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ABSTRACT

Xu and Davis [J. Fluid Mech. 161, 1–25 (1985)] examined the stability of long axisymmetric liquid jet subjected to an axial temperature
gradient, finding capillary, surface-wave, and hydrodynamic modes. They showed that capillary breakup can be retarded or even suppressed
for a small Prandtl number (Pr< 1) and a large Biot number (Bi� 1). In the present work, the energy mechanism is carried out for these
three kinds of flow instabilities, and the mechanism of suppressing capillary breakup is clarified. When the Reynolds number (RB) is not
large, the work done by the pressure on the free surface (PS) is the main energy source of the capillary instability. At small Pr and large Bi,
the phase difference between the radial velocity and surface deformation increases with RB, leading to the decrease in PS, which prevents the
occurrence of capillary breakup. Meanwhile, the work done by thermocapillary force becomes the main energy source, making hydrody-
namic modes unstable. The perturbation flow fields are displayed, which shows that the temperature fluctuations of three modes differ from
each other.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0166867

I. INTRODUCTION

If a temperature difference exists along a gas–liquid interface, the
variation of surface tension will induce a convection in the liquid. This
phenomenon is called the thermocapillary effect. Since the pioneering
work of Pearson,1 there has been a much greater understanding in this
field. If a liquid jet is exposed to a temperature difference from its sur-
roundings, additional instabilities may arise, which can impact the
breakup properties of the jet. This situation is found in various pro-
cesses, such as inkjet printing,2,3 fiber preparation,4 droplet forma-
tion,5,6 injection of rocket engine, and gas turbine.7,8

Different types of instabilities may occur based on the direction
of temperature gradient. Marangoni instabilities arise from the radial
temperature gradient, and extensive research works have been con-
ducted in this area. Imaishi et al.9 have linearly analyzed the effect of
the Prandtl number (Pr) on the stability of thermocapillary flow in
shallow annular pools. By means of energy budget analysis, they have
revealed that instabilities in low-Pr range are hydrodynamic in nature.
Conversely, instabilities in the middle- and high-Pr regions are

hydrodynamic instabilities. Qiao et al.10 have investigated temporal
linear instability of coaxial jets under a radial temperature gradient,
exploring the relative importance of various energy components in the
most unstable mode through the application of perturbation kinetic
energy balance. Li et al.11 have analyzed the stability of thermocapillary
flow for a medium Prandtl number (Pr¼ 6.7) in rotating annular
pools with different aspect ratios, showing that all instabilities are
hydrothermal. Liu et al.12 have studied thermocapillary flow instabil-
ities in annular pools with different aspect ratios using both linear sta-
bility analysis and energy analysis, reporting that the instability
mechanism in cases of a small Prandtl number (Pr¼ 0.011) is hydro-
dynamic, while for a medium Prandtl number (Pr¼ 1.4), it is influ-
enced by both hydrodynamic and Marangoni effects.

On the other hand, thermocapillary effect induced by the axial
temperature gradient also has a significant impact on the stability of
jet flow. Xu and Davis13 have investigated the stability of an infinitely
long axisymmetric liquid column with interfacial deformation under
such a gradient. They have found a new type of instability known as
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the hydrothermal instability, in addition to the previously identified
capillary instability14 and surface-wave instability.15 Furthermore, they
have demonstrated that in simplified isothermal jets (the Biot number
Bi ! 1), the surface-wave instabilities may eradicate completely the
tendency for capillary breakup. Similarly, the capillary breakup can be
retarded or even suppressed for a small Prandtl number (Pr< 1) and a
large Biot number (Bi� 1). Subsequent studies on annular liquid films16

and encapsulated liquid floating zones17 have further shown that the
thermocapillary-driven flow within the liquid column significantly
weakens the capillary instability, thereby enhancing the jet stability.

Wanschura et al.18 have conducted linear stability analysis and
energy analysis to investigate thermocapillary flow in a cylindrical liq-
uid bridge with different Pr. They have found that the low Prandtl
number instability is an instability of the basic axial shear flow,
whereas the instability at high Pr is attributed to the convective radial
heat transport coupled with the Marangoni effect. In a separate study,
Levenstam and Amberg19 have numerically simulated a half-zone
model and determined that the instability at low Pr is purely hydrody-
namic. Later, these findings were further supported by Leypoldt
et al.20 Recently, thermocapillary flows in liquid bridges between coax-
ial disks of unequal radii ratios have been widely examined.21–23 Based
on the methods of linear stability analysis and energy analysis, these
studies have revealed that the instability modes at small Pr are primar-
ily driven by hydrodynamic effects, while the instability mechanism at
larger Pr cannot neglect the influence of thermocapillary effect.

Most previous studies have predominantly concentrated on
understanding the mechanism of thermocapillary instabilities in liquid
columns of finite volume. However, there is still limited investigations
on long liquid columns, where the destabilization mechanism of
unstable modes and the factors inhibiting capillary breakup remain
unclear. Expanding upon the study conducted by Xu and Davis,13 the
present work explores the energy mechanism for the instability of liq-
uid jets with thermocapillarity, presenting the perturbation flow fields
and providing insight into the mechanisms that prevent the capillary
breakup of jets.

The paper is organized as follows: Sec. II recalls the model of
thermocapillary liquid jets, including dimensionless governing equa-
tions and boundary conditions, along with the basic state of flow and
temperature profiles. Section III constructs the equation for perturba-
tion kinetic energy. The results of energy components and relevant
discussion are presented. Section IV is devoted to the analysis of per-
turbation fields and an explanation for the mechanism that suppresses
capillary breakup. Finally, in Sec. V, we itemize the conclusions.

II. MATHEMATICAL FORMULATION

We consider an infinitely long liquid column of basic radius a
with a deformable free surface r ¼ Rðh; z; tÞ, as illustrated in Fig. 1.
The column is described using a cylindrical coordinate system
ðr; h; zÞ; the corresponding velocity components are ðu; v;wÞ. A tem-
perature gradient dT=dz ¼ �b < 0 is applied along the axial direc-
tion of the liquid column, while the surface tension r varies linearly
with the temperature,

r ¼ r0 � c T � T0ð Þ; (1)

where T0 is the temperature on the surface at z¼ 0, and c ¼ �dr=
dT > 0 is the rate of change in surface tension with respect to the
temperature.

We consider an incompressible Newtonian fluid, whose dynamic
viscosity l, density q, specific heat cp, thermal conductivity rate v, and
unit thermal surface conductance h are constants. Length L � a,

velocity u � w� ¼ cba=l, velocity u � w�� ¼ ðr0=qaÞ
1
2, time

t�ðqa3=r0Þ12, pressure p�r0=a, temperature difference T�T0�ba,
and surface tension r�r0 are selected as characteristic scales. Here,
the characteristic velocity w�� is related to the capillary instability,
whereas w� is consistent with the thermocapillary effect. This particu-
lar configuration considers both the capillary breakup and the thermo-
capillary effect in a long jet.

