N JmAEERER G 5 IEE Wik E AR S W

B06

=

RRRCB AT RARFER R WENO-

ZN 1ZAR

D

B 12,

(1 P ERRABE )220 TR i AR B0 2 s =, AEATHRE X 100190;

2 HHEEBER RS TR 5B, 65 100049)
%. WENO(Weighted essentially non-oscillatory)# =\ RE B N HERA I 7T R 48 B 24 m 1
TR, T AR B BE WO AR A N R AL, AR R A SRR E T2
MR SEFISL A o 1T 52 A8 B AT R BRI, WENO % =UAEFE I 5 s BRI (14 1] 23
T $rm WENO A% 2 m M 7 s (=2 W OB RS B2 DUSE ik 3 32 2 2 3 P B sh 48 1
Shen SE[11THRH T —FhifT ) WENO BUETHHE 5%, #iE T wf () WENO-ZN #%3(, Wifibr
WENO-ZN #& UBEH B il S R B IR = B Ty o ASCIR M A BB sCnO i, M
TRA T ESREAOGERE T, AWMiAHHER (WENO-ZNe) (ENIG IR K1
SR =B ZB R=IG A SRR S B TR BE . AR ENO Hrt: K H 3L IR T A
SEMRDGHE X B BUR O BRI R, SRR T R SR ARG TE R T 1 D B 30 g 2
£ WENO-ZNc #RIMAEZ T, I X R AR EBUEAOGEE T, b XA ESCEROLEE T
B B BB A7 (B WENO-ZN #20), fRIE 7O X (el it ) sk
ICFERUIL A . BUE LSRR, Soliis AR IR T R A S, BAARS R A
SCHIE, FRART BUEFERL, IR Hs R K KR mxd & 4N RS M o 26
K] WENO #%30, IGF AL BARENOGH T, [RIWHRIT57%: moks BEARHFEEL

il

0 3l

INBUEA TR (WENO) ##2CH TH
R P SRR A A BB R R R PR AR A, 2
T b AR R R R, TR S S R AR I
HEIRIGTZ N . WENO #% 302 i Liu
SENE TR R (ENO) H4)3 FAR 1 JL il
E SRR, A ENO g B 1 4L
A5 A5 308 T AT B S A FRORG B < Jiang
Shu?$g H 1 4 L) WENO-JS #% 20, ## T
R M WENO #3106 B FIBLE T
B —ANESE, RESRTG AT IR B

Henrick ZBgH, WENO #&:U7E—M
I S AR A7 LE BRI 1) 8, 3@ 5 5 N — At
STeR L, #iE 7 WENO-M % 3. Feng &
STIER Sk SR FH B 0 P W S B 2504 DR G AR I S5
FIE A, Sk WENO-M F il A sk
{H WENO-M #RFAEEMNEF TH I, 1t
HER, KEBRZEE KEA L. Borges
S IOTHE H 1) i BEAR B O T R 7 DA e AL

104

BRECHE RS, WK E T WENO-Z #% 2.
K25 WENO-Z g 2UAd FH i B A AR O 6 B
T K38 P B B B A U b 3 A 5 A
G RE, DRI HH A — 2 s B B A g PR 1 )
17 ARG U1, 5K, Borges 410
WHIN TP RSB 0 BRI F Fe
SO RS FE I T, (22 LR ANIT
c I A, RV T A g At AT 0 R
ROR, AH 2 AL S A ] 7 1) R
A 4h, Shen ZE11(2020)% T )\ B B4R 6 1
B Frg, R G REEF T HE R
B T EARERE R, MiE T WENO-
ZN %30, fRHIE T ENO JE i AN mide &
e, AR T B AR T R

FH—Fit WENO &2 20U K 3L
HEMR RS AER G, el
WENO &R T ARFERL Aok BE 3
RS IR b 4% =X B 2l D) 48 14 ] B ) ) g
ATEARIRANIEGE, HATR AN 1812 225
N I AH SR WA P KA G S8, i RRG
1) A B s M 1) FEAIC . Shen A1 Zhal' 1 F



N JmAEERER G 5 IEE Wik E AR S W

FAREROGHE R A T A& AR I A
RSHRI A 7 7, (R 20
I i AR 1B W7 . Shen Z5ROEE 52 T
SO R 1] W) R T g 5 AHAE S R (A=
B e 5 pt B3 2 i A R T

