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Abstract 24

A space-borne gravitational wave detector requires the inertial refer- 25

ence to be in an ultra-low disturbance state, which places exceedingly 26

high demands on the sensitivity of the inertial sensor (IS). However, the 27

local magnetic field of the satellite platform will disturb the test mass 28

(TM) and produce acceleration noise. To monitor and assess the influ- 29

ence of the magnetic field on the TM, it is necessary to monitor the 30

1



Springer Nature 2021 LATEX template

2 Article Title

magnetic field near the IS in real-time and reconstruct the magnetic field31

in the TM area. We propose a distance weighting multipole expansion32

(DWME) method to satisfy the demand of high-precision magnetic field33

reconstructions using a small number of magnetometers in a space gravi-34

tational wave detection mission. This new method can fully utilize all the35

magnetometer readout data near two TMs in the spacecraft by distance36

weighting. The proposed DWME method can reduce the average recon-37

struction error of a sensitive axial magnetic field from 1.2% to 0.8% and38

the maximum error from 16% to 8% when compared with the traditional39

multipole expansion method. Thus, the method provides a new technique40

to reconstruct the magnetic field using a small number of magnetometers.41

Keywords: Magnetic Field Recovery, Space-borne Gravitational Wave42

Detector, Distance Weighting, Multipole Expansion43

1 Introduction44

Ground-based gravitational wave detectors first successfully detected gravita-45

tional waves (GW) first in 2015[1]; this opened an entirely new window to the46

universe. Thereafter, scientists devoted themselves to detecting richer sources47

of GW signals in a wider range of frequencies. As the most interesting sources48

of GW signals are at low frequencies, space-borne GW detection antennae49

capable of observing low-frequency signals have received increased attention.50

In the early 1990s, the ESA and NASA jointly proposed the Laser Inter-51

ferometer Space Antenna mission (LISA); this mission comprises an isometric52

three-spacecraft constellation separated by millions of kilometers to detect53

the tiny pathlength fluctuations between the spacecraft using intersatellite54

laser ranging interferometry[2]. Chinese scientists began to make proposals for55

space-based GW detection in earnest in the 2000s. After years of preliminary56

study, a complete mission design with 3 million km arms in a heliocentric orbit,57

the Taiji mission, was officially supported by the Chinese Academy of Sciences58

in 2016[3–5]. In addition, many other spaceborne GW exploration missions59

have been proposed, such as ASTROD[6], DECIGO[7], ALIA[8], BBO[9], and60

Tianqin[10].61

An inertial sensor (IS) is one of the core payloads of a space GW detection62

mission. To detect low frequency GW signals, the test mass (TM) in the IS63

must maintain free motion along the measurement axis. For LISA and Taiji,64

the acceleration noise of the TM should be less than 3× 10−15 ms−2 Hz−1/2 in65

the frequency band of 100µHz−−0.1Hz[2]. Magnetic field around the TM is66

one of the main factors contributing to the total acceleration noise allowance67

of the IS. The stray force on each TM caused by magnetic interference is given68

by the following formula[11, 12]:69

F =

〈[(
M+

χ

µ0
B

)
·∇

]
B

〉
V, (1)
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where M and χ are the remanent magnetic moment and magnetization of 70

the TM, which can be obtained through experimentation[13, 14], µ0 is the 71

permeability of vacuum, and V is the volume of the TM. B and ∇B are the 72

magnetic field and magnetic field gradient, respectively. The magnetic field B 73

and the magnetic field gradient ∇B at the TM location cannot be calculated 74

by modeling or measured directly with a magnetometer. Furthermore, the 75

magnetic field distribution at the TM location of the GW detection missions in 76

space needs to be reconstructed by interpolation methods, which combine the 77

magnetic field simulation analysis with the readout data of the magnetometer 78

near the TM. 79

LISA Pathfinder (LPF), which is a precursor mission of LISA, is a technical 80

verification spacecraft for space GW detection missions[15]. It has a magnetic 81

