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ABSTRACT

The present study reports the numerical analyses of lateral jet interaction around a Terminal High Altitude Area Defense-type (THAAD-
type) model in hypersonic rarefied flows, with the real gas effect incorporated. The computation approach employed is the recently developed
thermochemical non-equilibrium nonlinear coupled constitutive relations (NCCR) model. Regarding the simulation conditions, the flight
velocity and height are set to 20 Ma and 80 km, respectively. To disclose the flow mechanism of lateral jet interaction, the complex flowfield
characteristics and surface pressure distributions are discussed at length. Additionally, the research explores the impact of two key factors,
namely, the jet pressure ratio and the jet Mach number, on the control performance of an in-flight vehicle’s reaction control system (RCS).
The results demonstrate that the complicated flowfield structures in lateral jet interaction are successfully reproduced by the NCCR model.
With an increase in either the jet pressure ratio or the jet Mach number, the force and moment amplification factors decrease, while the abso-
lute value of the normal force coefficient increases. Notably, it is found that the rarefied gas effect captured by the NCCR model against the
Navier–Stokes–Fourier solution affects the lateral jet interaction flowfield, e.g., weakening the compressibility of the barrel shock and the
expansibility of the Prandtl–Meyer expansion fan, as well as strengthening the jet wraparound effect. Importantly, the rarefied gas effect also
exerts a prominent influence on the performance of RCS, with the degree of influence diminishing as the jet Mach number or the jet pressure
ratio increases.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0177540

I. INTRODUCTION

The complex flow phenomena induced by lateral jet flow to inter-
actions with crossflows are prevalent in aerospace applications, such as
scramjet engine structures,1 plasma stealth technology,2 and attitude
and orbit control of supersonic interceptor missiles.3 The reaction con-
trol system (RCS) of near-space hypersonic vehicles, which employs
lateral jet technology, has garnered considerable interest from interna-
tional research communities over recent decades.4–6 The RCS, which
utilizes one or more lateral jets, generates the necessary aerodynamic
force for vehicle maneuverability and flight stability, outstripping con-
ventional aerodynamic control surfaces in control efficiency and
response time in high-speed, low-density airflows at high altitudes.7

An additional advantage of RCS is the absence of drag and flowfield

disturbances when inactive.8 However, when active, the intense inter-
action of the lateral jet flow with high-speed crossflow results in com-
plex flow phenomena9 and a reaction control force with components
derived from the jet thrust and changes in surface pressure distribution
on the vehicle due to lateral gas flow ejection.10 Thus, the lateral jet
interaction significantly influences vehicle aerodynamics and aero-
heating and could cause control reversal, generating a net force oppos-
ing the jet thrust.11 Comprehensive research into lateral jet interaction
with high-speed crossflow is therefore essential for optimizing the ben-
efits of RCS in the design of hypersonic near-space vehicles.

The first elucidation of lateral jet interaction in a crossflow by
Morkovin et al.12 was followed by substantial work on the subject,
summarized in reviews by Karagozian13 and Mahesh.9 Recent research
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has focused on the physical mechanisms underlying the lateral jet
flowfield14 and engineering applications of lateral jets in high-speed
crossflows for the RCS of near-space hypersonic vehicles.5 Therein, a
variety of wind tunnel experimental methods have been utilized to
study the lateral jet flow in high-speed crossflow, e.g., particle image
velocimetry (PIV),15 laser Doppler velocimetry,16 and Schlieren pho-
tography;12 nevertheless, detailed flow measurements and flow visual-
izations are very difficult and challenging owing to the complexity of
this type of lateral jet flow. Along with the development of computa-
tional fluid dynamics (CFD) and computer hardware, more and more
scholars have done extensive research on the lateral jet flow or RCS
through numerical modeling approaches, where Navier–Stokes–
Fourier (NSF) equations with or without the turbulence models are
mainly employed in the low-altitude continuum regions17 as well as
direct simulation Monte Carlo (DSMC) is the dominating method for
extremely rarefied flows.5 The flow regimes are typically determined
by the Knudsen number, which is defined as the ratio of gas molecule
mean free path to the characteristic length of the studied problems,
and they are divided into four different flow regimes, viz., continuum
regime, slip regime, transition regime, and free molecular flow regime.
When the flight height of near-space vehicles increases, the density of
high-speed freestreams sharply drops and the rarefied gas effect should
not be ignored.4 Furthermore, while the freestream is in the slip or
transition regimes, the core area of lateral jet flows may still be in the
range of continuum regions. Regarding this type of multi-scale lateral
jet flow, where the local thermodynamically equilibrium assumption
fails, the NSF equations that are based on the continuum hypothesis
may lose their validity to describe accurately the complex and strong
non-equilibrium flowfield.18 In addition, though the DSMC method is
often regarded as the standard benchmark solution for the numerical
simulations of hypersonic rarefied flows, the computational efficiency
of the DSMC method is relatively low when simulating the near con-
tinuum flows.

In terms of multi-scale lateral jet flow, the partition calculation is
a natural solution, which is not only theoretical but also logical; so to
speak, the continuum flow region is computed by NSF equations as
the rarefied flow region is solved using the DSMC method.19,20

However, two essential issues are often encountered, one is that it is
greatly challenging to construct an exact partition standard, and the
other is that the statistical fluctuations of the DSMC method occasion-
ally might not be considered for NSF solutions. Consequently, various
effective theories and numerical approaches are proposed for the
multi-scale flow simulations based on the fundamental Boltzmann
equation. These solutions are generally categorized into three groups:
(a) mesoscopic algorithms based on the simplified Boltzmann model
equations,21 such as the discrete velocity method (DVM),22,23 unified
gas-kinetic scheme (UGKS),24 discrete unified gas kinetic scheme
(DUGKS),25 and gas-kinetic unified algorithm (GKUA);26 (b) hybrid
methods coupling with hydrodynamic and microscopic descriptions of
rarefied flows,27 including the unified gas-kinetic wave-particle method
(UGKWP),28 unified stochastic particle method based on the
Bhatnagar–Gross–Krook model (USP-BGK),29 general synthetic itera-
tive scheme (GSIS),30 simplified unified wave-particle method
(SUWP),31 and so on; (c) macroscopic non-Newton–Fourier equations
derived via moment methods,32 e.g., Burnett-type equations,33 Grad’s
moment models,34 regularized 13-moment equations (R13),35 etc. In
passing, among them, the macroscopic moment models have the

natural potential of favorable calculational efficiency and engineering
applications. However, some natural problems still exist to be solved in
these above methods, e.g., stochastic fluctuations in particle methods,
additional high-order boundary conditions for moment theories, and
unaffordable computational costs induced by the velocity space discre-
tization. On the other hand, a series of typical real gas effects such as
intensive physical-chemical non-equilibrium processes will occur
around the near-space vehicles with a high velocity when the RCS is at
work or not.36 Thus, the lack of corresponding solvers against the ther-
mochemical non-equilibrium flows will hinder these methods for fur-
ther engineering applications of lateral jet interaction with hypersonic
thermochemical non-equilibrium crossflow as well.