ARICAEG T LAME TR WENO A% 20K 2
(AR b, i B BOT AR IE -+ AR
IR, FERFZOGH BT T (A
Wil g5k, fEURIERE BERE T B
WENO-ZNc 1% 3. BUH AR LW, 1z R
1 WENO-ZN #3 R 4 BBl e vk
BRI EII, HE— P4 T S 5 s
FEEE, PRI T BUEAER, @ TR E RN AR
SER R R

1 BUERE

X S E TR K
o 9

1 5 bR A f (w) P 3 2N E(w) = £ (w) +
f=(u), Ho, fr(w)/du=0,f"(u)/du < 0.
Ax ¥ S MRS A [P, TTRE I B TR
W

=0 (D

du; fi+1/2 *];iﬂ/z
a A )
A UL (Wi BUEE BRG], A5
.
1.1 WENO-JS &=,
Tk WENO #% s S A5 Ny

2
fivip= Zkak 3)
k=0

105

Hog N FHEERSE=(>G{+kit+k—
1,i+ k) -
—kriEE, BN

1 7 11
q0:§fi7276 i71+€fi
1 5 1
< Q1:*gfi717L gfiTLgfz'ﬂ 3)
1 5 1
Q2:§fz‘+ 6fi+176fi+2
Jiang 1 Shu 1HHEBUEwy
_ Ck
O = (IS;C+€)2
W=t k=0,1,2, ©)

O[0+a1+6¥2

IS N RERGHE FEE R F (LSD, H T4
BT RRARS ARG B co = 0.1, ¢ = 0.6,
¢y = 0.3 TLlr il XUkg S BRARAUE . i
el ENO Fith, A3CHLe = 1070 (RUF
B /N IR AR 6

Jiang Il Shu #2H T &g =R T

(LSD A

2 Tit1/2
IS, = Z/ (Az)*(gf") dz,
=1 J @i

()
(LSD RA&JE0N:

13 2 1 2
IS():ﬁ(fx—2*2fz—1+fz) +Z(fz—2*4fz—1+3fz)
13 , 1 ,

[Slzﬁ(ﬂflf2fi+fi+1) +Z(f1*17fi+])
13 2, 1 2
IS2:E(fi72fi+l+fi+2) +Z(3fi74fz+1+fi+2)

(6)
XT ISy 7 x; A& Tayler J& JF LLfE 53 #r
WENO #% :URp



N JmAEERER G 5 IEE Wik E AR S W

-

13

103

Shen FFR43R M AR 4k 1 2 305
THBOCIE T

r—1
1S, = Y v [V )
=1

o £ O 9 T B 254,

f((JQ):fz—272.ﬂfl+fi
f{Q):fz—liz.fl‘\»fiJrl

(10)
Wy, =1, y, =13/12, NIPEHEET
(7
TEX[3]%, Henrick 5 T H ST

ZAk (Wi —wy ) =0(Az?)

BN wt—c, =0(Az?) (1)

Horb Ay lgy () Tayler JEFFAx3H I R 2L,
WEGY BN fiaa o MOBUE, R H 7850 251
N
wi — ¢, =0 (Az?)

1.2 Al WENO-Z &=

SO I 4 1 BE ARSI R (GSD) 151t
HRUESZ H T WENO-Z #% X

akck<1+(IS:5+€ )q>
HAZH T = IS, — 1S|, XFH: Tayler
RIS 2,

Ts= gfnfw _ f/f(4)

Hit, WA 3

(12)

(13)

Az’ + 0 (Az%). (14)

106

15y= 200+ (15 52 = 2 A0 ) awt 4 (- 2 gip 4 50 ) Aot
(8 gy B g )+ 22 g e 08

18— £+ (13 £+ AL )t (G (7 + 1o 150 ) At + 0(8s*)

15,= feaat+ ({5 50 = 2 i) aat + (g ar - i )aee

ﬁ [} % " (4)) 6 | LU e op(a) 7 8
+<36(ch') +72fifi Az’ + 79 fi fiY Az +O(A-T)

(8)

+0(Az*), f1%0
wi=q & TOLT] (15)
¢ +0(Az?), =0

Borges 15, X 15 [ Wrfg, K q fiff
RFEBON K. BT SRR M B WENO-
Z [PICHERRR 3K Ll 7 A i Sk 2 22,
— g = 1.