diagnostics subsystem, which includes a set of four fluxgate magnetometers 82

that aim to monitor the magnetic field around the TM location[11, 16]. 83

However, the fluxgate magnetometers used in LPF have a few drawbacks 84

in performing magnetic reconstruction. First, the large size of the sensor 85

and uncertainty in spatial resolution can increase magnetic field reconstruc- 86

tion errors[17], and second, the core of the fluxgate magnetometer contains 87

ferromagnetic material, which generates additional magnetic fields[17, 18]. 88

Therefore, the triaxial fluxgate magnetometers need to be installed away 89

from the TMs and the number of magnetometers needs to be limited. These 90

constraints make it difficult to accurately estimate the magnetic field and gra- 91

dient in the TMs with the readout data of the fluxgate magnetometers using 92

classical interpolation methods. Choosing high-precision small-sized magnetic 93

sensors with low residual magnetism is one way to resolve the aforemen- 94

tioned problems. Some promising high-sensitivity micromagnetic sensors that 95

can be used in spacecraft for weak magnetic field reconstructions have been 96

investigated[19], such as anisotropic magnetoresistance (AMR)[17, 20–22], tun- 97

neling magnetoresistance[23], and giant magnetoresistance [24]. Mateos et al. 98

showed that if the fluxgate magnetometers in the LPF mission were replaced by 99

four AMR sensors ∼5cm apart from the TM, the magnetic field reconstruction 100

error would be reduced to less than 15% [25]. 101

Improving the field reconstruction method is another worthwhile approach. 102

The magnetic field reconstruction methods for space GW antennae can be 103

mainly divided into two categories; the first one needs a priori information 104

from the magnetic source model, such as the neural network method (see 105

Appendix A.3). Diaz-Aguiló et al. showed that the neural network method can 106

reduce the estimation errors in the magnetic field and gradient to less than 107

10%[11]. The second is classical interpolation methods such as multipole expan- 108

sion (ME)[11, 26], distance weighting (DW, see Appendix A.1), and Taylor 109

expansion (TE, see Appendix A.2)[25], which do not rely on a priori infor- 110

mation about the magnetic structure of the spacecraft. The accuracy of the 111

magnetic field interpolation method is influenced by the number and location 112

of the magnetometers. 113
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In space GW detection, each spacecraft has two TMs separated by tens114

of centimeters, and each TM is surrounded by several magnetometers. As the115

reconstruction error of the conventional magnetic field reconstruction method116

increases with the increase in the magnetometer distance, the magnetometer117

around the other TM is ignored during the TM magnetic field reconstruction118

process. In this paper, a distance weighting multipole expansion (DWME)119

method is proposed to reconstruct the magnetic field at the TM, which sup-120

presses the distance-induced uncertainty by distance weighting and can fully121

utilize the magnetometer data around the two TMs to achieve more accurate122

estimates of magnetic field.123

The structure of this paper is as follows. Section 2 explains the principle of124

the DWME method; the simulation results are given in Section 3; and finally,125

we analyze the results and draw our conclusion in Section 4.126

2 The Proposed Multipole Expansion with127

Distance Weighting128

2.1 Magnetic Environment and Sensor Configuration129

On a space-borne GW detector spacecraft, the magnetic components are dis-130

tributed outside the IS area and can be treated as one or more magnetic131

dipoles. We will use the data on magnetic sources on the LPF given by132

Astrium[27], which will not affect the performance test of the method. The133

DC magnetic moment and position of the sources are fixed, but their mag-134

netic moment direction is unknown. Four micromagnetic sensors are placed135

near each of the two TMs. Figure 1 presents the distribution of the magnetic136

sources, magnetometers, and TMs. More details are provided in the caption.137

According to the theoretical model of magnetic dipoles, the magnetic field138

generated by the magnetic dipoles at any point x can be given by139

Br (x) =
µ0

4π

K∑

a=1

3 [ma · na]−ma

| x− xa |3
, (2)