Independently of the methods aforementioned above, Eu pro-
posed the generalized hydrodynamic equations (GHEs) from a differ-
ent viewpoint in 1992,37 which is strictly consistent with the second
law of thermodynamics. Subsequently, Eu and Myong implemented
the adiabatic assumption38 and balance closure39 on GHE and simpli-
fied GHE to a nonlinear algebraic system in the physical sense, i.e.,
nonlinear coupled constitutive relations (NCCR),40 which is expected
to extend the NSF hydrodynamics into widespread areas. Through a
series of typical validation cases about multi-scale non-equilibrium
flows,41 such as one-dimensional shock-wave structure,42 Couette
flow,43 Poiseuille gas flow,44 and three-dimensional complex flow
around hypersonic vehicles,45 it is demonstrated that NCCR model
can not only recover NSF equations in continuum regions46,47 but also
provide more accurate predictions than NSF equations in rarefied
non-equilibrium flows.48,49 Additionally, some original studies about
NCCR model were carried out and further made this method an effi-
cient and potential tool for solving complex engineering problems of
rarefied non-equilibrium flows and hypersonic multi-scale flows,
including a discontinuous Galerkin (DG) solver50 and a time-
dependent computational strategy51 on unstructured grids, a simplified
analytical method52 and an undecomposed NCCR algorithm53 in
structured finite volume framework, as well as a set of boundary condi-
tions derived from generalized hydrodynamic theory,54,55 etc. Later, to
reveal the physical mechanism of the coupling effect between the real
gas and rarefied gas, this type of method was extended to single-
species diatomic and polyatomic gases with non-equilibrium rota-
tional56 and vibration modes,57 multi-component reacting flows,58

along with thermochemical non-equilibrium flows.59 Recently, the lat-
eral jet flow problems at different altitudes have been investigated by
the NCCR model of calorically perfect gases.60 The results showed that
the NCCR model predicted accurately the separation zone and flow
characteristics near the jet orifice in the continuum-transition regimes;
moreover, compared with NSF equations, the NCCRmodel gave a bet-
ter agreement with DSMC prediction in describing the complex flow
mechanism of shock-wave/shock-wave interaction caused by lateral jet
flow.

Following the previous research,61 this study aims to further
investigate the interaction between lateral jet flow with hypersonic rar-
efied crossflow. Using the newly developed NCCR model of multi-
species thermochemical non-equilibrium gases,59 the primary objective
of this paper is to reveal the physical mechanism underlying lateral jet
interaction with hypersonic rarefied crossflow, considering the real gas
effect, and to explore the resulting impact on the performance of RCS
in an in-flight vehicle. For comparison and to assess the influence of
rarefied gas effects on lateral jet interaction in hypersonic flows at high
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altitudes, thermochemical non-equilibrium NSF equations are also
implemented in this work. It is important to note that this study signif-
icantly differs from previous research on the NCCR theory in terms of
computational models and research goals. First, the investigation of
lateral jet interaction in high-speed crossflows is conducted using the
multi-species NCCR model, which accounts for the real gas effect, as
opposed to the original NCCR model for calorically perfect gases.
Second, this study aims to fill the research gap regarding the perfor-
mance of RCS at high altitudes in hypersonic thermochemical non-
equilibrium flow using the efficient NCCR theory, whereas previous
studies focused primarily on accurately describing non-equilibrium
flow fields and surface properties around hypersonic vehicles or simply
analyzing aerothermodynamic coefficients with the single-species
NCCR model. The research examines lateral jet flow conditions, such
as the jet pressure ratio and the jet Mach number, at an altitude as
high as 80 km. The Terminal High Altitude Area Defense-type
(THAAD-type) configuration with a lateral jet is selected as the
research subject. To assess the control performance of RCS, the normal
force coefficient and jet force/moment amplification factors are utilized
as performance indicators.

The remainder of this paper is structured as follows. In Sec. II, a
comprehensive mathematical description of the conservation laws and
nonlinear thermodynamic relations for multi-species thermochemical
non-equilibrium flows is presented, including details on thermochemi-
cal kinetic models and transport properties. Section III provides infor-
mation on the geometric model and computational conditions, while
defining three performance indicators for RCS effectiveness. Section
IV extensively investigates the influences of different jet pressure ratios
and jet Mach numbers on the performance of RCS, following a grid
independence analysis. Detailed results, such as complex interaction
flowfields and surface pressure distributions, are also presented.
Finally, Sec. V summarizes the findings of this study.

II. METHODOLOGY
A. Conservation laws and nonlinear thermodynamic
relations for multi-species thermochemical non-
equilibrium flows

In general, the validity of the linear thermodynamic relations of
Navier–Stokes–Fourier3 is limited up to an altitude of 60 km.
However, their applicability at higher altitudes becomes questionable
due to the sharp decline in gas density and the increasing dominance
of the rarefaction effect. To accurately capture rarefied non-
equilibrium phenomena practically and affordably, we employ the
conservation laws combined with nonlinear thermodynamic relations,
known as the NCCR model, at altitudes exceeding 60km. The NCCR
model is based on Eu’s irreversible thermodynamics theory62 and has
been extensively demonstrated to effectively describe rarefied gas
effects in hypersonic multi-scale flows in numerous published stud-
ies.57–59,63 Furthermore, in hypersonic flows, the presence of shock-
wave structures and the post-shock regions leads to a rapid increase in
temperature, resulting in significant thermal and chemical non-
equilibrium processes. This complexity necessitates the use of a real
gas model to accurately handle thermochemical non-equilibrium
effects. Consequently, the conservation equations for single-species
gases need to be extended to encompass multi-species gases.
Specifically, numerical simulations of thermochemical non-
equilibrium flows require the coupling of conservation equations for

species mass, mixture momentum, and total energy, as well as total
vibrational-electron-electronic energy conservation equations and
chemical reaction kinetic models. In summary, the governing equa-
tions of conservation laws for multi-species thermochemical non-
equilibrium flows can be expressed as detailed by Zeng et al.,59

