-
der III further adds to the complexity in the situation. The maximum 
yrms/D values for cylinders II and IV exhibit a minor reduction compared 
to those of the solitary cylinder across the majority of reduced velocities, 
which contradicts findings reported for a two flexible cylinder system 
(Xu et al., 2018a) and a three flexible cylinder system positioned in the 
triangular arrangement (Ma et al., 2019). This inconsistency suggests 
that the presence of cylinder III could disturbs wake flows within the 
region encompassing the four cylinders, which causes the slight decrease 
in max yrms/D of cylinders II and IV. Similar to the results of three 
equilateral-triangular arranged flexible cylinders, the maximum yrms/D 
of cylinder III attains a higher peak at a greater Ur in comparison to the 
solitary cylinder. This phenomenon has also been noted for four 
quadrilateral-arranged rigid cylinders with elastic support (Gao et al., 
2019), but continuous increase in CF oscillations of a flexible cylinder is 
not sustained owing to the activation of higher-order modes. 

The maximum yrms/D values for cylinder I are in close proximity to 
that of the solitary cylinder. However, cylinders II and IV have larger 
xrms/D than the solitary cylinder in general. Substantial oscillation am-
plitudes in IL direction of the middle cylinders II and IV are similarly 
noted in FIV of four quadrilateral-arranged rigid cylinders with elastic 
support (Gao et al., 2019). The enlargement of IL displacements is 
closely linked to the principal low-frequency components illustrated in 
Fig. 14(b) and (c), which has been confirmed in previous study about 
FIV of three flexible cylinders (Ma et al., 2019). Behaviours exhibited by 
cylinders II and IV resemble the WIF responses observed in FIVs of a pair 
of flexible cylinders positioned in the staggered configuration (Xu et al., 

2020; Xu et al., 2021b). The amplified IL oscillation amplitudes and the 
preponderant low-frequency, closely approximating the principal fre-
quency in CF direction, are indicative symbols of WIF. The IL oscillations 
of cylinders II and IV exhibit two preponderant frequency components. 
The higher-frequency component closely approximates principal fre-
quency in IL direction of a solitary cylinder, while the lower one is sit-
uated near their respective principal frequency in CF direction. As a 
consequence, behaviours of cylinders II and IV are a composite result of 
both VIV and WIF. As for cylinder III, its IL oscillations undergo a pro-
gressive escalation, with the extreme value of xrms/D reaching 60% 
above that of the solitary cylinder. The significant IL oscillation ampli-
tudes observed in cylinder III are similarly identified in FIV in-
vestigations involving four quadrilateral-arranged rigid cylinders at β =
45◦ (Gao et al., 2019), as well as three flexible cylinders positioned in a 
triangular configuration (Ma et al., 2019). WIF responses in cylinder III 
are triggered by the existence of cylinders II and IV, despite the broad-
band characteristics evident in the spectra as depicted in Fig. 14(c). 

Fig. 16 displays the contour plot of dimensionless displacements, 
axial distribution plot of the RMS displacements, and temporal history 
curves of displacement at measuring positions of the four flexible cyl-
inders for incidence angle 45◦. The reduced velocity of 21.29 is selected 
to present the high order mode response. For cylinder I, the CF responses 
are standing waves and the IL responses are a hybrid of standing and 
traveling wave. The axial distribution plot of RMS displacements ex-
hibits an approximate symmetry and reveals the dominance of the 3rd- 
order for CF oscillations and the 5th-order for IL oscillations. Reactions 
of cylinder I more closely resemble VIVs of the solitary cylinder, espe-
cially when in comparison to the behaviours of cylinders I and IV in the 
case of incidence angle 0◦. As for cylinders II and IV, their responses in 
CF and IL directions embody the hybrid features of standing and trav-
eling wave patterns. Because of the wake interference stemming from 
cylinder I, temporal history curves of displacement at measuring posi-
tions reveal the presence of multiple harmonic components. The contour 
plots of dimensionless displacements in IL direction exhibit some V 
shapes or inverse V shapes, suggesting a pattern in which the vibrations 
may shift between the 5th-order and the 3rd-order. For example, axial 
distribution plots of the RMS displacements display five prominent 
peaks at a specific time instance. At the subsequent time point, three 
significant peaks near the middle section of the cylinder along with two 
less pronounced peaks near the cylinder’s ends are observable. The 
above pattern is reminiscent of the 3rd-order mode vibrations. Cylinder 
III displays the hybrid features of standing and traveling wave patterns 
within its oscillations in CF direction, while its oscillations in IL direc-
tion are characterized by traveling waves. The oscillations in the two 
directions exhibit the characteristics of the 3rd-order mode. The tem-
poral history curves of displacement at measuring positions show un-
stable vibrations containing numerous harmonic components, 
attributed to the intricate wake interference stemming from the 
remaining three leading cylinders. 