where K is the quantity of dipoles, ma is the moment of the ath magnetic140

dipole, and na = (x− xa) / | x− xa | is a unit vector from dipole ma to field141

point x. The gradient field can therefore be calculated as142

∂Bi

∂xj
=

µ0

4π

K∑

a=1

3

| x− xa |4
[(ma,ina,j +ma,jna,i) + (ma · na) (δij − 5na,ina,j)] ,

(3)
where δij is Kronecker’s delta.143
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Fig. 1 Spatial distribution of magnetic sources. Magnetic sources: green dots with the size
proportional to their moment. TM1: yellow cube with 4 micromagnetic sensors (Mag 1–4
in blue triangle) around it. TM2: cyan cube with 4 micromagnetic sensors (Mag 5–8 in red
triangle) around it. The distance between the centers of the TMs is 0.4 m and the included
angle is 60°. The side length of TM1 and TM2 is 0.046 m. See Appendix B for more exact
location information.

2.2 Distance Weighting Multipole Expansion 144

As the materials of the components near the TM are almost nonmagnetic, this 145

area can be regarded as a vacuum region. Therefore, its magnetic field has 146

both zero divergence and curl, which means that 147

∇ ·B (x) = 0, ∇×B (x) = 0. (4)

We thus get 148

B (x) = ∇Ψ(x) (5)

and 149

∇
2Ψ(x) = 0, (6)

where Ψ (x) is a harmonic scalar function. The solution of this equation can 150

be written as 151

Ψ(x) =

∞∑

l=0

l∑

m=−l

MlmrlYlm (n) , (7)

where r ≡| x | and n ≡ x/r are the modulus and unit vector of the direction of 152

field point x in a spherical coordinate system whose origin is set to the center of 153

TM1, respectively. Mlm is the multipole coefficient of orders l and m, whereas 154

Ylm is a spherical harmonic function. In Equation (7), terms proportional to 155
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r−l−1 can also be included; however, these terms have been omitted as the156

magnetic field is finite at the geometric center of TM. According to Equations157

(5) and (7), we have158

B (x) = ∇Ψ(x) =

∞∑

l=1

l∑

m=−l

Mlm∇
[
rlYlm (n)

]
. (8)

It should be noted that the limited number of magnetometers will lead to a159

truncation issue in the ME method. Assuming that Equation (8) is truncated160

at the maximum multipole coefficient order l = L, the estimated magnetic161

field Be can be written as162

Be (x) = ∇Ψ(x) =

L∑

l=1

l∑

m=−l

Mlm∇
[
rlYlm (n)

]
, (9)

where the number of multipole coefficients Mlm that need to be solved is163

NME (L) =

L∑

l=1

(2l + 1) = L (L+ 2) . (10)

In addition, each magnetometer can provide magnetic field readings in three164

channels: (Bx, By, Bz). Therefore, the truncation order of ME must satisfy165

3 ·Nmag ≥ L(L+ 2), (11)

where Nmag is the number of magnetometers. For example, multipole coeffi-166

cients need at least Nmag = 3 magnetometers to expand to L = 2, Nmag = 5167

for L = 3, and Nmag = 8 for L = 4.168

In the magnetic sources model (MSM) in Figure 1, we can mainly consider169

the magnetic field reconstruction at the position of TM1. We have 8 magne-170

tometers (Mag 1–8), which theoretically achieve the condition of expansion to171

L = 4, but this will greatly reduce the reconstruction accuracy due to Mag172

5–8 being too far away from the TM1 (∼40cm). However, if only Mag 1–4173

readouts are used for the magnetic field reconstruction using the traditional174

ME method, which expands to L = 2, the information from Mag 5–8 are175

omitted. Considering whether the readings of Mag 5–8 are properly processed176

may help improve the accuracy of the magnetic field reconstruction at TM1.177

Consequently, we propose a DWME method.178

The DWME method selects the optimal multipole coefficient to minimize179

the error between the reconstruction results and the exact value of the mag-180

netometers. The contribution of the readouts from the nearby magnetometer181

to the reconstruction error should be greater as they are located near TM1;182

hence, larger weights are given. Furthermore, small weights are given to the183

reconstruction error of the distant sensors. The DWME method redefines the184

error of the traditional ME method in solving multipole coefficients and uses185

the following distance weighted mean square error:186
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ε2 (Mlm) =