@qi
@t

þr � qiuð Þ þ r � J i ¼ _xi; (1)

@qu
@t

þr � quuþ pIð Þ þ r � Pþ DIð Þ ¼ 0; (2)

@qe
@t

þr � qeþ pð Þu½ � þ r � Pþ DIð Þ � uþ Qþ Qvib �
Xns
i¼1

hiJ i

" #

¼ 0;

(3)

@qevib
@t

þr � qevibuð Þ þ r � Qvib �
Xns
i¼1

eivibJ i

 !
¼ _xvib; (4)

where qi is the density of species i for i ¼ 1; 2…; ns, and q ¼Pns
i qi

stands for the mixture density; p, u, and t represent the sum of partial
pressure of each species, the average velocity vector of mixture gas and
time, respectively; J i ¼ �qDirCi is the diffusion flux, where Di

denotes the diffusion coefficient associated with species i and Ci is the
mass fraction of species i; I andP denote the unit second-rank tensor
and shear stress, respectively; hi is the species enthalpy; e, evib, eivib, Q,
and Qvib represent the total energy per unit mass of mixture, total
vibrational energy per unit mass of mixture, vibrational energy of spe-
cies i, heat flux and vibrational heat flux, respectively; _x i is the source
term of the species i, and _xvib means the vibrational energy source
term. Different from the classical NSF equations under Stokes’ hypoth-
esis, the excess normal stress D is also considered for completeness,
which is associated with the bulk viscosity and rotational effect.
Furthermore, according to the work from Kustova et al.,64 the more
accurate shock layer around vehicles and heat transfer to the surface of
vehicles were yielded by considering the bulk viscosity effect in the
description of hypersonic flows.

It is noteworthy that the NCCR model incorporates the concept
of mixed gases through the calculation of the mixture transport coeffi-
cient.59 In this approach, rather than individually modeling the shear
stress, excess normal stress, and heat flux of each species, the total
quantities of these non-conserved variables are employed. This deci-
sion is both theoretical and logical, considering the computational cost
limitations associated with numerical analysis of individual species,
given the current constraints on available resources. Consequently, the
NCCRmodel for mixed gases is presented as follows:

Pq jð Þ ¼ �2g ru½ � 2ð Þ � 2g
D
p

ru½ � 2ð Þ � 2g
1
p
P � ru½ � 2ð Þ

; (5)

Dq jð Þ ¼ �gbr � u� 3
gb
p
ðDI þPÞ : ru; (6)

Qq jð Þ ¼ �krT � D
p
krT �P

p
krT; (7)

Qvib ¼ kvibrTvib; (8)

where g, gb, k, and kvib represent the shear viscosity, bulk viscosity,
thermal conductivity, and vibrational-electron-electronic thermal
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conductivity for the mixed gases, respectively; the bracket symbol
½A�ð2Þ is the traceless symmetric part of the second-rank tensor A; T is
the translational-rotational temperature; and Tvib means the
vibrational-electronic temperature. An emphasis is worth placing here
that the linear vibrational heat flux similar to the conventional NSF
equations is employed to take the thermodynamic non-equilibrium
into account in the thermochemical non-equilibrium flows. The non-
linear dissipation factor qðjÞ is obtained as

q jð Þ ¼ sinhj
j

; j ¼ mkBð Þ1=4ffiffiffi
2

p
d

� T
1=4

p
P : P

2g
þ c0

D2

gb
þ Q � Q

kT

 !1=2

;

(9)

in which m, d, and kB mean molecular mass, molecular diameter, and
Boltzmann constant, respectively; c0 is equal to ð5� 3cÞ=2, where c is
the specific heat ratio.

For comparison, the linear NSF constitution relations, which are
derived through the Chapman–Enskog expansion to first-order, are
also written as follows:

PNSF ¼ �2g ru½ � 2ð Þ
; (10)

DNSF ¼ �gbr � u; (11)

QNSF ¼ �krT; (12)

Qvib;NSF ¼ kvibrTvib: (13)

B. Thermochemical non-equilibrium models and
transport properties

As is well known, a chemical kinetic model is an integral part of
the numerical simulations for hypersonic thermochemical non-
equilibrium flows. In this work, Gupta’s chemical reaction model for
five species is utilized,65 which includes six reaction formulas. The rate
constants of the forward kf ;r and backward kb;r for the reaction r are
calculated by the classical Arrhenius law as66

kf ;r ¼ Af ;rT
Bf ;r
c exp � Ef ;r

Tc

� �
; kb;r ¼ Ab;rT

Bb;r
c exp � Eb;r

Tc

� �
; (14)

where Af ;r, Ab;r, Bf ;r, Bb;r , Ef ;r, and Eb;r are the reaction rate coefficients
and are given in Table I. The controlling temperature Tc ¼ TaTvib

b for
the chemical reaction rates is given by Park’s two-temperature
model,67 where a and b ¼ 1� a are the exponential weight factors of
translational-rotational and vibrational-electronic temperature and
indicate the contribution of each temperature mode on a specific
chemical reaction. Specifically, in this paper, a ¼ b ¼ 0:5 is assumed

for the dissociation reaction, while a ¼ 1; b ¼ 0 is set to the neutral
exchange reaction and recombination reaction.

The mass production rate per unit volume _x i of species i is com-
puted by the following equation according to the law of mass
reaction:68

_xi ¼ Mi

Xnr
r¼1

v0ri � vri
� �

kf ;r
Yns
i¼1

qi
Mi

� �vri
� kb;r

Yns
i¼1

qi
Mi

� �v0ri
" #

; (15)

where nr is the number of total chemical reactions and ns is the num-
ber of species; vri and v0ri are the stoichiometric coefficient of products
and reactants of specie i in reaction r, respectively.