1.3 JLFEM WENO-Z BUBGHRT
(1) WENO-ZA: Liu ZRUFEE M iE

Jik
am=c <1+A( To )q) (16)
k ¥ ISk+€
RELA N
A= o (17)
o ISO+I327T6’+E‘
A R IE T N
7 = (SO 151 2]

(18)
(2) WENO-D/A: Wang 2522 KUE 14
it ik,
_ Ts q
akck<1+<I>(ISk+6)> (19)
Horp

®=min(1,¢),¢=1/|ISy — 2IS, + IS,

WENO-A 2%} WENO-D & 1E, WK

N
oy, = c(maz (1,9( IS:le)q) (20)

SROEFREMF, AEMSHES
{43 WENO-D/A 22k HARLE:, HEFED)
IR



S Jm A ER AR A S E

LRSI R RS

(3) WENO-ZN: Shen Z:UNHyi& T
WENO-ZN %30, M WENO-Z [a; it %,
BB SRS TR RS C B0, HE

C:D<ISO+I527 |IS()7IS2|+6 2

[ISo — ISs| + € ) 1)

D AHH, ACH D=10, HikH 84k
Bb b B = B R B E A R,
BT

7—8:(fi7274.ﬁ71+6fi74.ﬁ'+1+fi+2)2 (22)
MR — B A

ak0k<0+<lsk+€> )

Xt T HARS G K F 74 » Tayler REUEIF
N
s =(fP Azt + O (Az®))”
AR (23D FH

{ck(C+O(Ax4)q), if £/=0,
Q

(23)

@24

a(CH+0(Az?)), if f'=f"=0,f+0
. (C+0(1)), if fil=f"=f¥=0

(25)
DU AR A — B I 57 05 2 B e 8
5T, FEZBIm SR g=1 B 2 DU B A
fE, q=2 B EATHRE.
X R C 3H4T Tayler R T 0#r, B

C{O(Amﬁ), if £/ %0,

26
O (Az™?), otherwise (26)

BIFESEIE X C imize KT (22) HsE —
T, A AUE R FARAUE, AT/
T X MEUE R

T 0 SR B ARAEAR 2 AT, C<<1, ap IR
ANEBERRT (22) IR, AR
—AAUE SR T 1, ARHIE T ENO $k,

1.4 ## WENO-ZNc 183X

WE, FIHEA SRR e, aTe
SRIFVUBY S &, B

D= (a0 f g+ o+ 05 f0) = fD Azt +0(A2”) (27)

107

BUE DR R — i S EUE £, A
PR S A B AR, BATHT SRS — AT

F® =(af s.. + ...+ fF))= P Az® + O (Az)
(28)
T AN AN £ RS P

FATRIRIH X A B 3A R
Fi=af,_o+bfi_1+-+efirat+gFi_
HHE P TME.
FEIL AL = 0), ATMHNEZ7
F/=3f_,—30f,_1—20f;,+60f
~15fi42+2fi15) /60
M E RBUE, PRAFHREARRER A 7
R T 2253
FP=—f ,+8f 1—

1(29)

FHE

8fii1+ fire+12F]
(1)
2815 H S BRI IR Fry
ﬂ%ﬁﬁ
=[FPP =P Az%)*+0(Az") (32)
%ﬁ%ﬁiﬁ)ﬂ%&ﬂ@ak FE N

akck<c+<w:“’+6>q> (33)

1.5 WENO-ZNc & X B4 118

(1) XA, Tayler REE
A

710 = (fP Az® + O (Az®))? (34)

RAAX G, H
o=

¢.(C+0(Asf)), f/=0,

EO+OE ;; pmreogre, 09

¢(C+0(Az?)), fI=f"=f"=0,f#0

HH L, BB g £ — B B il 5 A bt
i 2 TR 3 56 AF s TE =G 5 s b
T q B 1 BT REIA B DURYRE B, q B 2 B 2
TR 7 26