N∑

s=1

as | Br (xs)−Be (xs) |
2, (12)

where as is the distance weighting coefficient and xs is the position of the 187

magnetometer. An intuitive distance weighting coefficient design is shown in 188

Equation (13). 189

as =
1/rns∑N
i=1 1/r

n
i

, (13)

where n represents the interpolation order and ri is the distance between the 190

target TM and specified magnetometer. To minimize the error, we let 191

∂ε2

∂Mlm
= 0. (14)

The optimal estimation of Mlm (t) can be calculated using the least square 192

method and we get the estimation of the magnetic field in the whole space by 193

Equation (9). The estimated gradient can be written as 194

∂Bi

∂xj

∣∣∣
e
(x) =

∞∑

l=0

l∑

m=−l

Mlm
∂2

∂xi∂xj

[
rlYlm (n)

]
. (15)

2.3 Advanced Distance Weighting Multipole Expansion 195

As explained in Section 2.2, the DWME method selects and calibrates the 196

optimal weighting order n∗ corresponding to the specific MSM in the on- 197

ground experiment. However, when the satellite is on-orbit, there may be an 198

unexpected change in the magnetic moment or even the number of magnetic 199

dipoles, resulting in the n∗ of ground calibration no longer being applicable, 200

which will have a negative impact on the magnetic reconstruction. To overcome 201

this weakness of the DWME method in the on-orbit experiment of space GW 202

detection, we propose an advanced distance weighting multipole expansion 203

(ADWME) method. 204

Briefly, the only difference between ADWME and DWME is the design of 205

the distance weighting coefficient (see Equation (13) for DWME). The distance 206

weighting coefficient ãs of ADWME can be given as 207

ãs =
1/r

n(1+λd)
s

∑N
i=1 1/r

n(1+λd)
i

, (16)

where d = 1− ρ is the Pearson distance when 208

ρ = Corr
(
Bground

r (xs),B
orbit
r (xs)

)
∈ [−1, 1] (17)

is the Pearson correlation coefficient between the on-ground calibrated read- 209

outs Bground
r (xs) and the on-orbit actual readings Borbit

r (xs) of the magne- 210

tometers. Lastly, λ is the sensitivity factor to the changing degree of the MSM. 211
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In other words, the bigger the sensitivity factor, the smaller is the weight of212

ãs corresponding to the reading error of the magnetometers near TM2 when213

d 6= 0. Note that λ cannot be too large in order to avoid infinite weight in214

the calculation process as ri < 1 (see Figure 1). Generally, λ can be set in the215

range 10—50; in our experiment we let λ = 30.216

3 Results217

3.1 Reconstruction of Magnetic Field218

To test the performance of the DWME method in an on-ground magnetic field219

reconstruction task, we randomly selected the direction of a group of magnetic220

dipoles from two uniform distributions (i.e. θ ∼ U (0, π), ϕ ∼ U (0, 2π)) to fix221

the MSM, and recorded the model as an MSM-Test.222

In the process of the magnetic field reconstruction, it is worth noting that223

the total number of magnetometers satisfied the condition of reconstruction224

to L = 4 (see Equation (11)); however, we truncated the multipole coefficients225

of the DWME method at L = 2 as the magnetometer reading near TM2 is226

not completely reliable. In addition, according to the DWME method, a small227

weight was given to the magnetometers’ readings near TM2, whereas a large228

weight was given to the magnetometers’ readings near TM1. The selection of229

the weighting order n in Equation (13) to minimize the error was an intuitive230

problem. To this end, we studied the influence of the weighting order n on the231

magnetic field reconstruction error.232

Fig. 2 Relationship between reconstruction error and weighting order n of DWME method.
We reconstructed the magnetic field of the MSM-Test model using the DWME method with
L = 2 for the weighting order n in the range 0–5 with steps of 0.05 and found the optimal
weighting order n∗ = 1.35 corresponding to the minimum error of the MSM-Test model in
the direction of the sensitive axis (x-axis).