The following dimensionless numbers are generated:

S ¼ qar0
l2

; RB ¼ qcba2

l2
; Pr ¼ lcp

v
; Bi ¼ ha

v
: (2)

Here, S
1
2 is the Reynolds number for the capillary instability, which is

associated with mean surface tension.13 RB is the Reynolds number for
the steady thermocapillary flow. Pr is the Prandtl number, and Bi is
the surface Biot number that measures the heat transfer between the
liquid and the surrounding gas.

A. Governing equations

In a cylindrical coordinate system, the mathematical model is
expressed by the following dimensionless governing equations:

r � u ¼ 0; (3a)

@tuþ u � ru ¼ �rpþ S�
1
2r � s; (3b)

Pr @tT þ u � rTð Þ ¼ S�
1
2r2T: (3c)

Here, u, p, T, and s stand for the velocity, pressure, temperature, and
stress tensor, respectively.

For Newtonian fluids,

s ¼ _c; (4)

where _c ¼ ruþ ðruÞT.

FIG. 1. The sketch of a basic-state liquid jet with thermocapillarity.
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The boundary conditions are listed as follows. At r ¼ 0, all physi-
cal quantities must be finite values:

juj; jvj; jwj; jpj; jTj < 1: (5)

On the liquid surface at r ¼ Rðh; z; tÞ,
@tRþ u? � rR ¼ u; (6)

tj � s � n ¼ �S�
1
2RBrT � tj; (7)

�pþ S�
1
2n � s � n ¼ K 1� CaTð Þ; (8)

�rT � n ¼ BiðT � TaÞ: (9)

Here, j¼ 1, 2, rf ¼ @r f ; 1r @hf ; @zf
� �

, and f denotes a scalar. u?
¼ ðv;wÞ represents a projection of u on the h� z orthogonal face.
The unit normal vector n and unit tangent vectors t1 and t2 at any
point on the interface are given by

n ¼ 1ffiffiffi
E

p 1;� 1
R
Rh;�Rz

� �
; (10a)

t1 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ R2
zÞE

p 1
R
Rh; 1þ R2

z ;�
1
R
RhRz

� �
; (10b)

t2 ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R2

z

p Rz; 0; 1ð Þ; (10c)

E ¼ 1þ 1
R2

Rh
2 þ R2

z : (10d)

The curvature K is defined as

K ¼�r � n ¼ � 1
r
@ðrn1Þ
@r

þ 1
r
@ðn2Þ
@h

þ @ðn3Þ
@z

� �

¼ R2ð1þ R2
zÞ þ Rh

2
� ��3

2 RRzzðR2 þ Rh
2Þ	

� ð1þ R2
zÞðR2 � RRhhÞ � 2RRhRzRhz � 2Rh

2g; (11)

where the subscript represents the partial derivative. Ca ¼ S�1RB

denotes the capillary number. Ta is the gas temperature near the
interface.

Equation (6) shows the kinematic boundary condition, guaran-
teeing that the gas–liquid interface is smooth. Equation (7) indicates
that the shear stress is balanced with the surface tension gradient gen-
erated by the thermocapillary effect. Equation (8) shows the stress bal-
ance in the normal direction. Equation (9) stands for the continuity of
heat flux cross the liquid surface.

When the capillary number Ca satisfies

Ca ¼ S�1RB � 1; (12)

the jet can be approximated as a parallel flow with perfectly cylindrical
interface. We assume that the basic temperature exhibits a linear dis-
tribution in the z-direction,

�u ¼ 0; 0; �wðrÞð Þ; �T r; zð Þ ¼ �z þ TbðrÞ: (13)

Here, the superscript line denotes the basic flow, and Tb represents the
radial temperature distribution. Therefore, the approximate solution
of basic flow is determined as follows:13

ð�u;�vÞ � 0; (14a)

�w � 1
2
S�

1
2RB r2 � 1

2

� �
; (14b)

�T � �z � 1
32

PrRBð1� r2Þ2; (14c)

Ta � �z; (14d)

�p � 1þ 2Ca z; (14e)

R � 1; (14f)

�s � @r �wðrÞ
0 0 1

0 0 0

1 0 0

2
64

3
75: (14g)

Next, the stability of the flow is investigated by the modal analy-
sis. A small disturbance in the normal mode form is superimposed on
the basic flow,

u;T; p; s;Rð Þ ¼ �u;�T ; �p; �s;1
� �þ Re

n
ûðrÞ; T̂ ðrÞ; p̂ðrÞ; ŝðrÞ; n̂


 �

	 exp rt þ i az þmhð Þ½ 

o
: (15)

Here, the variables without superscript line stand for the perturbation.
The eigenvalue r ¼ rr þ iri consists of the growth rate rr and fre-
quency ri. a denotes the axial wavenumber, and the integer m repre-
sents the azimuthal wavenumber.

Substituting Eq. (15) in the fundamental equations and lineariz-
ing the equations with respect to the perturbation quantities, we can
derive that

û þ rDû þ imv̂ þ iarŵ ¼ 0; (16)

imŝ12 þ iarŝ13 þ rDŝ11 þ ŝ11 � ŝ22 � S
1
2iar�wû ¼ S

1
2rDp̂ þ rS

1
2rû;

(17a)

imŝ22 þ iarŝ23 þ rDŝ12 þ 2ŝ12 � S
1
2iar�wv̂ ¼ S

1
2imp̂ þ rS

1
2rv̂; (17b)

imŝ23 þ iarŝ33 þ rDŝ13 þ ŝ13 � S
1
2rD�wû � S

1
2iar�wŵ

¼ S
1
2iarp̂ þ rS

1
2rŵ; (17c)

r2D2 þ rD� a2r2 �m2 � PrS
1
2iar2�w

	 �
T̂ � PrS

1
2r2 D�Tû þ �Tzŵð Þ

¼ rPrS
1
2r2T̂ ; (18)

where D � @r denotes the partial derivative with respect to r.
Following Chaudhary et al.,24 Eqs. (17) are written in a general form
represented by the perturbation stress, which can extend to non-
Newtonian fluids.