In terms of the vibrational energy source term in Eq. (4), the
vibrational-electron-electronic energy conservation equation is under
the assumption that all molecular species are represented by one
vibrational-electronic temperature, and the simplified form of the
vibrational energy relaxation term implemented in this study can be
decomposed into two parts as follows:

_xvib ¼ XCV þ XTV ¼
X

i2molecule

_xie
i
vib þ q

e�vib Tð Þ � evib Tvibð Þ
svib

; (16)

in which XCV stands for the vibrational energy change due to a chemi-
cal reaction, XTV denotes the exchange of energy between trans-
rotational and vibrational modes of molecules as well as it is dictated
by the Landau–Teller model, and 69 svib is the modified vibrational
relaxation time.70

The computation of mixture transport properties is conducted
through Wilke’s semi-empirical mixing rule,71 for instance, total vis-
cosity and thermal conductivity. Therein, species viscosities are calcu-
lated by Gupta’s curve fit,72 and species thermal conductivities are
modeled by the modified Eucken’s relation.73 The expression of species
viscosities gi is given as

gi ¼ exp Ai lnTlocal þ Bið Þ lnTlocal þ Ci½ �: (17)

Here, Tlocal is the local temperature; Ai, Bi, and Ci are the constants
for the viscosity curve fits of species i, and the values are given in Table
II.

Since the bulk viscosity is not necessary to be considered for
monatomic gases and the viscosity coefficient ratio fb ¼ gb=g of differ-
ent diatomic gases is not identical, the bulk viscosity gb of mixed gases
is corrected as follows:

gb ¼ g �
X
i¼dia

vi � fb; (18)

TABLE I. Arrhenius forward/backward reaction rate coefficients for five-species air model (Gupta’s model).

Reaction Af ;rðcm3=mol � sÞ Bf ;r Ef ;rðKÞ Ab;rðcm3=mol � sÞ Bb;r Eb;rðKÞ
O2 þM1�2OþM1 3:61� 1018 �1.0 5:94� 104 3:01� 1015 �0.5 0
N2 þM2�2NþM2 1:92� 1017 �0.5 1:131� 105 1:09� 1016 �0.5 0
N2 þ N�2Nþ N 4:15� 1022 �1.5 1:131� 105 2:32� 1021 �1.5 0
NOþM3�Nþ OþM3 3:97� 1020 �1.5 7:56� 104 1:01� 1020 �1.5 0
NOþ O�O2 þ N 3:18� 109 1 1:97� 104 9:63� 1011 0.5 3:6� 103

N2 þ O�NOþ N 6:75� 1013 0 3:75� 104 1:5� 1013 0 0
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where vi stands for the species molar fraction and
P

i¼dia vi is the sum
of molar fractions of all diatomic gases; as suggested by Myong,74 the
viscosity coefficient ratio fb is supposed as 0.8 in this study for
simplification.

In addition, the effective diffusion coefficients Di are computed
by a simplified expression as follows:

qDi ¼ g
Sc

1� Ci

1� vi
; (19)

in which Ci is the mass fraction of species i, and the Schmidt number
Sc is assumed as 0.25 for neutral species.

III. PROBLEM DESCRIPTION
A. Geometric model and computational conditions

The computational model employed in this study corresponds to
the THAAD-type configuration with a lateral jet, which aligns with the
model utilized in the study by Zhuang et al.5 The geometric details and
specific dimensions are visually presented in Fig. 1. The overall length
of the model is 483.75mm, while the diameter of the bottom base mea-
sures 92.50mm. The circular jet orifice is situated on the flare skirt sec-
tion, precisely 216.25mm away from the nose.

The lateral jet and incoming crossflow conditions for the THAAD-
type model are provided in Table III. The freestream Mach number is
set to 20, corresponding to a flight altitude of 80km. At this altitude, the
slip-transition region is encountered, rendering the traditional NSF
equations inadequate for accurately predicting the hypersonic vehicle’s

aerodynamics and aero-heating data. The lateral jet flow has a static
temperature of 300K. For the wall boundary conditions, a completely
non-catalytic and isothermal setting is employed, maintaining a constant
temperature of 300K. The interaction between the gas flow and solid
wall follows the first-order Maxwell–Smoluchowski (M/S) slip and jump
boundary conditions, which utilize full tangential momentum and ther-
mal accommodation coefficients.

Both the freestream gas and lateral jet gas consist of air, with
mass fractions of 78% N2 and 22% O2, respectively. The jet pressure
ratio (PR) denotes the ratio of the lateral jet static pressure to the static
pressure of the incoming crossflow. In this work, the Gupta’s five-
species chemical kinetic model, coupled with Park’s two-temperature
model as mentioned earlier, is employed. Similar to the reference
study,5 two key factors are investigated: the jet pressure ratio and the
jet Mach number. For the standard case, an angle of attack of 0 deg, an
angle of sideslip of 0 deg, a jet pressure ratio of 100, and a jet Mach
number of 3 are selected. It is important to note that when studying
one impact factor, the other impact factors are assumed to be the same
as those in the standard case.

B. Performance indicators for the efficiency
of the reaction control system

The complex interaction between the lateral jet flow and cross-
flow significantly influences the pressure distributions on the surface,
consequently modifying the aerodynamic characteristics of the
THAAD-type model. For each case involving the aforementioned
impact factors, two types of simulations are conducted: one with the
lateral jet activated and the other with the lateral jet deactivated. The
latter, serving as a reference case, solely provides the aerodynamic force
on the THAAD-type model in the absence of the lateral jet. Regarding
the lateral jet interaction problem, the total force acting on the
THAAD-type model is typically decomposed into three components:
the aerodynamic force without lateral jet, the force resulting from the
interaction between the lateral jet flow and the incoming crossflow,
and the thrust force induced by the lateral jet. To assess the impact of
this interaction on the control forces and moments, the jet amplifica-
tion factor is commonly utilized. However, it is important to note that
the expression of the force/moment amplification factors varies across
different literature sources.4,5,17 Therefore, in this study, three metrics
are defined to evaluate the control efficiency of RCS. These metrics

TABLE II. Constants for viscosity curve fits (Gupta’s model).