Figure 2 displays the relationship between the magnetic field reconstruction233

error and weighting order, defined by[11, 25] as234

ε|B| =
∣∣∣
| Be | − | Br |

| Br |

∣∣∣, εBj
=

∣∣∣
Bj,e −Bj,r

| Br |

∣∣∣, (18)
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where | Br | in εBj
is included to avoid infinite error when the component 235

of the magnetic field is extremely small. As can be seen, all errors (including 236

the error of the magnetic field components and modulus) converged when the 237

weighting order exceeded the third order, whereas the reconstruction error 238

fluctuates for n ≤ 3. We were especially concerned about the accuracy of the 239

sensitive axis (i.e., the x-axis) as it is the direction of space GW detection. 240

Hence, we chose the optimal weighting order n∗, which minimized the relative 241

percentage error of the magnetic field Bx component. For instance, n∗ = 1.35 242

for our MSM-Test. 243

Next, we simulated the exact magnetic field near TM1 in the z = 0 plane, 244

and compared it with the results that employed the DWME method. Figure 3 245

exhibits the exact magnetic field, estimated field, and error with the DWME 246

method, where the definition of the error is presented in Equation (18). It can 247

be seen that the trends of the left and middle column panels are extremely 248

similar, especially in the TM area (within yellow dotted line), which means that 249

the DWME method can produce a passable precision as well as low relative 250

error (see right column panels in Figure 3). 251

3.2 Error Analysis 252

In this section, we summarize the error analysis of different magnetic recon- 253

struction methods in an on-ground magnetic reconstruction environment, 254

which includes the Taylor expansion, distance weighting, multipole expansion, 255

and our DWME method. 256

Table 1 shows the magnetic reconstruction errors (εBj
and ε|Bj |,max, see 257

footnote) between the exact and estimated fields using the aforementioned 258

methods. The first three methods only use magnetometer readings near TM1 259

(i.e., Mag 1–4) to interpolate the magnetic field, whereas the last five meth- 260

ods use all magnetometer readouts near both TM1 and TM2 (i.e., Mag 1–8). 261

The weighting order n in the DW method, the expansion order k in the TE 262

method, and the expansion order L in the ME method are listed in the chart. 263

In addition, the results were obtained throughN = 103 simulation experiments 264

where the DWME method worked under the condition of adaptive selection 265

of weighting order n∗ in steps of 0.05 for each group of magnetic dipoles in 266

direction (θ, ϕ), which follows the uniform distribution. 267

As can be seen in Table 1, the DWME method performs best in terms of the 268

reconstruction error in the sensitive axis direction, owing to its selection of the 269

optimal weighting order n∗, which is a highly meaningful option for the space 270

GW detection. Specifically, it reduces the average error by more than 0.4% and 271

the maximum error by over 8% when compared with the other methods. The 272

errors of the first three methods with only four magnetometers are also rela- 273

tively small in the direction of the sensitive axis. However, the errors of DW, 274

TE, and ME (L = 2) methods are improved when all eight magnetometers are 275

used for interpolation. This means that the newly introduced reading infor- 276

mation of Mag 5–8 is not conducive to improving the reconstruction accuracy. 277

Moreover, the error of the ME (L = 4) with eight magnetometers is larger than 278
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Fig. 3 Contour maps of the accurate (left column), estimated (middle column), and error
(right column) of the magnetic field modulus and components obtained by the DWME
method with Mag 1–8 in the z = 0 plane near TM1 for a specific magnetic sources environ-
ment. The outline of TM1 (yellow dotted square with side length of 46 mm) and the location
of its nearby magnetometers (Mag 1–4 in blue triangles) are both marked in the plots.

the ME (L = 2) with four sensors. This is because the former method uses the279

magnetometers near TM2, which is far from TM1, to reconstruct the magnetic280

field until order L = 4; this implies the use of the reading information of both281

Mag 1–4 and Mag 5–8 equally.282

However, it is necessary to analyze the reconstruction error of the magnetic283

component along the sensitive axis with the DWME method under different284

magnetic source models. As there are few available MSM data, we take the285

straight line passing through the midpoint of two TMs and parallel to the z-286

axis as the rotation axis and rotate the magnetic source clockwise once every287

30° to obtain 12 sets of MSMs.288
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Table 1 Relative errors as percentage of the estimated magnetic field at the center of the
TM1 using different magnetic reconstruction methods.