The linear perturbation constitutive equation for a Newtonian
fluid is

ŝ11 � 2Dû ¼ 0; rŝ12 � imû � rDv̂ þ v̂ ¼ 0;

ŝ13 � iaû � Dŵ ¼ 0; rŝ22 � 2 imv̂þûð Þ ¼ 0;

rŝ23 � iarv̂ � imŵ ¼ 0; ŝ33 � 2iaŵ ¼ 0:

8><
>: (19)

The linear perturbation boundary conditions are written as fol-
lows. At the center axis r¼ 0,25
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m ¼ 0 : û ¼ 0; v̂ ¼ 0; Dŵ ¼ 0; DT̂ ¼ 0;

m ¼ 1 : Dû ¼ 0; û þ iv̂ ¼ 0; ŵ ¼ 0; T̂ ¼ 0;

m > 1 : û ¼ 0; v̂ ¼ 0; ŵ ¼ 0; T̂ ¼ 0:

8>><
>>:

(20)

On the liquid surface at r¼ 1,

û � ia�wn̂ ¼ rn̂; (21)

ŝ12 þ S�
1
2RBim 2D�T n̂ þ T̂

� �
¼ 0; (22)

D�s13n̂ þ ŝ13 þ S�
1
2RBia 2D�T n̂þT̂

� �
¼ 0; (23)

�p̂ þ S�
1
2 ŝ11 � 2ia�s13n̂
� �

� 1� a2 �m2ð Þn̂ � Ca D�T n̂ þ T̂
� �

¼ 0;

(24)

Bi T̂ þ D�T n̂
� �

þ DT̂ þ D2�T � ia�Tz

� �
n̂ ¼ 0: (25)

The normal stress boundary condition (24) requires that the surface
tension does not vary much over the characteristic axial wavelength of
the disturbance, i.e.,

Ca � 2p=a � 1; (26)

thus, ð1� Ca �T ðz; 1ÞÞð1� a2 �m2Þn̂ � ð1� a2 �m2Þn̂; where
�T ðz; 1Þ ¼ �z.

We can use the Chebyshev collocation method to solve the gen-
eral eigenvalue problem expressed as Wg ¼ rZg, where W and Z are
two matrices, and g is the eigenvector. Before solving the equations, p̂
in Eqs. (17) and (24) can be eliminated. The details on this process can
be found in Appendix A. Nc Gauss–Lobatto points are set for the gov-

erning equations in the flow region r ¼ ð1� cos ð jp
Ncþ1ÞÞ=2;

j ¼ 1 � Nc, and two extra points are set for the boundary conditions
at r¼ 0,1.

Table I presents the eigenvalues of the neutral capillary mode
calculated by using different numbers of collocation points. We
choose 70–80 collocation points for our numerical solution, balanc-
ing the accuracy and the efficiency. Xu and Davis13 have given an
approximate expression (6–2) that describes the dispersion relation
for a non-isothermal jet when a is small. Table II presents a compar-
ison of the eigenvalues obtained by Xu and Davis (XD) with those
calculated in our present study (PW). The relative errors are less
than 2.5	 10�2, confirming the dependability of our computational
findings.

III. ENERGY ANALYSIS

The rate of change of perturbation kinetic energy is given by17

@tEk ¼ � 1
2
S�

1
2

ð
s : _cð Þd3r þ S�

1
2

ð
u � s � nð Þd2r

�
ð
u � u � rð Þ�uð Þd3r �

ð
pu � nð Þd2r

¼ �N þM þ I þ PS: (27)

Here, Ek ¼ 1
2

Ð juj2d3r, whose integral area is 0 � r � 1; 0 � h � 2p;
0 � z � 2p=a:Ð

f d3r and
Ð
f d2r represent volume integral and surface integral,

respectively. N is the work done by stress in the bulk of the jet, M is
the work done by the stress on the surface, I is the energy from the
basic flow, and PS is the work done by the pressure on the surface. For
Newtonian fluids, Eq. (18) indicates that N> 0, meaning that viscous
dissipation always occurs in the liquid column, the same as the liquid
layer.26,27 The perturbation energy is normalized as

Ð juj2d3r ¼ 1 in
the following.

On the deformable surface, there are horizontal and vertical com-
ponents for the stress. As a result,M can be decomposed into two fol-
lowing terms:28

M ¼ S�
1
2

ð
us11d

2r þ S�
1
2

ð
vs12 þ ws13ð Þd2r ¼ Mv þMh: (28)

Here, Mv and Mh represent the work done by vertical and horizontal
components of the stress, respectively. According to boundary condi-
tions (21) and (22), the perturbed shear stress on the surface can be
caused by both the thermocapillary effect and interfacial deformation.
Therefore,Mh can be further decomposed into two parts as follows:

Mh ¼ MhT þMhR; (29a)

MhT ¼ �S�1RB

ð
v
@T
@h

þ w
@T
@z

� �
d2r; (29b)

MhR ¼ �2S�1RB

ð
vD�T

@n
@h

d2r

� S�
1
2

ð
w D�s13nþ 2S�

1
2RBD�T

@n
@z

� �
d2r: (29c)

Here, MhT and MhR stand for the work done by thermocapillary force
and interfacial deformation-induced shear stress, respectively.

This paper uses the terminology suggested by Xu and Davis13 to
label the capillary mode, surface-wave mode, and hydrodynamic

mode with azimuthal wavenumber m¼ 0 as W0
ðcÞ, Wð�Þ

0 , and WðþÞ
0 ,

respectively. When the dispersion relations of the capillary mode and
surface wave mode are connected in a curve, aB is the wave number
corresponding to the transition point of the two modes. The capillary

TABLE I. The eigenvalues of neutral capillary mode computed by different numbers
of collocation points at Bi¼ 1, Pr¼ 0.1, RB¼ 200, S¼ 104, a ¼ 0:864; andm ¼ 0.

Nc rr (	10–4) ri (	10–2)

30 4.179 40 4.843 199 3
50 4.179 40 4.843 199 3
80 4.179 40 4.843 199 3
100 4.179 40 4.843 199 4

TABLE II. A comparison of eigenvalues for the non-isothermal case at Bi¼ 1,
Pr¼ 0.1, RB¼ 10, and S¼ 102. Here, “XD” and “PW” stand for the results of Xu
and Davis and the present work, respectively.

a XR PW

0.01 0.022 36þ 0.022 11i 0.022 86þ 0.021 61i
�0.022 36� 0.022 61i �0.022 89� 0.022 11i

0.001 0.007 07þ 0.007 05i 0.007 06þ 0.007 03i
�0.007 07� 0.007 10i �0.007 06� 0.007 08i
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modeW0
(c) is for a < aB, and surface-wave modeW0

(�) is for a > aB.
Xu and Davis13 have also found that for isothermal jets (axial wave-
number a approximately less than 2) or non-isothermal jets, some
unstable modes m¼ 0 become the most dangerous mode. In some
cases, the increase in RB can suppress the unstable capillary modes. In
order to comprehend the underlying energy mechanism, we conduct
the energy analysis on the capillary mode W0

ðcÞ, surface-wave mode

Wð�Þ
0 , and hydrodynamic modeWðþÞ

0 .