Fig. 17 shows motion trajectories of four cylinders at measuring 
positions in the case of β = 45◦, and G1 ~G7 are arranged from the 
uppermost row to the lowest. The time history range of the motion 
trajectory is during 26s–29s. The motion trajectories of cylinder I at the 
majority of measuring positions are of a figure-eight shape, which is 
consist with the outcomes observed for the solitary cylinder undergoing 
VIV. For cylinders II and IV, the motion trajectories exhibit a slightly 
more disordered pattern compared to those of a solitary cylinder, 
attributed to the presence of the two prominent frequency components 
illustrated in Fig. 14. Figure-eight shape and crescent shape motion 
trajectories are prevalent across the majority of measuring positions, 
indicating that the magnitudes of IL frequency are approximately double 
those of CF frequency. An elliptical motion trajectory, suggesting that 
the magnitudes of IL frequency are approximately equivalent to those of 
CF frequency, is also evident at certain measuring positions, such as G6 
of cylinder IV. For four quadrilateral-arranged rigid cylinders at β = 45◦

(Gao et al., 2019), figure-eight shape, crescent shape and elliptical shape 

Fig. 15. Max RMS of displacements of the four flexible cylinders when the 
incidence angle β = 45◦. 
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motion trajectories with large IL displacements are also apparent in 
oscillations of the two middle cylinders. Motion trajectories further 
shows that the responses of cylinders II and IV result from a combination 
of a combination of VIV and WIF. Motion trajectories of cylinder III are 
not repeatable due to the many harmonic components stemming from 
the intricate wake interference caused by the remaining three leading 
cylinders. The previous study about FIV of four quadrilateral-arranged 
rigid cylinders at β = 45◦ shows that the vortex emanating from cylin-
der I consistently collide directly with cylinder III, while the inner 
vortices generating from cylinders II and IV indirectly disrupt the pro-
cess of vortex emanating from cylinder III (Gao et al., 2019). 

5. Conclusions 

Experimental tests were performed to study FIV of four quadrilateral- 
arranged flexible cylinders. The study encompassed two distinct sce-
narios, each associated with an incidence angle of 0◦ and 45◦. Through 
an examination of the dynamic responses, encompassing aspects like the 
principal vibration modes, response frequencies, response amplitudes 
and motion trajectories, the following conclusions were drawn.  

(1) In the case of incidence angle 0◦, the configuration of four 
quadrilateral-arranged flexible cylinders cannot be simplistically 
viewed as two sets of tandem cylinders arranged in parallel. The 
oscillations exhibited by the two upstream cylinders share char-
acteristics observed in a pair of flexible cylinders positioned side- 
by-side, which is primarily attributed to the proximate effect. The 
existence of the two downstream cylinders exhibits limited im-
pacts on oscillations of the two upstream cylinders. Nevertheless, 
behaviours observed for two downstream cylinders exhibit 
distinctive attributes. Oscillation frequencies in CF direction of 
the two downstream cylinders are slightly reduced than that of a 
solitary cylinder, owing to wake interference. The oscillation 
frequencies in IL direction significantly decrease to the values 
close to those in CF direction, resulting in the elliptical-shaped 
motion trajectory. The extreme RMS values of the IL oscillation 
amplitude for downstream cylinders exceed those of a solitary 
cylinder by 76% and 71% respectively, which is worth noting in 
engineering practices.  

(2) In the case of incidence angle 45◦, reactions observed in upstream 
cylinder I closely resemble that of a solitary cylinder undergoing 
VIV. Responses of the pair of middle cylinders II and IV 

Fig. 16. Contour plot of dimensionless displacements, axial distribution plot of the RMS displacements, and temporal history curves of displacement at measuring 
positions of the four flexible cylinders for incidence angle 45◦. 
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encompass a association of VIV and WIF, which is consistent with 
the FIV behaviours observed in two flexible cylinders positioned 
in a staggered configuration. Two distinct frequencies stand out 
in IL direction, with a lower one closely approximating the 
principal frequency in CF direction. Motion trajectories are figure 
eight shape and elliptical shape with remarkable IL vibration 
amplitudes. The extreme RMS values in IL oscillations of down-
stream cylinder III surpass that of a solitary cylinder by 60% 
under the intricate wake interference originating from the three 
upstream cylinders. However, the oscillation frequency is mark-
edly lower than that of a solitary cylinder. The oscillations 
include many frequency components and the displacement 
spectra show the broadband feature, which can be responsible for 
the disordered motion trajectories. 
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