Error [%] εB
1 εB,max

2

Method Order Nmag | B | Bx By Bz | B | Bx By Bz

Distance Weighting n=1
4

2.0 1.2 1.2 1.5 33 16 44 47
Taylor Expansion k=1 2.0 1.2 1.2 1.5 33 16 44 47

Multipole Expansion L=2 2.0 1.2 1.2 1.5 33 16 44 47
Distance Weighting n=1

8

13 13 15 11 696 799 145 388
Taylor Expansion k=1 3.0 2.7 2.7 2.3 121 36 83 141

Multipole Expansion L=2 3.0 2.7 2.7 2.3 121 36 83 141
Multipole Expansion L=4 3.7 5.5 1.7 3.3 39 107 14 35

Our DWME L=2 2.0 0.8 1.7 1.6 17 8 57 39

Note: The minimum magnetic field reconstruction error in each column of the chart is bold.
1εBj

is the average error calculated as εBj
= 1

N

∑N
i=1

∣

∣Bi
j,e −Bi

j,r

∣

∣/ | Bj,r | relative to | B | and

Bj , respectively.

2The maximum error in percentage for 103 randomly selected dipole direction of MSM computed
as ε|Bj |,max = max

i∈{1,...,N}

∣

∣Bi
j,e − Bi

j,r

∣

∣/ | Bj,r |.

Table 2 Comparison of average errors of magnetic field Bx component using several
methods under 12 rotation angles of magnetic sources.

Error [%] εBx
for different rotation angles

Method Order Nmag
π
6

π
3

π
2

2π
3

5π
6

π 7π
6

4π
3

3π
2

5π
3

11π
6

2π

Distance Weighting n=1
4

0.9 1.1 1.6 0.9 2.4 1.3 2.8 1.6 2.2 2.5 1.3 1.2
Taylor Expansion k=1 0.9 1.1 1.6 0.9 2.4 1.3 2.8 1.6 2.2 2.5 1.3 1.2

Multipole Expansion L=2 0.9 1.1 1.6 0.9 2.4 1.3 2.8 1.6 2.2 2.5 1.3 1.2

Distance Weighting n=1

8

14 13 14 11 9.7 7.5 7.6 8.2 8.2 8.1 11 13
Taylor Expansion k=1 2.8 2.9 3.5 2.0 3.5 2.1 4.3 2.6 3.6 4.0 2.2 2.7

Multipole Expansion L=2 2.8 2.9 3.5 2.0 3.5 2.1 4.3 2.6 3.6 4.0 2.2 2.7
Multipole Expansion L=4 5.3 5.4 8.2 5.3 4.9 4.3 6.0 3.8 5.3 5.0 4.2 5.5

Our DWME L=2 0.4 0.6 1.1 0.4 2.1 0.9 2.5 1.2 1.9 2.3 0.7 0.8

Note: Similar to Table 1, the first three methods use only Mag 1–4 readings whereas the other methods use all
magnetic sensors. The rotation axis is a straight line parallel to the z-axis through the midpoint of the TMs’
centers, i.e., (−0.1,−0.1732, 0). We conducted the experiment by rotating the magnetic sources clockwise around
the rotation axis every 30°and obtained 12 groups of MSM after one revolution. The minimum magnetic field
reconstruction mean error in each column of the chart is bold.