(2) AFLEA W1

MU XA A TR, S0 (28)
THEN— SAEUEE == R AR ER S,



FomEERERSS5IEE

LRSI R RS

T B 5 T 40 2210 7 HOREIE . RLOE 752
A T 5 5 R 0 A0 5.
¥, T VAT L2 R 1 ()
BUIHIE T, RN
1= (0 = F80)2 = (780 = )]
+(UF8 — F 1= 1F — 521

Tayler 15

(36)

m=|- 3 FOF0) Ax +0(a?)
+((f®)?Az®+0(Az))=0(Az")

(37)
Nyl xHI-EHINVE, BRI, REAR =

Brim s (f=f=f=0M ), #
f"#0,IS, BN EA xIFSHINE, BIA
N, K< IS, (38)

E=Br G A, 0, FIIS, B A AR R 1 &
70(0(Ax®)), HUEAFEHEMATTZ B BN

10 A% 5 Bl Ay BEAR RSN T A5 B 1)
Tl 2253 T, e — 8 TR I B AR AR
(W15 B o AR S S EAZTE R T, [A]riE
FEAE B T B Sk (Kike— 1) Xikor Xirkr1) - K =
0,1,2 b, #ofdiro 153N KAH, TAETE
Wr I TR, HOGIE BT —
Al
T10 > min (IS, 18,,152) (39

H T a2 AE, R B30 0t
BAES TR AR R E, HiZwES
CEE i EI ik o - S AN F s e i s
DG X2, 7y RS BEHCRE 52 2520 . 53—
T, RIE R BRI XA, T AT RE
KFmin(S,).

FEh, MHTE 8, FRATHITE, £t
X, A
Ti0 K 17 (40)

DAL, FRATTHR 7 40 g ] 0 54 50 7 v
B4

min (11,17) > min (IS})

(41)

108

JRAL, JUPHS 4 R RRAR AT D R WA AR A 2
[l FE T BB M 7 A 10 2R
ANWILGE, LFHUEF] Ot 5T — AR
o) HIAFAK (30) 5.

XF T T W e T X R A o TR R
S HAYOCHE TR, n, ViR ER L
X (EE By ZFrim A sD, B

min (Ty0,m7) < min (IS,) (42)

g b, BRI T3 12 RE A RCH ) % ]
W, FOGHE X (55— ZFr. =B
I 5 500, 1) T B A = 0 I 57 A5 ) g i
J9E] W o
1.7 WENO-ZNc 1§ R+ iR T2

IR

Step 0: HZA A (30) tH5HF;

518, 1S1,1S5,1,
DS(0) = (n7>min(15k))

Step 1:

DO i=1,N

TS, 151,182,710, 17

DS(i) = (min(rlo, n7)>min(15k))

IF DS(i) or DS(i—1) THEN

T=Tg
IF DS(i) = false
AR (30) HEHHHEF
END IF
ELSE

THEN

T =T
END IF

T
ISk +e

423

aptai+a,

ap = ¢y (C+( )q),a)k

2
fi+1/2 = Z Wi qk
k=0

END DO

+
45



557 Je 4 R R LR A 5 AR WA AR

2 HEFEH

AT, ZETIUAE, GREEE
SSF I 1) R — 2R RN AERR A ) R, R A T
e IR e, R ) A 35 SR FH D s 2 1
(Runge-Kutta, #i#K RK) J7i%1E L. A3
f) CFL #0281 0.5,
2.1 InFSAEE

BHH 1. WIIR%K My (x) = xFexp(x) K
o — > WENO #% 2ULE I 5 s AR I Sp
WA G A -1,1], A& BCA N, ATk =2,
k = 3Kk = 41500, rx = 07372
T R=RE R . R 1 R, fig=1
i, JEiH WENO-Z #&\ Al RAE—. Zk
=i S AR BIIU T . Al =R i
ShA . WENO-ZA 1E— il 7t sl I LR Ik
ES] I 7P (= P e 1 7 e 8

WENO-ZN 4% = BE K Bl 5t m0kG B2
FEr BB o Bk OKFEAR T Bl 5
AERRZE, WSE AR BB RNHY, =i
Ft bR — P PR R 22, USRS R I .
fEq = 2[5 T, WENO-ZN 7E [ ilfi 7t i
AR ZETE B 7SI BIS, =B S s by =
PSSR o A TUAE Bl S AL IE B F i
S, (EXTLLAR I, Hras R 4axt iR 72 11
/NT WENO-ZN #%3X, H=Frilu 5t midbtt —
Bl T AL R A R ZE PR TE B . 25 |,
i (R HEq=2) BRI E
WENO-Z AU :UAE B Fl =B Il 5 s Ab b
.