A. The “flying jet”

When Bi ! 1, we can obtain from Eq. (25) that Tð1Þ ¼ 0, and
there are no temperature perturbations on the free surface. Therefore,
all unstable modes are actually isothermal and independent of Pr. The
basic temperature field is important only in that the thermocapillary
force drives the basic flow, which can be considered as driven by the
“wind stress” having the same magnitude as the thermocapillary gradi-
ent cb. This situation is referred to as the isothermal “flying jet” by Xu
and Davis.13 Thus, RB serves as the Reynolds number of the flying jet.
Such isothermal cases do not require the “slowly varying” approxima-
tion, i.e., Eq. (26).29 Therefore, all physical modes need only satisfy the
constraint (12). In these cases, the dispersion curves of the capillary

modeW0
ðcÞ and surface-wave modeWð�Þ

0 are connected smoothly.
Tables III and IV present the terms of the perturbation energy

growth for the isothermal jet for the capillary mode WðcÞ
0 , surface-

wave mode Wð�Þ
0 , and hydrodynamic mode WðþÞ

0 at a ¼ 0:4 < aB,
S¼ 104. Tables V and VI present the cases for the isothermal jet

for surface-wave mode Wð�Þ
0 and hydrodynamic mode WðþÞ

0 at
a ¼ 1:4 > aB and S¼ 104. It is evident that thermocapillary forces do
no work (MhT¼ 0), which is obvious in the isothermal case.

For 0 < a < aB, N is the viscous dissipating in the capillary

modeWðcÞ
0 and hydrodynamic modeWðþÞ

0 . PS is the main energy dis-

sipation for the stable hydrodynamic modeWðþÞ
0 , but the main energy

source in the unstable capillary mode WðcÞ
0 . When PS significantly

decreases with RB, the capillary mode WðcÞ
0 is stabilized. For a > aB,

PS, M and I serve as energy sources, while N is the only pathway of

energy dissipation for the surface-wave mode Wð�Þ
0 . For the

hydrodynamic mode WðþÞ
0 , PS is still the energy source, while N and I

dissipate the energy. The sign ofM depends on the parameters.
The physical reason for these phenomena can be explained as fol-

lows. In the inviscid jet [RB¼O(1) as S!1],13 N¼M¼I¼ 0 in Eq.
(27), suggesting that PS is the main energy source for the unstable

TABLE III. The terms of the perturbation energy growth for the isothermal jet for the
capillary mode W ðcÞ

0 and the surface-wave mode W ð�Þ
0 at a ¼ 0:4 and S¼ 104.

Mode WðcÞ
0 Wð�Þ

0

RB 100 200 300 500

aB 0.9439 0.8175 0.5158 0.2140
@tEk 0.237 63 0.180 71 0.046 31 �0.011 07
PS 0.229 42 0.148 78 0.024 52 0.000 71
�N �0.005 99 �0.009 40 �0.013 40 �0.007 00
I 0.004 66 0.012 08 �0.007 82 �0.030 30
M 0.009 54 0.029 25 0.043 01 0.025 51
MhR 0.007 83 0.027 14 0.040 52 0.023 65
MhT 0.000 00 0.000 00 0.000 00 0.000 00
Mv 0.001 71 0.002 11 0.002 49 0.001 86

TABLE IV. The terms of the perturbation energy growth for the isothermal jet for the
hydrodynamic mode W ðþÞ

0 at a ¼ 0:4 and S¼ 104.

Mode WðþÞ
0

RB 100 200 300 500

@tEk �0.237 03 �0.195 20 �0.114 06 �0.059 77
PS �0.242 32 �0.204 49 �0.153 39 �0.203 45
�N �0.012 50 �0.030 22 �0.043 36 �0.154 02
I 0.010 11 0.009 47 0.006 58 0.032 45
M 0.007 68 0.030 04 0.076 10 0.265 25
MhR 0.005 68 0.027 36 0.072 94 0.261 00
MhT 0.000 00 0.000 00 0.000 00 0.000 00
Mv 0.001 99 0.002 68 0.003 17 0.004 24

TABLE V. The terms of the perturbation energy growth for the isothermal jet for the
surface-wave mode W ð�Þ

0 at a ¼ 1:4 > aB and S¼ 104.

Mode Wð�Þ
0

RB 100 200 300 500

aB 0.9439 0.8175 0.5158 0.2140
@tEk �0.012 09 �0.000 45 0.006 08 0.010 91
PS 0.004 56 0.006 55 0.009 44 0.013 03
-N �0.058 71 �0.059 66 �0.060 26 �0.060 84
I 0.011 02 0.014 95 0.015 72 0.014 53
M 0.031 03 0.037 70 0.041 18 0.044 19
MhR 0.010 73 0.016 45 0.019 44 0.022 00
MhT 0.000 00 0.000 00 0.000 00 0.000 00
Mv 0.020 31 0.021 25 0.021 74 0.022 19

TABLE VI. The terms of the perturbation energy growth for the isothermal jet for the
hydrodynamic mode W ðþÞ

0 at a ¼ 1:4 and S¼ 104.

Mode WðþÞ
0

RB 100 200 300 500

@tEk �0.047 23 �0.063 10 �0.075 20 �0.091 14
PS 0.039 66 0.113 27 0.245 46 0.663 77
�N �0.058 68 �0.067 94 �0.096 90 �0.263 21
I �0.026 23 �0.081 02 �0.178 68 �0.516 14
M �0.001 97 �0.027 40 �0.045 08 0.024 44
MhR �0.017 42 �0.038 23 �0.050 16 0.030 20
MhT 0.000 00 0.000 00 0.000 00 0.000 00
Mv 0.015 44 0.010 84 0.005 09 �0.005 76
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capillary mode WðcÞ
0 . This mechanism still keeps in the flying jet. For

the hydrodynamic modeWðþÞ
0 at S¼ 104, it can be seen from Eq. (24)

that �p̂ð1Þ � ð1� a2Þn̂. The phase difference between the p̂ð1Þ and
n̂ at a < 1 is opposite to that at a > 1, while the phase difference

between û and n̂ is not very sensitive to a. As a result, the sign of PS is

different in these two cases of WðþÞ
0 . The surface-wave mode Wð�Þ

0 is
caused by the “wind stress,”29 so the work done by the stress on the

surface (M) is crucial forWð�Þ
0 .

In Table III, the growth rate of perturbation energy for the capil-
lary mode WðcÞ

0 gradually decreases with RB. The explanation is given
in the last part of Sec. IVA. However, the case is opposite for the
surface-wave mode Wð�Þ

0 in Table V. The reason is that Wð�Þ
0 is

caused by the wind stress, whose magnitude can be measured by RB.
This indicates that the velocity distribution in Eq. (14b) caused by the
wind stress29 can suppress capillary instabilities, allowing for longer
continuous jets, but trigger surface-wave instabilities.

Table VII displays the perturbation energy growth for the most
unstable modes at S¼ 104, where aM is the corresponding wavenumber.
As RB increases, the perturbation energy growth decreases for the capil-

lary mode WðcÞ
0 , while the opposite occurs for the surface-wave mode

Wð�Þ
0 , in agreement with the preceding analysis. It should be noted that

for RB � 200, both WðcÞ
0 and Wð�Þ

0 are unstable. However, the growth

rates of WðcÞ
0 and Wð�Þ

0 are smaller than those of the capillary mode

WðcÞ
0 at RB¼ 0 and RB¼100. Therefore, the increase in RB can still slow

down the process of capillary breakup, extending the jet zone.