Table 2 shows the mean errors of the estimated magnetic field compo- 289

nent Bx at the TM1 location for the methods mentioned in Table 1 in this 290

experiment. Each error is the average result of 103 randomly selected mag- 291

netic dipole directions from the uniform distribution. The performance of the 292

DWME method exceeds that of the other methods for the 12 different MSMs, 293

which demonstrates that the DWME method has certain advantages for the 294

estimation of Bx in the on-ground magnetic field reconstruction experiment 295

when compared with other classical methods. 296

3.3 Robustness Analysis 297

It should be noted that the advantage of the DWME method in the sensitive 298

axis direction as described in Sections 3.1 and 3.2 comes from the adaptive 299

selection of the optimal weighting order n∗, which depends on the MSM. The 300

weighting order n∗ that best fits the magnetic source distribution can be chosen 301



Springer Nature 2021 LATEX template

12 Article Title

based on ground-based magnetic measurements before launching the space-302

craft. However, the characteristics of the magnetic source will change slightly303

when the satellite is on-orbit. For example, the switching of payload devices304

may lead to the appearance or disappearance of magnetic units, or some units305

may change magnetic moment due to a variation in the magnetic environment.306

To check whether the error of the magnetic field estimates obtained using the307

DWME method with weighting order n∗ remains relatively low during the308

mission, it is necessary to analyze the robustness of the weighting order.309

Fig. 4 Quality of the estimate of Bx as a function of the standard devition. σ represents the
standard deviation of the truncated normal distribution of the magnetic sources direction
parameters (θ, ϕ) with intervals [0, π] and [0, 2π], respectively.

Taking the MSM-Test model as an example, the direction of magnetic310

moment is {(θ∗i , ϕ
∗
i ) , i = 1, ..., n} and the optimal weighting order of the311

DWME/ADWME method is n∗ = 1.35. It is assumed that the variation of312

the direction parameters {(θi, ϕi) , i = 1, ..., n} of the magnetic dipoles with313

{(θ∗i , ϕ
∗
i ) , i = 1, ..., n} as the expectations follow truncated normal distribu-314

tions with standard deviations σ = σθ = σϕ and intervals [0, π] and [0, 2π].315

For each standard deviation σ, 103 sets of magnetic parameters {(θi, ϕi) , i =316

1, ..., n} are selected to analyze the relationship between the mean estimation317

errors εBx
and the standard deviation σ. In Figure 4, the green line corresponds318

to εBx
, acquired by classical methods (DW/TE/ME) with 4 magnetometers;319

the blue line corresponds to εBx
, acquired by DWME; and the red line cor-320

responds to εBx
, acquired by ADWME. As can be seen in this figure, when321

σ < 0.3, the average relative percentage error of reconstruction by our DWME322

and ADWME is lower than classical methods (DW/TE/ME) with 4 magnetic323

sensors. However, the error of DWME method will continue increasing with324

0.3 ≤ σ ≤ 1, whereas the ADWME method with λ = 30 is almost identical325

to classical methods. Essentially, the ADWME method combines the merits of326

both the DWME method and traditional methods. As a result, the ADWME327

method has good robustness even when there is a large deviation from the328

initial MSM.329
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4 Conclusion 330

In this paper, a new ME method with distance weighting, DWME/AD- 331

WME, was proposed. In space GW detection missions, four magnetometers 332

are assumed to be placed around each of the two TMs. The DWME/ADWME 333

method uses all eight magnetometer readings to estimate the magnetic field 334

in the TM area, where the sensors close to the TM are assigned larger weights 335

than those far from the TM. To obtain model-independent results, 103 sets of 336

MSMs are selected to perform DWME magnetic field reconstruction experi- 337

ments. The results show that the average reconstruction error of the magnetic 338

field along the sensitive axis is reduced from 1.2% to 0.8%, and the maxi- 339

mum error is reduced from 16% to 8% compared with the reconstruction error 340

of the conventional ME method. In DWME/ADWME, the optimal weighting 341

order of n∗ is dependent on MSM. For any MSM, we can choose an optimal 342

weighting order n∗
x so that the reconstruction error of the Bx component of the 343

magnetic field is minimized. Similarly, the optimal weighting order n∗
l can be 344

chosen so that the reconstruction error of the Bl component of the magnetic 345

field along the l-direction is minimized. In this manner, the DWME/ADWME 346

method can improve the reconstruction accuracy of the magnetic field compo- 347

nents in any direction, which allows for a more accurate estimation of the TM 348

magnetic noise in space GW detection missions. It should be emphasized that 349

DWME/ADWME is a general recovery method that can be used not only in 350

magnetic field reconstruction for space GW missions but also in physical fields 351

reconstruction for other missions. The robustness of the weighted order n∗
x in 352