Species Ai Bi Ci

O 0.0205 0.4257 �11.5803
N 0.0120 0.5930 �12.3805
O2 0.0484 �0.1455 �8.9231
N2 0.0203 0.4329 �11.8153
NO 0.0452 �0.0609 �9.4596

FIG. 1. Geometry and specific dimensions of the THAAD-type model.

TABLE III. Computational conditions of the THAAD-type model.

Parameter or impact factor Value

Flight altitude ðkmÞ 80
Freestream Mach number 20
Freestream pressure ðPaÞ 1.052 47
Freestream temperature ðKÞ 198.639
Jet temperature ðKÞ 300
Wall temperature ðKÞ 300
Angle of attack ðdegÞ 0
Angle of sideslip ðdegÞ 0
Jet pressure ratio 50, 100, 150, 200, 250, 300
Jet Mach number 2, 2.5, 3, 3.5, 4
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include the normal force coefficient CN, the force amplification factor
KF, and the moment amplification factor KM. Their formulations are
presented as follows:

CN ¼ Fjet on þ Tjet

1=2ð Þq1v21Sf
; (20)

KF ¼ 1þ Fjet on � Fjet off

Tjet
; (21)

KM ¼ 1þMjet on �Mjet off

Mjet
; (22)

Tjet ¼ Sjet pjet � p1 þ qjetv
2
jet

� �
; Mjet ¼ Tjet � l; (23)

where the subscripts “jet” and “1” denote the parameter of lateral jet
and incoming crossflow, respectively. v stands for the velocity, q repre-
sents the density, and p is the static pressure. Sf is the bottom base area
of the THAAD-type model, and l is the moment arm of the thrust to
the reference point, i.e., the nose of the THAAD-type model. Fjet on

and Fjet off indicate the aerodynamic force when the lateral jet is on
and off, respectively. Likewise, Mjet on represents the moment gener-
ated with the lateral jet on, andMjet off denotes the moment produced
with the lateral jet off. Tjet is the thrust force induced by the lateral jet,
and Mjet means the moment induced by the lateral jet thrust. By these
three indicators defined above, the control performance of RCS can be
evaluated. One more thing should be stated here that the force/
moment amplification factor greater than 1 indicates a favorable inter-
action between the lateral jet flow and incoming crossflow, so to speak,
the lateral jet enhances the control performance of RCS. Otherwise,
the force/moment amplification factor less than 1 means that the lat-
eral jet interaction has adverse effects on the control performance.

IV. RESULTS AND DISCUSSION

The first two sections of this paper provide a comprehensive
description of the numerical method, study object, and computational
conditions employed in this study. In this section, the focus shifts to
conducting numerical simulations of hypersonic thermochemical non-
equilibrium flow over the THAAD-type model equipped with a lateral
jet at an altitude of 80 km under various lateral jet flow conditions, uti-
lizing the thermochemical non-equilibrium NCCR theory.
Subsequently, a detailed analysis is performed to examine the flow
mechanism of lateral jet interaction with hypersonic crossflow, with
particular attention given to understanding how the two impact fac-
tors, namely, the jet pressure ratio and the jet Mach number, influence
the performance of RCS. Before delving into the detailed analysis of
the numerical results, a grid independence study is systematically con-
ducted to ensure that the computational grids do not unduly influence
the outcomes. Importantly, it should be noted that our recent studies,
as documented in the published literature, have already examined and
demonstrated the physical consistency and accuracy of the thermo-
chemical non-equilibrium NCCR model in hypersonic rarefied flows
or high-altitude reverse jet flows, considering the real gas effect.
Specifically, the results obtained using the thermochemical non-
equilibrium NCCR model59,61 exhibits better agreement with DSMC
simulations or flight data than those derived from the conventional
NSF equations in strongly non-equilibrium regions. These results
encompass surface property distributions, contours of physical quanti-
ties, and distributions of various components within the flowfield.

A. Grid independence

To get rid of the influence of the grid on the numerical simulation
results, a grid independence analysis is performed for the thermo-
chemical non-equilibrium NCCR model with four levels of grid
refined, i.e., grid points in normal, circumferential, and flow directions:
Grid A (51� 121� 197), Grid B (81� 121� 197), Grid C (101
�121� 197), and Grid D (121� 121� 197). All the structured grids
are constructed with normal spacing of 1� 10�4m on the surface to
pledge that the cell Reynolds number meets the accurate numerical
demand. Specifically, the requirements for aerodynamics/aero-heating
converges and tested aerodynamics/aero-heating predictions can be
rightly attained with Recell 2 ð0; 1Þ, which is confirmed through many
numerical tests.58,75 Moreover, special attention is given to the grid dis-
tribution in the vicinity of the jet orifice to ensure the generation of
physically reliable numerical results. As illustrated in Fig. 2, the grids
designated as C and D, which have been refined, yield nearly identical
solutions. In contrast, the coarser grids A and B exhibit noticeable
deviations in the distributions of Mach number. Consequently, the
refined grid C, encompassing approximately 2.85 � 106 cells, meets
the criteria for grid independence and is selected as a suitable compro-
mise between computational cost and numerical accuracy for conduct-
ing further investigations in this study.

B. Detailed flowfield of lateral jet interaction

In hypersonic rarefied flow considering the real gas effect, the
interaction between high-pressure lateral jet flow and high-speed
crossflow gives rise to intricate lateral jet interaction phenomena.
Figure 3 provides a comprehensive visualization of the three-
dimensional complex flowfield structure induced by the interaction
between the lateral jet flow and hypersonic thermochemical non-
equilibrium flows, as computed by the NCCR model under the condi-
tion of PR ¼ 300; Ma ¼ 3. The surface pressure contours and
streamline distributions are shown on the surface of the THAAD-type