109

Borges SR H, 0T &0 AN IESL A,
B8N q SAETT EERERL ASCHAR T e
Rl ui i, g = 1.

N=50,k=2 N=400,k=2 N=2000,k=2
T~ - ¥
"
N=50,k=3 . N=400,k=3 N=2000 k=3 — 1§
e B T ol \f T
B~ T | s
RN 7 v 4 4 m ‘
W 7_'1' I Ny
T10
- F5
i
N=50,k=4 N=400,k=4 N=2000,k=4
% f ‘, - " v/
N \[~ o\
|‘I " | I‘I
‘I.\‘ "‘ — B
Vi '
W wl
— - e
H H i

B 1 HB 1 AR IER =T R EF 57

[ FF o] ) B BB B (x) = x¥exp(x) % iiE
T bR 0 3 AL 5~ 7E Il 5 e = O B e 1 o
H(i—3,..i+2)75 S iE 8 L B 2 55

F5=(f® Az®)? :

ISmin:min(ISO,IShISQ)o ﬂl]lgl 1}5}?{—\‘, %E

— B B A =R i A AR R B0 R T

Tlo%KttISmin/J\7 ﬁ%ﬁ&ﬁ%ulﬂéﬁy‘j%ﬁgo ﬁzﬁ

75 Mgz 53 FIAE— B A0 Z Bl 7 B 3 2R 28
Bl 70 BEA RCHI A = I 5 5, min (110,M7)

R SR 1 T B ) 3 T VRS R o [ I A

j.‘j F5 Xﬂ‘ Hﬁﬂj‘ﬂuﬁfﬂy T10 E‘J*%EE%! E.

EE F5 R =R ilm 5 206 24



557 Je 4 R R LR A 5 AR WA AR

1 IEF S

Case N WENO-Z WENO-ZA WENO-ZN WENO-ZNc WENO-ZN(q=2) WENO-ZNc(q=2)
error order error order error order error order error order error order
80 1.242E-06 — 5.611E-09 — 4811E-09 — 4811E-09 — 4811E-09 — 4811E-09 —
160 7.248E-08  4.099 1.564E-10  5.165 1.515E-10  4.989 1.515E-10  4.989 1.515E-10  4.989 1.515E-10 4.989
320 4.337E-09 4.063 4.784E-12  5.031 4.751E-12  4.995 4.751E-12  4.995 4.751E-12  4.995 4.751E-12  4.995
k=2 640 2.643E-10 4.036 1.490E-13  5.005 1.487E-13  4.997 1.487E-13  4.997 1.487E-13  4.997 1.487E-13  4.997
1280 1.630E-11  4.020  4.654E-15 5.000 4.652E-15 4.999  4.652E-15 4999  4.652E-15 4.999 4.652E-15 4.999
2560 1.012E-12  4.010 1.455E-16  5.000 1.455E-16  4.999 1.455E-16  4.999 1.455E-16  4.999 1.455E-16  4.999
5120 6.299E-14  4.005 4.547E-18  5.000 4.546E-18 5.000 4.546E-18 5.000  4.546E-18 5.000 4.546E-18  5.000
80 5.450E-04 — 2.897E-04 — 2.839E-04 — 9.164E-06 — 2.926E-04 — 1.709E-08 —
160 1.284E-04 2.086 7.262E-05 1.996 6.815E-05 2.059 1.690E-07 5.761 4.385E-05 2.739 6.023E-10 4.826
320 2.933E-05 2.130 1.820E-05 1.997 1.458E-05 2.225 2.823E-09 5.904 1.551E-06 4.821 1.898E-11  4.988
k=3 640 6.530E-06 2.167  4.555E-06 1.998 2.318E-06  2.653 4.533E-11 5.960  2.710E-08 5.839 5.947E-13  4.996
1280 1.447E-06 2.174 1.139E-06  1.999 2.371E-07  3.289 7.111E-13 5994  4.328E-10 5.968 1.860E-14  4.998
2560 3.274E-07 2.145 2.849E-07  2.000 1.768E-08  3.745 1.092E-14  6.026 6.822E-12  5.987 5.817E-16  4.999
5120 7.637E-08  2.100 7.123E-08  2.000 1.163E-09 3.926 1.622E-16  6.072 1.070E-13  5.994 1.818E-17  5.000
80 1.539E-06 — 2.036E-06 — 1.619E-06 — 2.025E-06 — 2.074E-07 — 3.368E-06 —
160 1.303E-07 3.563 2.209E-07 3.204 2.098E-07 2.948 2.140E-07 3.242 6.888E-08  1.590 2.184E-07 3.947
320 8.293E-09 3.974  2.547E-08 3.117 2.518E-08 3.059 2.281E-08 3.230  2.643E-08 1.382 3.840E-09 5.830
k=4 640 2.811E-11  8.205 3.050E-09 3.062 3.044E-09 3.048 2.118E-09  3.428 5.076E-09  2.380 3.603E-11 6.736
1280 1.274E-10 -2.18 3.729E-10  3.032 3.730E-10  3.029 1.380E-10  3.941 7.214E-10 2.815 3.349E-13  6.750
2560 2.784E-11  2.193 4.609E-11 3.016 4.613E-11 3.015 5.986E-12  4.526 9.303E-11  2.955 3.966E-15 6.400
5120 4.453E-12  2.644 5.729E-12  3.008 5.734E-12  3.008 2.078E-13  4.849 1.170E-11  2.991 7.206E-17  5.782
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(pyu,p)
) (3.857143,2.629369,31/3) -5<z<-4 (45)
| (1+0.2sin(57z),0,1) -4<z<5