DWME/ADWME is also confirmed. When the MSM does not vary signifi- 353

cantly, the DWME reconstruction error of certain magnetic field components 354

at the TM position is smaller than that of the conventional method. However, 355

when the MSM varies greatly, the ADWME method has better robustness. 356

Appendix A Other Interpolation Methods 357

A.1 Distance Weighting (DW) 358

The principle of the DW method is to assign weights to the magnetometers’ 359

readings according to the distance from the TM, and then combine them lin- 360

early. The expression of the estimated magnetic field at point x employing the 361

DW method can be given by 362

Be (x) =

N∑

s=1

asBm (xs) , (A1)

where N is the total number of magnetometers, Bm (xs) is the readings of the 363

magnetometers, and as is the weighting coefficient. See Equation (13) for a 364

common expression of as. 365
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A.2 Taylor Expansion (TE)366

The TE method is widely used in accurate approximate calculation and can367

also be adopted to infer the magnetic field at the TM position from the mag-368

netometers’ readings. The TE method can be expanded at the center of the369

TM (xTM), and the truncation order T of the expansion depends on the num-370

ber of magnetometers. The magnetic field at the magnetometer position can371

be expressed as372

Bm (xs) = Be (xTM) +

T∑

k=1

3∑

i=1

∂kBe (xTM)

∂xk
i

(
xs,i − xTM,i

)k

k!
, (A2)

where xs is the positions of the magnetometers and Bm (xs) is the magne-373

tometers’ readouts. Be (xTM) and ∂k
Be(xTM)

∂xk
i

are the magnetic field values and374

magnetic field gradient at the TM location, respectively, which need to be375

solved.376

According to Equation (4), the magnetic field gradient tensor∇kB is a sym-377

metric traceless matrix that can reduce the number of independent variables.378

For example, when expanded to the 1st order, the total unknown quantity to379

be solved is only 8 (3 magnetic field value components and 5 magnetic field380

gradient value components).381

A.3 Artificial Neural Network382

The literature [11, 28] indicates that the neural network method takes the383

reading of the magnetic sensor as the network input, the magnetic field and384

its gradient at the TM position as the network output; only a fully connected385

single hidden layer with a small number of neurons can be used to achieve low386

reconstruction error. The schematic diagram of its network structure is shown387

in figure A1.388

Fig. A1 Basic structure of artificial neural network method



Springer Nature 2021 LATEX template

Article Title 15

However, the neural network method needs to train with a large number 389

of magnetometers’ readings as samples in the ground experiment to obtain 390

high reconstruction accuracy, which is actually an interpolation method with 391

a priori information. The moment of each magnetic dipole may change in 392

satellite launching and on-orbit missions, which makes the neural network 393

method face some limitations in generalization ability. 394

Appendix B Location Information 395

Table B1 Location of TMs

Name X(m) Y(m) Z(m)

TM1 0 0 0
TM2 -0.2 -0.3464 0

Table B2 Location of magnetometers

Name X(m) Y(m) Z(m)

Mag1 0.0514 0.0514 0
Mag2 0.0514 -0.0514 0
Mag3 -0.0514 0.0514 0
Mag4 -0.0514 -0.0514 0
Mag5 -0.1298 -0.3652 0
Mag6 -0.2188 -0.4166 0
Mag7 -0.1812 -0.2762 0
Mag8 -0.2702 -0.3276 0
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[16] Canizares P, Conchillo A, Garćıa-Berro E, Gesa L, Grimani C, Lloro I, 462

et al. The diagnostics subsystem on board LISA Pathfinder and LISA. 463

Classical and Quantum Gravity. 2009;26(9):094005. 464
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