FIG. 2. Mach number distributions for four different grid resolutions along the stag-
nation line.
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model, while the Mach number profile is presented on the symmetric
plane (Z ¼ 0) of the computational domain. Due to the significant dif-
ference in pressure between the lateral jet flow and the rarefied incom-
ing crossflow, the highly under-expanded lateral jet flow acts as a
barrier to the crossflow, resulting in the formation of an inclined barrel
shock around the jet orifice and the termination of expansion at the
Mach disk. The Mach disk, essentially a normal shock, decelerates
the lateral jet flow inside the barrel shock and forms a slip surface with
the hypersonic incoming crossflow around and over the barrel shock
downstream. It is worth noting that both the barrel shock and the
Mach disk exhibit unsteady behavior, possibly attributed to acoustic
waves propagating through the jet orifice.2 The blockage caused by the
barrel shock leads to the generation of a detached jet bow shock
upstream of the injection point, which, in turn, induces a wedge-like
region of separated flow ahead of the injection due to the adverse pres-
sure gradient resulting from the shock wave/boundary-layer interac-
tion between the jet bow shock and the boundary layer of the
incoming crossflow. This separated region lifts the crossflow boundary
layer and generates a series of compression waves that merge into a
separation shock in its vicinity. The separation shock, the bow shock at
the nose of the THAAD-type model, and the jet bow shock collectively
contribute to the formation of a shock wave structure, as frequently
discussed in the literature.9,76 Furthermore, counter-rotating horseshoe
vortices are generated in the flow separation region in front of the jet
orifice. These vortices wraparound the lateral jet and subsequently
travel downstream along the surface. The characteristic flow structure,
as depicted in Fig. 3, bears resemblance to that of a lateral jet ejecting
from a flat plate. Previous studies by Champigny and Lacau77 have
summarized widely accepted flowfield structures for a lateral jet inject-
ing into a supersonic crossflow over a flat plate. However, subsequent
investigations by Brandeis et al.10 have revealed significant discrepan-
cies between a flat plate and a body of revolution in terms of flowfield
structures during lateral jet interaction, particularly the jet wraparound

effect. Specifically, the separated flow ahead of the jet orifice wraps
over the body from the upper surface to the lower surface, forming the
wrapped flow and altering the local pressure of the crossflow on the
opposite side of the jet orifice, as illustrated in Fig. 3. The aforemen-
tioned complex flowfield structures, which are crucial in the context of
lateral jet interaction, are effectively captured through the numerical
simulations conducted in this study. This successful reproduction
underscores the engineering potential of the NCCR theory, including
the present thermochemical non-equilibrium NCCR model, for ana-
lyzing complex lateral jet flows of this nature.

Figure 4 illustrates the predicted surface streamlines and pressure
contours near the jet orifice using the NCCR model. Upstream of the
jet orifice, a separated flow circulates, leading to an increase in pressure
and the formation of a high-pressure region on the surface.
Conversely, a low-pressure region is observed downstream of the injec-
tion. This low-pressure region, as hypothesized by Viti et al.,78 arises
not only from the blockage of the barrel shock but also from the down-
streammovement of surface trailing vortices. The high-pressure region
positively contributes to the generation of a downward force resulting
from lateral jet interaction. Conversely, the low-pressure region behind
the lateral jet induces an upward interaction force. The recirculation
zone, clearly annotated in Fig. 5, plays a significant role in generating a
nose-down interaction moment for the THAAD-type model. The
interaction between the horseshoe vortices, the jet wraparound effect,
and the crossflow boundary layer can further modify the resultant
interaction forces and moments on the THAAD-type model, ulti-
mately impacting the control performance of the lateral jet.
Understanding the lateral jet interaction is thus crucial for predicting
the aerodynamic characteristics of vehicles and improving the control
efficiency of RCS. Furthermore, Fig. 4 reveals that after the incoming
crossflow passes through the separation zone within the boundary
layer, it undergoes two successive expansion processes.79 The first is
the reattachment expansion, which occurs as the crossflow traverses
the separation region and encounters the jet orifice. The second is the
lateral expansion that occurs as the crossflow circumvents the barrel
shock. Subsequently, the crossflow reaches the reattachment point
before encountering the reflected shock or recompression shock, as
indicated in Fig. 6.

FIG. 3. Three-dimensional flowfield structures of the THAAD-type model with a lat-
eral jet computed by NCCR model (PR ¼ 300; Ma ¼ 3).

FIG. 4. Surface streamlines near the jet orifice calculated by the NCCR model
(PR ¼ 300; Ma ¼ 3).
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To investigate the impact of the rarefied gas effect on the intricate
flowfield associated with lateral jet interaction, the contours of Mach
number and pressure on the symmetry plane (Z ¼ 0) are presented in
Figs. 5 and 6, respectively. The simulations are performed using both
the NSF equations and the NCCR model. As observed in Figs. 5 and 6,
the lateral jet flow undergoes a Prandtl–Meyer expansion fan upon
exiting the jet orifice and attempts to penetrate the low-pressure cross-
flow, resulting in the formation of a high-pressure zone near the
k-shock wave structure due to the interactions between shock waves.
Additionally, a high-speed shear layer is generated between the ambi-
ent crossflow and the lateral jet flow. A comparison between the

flowfield obtained using the NCCR model and the NSF equations
reveals two conspicuous discrepancies attributed to the rarefied gas
effect. First, the penetration height of the high-pressure lateral jet flow
into the low-pressure crossflow is greater in the NCCR model com-
pared to the NSF equations. Second, the high-speed shear layer is
weaker in the NCCR model than in the NSF equations. Figure 7
presents the surface pressure distributions near the jet orifice as pre-
dicted by the NSF equations and the NCCR model. It is evident that
both the extent of the high-pressure region ahead of the jet orifice and
the low-pressure region behind the jet orifice are larger in the NCCR
model than in the NSF equations. This observation indicates that the
rarefied gas effect can attenuate the compressibility of the barrel shock
and the expansibility of the Prandtl–Meyer expansion fan, consistent
with previous studies.48,50 Furthermore, it is worth noting, as men-
tioned by Anderson,69 that the real gas effect can enhance the com-
pressibility of strong shock waves and the intensity of expansion
waves.

For a more comprehensive comparison, Fig. 8 presents the sur-
face pressure coefficients on the symmetry plane (Z ¼ 0) calculated
using both the NSF equations and the NCCR model. Two simulations

FIG. 5. Mach number contours on the symmetry plane (Z ¼ 0) simulated by NSF
equations and NCCR model (PR ¼ 300; Ma ¼ 3).

FIG. 6. Pressure contours on the symmetry plane (Z ¼ 0) simulated by NSF equa-
tions and NCCR model (PR ¼ 300; Ma ¼ 3).