B. Thermocapillary instabilities

When Bi is finite, the jet becomes non-isothermal, both restric-
tions (12) and (26) should be satisfied for the physical modes.13 If
RB= 0, thermocapillary forces become the driving force for the sur-
face flow.

Xu and Davis13 have suggested that the modes m¼ 0 at large Bi
(Bi� 1) and small Pr (Pr< 1) are similar to those in the isothermal
cases. Table VIII shows the terms of the perturbation energy growth
for the capillary mode WðcÞ

0 at RB¼ 100, a ¼ 0:4, and S¼ 104. It can
be seen that for unstable capillary modes WðcÞ

0 , PS is dominant and
changes little. Thus, their energy mechanisms are also similar.

1. The effect of RB

For large Bi (Bi� 1) and small Pr (Pr< 1), as RB increases, the

capillary mode WðcÞ
0 and surface-wave mode Wð�Þ

0 split. In addition,

when RB is not large, the surface-wave mode Wð�Þ
0 generates a new

branch Wð�Þ0
0 , and the hydrodynamic mode WðþÞ

0 also has a new

branch WðþÞ0
0 . As RB increases, the branch Wð�Þ0

0 disappears, while

branchWðþÞ0
0 becomes more stable (see Figs. 6 and 7 in Ref. 13).

Tables IX and X show the terms of the perturbation energy

growth of the non-isothermal jet for the modes WðcÞ
0 and WðþÞ

0 ,

respectively. In Table IX, when RB is small, the capillary mode WðcÞ
0

mainly absorbs energy from PS. However, as RB increases, the energy

TABLE VII. The terms of perturbation energy growth for the most unstable modes at S¼ 104.

Mode RB aM @tEk PS �N I M MhR MhT Mv

W0
(c) 0 0.690 0.3363 0.3457 �0.0138 0.0000 0.0045 0.0000 0.0000 0.0045

100 0.654 0.3015 0.2928 �0.0143 0.0075 0.0156 0.0110 0.0000 0.0046
200 0.532 0.1989 0.1643 �0.0138 0.0138 0.0346 0.0308 0.0000 0.0038
300 0.273 0.0646 0.0330 �0.0100 0.0018 0.0399 0.0387 0.0000 0.0012
500 0.051 0.0241 0.0024 �0.0051 �0.0002 0.0270 0.0270 0.0000 0.0000

W0
(�) 200 1.051 0.0084 0.0082 �0.0344 0.0008 0.0337 0.0214 0.0000 0.0123

300 1.141 0.0096 0.0091 �0.0403 0.0050 0.0358 0.0213 0.0000 0.0145
500 1.302 0.0112 0.0122 �0.0526 0.0104 0.0412 0.0221 0.0000 0.0191

TABLE VIII. The terms of the perturbation energy growth for the capillary mode
W ðcÞ

0 at RB¼ 100, a ¼ 0:4, and S¼ 104.

WðcÞ
0 Bi!1

Bi¼ 100 Bi¼ 1 Bi¼ 1
Pr¼ 0.1 Pr¼ 0.1 Pr¼ 0.5

@tEk 0.237 63 0.237 58 0.234 97 0.232 20
PS 0.229 42 0.229 57 0.236 87 0.243 12
�N �0.005 99 �0.005 95 �0.004 79 �0.004 94
I 0.004 66 0.004 59 0.001 09 0.000 14
MhR 0.007 83 0.007 80 0.006 49 0.005 92
MhT 0.000 00 �0.000 13 �0.006 25 �0.013 42
Mv 0.001 71 0.001 71 0.001 57 0.001 37

TABLE IX. The terms of the perturbation energy growth for the non-isothermal jet
for the capillary mode W ðcÞ

0 at a ¼ 0:6, Pr¼ 0.1, Bi¼ 1, and S¼ 104.

Mode WðcÞ
0

RB 40 100 200 300

@tEk 0.321 77 0.294 12 0.181 26 0.013 89
PS 0.328 80 0.298 84 0.157 17 �0.002 80
�N �0.010 52 �0.010 63 �0.013 70 �0.044 51
I 0.000 22 0.002 30 0.014 03 �0.040 33
M 0.003 27 0.003 61 0.023 76 0.101 53
MhR 0.001 35 0.008 51 0.032 12 0.051 67
MhT �0.001 50 �0.008 33 �0.012 70 0.042 80
Mv 0.003 42 0.003 43 0.004 34 0.007 05
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contribution from PS decreases rapidly. As a result, the rate of change
of perturbation kinetic energy also decreases. When RB further
increases, M becomes the main energy source, while the other terms

are dissipative. However, the growth rate of capillary modeWðcÞ
0 largely

decreases, and the flow becomes more stable. Table X indicates that the

energy for hydrodynamic mode WðþÞ
0 mainly comes from MhT, but is

dissipated by N and PS. When RB is large enough,MhT dominates.
If Pr becomes larger, new unstable modes appear. Table XI shows

the terms of the perturbation energy growth for the non-isothermal jet

for the hydrodynamic mode WðþÞ
0 at different RB. It can be seen that

when RB increases, MhT becomes dominant and WðþÞ
0 becomes more

unstable. It should be noted that WðþÞ
0 gives rise to a new unstable

mode known as the hydrothermal instability,13 which exhibits a
completely different energy mechanism compared to the unstable
modes in isothermal conditions.

Table XII presents the energy growth for the non-isothermal jet

for the surface-wave mode Wð�Þ
0 at a ¼ 1:4, Pr¼ 0.1, Bi¼ 1, and

S¼ 104. It is found that the mode is dissipated by N and MhT. As RB
increases, MhT becomes more negative, N changes little, while other
items increase. The growth rate of perturbation energy becomes posi-
tive, indicating the appearance of surface-wave instability.

Table XIII shows the perturbation energy growth for the non-

isothermal jet for the new branch of surface-wave mode Wð�Þ0
0 , the

surface-wave mode Wð�Þ
0 , and the capillary mode WðcÞ

0 . Figure 7 in

Ref. 13 suggests that Wð�Þ0
0 gradually disappears as RB increases. In

Table XIII, the branch Wð�Þ0
0 at RB¼ 40 and the surface-wave mode

Wð�Þ
0 at RB¼ 100 have similar values for each term. Hence, it is rea-

sonable to infer that when RB increases, the branch Wð�Þ0
0 at

0 < a < aB becomes the surface-wave mode Wð�Þ
0 , while the branch

Wð�Þ0
0 at a > aB becomes the capillary mode WðcÞ

0 . As the branch of

hydrodynamic mode WðþÞ
0

0 becomes more stable as RB increases, its
energy analysis is omitted.

Table XIV shows the energy mechanism for the most unstable
modes at Pr¼ 0.5, Bi¼ 1 and S¼ 104. As RB increases, @tEk decreases

for WðcÞ
0 , while the variation of @tEk for W

ð�Þ
0 is not monotonous. On

the other hand, @tEk of W
ðþÞ
0 increases. This suggests that the appear-

ance of surface-wave and hydrothermal instabilities suppress the capil-
lary breakup and allow for a longer jet region. Although unstable

capillary modesWðcÞ
0 at RB¼ 350 and 500 do not fully satisfy (26), the

suppression of capillary instability still occurs.