2.3.2. XM 2 kA4 n) @t

(1,0,1000) 0=<z<0.1
(p,u,p) =1 (1,0,0.01) 0.1<2<0.9 (46)
(1,0,100) 0.9<z<1
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RESEARCH ON COMPACT GLOBAL
SMOOTHNESS INDICATOR AND LOW
DISSIPATIVE FIFTH-ORDER WENO-ZN

SCHEME

Biao Zhou'-2 Yiqing Shen'-2
(1 Key Laboratory of High Temperature Gas Dynamics, Institute of Mechanics, C A S, No.15 Beisihuanxi
Road, Beijing 100190, China;

2 School of Engineering Science, University of Chinese Academy of Sciences, Beijing 100049, China)
Abstract The WENO (Weighted essentially non-oscillatory) scheme can accurately capture the
flow structure of compressible and complex flow fields. It is an outstanding representative of the
high-precision shock capture scheme in recent years. Since its proposal, it has been widely
developed and applied in supersonic flow. Due to the limitation of using stencil and smoothness
indicator, the WENO scheme has the problem of reducing the accuracy in critical points. In order
to improve the accuracy of high-order critical points (=2 order) of the WENO scheme to capture
the flow details in complex flow fields more accurately, Shen et al [l proposed a new weight
calculation method of WENO scheme, and constructed a high-order WENO-ZN scheme, can
improve the accuracy of second-order critical points to fifth-order. In this paper, the concept of
compact scheme is proposed to construct the tenth order compact global smoothness indicator, so
that the new scheme (WENO-ZNc) can achieve a fifth order convergence in first-order, second-
order and third-order critical points without adding stencil points. in order to maintain the ENO
characteristics and the not affect effectiveness of the compact global smoothness indicator when
discontinuity occurs, a new discontinuity-detecting method is developed through the compact
global smoothness indicator. In the framework of the WENO-ZNc scheme, the smooth area adopts
the compact global smoothness indicator, and the discontinuous area replaces the compact global
smoothness indicator with an explicit global smoothness indicator (ie WENO-ZN scheme),so as to
ensure the advantages of high precision and low dissipation in the smooth area (including high-
order critical points). Numerical results show that the improved scheme is robust in shock capture,
has higher accuracy and convergence speed, and reduces numerical dissipation. Meanwhile, the
new scheme can greatly improve the resolution of complex small-scale flow structure.

Key words Weighted essentially non-oscillatory (WENO) scheme, critical point, global

smoothness indicator, discontinuity-detecting method; high precision and low dissipation;
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