FIG. 7. Surface pressure distributions near the jet orifice predicted by NSF equa-
tions and NCCR model (PR ¼ 300; Ma ¼ 3).

FIG. 8. Comparison of surface pressure coefficients on the symmetry plane
(Z ¼ 0) computed by NSF equations and NCCR model with jet-on and jet-off.
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are conducted: one involving a lateral jet and the other without, where
the latter serves as the reference case for thorough analysis. The primary
influence of lateral jet interaction with high-speed crossflow is observed
in the regions preceding and trailing the jet orifice, while the pressure
distributions on the lower surface remain largely unaffected by the lat-
eral jet flow. Specifically, the pressure exhibits a sharp increase upstream
of the injection, followed by a decrease and gradual enlargement down-
stream of the injection. Notably, the affected region of pressure distribu-
tions ahead of the jet orifice, as computed by the NCCR model, is larger
than that obtained from the NSF solution due to the rarefied gas effect.
However, the peak pressure value near the jet orifice, calculated by the
NCCR model, aligns well with the NSF equations. It is important to
acknowledge that the high-speed crossflow represents a rarefied flow,
while the flows in the injection region fall within the continuum regime.
Moving downstream of the lateral jet flow, the affected region of pres-
sure distributions, as predicted by the NCCR model, is also larger than
that derived from the NSF equations. Furthermore, the peak pressure
value computed by the NCCR model is lower than that obtained from
the NSF equations, both of which are typical characteristics resulting
from the rarefied gas effect. Overall, the NCCR model accurately cap-
tures the rarefied gas effect in the intricate lateral jet interaction at high
altitudes while recovering the NSF solution within the continuum
regime. In Fig. 9, the surface pressure coefficients on the axial plane
(X ¼ 0:22494m) are compared between the NSF equations and the
NCCR model. The NCCR model predicts a more pronounced jet wrap-
around effect compared to the NSF solution. This finding suggests that
the rarefied gas effect may intensify the jet wraparound effect, subse-
quently influencing the control efficiency of RCS.

C. Influence of jet pressure ratio

In Secs. IVA and IVB, we conducted a comprehensive analysis
and discussion of the intricate flowfield resulting from lateral jet

interaction with hypersonic thermochemical non-equilibrium flow.
Furthermore, we elaborated on the influence of the rarefied gas effect
on the complex flowfield structures arising from lateral jet interaction,
employing the results obtained from the NCCR model and the NSF
solution. It is widely recognized that the interaction between lateral jet
flow and hypersonic crossflow significantly alters the pressure distribu-
tion on the surface of vehicles, thereby impacting the aerodynamic
characteristics of the vehicles and the control efficiency of RCS.
Regarding the control force generated by lateral jet flow, two aspects
should be taken into consideration. First, direct control force originates
from the lateral jet thrust, while the second aspect arises from the intri-
cate interaction between lateral jet flow and the incoming crossflow.
The latter aspect is closely associated with the flowfield structures and
primarily manifests in the variations of surface pressure. Based on the
flowfield characteristics outlined in Figs. 3–7, four types of affected sur-
face pressure resulting from lateral jet interaction have been identi-
fied.80 These include surface pressure in the flow separation region
located ahead of the jet orifice, surface pressure in the low-pressure
region situated behind the jet orifice, surface pressure influenced by
the jet wraparound effect, and surface pressure attributable to shock
recovery further downstream. To evaluate the extent of lateral jet inter-
action, performance indicators or jet amplification factors for the con-
trol efficiency of RCS are commonly employed, as defined in Eqs.
(20)–(22) according to relevant literature. To achieve effective vehicle
operation, two preferred approaches for modifying the control force
and moment are through the manipulation of the jet pressure ratio
(PR) and the jet Mach number. Consequently, Secs. IVC and IVD
explore the impact of these two influencing factors on the performance
of RCS. Furthermore, it is worth noting that the distinct characteristics
observed in comparison to simulation results in the continuum region
primarily stem from the rarefied gas effect induced by high altitudes
and the real gas effect resulting from hypersonic flows.

Regarding the impact of the jet pressure ratio, we now proceed
with the analysis by examining the force/moment amplification fac-
tors. Figure 10 illustrates the variations of KF, KM, and concerning the
jet pressure ratio, as computed using both the NSF equations and the
NCCR model. The range of jet pressure ratios considered in this study
spans from 50 to 300. As evident from Fig. 10, both the force and
moment amplification factors, obtained from both the NSF solution
and the NCCR algorithm, exhibit a gradual decrease as the jet pressure
ratio increases. This declining trend aligns with the findings presented
in a previous study using the NSF equations,8 as well as numerical sim-
ulations conducted via the DSMC method,5 and indirectly indicated
by an empirical formula proposed by Roger.81 Although the force/
moment amplification factors are greater than 1 under the specified
computational conditions, it is important to emphasize that the posi-
tive gain effect on enhancing the RCS’s performance diminishes and
may even reverse as the jet pressure ratio turns higher, due to the
decreasing values of the force/moment amplification factors.
Additionally, the absolute value of the normal force coefficient, calcu-
lated using both methods, exhibits an almost linear increase as the jet
pressure ratio grows larger. Notably, this trend closely resembles the
results obtained from the DSMCmethod.5 Figure 10 includes a specific
comparison between the results obtained from the NCCR model and
those derived from the NSF equations. This analysis indirectly sheds
light on the influence of the rarefied gas effect on the control efficiency
of RCS. In other words, at high altitudes characterized by low density,

FIG. 9. Comparison of surface pressure coefficients on the axial plane
(X ¼ 0:224 94m) predicted by NSF equations and NCCR model with jet-on and jet-off.
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the numerical simulations based on the NSF equations tend to under-
estimate the control efficiency of RCS. Moreover, the degree of under-
estimation diminishes with an increasing jet pressure ratio. These
findings underscore the significance of employing an accurate and effi-
cient approach, such as the NCCR model proposed in this study, for
numerical simulations of lateral jet interaction in high-altitude scenar-
ios, considering the real gas effect.