TABLE X. The terms of the perturbation energy growth for the non-isothermal jet for
the hydrodynamic mode W ðþÞ

0 at a ¼ 0:6, Pr¼ 0.1, Bi¼ 1, and S¼ 104.

Mode WðþÞ
0

RB 40 100 200 300

@tEk �0.192 36 �0.201 02 �0.154 56 �0.094 43
PS �0.032 37 �0.188 37 �0.312 04 �0.361 33
�N �0.167 42 �0.170 61 �0.189 79 �0.369 29
I 0.006 30 0.051 55 0.113 12 0.151 70
M 0.001 13 0.106 40 0.234 15 0.484 49
MhR �0.001 91 �0.006 61 0.009 82 �0.012 64
MhT 0.002 96 0.109 65 0.217 53 0.490 55
Mv 0.000 08 0.003 36 0.006 81 0.006 57

TABLE XI. The terms of the perturbation energy growth for the non-isothermal jet

for the hydrodynamic mode W ðþÞ
0 at a ¼ 1, Pr¼ 5, Bi¼ 1, and S¼ 104.

Mode WðþÞ
0

RB 40 100 200 300

@tEk �0.003 55 0.026 67 0.072 83 0.115 87
PS �0.074 25 �0.081 02 �0.090 08 �0.097 19
�N �0.318 96 �0.549 84 �0.861 76 �1.133 26
I �0.013 03 �0.035 78 �0.066 88 �0.093 62
MhR �0.045 71 �0.054 71 �0.062 91 �0.068 47
MhT 0.429 03 0.728 25 1.134 12 1.487 67
Mv 0.019 36 0.019 76 0.020 34 0.020 73

TABLE XII. The terms of the perturbation energy growth for the non-isothermal jet

for the surface-wave mode W ð�Þ
0 at a ¼ 1:4, Pr¼ 0.1, Bi¼ 1, and S¼ 104.

Mode Wð�Þ
0

RB 40 100 200 300

@tEk �0.022 44 �0.012 71 0.001 67 0.011 58
P 0.009 98 0.010 82 0.014 22 0.018 00
�N �0.057 13 �0.057 13 �0.057 66 �0.058 06
I 0.006 27 0.014 40 0.024 64 0.030 69
M 0.018 44 0.019 21 0.020 47 0.020 95
MhR 0.004 91 0.010 19 0.015 44 0.018 19
MhT �0.004 81 �0.009 47 �0.013 99 �0.016 60
Mv 0.018 34 0.018 50 0.019 02 0.019 37

TABLE XIII. The terms of the perturbation energy growth for the non-isothermal jet

for the new branch of surface-wave mode W ð�Þ0
0 at Pr¼ 0.1, Bi¼ 1, S¼ 104, and

RB¼ 40 and the surface-wave mode W ð�Þ
0 and the capillary mode W ðcÞ

0 at Pr¼ 0.1,
Bi¼ 1, S¼ 104, and RB¼ 100.

Mode Wð�Þ0
0 Wð�Þ

0 Wð�Þ0
0 WðcÞ

0
RB 40 100 40 100

aB 0.9789 — 0.9789 —
a a¼ 0.4 < aB a¼ 1.2 > aB
PS �0.004 98 �0.021 41 0.008 06 0.010 67
�N �0.146 49 �0.131 83 �0.041 06 �0.041 06
I 0.004 58 0.011 58 0.005 55 0.012 47
MhR �0.001 08 �0.003 71 0.006 61 0.012 50
MhT 0.000 51 0.010 58 �0.005 44 �0.010 40
Mv �0.000 26 �0.000 96 0.012 82 0.012 89
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2. The effect of Pr

For large Bi, as Pr increases, the capillary modeWðcÞ
0 and surface-

wave mode Wð�Þ
0 are also distinctly separated (see Figs. 11 and 12 in

Ref. 13). Tables XV and XVI present the perturbation energy growth

of the non-isothermal jet for the capillary mode WðcÞ
0 and hydrody-

namic mode WðþÞ
0 , respectively. In Table XV, as Pr increases, the

energy dissipated by N increases and I changes from positive to nega-
tive. However, both PS and M increase. The increase in @tEk indicates

thatWðcÞ
0 becomes more unstable.

In Table XVI, N is the main energy dissipation, while MhT

becomes the main energy source. Thus,WðþÞ
0 belongs to the hydrother-

mal instability. In Tables XI and XVI, it can be found that the increase
in RB or Pr leads to the increase inMhT and the hydrothermal instability.
Therefore, if we define the Marangoni number as MaB � PrRB, then
the increase inMaB can also lead to unstable hydrodynamic modes.

Table XVII presents the perturbation energy growth for the non-

isothermal jet for the most unstable surface-wave modes Wð�Þ
0 at

RB¼ 300, Bi¼ 1, and S¼ 104. It can be seen that PS, MhR, and I are

energy sources forWð�Þ
0 , while N andMhT are dissipative. However, the

growth rates of unstable modes in Table XVII are relatively small com-
pared to those in Tables XV and XVI. Since the new branch of the hydro-

dynamicmodeWðþÞ0
0 remains stable, its energy analysis is omitted.

IV. PERTURBATION FLOW FIELD

Why the thermocapillary effect can suppress the capillary
breakup? In order to provide a clearer explanation for this question,
the perturbed flow and temperature distributions for various unstable
modes are presented in this section. In Figs. 2–10, the y axis represents

TABLE XIV. The rate of change of perturbation energy for the most unstable modes at Pr¼ 0.5, Bi¼ 1, and S¼ 104.

Mode RB aM @tEk PS �N I M MhR MhT Mv

W0
(c) 40 0.683 0.3292 0.3416 �0.0135 �0.0004 0.0014 0.0014 �0.0042 0.0042

100 0.649 0.2934 0.3088 �0.0126 0.0035 �0.0064 0.0091 �0.0189 0.0034
200 0.574 0.1957 0.1519 �0.0175 0.0313 0.0299 0.0320 �0.0062 0.0041
350 0.562 0.0814 �0.0045 �0.0818 �0.0193 0.1871 0.0576 0.1220 0.0075
500 0.680 0.0546 �0.0453 �0.1915 �0.0663 0.3577 0.0693 0.2760 0.0124

W0
(�) 100 1.015 0.0129 0.0207 �0.0287 0.0166 0.0044 0.0169 �0.0205 0.0079

200 0.974 0.0288 0.0261 �0.0272 0.0303 �0.0004 0.0186 �0.0262 0.0073
350 0.853 0.0414 0.0291 �0.0223 0.0434 �0.0089 0.0194 �0.0342 0.0058
500 0.820 0.0373 0.0281 �0.0212 0.0422 �0.0118 0.0202 �0.0380 0.0060

W0
(þ) 350 1.547 0.0086 �0.3108 �0.8601 �0.0008 1.1803 �0.1390 1.2427 0.0767

500 1.821 0.0418 �0.4490 �1.4131 0.0046 1.8993 �0.1630 1.9501 0.1123

TABLE XV. The terms of the perturbation energy growth for the non-isothermal jet
for the capillary mode W ðcÞ

0 at a ¼ 0:6, RB¼ 300, Bi¼ 1, and S¼ 104.

Mode WðcÞ
0

Pr 1 5 10

@tEk 0.139 129 0.197 955 0.210 977
PS 0.022 032 0.025 869 0.027 774
�N �0.078 454 �0.124 960 �0.141 570
I 0.006 044 0.002 586 �0.005 104
M 0.189 507 0.294 459 0.329 876
MhR 0.055 316 0.058 873 0.059 445
MhT 0.125 715 0.226 050 0.260 630
Mv 0.008 476 0.009 536 0.009 801

TABLE XVI. The terms of the perturbation energy growth for the non-isothermal jet
for the hydrodynamic mode W ðþÞ

0 at a ¼ 1, RB¼ 300, Bi¼ 1, and S¼ 104.

Mode WðþÞ
0

Pr 1 5 10

@tEk 0.020 581 0.115 874 0.151 824
PS �0.103 330 �0.097 185 �0.097 212
�N �0.950 970 �1.133 257 �1.200 462
I �0.095 425 �0.093 619 �0.091 977
MhR �0.102 894 �0.068 470 �0.060 731
MhT 1.252 300 1.487 674 1.581 481
Mv 0.020 900 0.020 730 0.020 725

TABLE XVII. The terms of the perturbation energy growth for the non-isothermal jet
for the most unstable surface-wave modes W ð�Þ

0 at RB¼ 300, Bi¼ 1, and S¼ 104.

Mode Wð�Þ
0

Pr 1 5 10

aM 0.839 0.630 0.507
@tEk 0.049 409 0.062 852 0.053 487
PS 0.035 065 0.041 050 0.038 012
�N �0.022 659 �0.015 382 �0.010 087
I 0.052 736 0.054 590 0.038 231
MhR 0.018 601 0.020 795 0.022 140
MhT �0.039 304 �0.041 185 �0.036 842
Mv 0.004 971 0.002 985 0.002 033
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FIG. 2. The perturbation flow field of the
most unstable capillary modes W ðcÞ

0 at
S¼ 104: (a) RB¼ 0 and (b) RB¼ 100.

FIG. 3. The perturbation flow field of the
most unstable modes at RB¼ 200 and
S¼ 104: (a) the capillary mode W ðcÞ

0 and
(b) the surface-wave W ð�Þ

0 .

FIG. 4. The perturbation flow field of the
most unstable modes at RB¼ 300 and
S¼ 104: (a) the capillary mode W ðcÞ

0 and
(b) the surface-wave mode W ð�Þ

0 .
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the perturbation phase U ¼ az þmh. The x axis represents the jet
radius, and nR ¼ Refn̂ exp½iðaz þmhÞ
g represents the surface defor-
mation. For convenience, all complex amplitudes of perturbations /̂
below are relabeled as / in the following.

A. The “flying jet”

Figures 2–5 show the perturbation flow fields of the most unsta-
ble modes at RB¼ 0–500 and S¼ 104. As these modes are isothermal,
there are no temperature perturbations. The capillary mode WðcÞ

0 in
Fig. 2(a) is stationary, while other capillary modes WðcÞ

0 and the
surface-wave modes Wð�Þ

0 propagate along the negative y axis. As RB

increases, the amplitude of nR decays for these modes, which effec-
tively prevents the jet from splitting.

The reason why the capillary breakup in isothermal jets can be
suppressed is explained as follows. Tables III and VII suggest that the
main energy source of the capillary instability is the work done by the

pressure on the surface (PS). For the capillary modes WðcÞ
0 (m¼ 0) at

S¼ 104, the surface pressure perturbation �pð1Þ � ð1� aM2Þn,
where aM < 1(Table VII). In Fig. 2(a), RB¼ 0, �wð1Þ ¼ 1

4 S
�1

2RB ¼ 0,
�pð1Þ � 0:5239n. On the liquid surface r¼ 1, Du ¼ argðujr¼1Þ
�argðnRÞ ¼ 0,

Ð ðujr¼1nRÞdr2 / cosðDuÞ (as shown in Appendix B).
So it can be seen from the expression of PS in Eq. (27) that the capillary

mode WðcÞ
0 can extract energy from the surface pressure, which may

cause the capillary breakup. However, �wð1Þ increases with RB.
According to the continuous boundary condition (21), the phase dif-
ference between ujr¼1 and nR also increases rapidly, leading to the
decrease in PS. Then, the capillary breakup is retarded.

B. Thermocapillary instabilities

Figures 6–10 show the perturbation flow fields of the most unsta-
ble modes at RB¼ 40–500, Pr¼ 0.5, Bi¼ 1, and S¼ 104. For the capil-

lary mode WðcÞ
0 , there are obvious temperature fluctuations throughout

the flow region [Figs. 6, 7(a), 8(a), 9(a), and 10(a)]. For the surface-wave

mode Wð�Þ
0 , the temperature fluctuations are very weak near the inter-

face [Figs. 7(b), 8(b), 9(b), and 10(b)]. On the contrary, the perturbation
is concentrated in the thin layer near the liquid surface for the hydrody-

namic modeWðþÞ
0 [Figs. 9(c) and 10(c)]. The capillary modesWðcÞ

0 and

surface-wave modes Wð�Þ
0 propagate along the negative y axis, whereas

the hydrodynamic modes WðþÞ
0 propagate in the opposite direction.

The surface perturbation amplitude always decreases with the increase
in RB for all modes, which can prevent the capillary breakup.

We provide an explanation for the suppression of capillary
breakup in non-isothermal jets as follows. Table IX shows that the work
done by surface pressure (PS) is still the main energy source of the capil-
lary breakup. For the capillary modesWðcÞ

0 (m¼ 0) at S¼ 104, Pr¼ 0.5,
and Bi¼ 1, the normal stress boundary condition (24) and thermal
equilibrium condition (25) on the interface can be simplified as

FIG. 5. The perturbation flow field of the
most unstable modes at RB¼ 500 and
S¼ 104: (a) the capillary mode W ðcÞ

0 and
(b) the surface-wave mode W ð�Þ

0 .