To gain further insight into the variations of these force/moment
amplification factors, our focus turns to the distribution of surface
pressure coefficients on the THAAD-type model. Figure 11 showcases
the local distributions of surface pressure coefficients on the symmetry
plane (Z ¼ 0) as predicted by the NCCR model, considering different
jet pressure ratios. It is evident that as the jet pressure ratio ranges
from 50 to 300, a larger high-pressure zone emerges ahead of the jet

orifice, accompanied by a larger low-pressure zone appearing aft of the
jet orifice. Furthermore, the altered region of surface pressure further
downstream exhibits a greater extent of change. These zones, influ-
enced by lateral jet interaction, collectively contribute to the decrease
in the moment amplification factor. Moreover, for smaller jet pressure
ratios, the location of the peak value of the surface pressure coefficient,
whether ahead or aft of the jet orifice, is closer to the jet orifice. In the
case of the jet wraparound effect, Fig. 12 presents the distribution of
surface pressure coefficients on the axial plane (X ¼ 0:22494m) as pre-
dicted by the NCCR model, considering different jet pressure ratios. It
is evident that as the jet pressure ratio increases, a more pronounced
jet wraparound effect becomes apparent. This observation aligns with
findings reported in a previous study by Nunn.82 Furthermore, due to
the additional negative impact of the jet wraparound effect, the force
amplification factor experiences a decline, and this decline occurs at a
faster rate than that observed for the moment amplification factor as
the jet pressure ratio increases.

D. Influence of jet Mach number

We now shift our attention to examining how the jet Mach num-
ber influences the force/moment amplification factors. As illustrated in
Fig. 13, both the force and moment amplification factors exhibit a
decreasing trend as the jet Mach number increases from 2 to 4.
Conversely, the absolute value of the normal force coefficient shows an
increasing trend. These trends align with those observed for the jet
pressure ratio, and similar findings have been reported in previous
studies.5,83 It is important to note that as the jet Mach number
becomes higher, the force/moment amplification factors may fall
below 1, indicating a reduction and potential reversal of the positive
gain effect on enhancing the RCS’s performance. Additionally, the rar-
efied gas effect captured by the NCCR model, in comparison to the

FIG. 10. The variation of KF, KM, and CN with the jet pressure ratio computed by
NSF equations and NCCR model.

FIG. 11. Local distributions of surface pressure coefficients predicted by NCCR
model on the symmetry plane (Z ¼ 0) with different jet pressure ratios.

FIG. 12. Distributions of surface pressure coefficients simulated by NCCR model on
the axial plane (X ¼ 0:224 94m) with different jet pressure ratios.
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NSF solution, has a significant impact on the force/moment amplifica-
tion factors. Notably, the degree of this impact diminishes as the jet
Mach number increases.

Similarly, we investigate the surface pressure distributions to con-
duct a detailed analysis. Figure 14 showcases the local distributions of
surface pressure coefficients computed using the NCCR model on the
symmetry plane (Z ¼ 0) considering various jet Mach numbers. It is
evident that as the jet Mach number increases, both the interaction
regions ahead and aft of the jet orifice expand, while the peak value of
the surface pressure coefficient ahead or aft of the jet orifice decreases.
Similar to the jet pressure ratio, an increase in the jet Mach number
leads to the peak value of the surface pressure coefficient occurring
closer to the jet orifice. Furthermore, Fig. 15 displays the distributions
of surface pressure coefficients obtained from the NCCR model on
the axial plane (X ¼ 0:22494m) for different jet Mach numbers.

The results indicate that the influence of the jet Mach number on the
jet wraparound effect is not significant under the simulated conditions.

V. CONCLUDING REMARKS

This paper presents numerical simulations of lateral jet interac-
tion in hypersonic thermochemical non-equilibrium crossflows using
the recently developed thermochemical non-equilibrium NCCR
model. A grid independence analysis was performed to ensure the reli-
ability of the computational results. These results enabled a detailed
analysis of the flow mechanism of lateral jet interaction in hypersonic
rarefied crossflows considering the real gas effect through the examina-
tion of complex interaction flowfield characteristics and surface pres-
sure distributions. A particular focus was placed on investigating the
impact of two key factors, namely, the jet pressure ratio and the jet
Mach number, on the performance of the reaction control system
(RCS) of an in-flight vehicle. The numerical results and corresponding
analyses led to the following conclusions:

(1) The thermochemical non-equilibrium NCCR model satisfacto-
rily reproduced the intricate flowfield structures associated with
lateral jet interaction at high altitudes. This indicates the engi-
neering potential of the NCCR theory for modeling complex
lateral jet flows in hypersonic rarefied flows while considering
the real gas effect.

(2) A comparison between the flowfield computed using the NCCR
model and the NSF equations revealed notable discrepancies
induced by the rarefied gas effect. These discrepancies include a
greater penetration height of the lateral jet flow into the incom-
ing crossflow and the presence of a weaker high-speed shear
layer near the jet orifice. Additionally, the rarefied gas effect
weakened the compressibility of the barrel shock and the expan-
sibility of the Prandtl-Meyer expansion fan, while strengthening

FIG. 13. The variation of KF, KM, and CN with the jet Mach number computed by
NSF equations and NCCR model.

FIG. 14. Local distributions of surface pressure coefficients predicted by NCCR
model on the symmetry plane (Z ¼ 0) with different jet Mach numbers.

FIG. 15. Distributions of surface pressure coefficients simulated by NCCR model on
the axial plane (X ¼ 0:224 94m) with different jet Mach numbers.
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the jet wraparound effect. Consequently, the rarefied gas effect
had a discernible impact on the control efficiency of RCS.

(3) As the jet pressure ratio or the jet Mach number increased, both
the force and moment amplification factors decreased, while the
absolute value of the normal force coefficient increased.
Furthermore, the study investigated the influence of the rarefied
gas effect on the RCS’s performance. The results indicated that
the rarefied gas effect, as captured by the NCCR model compared
to the NSF solution, had a significant impact on the force/
moment amplification factors. The degree of the impact decreased
as the jet Mach number or the jet pressure ratio increased.

In summary, it is vital to employ an accurate and efficient
method, such as the proposed NCCR theory, for conducting numerical
simulations of lateral jet interaction in hypersonic thermochemical
non-equilibrium flows at high altitudes. The findings of this study pro-
vide valuable insight into the complex flow behavior and the implica-
tions for the performance of RCS, contributing to the advancement of
research in hypersonic aerodynamics.
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