FIG. 6. The perturbation flow field of the most unstable capillary mode W ðcÞ
0 at

RB¼ 40, Pr¼ 0.5, Bi¼ 1, and S¼ 104.
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�pð1Þ ¼ 2S�1RB
@n
@z

� S�
1
2s11 þ 1� a2ð Þnþ S�1RBTð1Þ; (30)

@n
@z

¼ �Tð1Þ � DTð1Þ þ 1
8
RBn; (31)

respectively. Substituting Eq. (31) in Eq. (30) results in

�pð1Þ ¼ 1
4
S�1RB

2 þ 1� a2
� �

n� S�1RB Tð1Þ þ 2DTð1Þ½ 


� 2S�
1
2Duð1Þ: (32)

When RB is not large, �pð1Þ � ð1� aM2Þn can still be obtained. In
Fig. 7, RB¼ 40, aM ¼ 0:683, then �wð1Þ ¼ 1

4 S
�1

2RB ¼ 0:1, �pð1Þ
� 0:5335n, argðujr¼1Þ � argðnRÞ � 11:6
. Owing to the proper phase

relationship, the key to the capillary breakup is still the work done by
surface pressure caused by surface deformation. For RB > 200, �pð1Þ
� 1

4 S
�1RB

2 þ 1� aM2
� �

n. However, since �wð1Þ is increased by RB, the
phase difference between ujr¼1 and nR also increases. For example, when
RB¼ 500, argðujr¼1Þ � argðnRÞ � 86:1
. Therefore, PS decreases signifi-
cantly. In addition, in Fig. 10(a), due to the axisymmetric perturbation
flow field (v¼ 0), argðwjr¼1Þ � argðnRÞ � 171:1
 and argðwjr¼1Þ
�arg @T

@z jr¼1


 �
� 167:0
, we can drive that from Eqs. (28) and (29),

M � �S�1RB

ð
wnþ w

@T
@z

� �
d2r: (33)

Then, M becomes the main energy source for the capillary mode.
However, the thermocapillary flow also increases the viscous

FIG. 7. The perturbation flow field of the
most unstable modes at RB¼ 100, Pr
¼ 0.5, Bi¼ 1, and S¼ 104: (a) the capil-

lary mode W ðcÞ
0 and (b) the surface-wave

W ð�Þ
0 .

FIG. 8. The perturbation flow field of the
most unstable modes at RB¼ 200, Pr
¼ 0.5, Bi¼ 1, and S¼ 104: (a) the capil-

lary mode W ðcÞ
0 and (b) the surface-wave

W ð�Þ
0 .
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dissipation (N) and the energy transferred to the basic flow (I). As a
result, the capillary instability is still greatly suppressed.

V. CONCLUSION

In this paper, the energy analysis is performed for instabilities in the
cylindrical jet with thermocapillarity. The perturbation flow field is displayed
for the capillary mode, surface-wave mode, and hydrodynamic mode. The
mechanism of suppressing capillary breakup of the jet is elucidated.

When the Biot number tends to infinity (Bi!1), the flow is an
isothermal jet driven by the wind stress of the same magnitude as the
thermocapillary gradient. The work done by the pressure on the

surface (PS) is the main energy source for the capillary mode. As the
Reynolds number of the flying jet (RB) increases, PS decreased rapidly.
Therefore, the capillary breakup is suppressed.

For a small Prandtl number (Pr< 1) and a large Bi (Bi� 1),
when the Reynolds number (RB) is not too large, PS remains the main
energy source for capillary instability. However, the phase difference
between radial velocity and surface deformation increases with RB,
leading to a rapid decrease in PS. When RB is large enough, the work
done by the stress on the surface (M) is dominant, but the dissipation
caused by the viscosity (N) and the energy coming from the basic flow
(I) also increase. Therefore, the capillary instability is also suppressed.

FIG. 9. The perturbation flow field of the most unstable modes at RB¼ 350, Pr¼ 0.5, Bi¼ 1, and S¼ 104: (a) the capillary mode W ðcÞ
0 ; (b) the surface-wave mode W ð�Þ

0 ; and
(c) the hydrodynamic mode W ðþÞ

0 .

FIG. 10. The perturbation flow field of the most unstable modes at RB¼ 500, Pr¼ 0.5, Bi¼ 1, and S¼ 104: (a) the capillary mode W ðcÞ
0 ; (b) the surface-wave mode W ð�Þ

0 ;
and (c) the hydrodynamic mode W ðþÞ

0 .
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The increase in RB or Pr enhances the energy obtained from the ther-
mocapillary force (MhT), making it the dominant factor and leading to
the hydrothermal instability.

For the capillary mode, there are obvious temperature fluctua-
tions throughout the flow region, and for the surface-wave mode, the
temperature fluctuations are very weak near the surface, while for the
hydrodynamic mode, the hot spot is always found in a thin layer near
the liquid surface.
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APPENDIX A: THE EXPRESSION AFTER ELIMINATING
THE PRESSURE TERM

By utilizing Eqs. (17a)–17(c) to eliminate p̂, we obtain the fol-
lowing equation:

m ŝ13 þ rDŝ13 þ imŝ23þiarŝ33f g � S
1
2iamr�wŵ

� S
1
2mrD�wû � ar 2ŝ12 þ rDŝ12 þ imŝ22þiarŝ23f g

þ S
1
2ia2r2�wv̂ ¼ rS

1
2r mŵ � arv̂ð Þ; (A1)

a rDŝ13þr2D2ŝ13 � ŝ13 � imŝ23þimrDŝ23 þ iar2Dŝ33
	 �

� S
1
2ia2r2 D�wŵ þ �wDŵð Þ � S

1
2ar2 D2�wû þ D�wDûð Þ

þmr2 3Dŝ12 þ rD2ŝ12 þ imDŝ22 þ iaŝ23 þ iarDŝ23
	 �

� S
1
2iamr2 �wv̂ þ rD�wv̂ þ r�wDv̂ð Þ � S

1
2k2ar2�wû

� ik2r ŝ11þrDŝ11 þ imŝ12 þ iarŝ13 � ŝ22f g
¼ rS

1
2r2 mv̂ þmrDv̂ þ aDŵ � ik2ûð Þ: (A2)

Using Eqs. (17b) and (17c) to obtain p̂ and subsequently
substituting it in Eq. (24), we can determine the boundary condition
for the normal stress as follows:

mr 2ŝ12 þ rDŝ12 þ imŝ22 þ iarŝ23f g � S
1
2iamr2�wv̂

þ a ŝ13þrDŝ13þimŝ23þiarŝ33f g � S
1
2arD�wû

� S
1
2ia2r�wŵ � ik2r ŝ11 � 2ia�s13R̂

� �
þ S

1
2ik2r 1� a2 �m2ð ÞR̂ þ S�

1
2RBik

2r D�TR̂ þ T̂ð Þ
¼ rS

1
2r mrv̂ þ aŵð Þ: (A3)

Here, k2 ¼ a2 þ m2.

APPENDIX B: THE SURFACE INTEGRAL EXPRESSION
FOR THE PRODUCT OF PERTURBATIONS

For the perturbations A and B on the liquid surface,

A ¼ jAj sin ðUþu1Þ; (B1)

B ¼ jBj sin ðUþu2Þ; (B2)

the surface integral of their product is

ð2p

0

ABð Þdr2 ¼ jABj
ð2p

0

sin Uþu1ð Þ sin Uþu2ð ÞdU

¼ pjABjcos u1 � u2ð Þ: (B3)
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